
11. Brauer Factor Sets and Noether Factor 
Sets 

In this chapter we c,onsider the main classical results of the struct,ure theory 
of central division algebras and more generally of central simple algebras over 
arbitrary fields. These center on two closely related problems: the determina- 
tion of the algebras and the structure of the Brauer group Br(F)  of a field 
F .  

SVe shall begin our discussion with a general collstruction of a central 
simple algebra A of degree n from a commutative Frobenius subalgebra K with 
[K : F] = n and anot,her element .c of A. We show that ZJ can be chosen so that 
A = K c K .  Specialization t,o the case in which K is a commutative separable 
suhalgebra gives rise to Brauer factor sets with values in the multiplicative 
group E x  of a splitting field E of K. Tlie Brauer factor sets define a certain 
cohomology group H 2 ( K / F )  which is isomorphic to a subgroup of Br(F) .  If 
K is a separable ext,cnsion field this subgroup is the subgroup Br(K/F)  of 
Br(F)  of classes of central simple algebras over F split by K .  Specialization 
to the case ill which K = E is Galois over P gives Noetlier factor sets and the 
fundanlental isomorphism of Br (E/F)  with t,lie cohomology group H2(G,  E*) 
where G is the Galois group Gal E/F and the action of G on E' is the natural 
one. 

\;lie use crossed products to show t,hat Br(F) is a t,orsion group and to 
derive the relations between the index and exponent of central simple algebras. 
I r e  give an example due to Brauer to show that these relations are exact. After 
this we derive results of Wedderburn; Albert and Brauer on central division 
a,lgehras of degree 5 5. We then return to the general theory t,o derive the 
results on "inflation" and "restriction" for crossed products. The former leads 
to an isomorphism of the full Brauer group Br (F)  with a cohornology group of 
t'he Galois group G of the separable algebraic closure of F and an isomorphism 
of the e-torsion part Br,(F) of Br(F) with a cohomology group H:(G, p,) 
where p, is the set of the eth roots of 1 (assuming char F + e) 
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2.1. Frobenius Algebras 

Definition. A finite dimensional associative algebra A over F is called a 
Frobenzus algebra if A contains a hyperplane H that ~ontains  no noii-zero one 
sided ideal of A .  

If i is a linear function on A .  i defines a bilinear form !(a.  b) = i ( a b )  
which is nssociative in the sense that &(ac,  b) = l ( a ,  cb). Any associative 
bilinear form i ( a ,  b)  on A is obtained in this way since if ! ( a )  = i ( a ,  1 )  then 
i ( a .  b) = !(all, 1 )  = L(ab). 

Let A be Frobenius, T a linear function whose zeros constitute the hyper- 
plane H that contains no one-sided ideal # 0 of A. If r ( a .  b) is the bilinear 
form of r t,hen the set of z such that r ( a >  z )  = 0 ( ~ ( z ,  a )  = 0 )  for all a t A is 
a left (right) ideal contained in H. It follows that A is Frobenius if and only 
if there exists an  associative non-degenerate bilinear form on A. 1 e  note also 
that if A is Frobenius and ~ ( a ,  b) is as indicated then for a left ideal I, the sub- 
space I ' ~  = { c  / r ( I ,  c )  = 0 )  is the right annihilator annRI of I. Hence this 
is a right ideal and [ I ' ~  : F] = n - [I : F]. Similarly, if I is a right ideal then 
111, = {c / ~ ( c :  I) = 0) is the left annihilator of I and [ I '~  : F] = n - [I : F]. 

It follows that the map I --, I ' ~  is a lattice anti-isomorphism of the latt,ice 
of left ideals of A ont,o the lattice of right ideals. 

If .4 is Frobenius then AE is Frobenius for any extension field EIF. If 
A = Al 3 . . . @ A, where the Ai are ideals then A is Frobenius if and only if 
every A, is Frobenius. We also have 

Proposition 2.1.2. If A and B are Frobenius algebras then A 8~ B is a 
Frobentus algebra. 

