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Summary The goal of the present work is to develop a suitable and accurate numerical procedure based on moving least square
method and element-free Galerkin method for the computation of free surface profiles, velocity and pressure distributions and flow
rate in a two-dimensional gravity fluid flow through a radial gate. The results of the calculations are compared with those obtained
from a hydraulic model test.

PROBLEM STATEMENT AND SOLUTION STRATEGY
In the analysis of free surface flows under gates, computational difficulties arise not only from the non-linear nature of
the boundary conditions but also from the fact that the boundary is not known a priori. There are additional difficulties
when the problem involves two highly curved unknown free surfaces and arbitrary curved shape boundaries. Fig. 1
shows a typical two-dimensional steady flow from a reservoir through a radial gate as considered in [1]. Geometry of
the conduit walls S2 and S7 are given and the far upstream and downstream boundaries of the flow domain, denoted by
S1 and S4, are assumed to be normal to the flow direction. The free surface profiles S3 and S5 are not known a priori. In
the present study, the flow rate Q is assumed to be unknown and the stagnation level is given as HE, which is the
stagnant fluid level above point A. Flow is assumed to be two-dimensional, steady, incompressible, non-viscous and
irrotational in which the stream function ψ must obey the Laplace equation
ψ ,xx + ψ ,yy = 0
(1)
On the free surfaces S5, S3, two simultaneous conditions should be satisfied; (i) the pressure on the surface must be
constant. Using the Bernouli's equation, this condition can be written as
q2
+ y = HE
2g

or

∂ψ
= 2g ( H E − y )
∂n

on S5, S3

(2)

where q is the flow velocity on the free surface, g is the gravity acceleration, y is the free surface elevation, (ii) the
velocity normal to the free surface must be zero. This condition can be satisfied through the following procedure based
on the algorithm which proposed by Cheng [2] for problems with only one unknown free surface:
(i) Two initial trial free surfaces should be assumed in accordance with the initial trial value of discharge Q0. (ii) The
problem is solved for the resulted fixed domain. (iii) The next trial discharge Q(1), can be evaluated from
k
) where ψ Surfk is the average of stream function values on the free surface and α is a constant
Q k +1 = Q k + α (Q k − ψ Surf
factor (iv) The following equation is used to adjust the location of the lower free surface profile while the upper free
surface is taken to be fixed in the first iteration.
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(v) The problem is solved again while the new position of the lower free surface is fixed and the upper free surface is
allowed to vary. (vi)This iteration process is continued until Q( r+1) − Q ( r ) ≤ ε , where Q(r) and Q(r+1) are the discharge
values at iteration r and r+1, respectively, and ε is the prescribed accuracy. On the other boundaries, these conditions
should be applied, ψ ,n (S1 ) = ψ ,n (S4 ) = ψ (S2 ) = 0 , ψ (S6 ) = ψ (S7 ) = Q , where n denotes the outward normal direction.
Element-Free Galerkin Method (EFG)
The element-free Galerkin method (EFG) as proposed in [3] is used in the present study to obtain the following
relations for the solution of Laplace equation (Eq. 1):
ψ h (x ) =

n

∑φi (x )ψˆ i

i =1

n

A (x ) = ∑ w i (x )P (x i )P T (x i )
i =1

φi (x ) = ∑ Pj (x ) [A −1 (x )B (x )]j i

(4)

B (x ) = [w 1 (x )P (x1 ) , w 2 (x )P(x 2 ), ..., w n (x )P (x n )]

(5)

m

j =1

where p T (x ) = [p1 (x ), p 2 (x ), . . .. p m (x )] contains m basis function , w i (x ) is the weight function associated with the node i
and evaluated at point x. In this paper the cubic spline weight function is used,
( 2 − 12s 2 + 12s 3 ) / 3

W = ( 4 − 12s + 12s 2 − 4s 3 ) / 3
0


s ≤ 1/ 2
1/ 2 ≤ s ≤ 1
s >1

in which s=r/Rm is a normalized radius and Rm is the support size. Finally,

(6)
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(K − G )Ψ = q
K ij = ∫Ω (φi ,x φ j,x + φi ,y φ j,y )dΩ , G = ∫ φ (φ
ij

Γu

i

(7)
j, x

)

n x + φ j,y n y dΓ , q i = ∫Γ φi q dΓ

(8)

q

where φi (x ) is the shape function of i node at point x, and Γu and Γq are parts of boundary with essential and natural
th

boundary conditions, respectively. As it is seen from the above equations, the essential boundary condition is applied
using the method proposed in [4] through the matrix Gij.
RESULTS
The geometric details of the radial gate in are given in Fig. 1 (Ho=3.48 m, gate opening = 30%). To ensure the validity
of the results obtained for this example, a hydraulic model test based on Froude law of similarity is also constructed [5].
The pressure distribution in the liner is shown in Fig. 2 and is compared with those obtained from the experiment. Fig.
3 shows the pressure distribution on the radial gate obtained from the numerical and experimental analyses. The shapes
of upper and lower free surfaces are plotted in Fig. 4. The computed discharge is 0.470 m3/s.m that is in good
agreement with the experimental result, 0.485 m3/s.m.
CONCLUSION
This paper demonstrates that the element-free Galerkin method can be successfully used in the free surface flow
through the radial gates. It is found that the present procedure can easily handle the problems involving curved shape
solid boundaries and is also quite efficient in locating two free surface profiles. It converges rapidly and the results
obtained are in good agreement with the experiment.
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Fig. 1 Flow under the radial gate

Fig. 2 Pressure in the liner
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Fig. 3 Pressure on the radial gate

<< session

Fig. 4 Free surface Profiles
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