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Nathanaël Schaeffer
�
, PhilippeCardin

���
�
LGIT, UniversitéJoseph Fourier, Grenoble, France���

LGIT, UniversitéJoseph Fourier, Grenoble, FranceandCNRS

Summary Takingadvantageof thepropertiesof liquid metalsandof rapidly rotatingflows,we areableto computedynamos at high
Reynoldsnumber(

�������
	��
) andlow magneticPrandtlnumber( 
���� �
	���� )

We developeda numericalmodel that usesa quasi-goestrophic approximationto computethe flow (without subgridscalemodel),
leadingto two-dimensionalequations.Theinductionequationfor themagneticfield is fully resolvedin 3D, in asphere. Thisapproach
provesquiteefficient for low magneticPrandtlnumberandsuitableflows,for which thereis a scaleseparationbetweenmagneticfield
andvelocity field, allowing to compute themagneticfield on a coarsergrid andwith larger time stepsthanfor thevelocity field. We
show resultsof thesecalculationsappliedon theturbulentflow producedby thedestabilizationof a Stewartsonshearlayer.

INTRODUCTION

Themagneticfield of theEarthis producedby a dynamo effect in themetallic liquid coreof our rotatingplanet.Many
efforts have beendonesuccessfullyin the last decadeto describethe mechanism of a self induced magneticfield with
experimentalmodels andnumerical simulations. Both approacheshave limitations. No experiment hasbeendonein
rotationwhile rotation is thought as a key ingredient by geophysiciststo explain the geometry and the amplitude of
the geomagneticfield. All numerical models[4, 5, 6], have introducedthe Coriolis force in solving the Navier-Stokes
equation, but theprescribedmagneticPrandtl number ( ����������� , where� is thekinematicviscosityand � themagnetic
diffusivity) is of orderunity, duetocurrent computercapabilities.However, liquid metalsexhibit magneticPrandtl number
lowerthan �! #"%$ in planetarycores[7]. Thislow valueof �&� mayindicateaseparation, in termsof scalesandfrequencies,
betweenthevelocityandmagnetic fieldsin a metallicdynamo.

NUMERICAL MODEL

We proposean approachthat aims to compute very low magnetic Prandtlnumber dynamo taking advantageof the
geostrophic behavior of the velocity field. For very low Ekmannumber ( '(�)���+*�,.- , where * is the rotationrate
of the sphericalcontainer, and , its radius),a quasi-geostrophic (QG) approachmodel correctly the flow in a rapidly
rotatingsphere[1, 2, 3]. It consistsof the integrationof theNavier-Stokesequationalongtheaxisof rotation. Even if
thenumericalresolutionis donewith apseudocurrentfunctionin theequatorialplane(2D), thetopandbottomboundary
effect arepresent through / andEkmanpumping effectsin theCoriolis term. We compute theQG flow in theequatorial
planewith a fine spatio-temporal resolution, thevelocity is extrapolatedto a coarse3D spherical grid wherethe induc-
tion equationis solved. Then, thez-integratedassociatedLorentz forcesis usedto compute theevolution of thevelocity
field. Even if thereis somecomputationtime spentin theconversionbetweengrids,this methodis efficient if thescale
separationis largeenough.

Navier-Stokes :  Q.G. 
model for velocity 

field
(2D, fine grid)

Induction 0 B
3D, coarse grid

(spherical harmonics)

Extrapolation of 
the flow to the 

bulk
Ekman pumping

+ slope effect

Lorentz forces

Vortex

Diagramshowing theprinciples of ourquasi-geostrophic dynamomodel

TEST CASE : THE STEWARTSON DYNAMO

The forcing
In orderto demonstratethevalidity of thisapproach,wedecideto apply it to asimplecase.Insteadof athermalconvective
flow wheretheheatequation hasto besolved, wemodel theflow associatedwit theinstabilitiesof aninternal geostrophic
shearlayer. This layer, known asthe Stewartsonlayer, is producedby a differentially rotatinginner corein a rotating
sphereandconsistsof two nestedviscousshearlayers.For large ,�1 number( ,�1���23*4�5* , where23* is thedifferential

Mechanics of 21st Century - ICTAM04 Proceedings



rateof rotationof the innercore), theStewartsonlayermaybecomeunstable andgenerateRossbywaves[8]. For even
larger ,�1 , theflow becomesturbulent. However this turbulenceis stronglyinfluencedby theglobalrotationof thesystem
andis large-scalesdominated,with a steep67"%$ spectrum.This suggestthatwe canproperlyneglecttheinduction dueto
smallscales.

Kinematic dynamo results
For the kinematic dynamostudy, we don’t compute theLorentzforce, so that theevolution of the flow remainspurely
hydrodynamic.Somedynamoexperimentsarereportedon thefollowing table.Theredoes not seemto bea limit in ��8
or ' for driving adynamo. Theonly restrictionis thattheRossbynumberremainssmallenough sothatthevelocity field
canbeconsideredasQG.We will alsoreportsomespecificfeatures of thesedynamos.

' ,91 ��8 ,9:
�� ;"%$  �<  >= ? �� > 
�� ;"%@A �<  ��!B  �< C �� > > 
�� ;"%@  �<  >=  �< B �� > > D 
�� ;"%EA �<  ���?  �<  >B �! D > D > 
�� ;"%F  �<  HG  �<  > D?I=D D > D > 

Kinematicdynamosrunsfor various ' ,,�1 and ��8 inputparameters.,�: is anoutput parameter.

Lorentz force back-reaction
With the Lorentz force, the magnetic field actsbackon thevelocity field. However we canshow that in the regime of
smallRossbynumbers,theElsassernumber(measuring theratioof theLorentz forceby theCoriolisforce)remainssmall,
insuringthattheProudman-Taylor constraint is notviolated.
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