Proof. Let T and a be linear functions on A and B respectively such t,hat the 
corresponding hyperplanes contain no non-zero one-sided ideals. Let cp = T @a 
be the linear function on A@ B such that y ( a @  b) = r ( c ~ ) a ( b )  for a E A, b E B. 
Let z = C a i  g bi; ai E A, b, E B ,  satisfy p ( z c )  = 0 for all c E A 8 B. We niay 
assume the a,  are linearly independent. Then there exist x, E A such that 
r ( a i x j )  = S i j .  Let y E B and put c = x, @ y. Then the condition cp(zc) = 0 
gives a ( b i ,  y) = 0 .  Since this holds for all y ,  bi = 0 for all i and hence z = 0. 
Similarly ~ ( c z )  = 0 for all c implies z = 0 .  It follows that the bilinear form 
p ( c ,  d )  = ~ ( c d )  on A @ B is non-degenerate. Hence A 8 B is Frobenius. 

14% shall derive next a condition that a commutative algebra A be a Frobe- 
nius algebra. \VE can write A = A1 @ .  . . $ A, where the A, are ideals and are 
local algebras (BA 11. p. 111). For such an algebra we have 

Proposition 2.1.3. A local commutative algebra is Frobenius if and only i f  
i t  contains a unique minimal ideal. 
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Proof. Let A be a local colnnlutative Frobenius algebra. Since A contains a 
unique lllaxiinal ideal it follours from the anti-automorphism of the lattice of 
ideals of A that  A contains a unique mininlal ideal. Conversely, suppose A is a 
conimutative algebra that  contains a unique mini~nal ideal N. We can choose 
a hyperplane H not containing AT. Tllen H contains no non-zero ideal of A 
a.iid hence A is Frobenius. 

Corollary 2.1.4. Any algebra A = F[a]  ~rlith n sir~gle generator Is Frobe?ai?ss. 

Proof. Let f (A) he t,he ininirnum polynomial of a and let f (A) = ns P , ( A ) ~ &  
where the p,(A) are distinct primes in FIX]. Then A = F [all 9 . . . 9 F[as ]  
wherc the minimum polynolnial of ai is p,(A)".. Now every ideal # 0 in F[a , ]  
contains the ideal generated by b, = pi Hence F[a,] contains a unique 
rninimal idea.1 and so this is a Frobenius algebra. Then F[a ]  is Frobenius. 

The following module result will play a key role in obtaining a special 
type of generation of a central simple algebra by a commutative Froberiius 
subalgebra. 

Proposition 2.1.5. Let A be a commutative Frobenius algebra and let M be 
a faithful A-module. Then, ill con,tain,s a s~l,bmodule isomorphic t o  A. 

Proof. Write A = Al 0 . . . 3 A ,  where the Ai are local (BA 11, pp. 425- 
427). Then Ai contains a unique mirliina,l ideal N?.  We have M = All1 = 
AlAl 8 . 8 A s M  and A i M  is a faithful Ai-module. Hence there exists an  
x, E A,M such that A$zi # 0. The map ai --i aixi is an Ai-homomorphisn~ of 
A, onto A,x, which is a submodule of A,M. The kernel of this honlomorphisnl 
does not contain Ni. Since Ni is contained in every non-zero ideal of Ai the 
kernel is 0. Hence A,x, -. Ai and Alxl @ . . . $ Asxs is a submodule of M 
isomorphic to  A. 

2.2. Commutative Frobenius Subalgebras 

Let A be central simple. We can regard A as Ae = A @ A' module where AO 
is the opposite algebra of A by defining 

where a , .  x E A, b, E AO (= A as vector space). Now A' is simple since A 
and AO are central simple. Hence A is a faithful Ae-module (that is, the corre- 
sponding representation is faithful). If IT is a subalgebra of A then restricting 
tllc action of Ae to  K e  = K g KO rnakes A a K'-module and. of course. 
this is faithful. We now let K be a commutative Frobenius subalgebra whose 
dimensionality is the degree of A. Then we have 
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Theorem 2.2.2. Let A  be a central simple algebra of degree n ;  K a commuta- 
tive Frobenius subalgebra of A  such that [ K  : F ]  = n .  T h e n  A  as K e  = K @ I < -  
module (KO -. K )  is isomorphic to  Ke  an,d hence there exists a v E A such 
that A = K c K .  

