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Summary This paper investigates the wrinkling of square isotropic membranes subject to coplanar pairs of equal and opposite
corner forces. Two wrinkling regimes are observed experimentally and then reproduced by means of finite-element simulations.
A general methodology is presented for making preliminary analytical estimates of wrinkle patterns and average wrinkle amplitudes
and wavelengths, while also gaining physical insight into the wrinkling of membranes.

INTRODUCTION
Thin, prestressed membranes will be required for the next generation of spacecraft, to provide deployable mirror surfaces,
solar collectors, sunshields, solar sails, etc. Some applications require membranes that are perfectly smooth in their
operational configuration; other applications can tolerate membranes that are wrinkled with a known, small deviation
from the nominal shape. Because the design of membrane structures with biaxial pretension, which would have a smooth
surface, significantly increases the overall complexity of the structure, for those applications in which sufficiently small
wrinkles are acceptable, engineers need to estimate the extent, wavelength and amplitude of the wrinkles.
The wrinkling of membranes has attracted much interest in the past, starting from the development of the tension field
theory [1]. Simpler formulations and extensions of this theory were later proposed [2-7]. All of these formulations, with
accompanying numerical solutions [8,9], model the membrane as a no-compression, two-dimensional continuum with
negligible bending stiffness. However, the bending stiffness of the membrane cannot be neglected in the present case.
The problem considered in this paper is finding the characteristics of the wrinkles in a uniform elastic square membrane
(which is a simple model of a square solar sail) of side length L and thickness t that is prestressed by two pairs of equal
and opposite concentrated forces, T1 and T2 . These forces are uniformly distributed over a small length d at the corners.
This membrane is isotropic with Young's Modulus E and Poisson's ratio ν; it is also initially stress free and perfectly flat
(before the application of the corner forces).
EXPERIMENTAL OBSERVATIONS
Figure 1 shows photographs of the wrinkle patterns in a Kapton membrane with L = 500 mm, t = 0.025 mm, and
d = 25 mm. For symmetric loading (T1 = T2 ), Figure 1(a), the wrinkle pattern is fairly symmetric, with wrinkles
radiating from each corner; the central region is free of wrinkles. For T1 /T2 = 2 the wrinkles grow in amplitude but
remain concentrated at the corners. Then, for T1 /T2 = 3 a large diagonal wrinkle becomes visible, whose amplitude
grows further for T1 /T2 = 4.
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Figure 1. Wrinkled shapes for T1 equal to (a) 5 N, (b) 10 N, (c) 15 N, and (d) 20 N; T2 = 5 N in all cases.

ANALYTICAL APPROACH
Our analytical approach is in four parts, as follows. First, we propose a two-dimensional stress field that involves no
compression anywhere in the membrane; the regions where the minor principal stress is zero are then assumed to be
wrinkled, and the wrinkles are assumed to be along the major principal stress directions. Ideally, both equilibrium and
compatibility should be satisfied everywhere by the proposed stress field, but analytical solutions in closed-form —obtained
by tension field theory— exist only for very simple boundary conditions. We have recently shown [10] that a carefully
chosen, simple stress field that satisfies only equilibrium can provide quick solutions that are useful for preliminary design.
More accurate stress fields can be obtained from a two-dimensional stress analysis with membrane finite elements.
Second, we note that the bending stiffness of the membrane is finite, although small, and hence a compressive stress
will exist in the direction perpendicular to the wrinkles. Because of its small magnitude, this stress was neglected in our
previous analysis of the stress field. We assume that this compressive stress varies only with the wavelength of the wrinkles
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and set it equal to the critical buckling stress of a thin plate in uniaxial compression. Thus, the stress across the wrinkles
is a known function of the wrinkle wavelength.
Third, we enforce equilibrium in the out-of-plane direction. Since the stress distribution is known, except for the wrinkle
wavelength, a single equation of equilibrium will determine the wrinkle wavelength.
Fourth, the wrinkle amplitudes are estimated by considering the total strain in the membrane as the sum of two components,
a material strain and a wrinkling strain.
RESULTS
We consider √
two kinds of simple equilibrium √
stress fields, one for symmetric loading and asymmetric loading with
T1 /T2 ≤ 1/( 2 − 1), and one for T1 /T2 ≥ 1/( 2 − 1). The first field corresponds to fan-shaped corner wrinkles, which
are represented in terms of sine functions. Analytical expressions are then derived for the number of corner wrinkles and
their average maximum amplitude. The second field provides, in addition, a large diagonal wrinkle.
For example, we have obtained the following expressions for the wavelength and amplitude of this central wrinkle
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More refined estimates can be obtained from two-dimensional finite-element analysis.
DISCUSSION
For the load case T1 /T2 = 4, Table 1 compares the analytical predictions for the large diagonal wrinkle at the centre of
the membrane, for two different membrane thicknesses, with predictions from ABAQUS and experimental measurements.
The wavelength predictions are very close. The wrinkle amplitudes have been estimated first using only analytical
solutions, Equation 2 with δ1 and δ2 from Equation 3, and second using Equation 2 but with corner deflections from a
2-D analysis. We can see that the fully analytical estimates are up to 88% higher than those measured experimentally, but
if corner displacements from a 2D finite-element analysis are used, the estimates are only 48% and 16% higher than the
measurements.
Finite element analysis using thin shell elements is able to replicate real physical experimentation with an accuracy typically
better than 10% on amplitude. However, a very fine mesh had to be used to resolve the small corner wrinkles.
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A (mm)
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FE

0.025
0.050

24.6
41.3

23.8
33.9

22.3
35.6

3.5
3.2

2.8
2.1

1.9
1.8

2.0
1.6

Table 1. Diagonal wrinkle half-wavelengths and amplitudes for T1 /T2 = 4, at centre of membrane
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