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H-CONVERGENCE AND MULTILAYERING
IN PIEZOCOMPOSITES
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Summary The aim of this paper is to solve the foll owing problems related to piezocomposite: 1) to extend the notion
of H-convergence 2) to derive the formula for the dfedive moduli of multil aminated composite. The obtained
formulafor the lamination is used to gotimal design for minimum compliance

EXTENSION OF H-CONVERGENCE TO PIEZOELECTRICITY

Microstructure of piezoeledric material is characterized by a small parameter €, say € = 1/n, where nON ; N stands
for the set of natural numbers. Homogenization means passng with € to 0. Physically such a passage denotes
smearing out microinhomogeneities. The mnsidered piezoeledric body occupies Q O R*® abounded, sufficiently
reguar domain, r=9Q, r=r,0m, LnM=@, T=r,07,, T,nl=g@ Le U denote the internal

energy for fixed € > 0. It has the following form: U*®(e,D) = %aﬂjm g6y —hi Digy + % K;D:D;

where the strain eJM$ and eledricinduction D OR® . By M§ we denote the set of symmetric 3 x 3matrices. The
eledric enthalpy H*(e,E) iscalculated as partial concave mnjugate of U*(e, D),

1
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H*(e.E) =inf-EM+ U*(e,D)|DOR?Y= 1 S e, ~GyEe, -5

where E = -grad ¢ ; ¢ isthe dedric potential, ciw =a‘i —g;;h'me, O°=(k)7, gr; =5, hi.

We observe that under physically plausible assumptions the internal energy U® is convex whilst H® is concavein E.
We asaume the material moduli are essntially bounded, i.e., they belong to L (Q) . We set

. & -g'0 . _Oa -hO
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The @ngtitutive relationship takes the foll owing form:
€ aHS € € aUS € €
Gy == a — = Cj€y ~ 9 Ex Of == = &€ hkuD
or equivalently i
[op— a S — € [op— aUs — € =3 € €
D‘ - aEE gwkl kl k Ek E‘ _E__h\klekl +K\ka-

Let { B'(X)} 0, XOQ, be asequenceof matrices such that BOL"(Q;M, ;) , where 8> a >0 denote mnstants and

»={B ], OL(Q),h, 0L (Q),x, OL"(Q), B9z a(al +[e[),
B’l(x)(pﬁpzﬁ(|(pl|z+|(pz| ), D(plDM3,(pZDR3, for amost every x O Q}. It is clear that piezoeledric layered
materials are wvered by the definition of M, ;.
A sequence of matrices B*(x) OL"(Q;M,,) is H-convergent to B"O L°(Q; M, ,) if for arbitrary by OHYQ), f; O
HY2(y), d OHY2(I ), do O HY(I,), the sequence (UF, D) o of solutions to the equations
—-[&, & u)-h;Dil;=b, inQ D;, =0, ¢g,[hie,(u?)+x;D],=0 inQ

with the boundary conditions u® =0 on Ty, ojn="f on F,0°=¢g only, D'n=donrly.

isschthat u*~u wesklyin V, D°~ D weaklyin L%(Q)®, &€} (u®) —hj;Di~ a,e,(u)-hiD, weaklyin V'
. -hie, (U?) +k;DS — -hiie, (U )+k.'D, weakly in L*(Q) where (u,D) is a solution to the homogenized system
[auklekl(u ) hliD ],J : 1 In Q’ D\,i =0’ ghm[hukejk(u )+K D ] _0 In Q 1

u =0 only, ojnj=f only, ¢ =0 onrl,, Dinn=d onT3.

Here V :{VDHl(Q)3 |[v=0 on FO} and V" isthe dual spaceof V; moreover " = a'\ e, —hf,D, ,

E' =hje,(u)+x/D!
MULTILAYERING

The ongtitutive relationship for piezocomposite @n be written as foll ows
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SD £ —- SD SD
Xf=A*E*, where ):S:Eb O AS:% g O SS:DS o E®=-gradp®.
D o OO0 i3

Let us now asaume that the moduli depend only on one variable in the diredion of unit vedor n;, eg. n;
(1) (2)

denotes the unit vedor of axis x;: A® :XS(XI)X+(1—XS(X1))(A2), where A , A arethe matrices of materials (1) and
(2), respedively. Here x®(x,) isthe daracteristic function equal 1 in the domain occupied by the material (1) and

equal zero aherwise.
Performing homogenization (H-convergence), i.e., letting € tend to zero we get the macroscopic constitutive
relationship in the form:
h h
L=A"E, where z:éﬁ% A“:%h ? S a:EeE,
0 o U0 O
We denote by 8 the weak-* limit of the sequence of the dharacteristic functions {x%}, i.e.,
X°=0 in L”(Q) asetendsto zero.
Thefallowing implicit formulafor the dfedive piezoeledric moduli of layered composite:

@ o @
G(Ah -A) 17] =(A-A) 171 + (1‘9)((1(2)(“1)(71111)) Un,
@ @
where g (n,) isasymmetric 4x4 matrix given by gz (n,)=( " ™M 7 In M),
%ﬂd nunu Ui nlinlj 0
The relationship for the pth-order lamination, performed as foll ows. In the first step we find the homogenized matrix

) . . . W @ . _—
A for a piezodledric layered two-phase material characterized by ,&,A, the volume fraction 6; and lamination
diredion n; . In the second step of lamination we find the homogenized matrix A} for a layered two-phase

piezoeledric material characterized by A ,X) , the volume fraction 6, and lamination diredion n,, etc. Finaly at the
p-th step we get

p

8,(A,~A) i =(A-A) "+ Y (1-6)[(a,(n )an, ) 0 ”‘“j 5

1=1
FINAL REMARKS

We onclude that the derived formula for the lamination is convenient for a control of parameters involved
in it. For instance changing angles of lamination and preserving the volume fractions of successve steps of the
lamination we @n generate mmposites with various properties. Similarly, preserving dredions and choosing
optimal, from prescribed point of view partial volume fractions we have wide posshiliti es of control of macroscopic
properties of composites.

An esential role in the study of optimal design for minimum complianceis played by homogenization and
relaxation of relevant compliance functional. More predsdly, it has been shown that a two-phase @mposite with
minimum compliance ( maximum stiffnesg is realized by laminates of suitable order. This deg result has been
proved only for composites made of two isotropic dastic materials with order bulk and shear moduli, see[1,2].

The ompliancefunctional isassumed in the foll owing form

JX) = [byudx+ [fu,dr + [D;n;d,dr + [dodr .
[ouecffudl s oo

The minimum compliance problem means evaluating
inf { JOOIxOL"(Q;{0,1), Ix(x)dx =V, , equili brium and boundary conditi ons are satisfied} .
Q

Similarly to the dastic case one @n consider optimal shape design for minimum compliance cf. [1,2].
Formally, it suffices to asaume that the moduli of weaker material disappear. However, it is worth noting that a
piezocomposite with optimal shape may consists of three regions; the first region is made of material (1) (the
stronger one), the secnd region contains voids whilst the third region is a composite obtained by mixing (in
homogenization sense) of the material (1) and microvaids.
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