Pmo,f. The algebra K "  is a corninu~at~ive Frobenius algebra and A is a faithful 
K'-module. Hence. by 2.1.5, A corlt,airis a submodule isomorphic to K e .  On 
t,he other hand: [A : F] = n" [K" : F] .  Hence A -. K e  as Ke-module. 
Since K e  is cyclic with 1 X 1 as generator: 4 is cyclic as K"-module. If c is a 
generator of this module then A = Kev = KvK. 

We shall require also 

Theorem 2.2.3 (Jacobson [ 7 5 ] ) .  Let A  and K be as i n  2.2.2. Then: (1)  
I< = AK,  the centralizer of K i n  A, (2) any isomorphism of K into A  can be 
extended to  a n  inner automorph,ism of A, (3) any derivation o,f K into A  can 
be extended to  a n  inner derivation of A. 

Proof. ( 1 )  Let L = EndFK. Then we have the isomorphism k --t kL (n: --t kn:) 
c ~ f  K into L and we can identify K with it,s image KL ill L. Since K is 
colliniutative and the centralizer of the set of left multiplications of an algebra 
is the set of right multiplications, LK = K .  On the other hand. can be 
characterized by the module condition A" = { c  € A / (1 8 k - k % 1)c  = 

0. k E K} and since A and L are Ke-isomorphic by 2.2.2 and L~ = K ;  we 
have A" = K .  

(2) We suppose first that A = EridFV where V is an n dimensional vector 
space over F. Let a be an isomorphism of K into A. We may regard V as 
K-module in two ways. In the first the action is the natural action of K as 
subalgebra of A and in the second it, is the composite of the isomorphism g 

with the natural action. Since V is faithful as K-module under both actions 
and [V : F] = ,n, it follows from 2.1.5 that the two K-modules we have 
defined on V are isomorphic. This means t,hat there exists a bijective linear 
t,ransformation u of V such that for every k t K ,  a(k)  = uku-l. Then u E A  
and a call be extended to the inner autornorphism I, in A  = EndFV. 

Kext let A be arbitrary. If A is split the result is covered by the case 
A = EndFV. Hence we may assume A is not split and so by Wedderburn's 
theorem on the coinmutat,ivity of finite division rings the base field F is infi- 
nite. If F is the algebraic closure of F then AF is split and KF is a commutative 
Frobenius subalgebra of AF.  Applying t,he result in this case we obtain an in- 
vertible elenlent 21 € AF such that o(k)21 = iik! k € I<. NOW let (e,. . . . . e,,n) be 
a base for A / F  and hence for A F / F  and let ( k l , .  . . ; k,) be a base for K I F .  

Then we liave ti = ~7 w m  , we E F ,  and the conditions that i~(k,)21 = ilki 
are equivalent to a set r of homogeneous linear equations on the we with coef- 
ficients in F .  It follows that if U denotes the F-space of A of elements u such 
that cr(ki)u = I L ~ , .  1 < i < n, and 0 the F subspace of AF of elements ii such 
that a(k,)21 = iik,, then u = FU - U p .  The subset of invertible elements of 
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U is the open subset defined by n(!u)  # 0. Since the corresponding subset of u 
is not xracuous it follows that we have invertible u  in A such that n ( k , ) u  = u k ,  
and hence such that o ( k ) u  = u k  or a ( k )  = ' u k u p l ,  k  E K .  Thus 0 can be 
extended to the inner automorphism I, of A. 

(3). Let 6  be a derivation of I( into A. Then 6 E L = EndFK and the 
condition 6 ( k l )  = k ( @ )  + (6k)L for k .  L E K is equivalent to the operator 
condition SkL = kL6 + l ( 6 k ) ~ .  Now suppose S --i d  and 1 -, v  under a ke- 
isomorphism of L into A. Then we have d k L  = k L d  + u ( ~ K ) ~  and v  E k  since 
l k L  = KL1 implies that v  E AK = K .  illoreover, l K L  = KL gives c K  which 
implies that 1: is invertible. Hence we haye ( d v - ' ) k L  = k L ( d v p l )  + ( 6 k ) ~  so 6  
can be extended to the inner derivation x -+ (dv-l)n: - z ( d v - l )  in A. 

2.3. Brauer Factor Sets 

Let A be central simple of degree n. \Ve have shown in 1.6.20 that if the 
base field F is infinite then A contains an element u  such that the minimum 
polynomial f  ( A )  is of degree n with distinct roots. It is readily seen that the 
same result holds for finite A. For, in this case. .4 -. h f , ( F )  and we can choose 
f ( A )  to be an irreducible polynomial of degree n over F. Then h f n ( F )  contains 
a matrix ~vllose minimum polynomial is f  ( A ) .  

Now let K  = F[u] be a subalgebra of A such that the minimum poly- 
nomial f ( A )  over F of u  is of degree n wit>h distinct roots. Then K is a 
commutative Frobenius subalgebra of A and hence, by 2.2.2. A contailis an 
element v  such that A = K v K .  Let E  be a splitting field over F  for f ( A )  so 
E  = F ( r l ,  r z ,  . . . , r,,) where the r ,  are distinct and f ( A )  = 17(A - r , )  in E [ A ] .  
Consider the algebra KE = E[u]  = E [ A ] / ( f  ( A ) ) .  In this algebra we have n 
non-zero ortllogorlal iderrlpoteilts 

( u  - r l ) .  . . ( u  - r , -1)(u - r l + l ) .  . . ( u  - r,) 
e ,  = (2.3.1) 

( r ,  - r ~ j . , . ( r ,  - r t - l ) ( r 2  - r l + 1 ) . . . ( r ,  - r n )  

such that C e ,  = 1 (see e.g. BA 11, p. 479). Hence KE = @: Ee,. Now AE is 
central simple of degree n over E and K E  co~ltaiiis the n orthogorlal idempo- 
terlt,s ei .  It follows that AE = l1)fn(E) SO E  is a splitting field for A. Thus we 
may regard A as an F-subalgebra of Af7 , (E)  such that EA = Af, , (E) .  Also we 
inay suppose that 

u = diag(r1, r z ,  . . . ; r,). (2.3.2) 

If r = [ z l i J )  then ukz1uE = ( r f r $ v i 3 )  and since A = K ' v K  the elements 
u%,u< 0 5 kk.. t 5 n - 1: form a base for AIF.  Hence every element of A 
is a matrix 

L = ( & J v z 3 )  (2.3.3) 

where 
71 
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and the ake E F and are uniquely determined. Since E A  = A& (E) it is clear 
that every v,, # 0. 

Let G = Gal E/F. If a E G: or ,  = r,/ and a is determined by the 
per~nutation i - i' of {I:  2 . .  . . . n}.  denote this permutation by a also, so 
me have ar, = r,,. If L i J ,  1 5 i: j < n: is defined by (2.3.4) then the Pig satisfy 

These conditions, which we shall call the conjugacy condatzons on t = (l,,). 
are also sufficient that the E,,  have the form (2.3.4): for we have 

Lemma 2.3.6. Let l = ( l t j )  he n matrix of elerrrents tTJ E E satisfyin,g the 
conjugacy conditions (2.3.5). Then there exist ak. E F such that (2.3.4) holds 
,for all i, j. 

Proof. Let V be the Vandermonde matrix 

Then I/ is invertible. Hence there exists a unique matrix a = (a,,) E AIn(E)  
such that 

V U ( ~ V )  = P. (2.3.8) 

This rrlatrix relation is equivalent to the equations (2.3.4). Applying a E G to 
these equations we obtain 

or t,, = C k , e ( ~ ~ l c u ) r ~ - l r ~ - l  By the uniqueness of a we have oak! = aka for 
every a E G. Hence ake E F. 

(The foregoing proof is due to Walter Feit.) 
We now put L = (P,,vij), L' = ( k $ J ~ i j )  where the tZJ and tij satisfy the 

conjugacy conditions, so L, L' E A. Then LL' = L" = (!:\v,~) where 

Lemma 2.3.11. The c,jk satisfy 
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Proof Apply rr to (2.3.9) to obtain C:,,,, = Po, ,k(ac,k,)e~k,uJ. On the 
o t h e ~  hand. l: ,,,, = P,,,,kc,L,o~,~,e',~ ,, Hence we have 

and these relations hold for all E t k .  L i k  hatisfying the conjugacy conditions. TVe 
can also write 

C k r ~ , k j .  (uk, I;,) = O. e,k, = &I 7 ' 2 .  (2.3.15) 
k 

Now A J n ( F )  = EA. Hence taking a suitable E-linear combination of the ma- 
trices irl A we obt,ain a mat,rix whose j-t,h column is (0 . .  . . , 0 , l :  0 , .  . . , 0 )  where 
the 1 is in any chosen position. Usirlg this linear colnbirlation of the relations 
(2.3.15) we obtain l i ke zk ,  = 0 for all k .  Then ezk, = 0 and dikj  = 0 which 
is (2.3.12). Now (2.3.13) follows by direct verification using the definition 
(2.3.10). 

\Vc now define a Brauer factor set c to be an indexed set of elements 
cZjk t E" 1 < L .  1. k 5 n. such that 

C ? j k C i k B  = Ci31c3kY. ( i i )  

The foregoing lemma states that the c,,k defined by (2.3.10) from the ele- 
ment z1 = ( u , , )  constitute a Brauer factor set. We shall call (i) the conjugacy 
conditions on the c,,k. We note that these imply that 

ctgic E F(r , ,  r 3 ,  rk)  ( i i i )  

For, if a E Gal E / F ( r , , r j , r k )  t,hen ai = i , a j  = j , ak  = h- and hencc, by 
(i), ocyk = e,jk Since this holds for every a E Gal E / F ( r i , r , , r k ) ,  c,,k E 
F ( r i ,  r,, r . k )  b y  the Galois correspondence. If we put i = j = k and j = k = P 
successively i r ~  (ii) we obtain 

JYe notc also that if we take c,,k = 1 for all 2 .  J .  k then we obtain a Brauer 
factor set. This Brauer factor set will play a distinguished role in the sequel 
and will be denoted as 1. 

We have seen that if we define c,,k = ~ , , v , ~ v , ~ ~  then c = {c,,k) is a Brauer 
factor set. Here v = (v,,) is any element of A such that A = KvK.  We now 
observe that c is independent of the imbedding of A in Mn(E) provided that 
u = diag{rl, 1-2, . . . . r,) in the imbcdding. For, if we have a second imbedding 
with this property then it follows from the Skolem-Noether Theorem and the 
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fact that the only matrices that commute with u are diagonal matrices that 
in the second imbedding we have v = (d,v,,d,l) mrhere d ,  E E M .  Then 

JITe shall now normalize r_. so that, the corresponding factor set c is re- 
duced in the sense that every ci,, = 1. B y  (iv) this irrlplies c,,, = 1 = c,,, 
for all i .  j .  JVe remark that if f ( A )  is irreducible or: equivalently. K is a field 
then c is reduced if = 1. For. in this case the permutation group of t,he 
T ,  deterniined by G is transitive. Then el l1  = 1 implies c,i, = 1. JVe now note 
that? by (2 .3 .10) ,  c,ii = v, ,  so a7:,, = G ,,,,,, a E G. Hence if me put tii = o i 2 ,  
and OT3 = 0 if i f j :  then the conjugacy coiiditions hold for the f Z j  so 

Since y commutes with u, y E F [ u ]  and we can replace v by yv. This nor- 
malization permits us to assume ?',, = 1 and hence c,,, = 1 ,  that is, c is 
reduced. 

TVe can now prove 

Theorem 2.3.17. Let K = F[u] be finite dimensional separable, , f ( A )  the 
m i n i m u m  polynomzal of u over F and let E = F ( r l :  . . . , r,) be the splittang 
,field o f f  ( A )  over F wlzere f ( A )  = 17(A - r i )  i n  E [ A ] .  Suppose c = { c i J k )  i s  a 
reduced Brauer  factor set with vo,l?~es irr Ex  a,nd let B ( K ,  c )  denote the  subset 
qf 1221n(E) o,f mat rice.^ ! = ( tZJ)  su,cl~ th,at a&, = l,,.,,: cs E G = Gal E I F .  
T h e n  B (K .  c )  i s  a n  F-subspace of Mn(E) ,  and if we define a c-product !,tl 
for O = (O,,), i' = ( P i , )  E B ( K ,  c )  as E' I  = (ti;) 'where 

t h e n  B(K, c )  becomes a central simple associative algebra of degree n over F 
con,tainin,g a subalgebra isomorphic to  K .  &loreover, the m a p  

e = (&,) -a+ L = ( C ~ ~ I ~ , ~ )  (2.3.19) 

i s  a n  isomorphism of B ( K ,  c )  'with a n  F-subalgebra A of &fn(E). Conz~ersely,  
every central simple algebra of degree n containing K as subalgebra can be 
obtained by this construction. 

Proof. It is clear that B = B ( K ,  c )  is an F-subspace of A I n ( E )  and if !:/, is 
defined by (2.3.18) then 
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Hence B is closed under the c-multiplication. Consider the map defined by 
(2.3.19). Evidently this is F-linear and injective. The (i, 9)-entry of the matrix 
product ( ~ 7 ,  1 !,J ) (cz3 dl,, ) is 

Hence the map is a homornorphisrn for multiplication. The irnage A = {L) of 
B is an F-subspace of Afr,(E) closed under multiplication. Observe next that 
since ci,, = 1, any diagonal matrix satisfying the conjugacy conditions is fixed 
under (2.3.19). Then 1 E A and 1 is the unit of A and of B. Hence A is an 
P-subalgebra of hf,, (E) .  

We note next that r = diag{rl, 7-2, . . . , r,) E A and F[r]  is a subalgebra of 
A isomorphic to K .  Next let !,j = 1 for all i ,  j and let s be the corresponding 
matrix (cijlCi,) = (cljl). Note that every entry of s is # 0. Now every matrix 
unit e,, E E [ r ] ,  and since ei,sej, is a non-zero multiple of eij it is clear that, 
E A  = Mn(E) .  Since l\Jn (E)  is simple A contains no nilpotent ideals # 0 and A 
is not a direct sum of more than one non-zero ideal. Hence by the Wedderburn 
structure theory, A is simple. Any element of the center of A is in the center 
of Mn(E)  and so is a scalar matrix. Such an element has pre-image under 
(2.3.19) that is a diagonal matrix diag{el,. . . .!,,). The conditions a!, = emi 
arld diag{il, . . . En,) is a scalar matrix imply that this element is in F1. Hence 
A is central simple. Then &(E)  -. E E F  A (BA 11, Theorem 4.7; p. 218) and 
consequently A has degree n .  The isomorphisnl of B(K,  c) with A 1zour implies 
that B(Iz', c) is central simple of degree 12 and B ( K ,  c) contains a subalgebra 
isomorphic to K .  

Conversely, assurne A is central simple of degree n containing K = F[u] .  
We have seen that A = K r K  and we can identify A with the F-subalgebra of 
matrices ( ~ , ~ e , , )  where I) = (wa3)  has all its entries # 0 and (L,,) satisfies the 

1 conjugacy conditions. hloreover, if we define c,k, = cikvk.zl,, then c = {c,,~) 
is a Brauer factor set,. By normalizing v we may assume c is reduced. Now we 
have (v,,L,,)(~~,~!:~) = (v,jl;;) where Ei ;  is giver1 by (2.3.18). Hence the map 
(!,,) - (rL.23Ez3) is an isomorphism of (B, c) onto A. 

V'e shall now determine the elements u1 E A such that A = K w K .  We 
cldirn that these are just the elements w = ( E 2 , ~ , L 3 )  such that every !,J # 0. 
SVe have seen that E[u] = D = CEe,,. It is clear that D7uD = Mn(E)  for a 
rrlatrix 711 = ( u J ~ , )  if and only if every ul,, # 0 On the other hand, D = E K  
and hence DmD = E K w E K  = EKwK.  No~v if 7 0  E A then Ku 'K c A 
and hence K w K  = E ZF KwK.  Hence A = K w K  for u. E A if and only if 
ul = (!,,vLJ) with every !,, # 0. 

\Ye have associated with an element v E A such that A = KwK a factor 
sct c = {cLJk) where ~ , , k  = ~ , ~ v , i '  for I) = (t),,). If ul = (t , ,~),~) where the eZJ 
satisfy the conjugacy conditions and every l,] # 0 then the Brauer factor set 
determined by 71: is c' = {clJk) where 



50 11. Bra~ier Factor Sets and Nocthcr Factor Sets 

c:7k = ! t J ~ 3 k ~ z < 1 ~ ~ l l k .  (2.3.20) 

Two Brauer factor sets related in this way by L,, satisfying the conjugacy 
conditions are called assoczates. These constitute an equivalence class. \n;p 

denote the equivalence class of the Brauer factor sets all of whose ct3k = 1. by 
1 and the relation of associateness by --. 

Theorem 2.3.21 Th!e algebras B ( K ,  c) an,d B ( K ,  c') are isomorphic under a 
inap which is the identiby on K = F[diay{srl,. . . , r,)] if and only if c and c' 
are n,ssociated (reduced) factor sets. 

Proof. (Seligman) If c:,~ = ~,,krn,,rn~krn,;~ for all i; j; k ,  where ami, = 'm ,,,,, , 
then (!,j) --t (.eijm,jl) is an isomorphism of B(K,  c) onto B ( K ,  c'). Because c 
arid c' are reduced, all m,i = 1, so it is the identity on K .  

Conversely. suppose B(K,  c) and B(K,  c') are isornorphic by a map ex- 
tending the identity on K .  Note that in the proof of Theorem 2.3.17, the 
isomorphism (2.3.19) could be replaced by (F, : (!ij) --t L = (~i,,!,~), for 
each fixed index s: 1 5 s 5 n,. We have a corresponding map of B(K:  c') into 
A.ri,(E), also denoted p,. Thus: for each s ,  p,(B(K,c)) and (pS(B(K,cf)) are 
isomorphic F-subalgebras A, A' of Afn (E), with E @ A  = 1bf7, (E) = E@Af.  The 
isomorphism of A and A' resulting from the original isomorphism of B(K,  c) 
and B ( K ,  c') and the maps (F, thus extends to a unique E-linear isomorphism 
Dl, ( E )  + A& ( E )  fixing E % K ,  the diagonal matrices in A& (E). 

Therefore there is an invertible diagonal E-matrix 

d(" )  = diay{~?) ,  . . . A?)) for each s. such that 

for all (!,,) E B ( K ,  c), where (t iJ)  is the image of (t,,) under the given iso- 
morpllism B ( K ,  c) + B ( K ,  c'). In particular, when ti, = 1 for all 1 , j ,  the 
pre-irnage (rnzJ) E B(K.  c) satisfies 

(s)-l c '  = Xi nvi,c,,,h~") for all i, j, s .  
2.7 S 

Setting s = j gives 1 = ~:')~'ln,,i:'), or rnI3 = hl3)hj")-l. Fronl the above, 

so c and c' are associated. 
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2.4. Condition for Split Algebra. The Tensor Product 
Theorem. 

lye retain the notations of the last section. We prove first 

Theorem 2.4.1. B ( K ,  c) - 1 in, the Brauser group Br(F)  (that is ,  B ( K ,  c) -. 
Al,(F)) if and or~ly l,f c - 1. 

P'roof. Suppose c -- 1. Then we may assume every c,,k = 1. Hence the subal- 
gebra A of A&(E) isomorphic to B(K,  c) contains the matrix ' ~ 1  all of whose 
ent,ries are 1. This matrix has rank 1 and hence the left ideal *ildn(E)?? of hrl,(E) 
is srlinimal a.nd so is n dimensional over E. It follows that [Av : F] = n. Then 
A has a representation by n x n matrices over F determined by the mod- 
ule Av. It follo~vs that A -. f\.fl,(F). Conversely, suppose B ( K ,  c) 2: Af,(F). 
Then B ( K :  c) - B ( K ,  1). We have shown in 2.2.3 t,hat if A is central simple 
of degree n and K1 arid hT2 are isomorphic commut,ative Frobenius subalge- 
bras of A with : F] = n then any isonlorphism of K1 onto K2 can be 
extended to a.n inner automorpllism of A. Hence if B ( K ,  c) -. B ( K ,  1) then 
we may assume that we have an isomorphism between these algebras that, 
is the identity map on K .  Let A1 and A2 be the subalgebras of fL.I,,(E) iso- 
morphic to B ( K ,  1) and B ( K ,  c )  respectively by (2.3.19). Then Ai contains 
the matrix u = diag{rl, r z : .  . . , r,), A1 contains the matrix 111 all of whose 
ermies arc 1 and A2 contains v2 = ( u t j )  SO that ci3k = ~,~l;'~~/-',j~. Then 
Al = F [ ~ l ] v ~ F [ u ] :  Az = F[u]v2F[u] and we have an isomorpl~ism 7 of A2 onto 
Al that is t,he identity on u. Then wl = v(va) satisfies A1 = F[u]wl F[u] and 
we have seeri that the Brauer factor set determined by wl is c. Since that 
determined by vl is 1 we have c - 1. 

We consider next the tensor product of two central sirrlple algebras A,. z = 
1.2, of degree n containing K = F[u] as subalgebra. Let v, be all element of 
A, such that A, = Kv,li' and let .I:, = (vi;c)) in an imbedding of A, in ildn(E). 
The algebra A1 8~ A:! contains K @ F  A2 which contains % F  K .  We have 
the sur,jective algebra hosnomorphism 

such that Cn, % b, --i Ca,b,. Since K @ F  K is semi-simple (which is easily 
seeri by extending F to its algebraic closure) we have 

where e is an idempotent and ( K  X F  K ) ( 1  - e) = ker u. Then ( K  8 K ) e  -. 
( K  K)/ker u E K .  LIoreover, since a 8 1 - 1 %a E ker v for a E K ,  we have 

We now consider the algebra 
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Since A1 and A2 are central simple so is Al EFA2 and hence so is A. Sloreover, 
A and A1 BF A2 determine the same element of the Braucr group Br (F)  and 
A contains e ( K  gF K ) e  -. K which we can identify with K .  Then we h a w  

Theorem 2.4.6. A is of degree n containing K :  and a Brauer factor set 
associated with A as in (2.4.51 is C ( ' ) C ( ~ )  = { c : ~ ~ c ~ : ~ }  where c(') = {c:;)~} is a 
B~,auer  factor set associated with A,. 

Proof, If a(') = (a!1'), 2.7 a(" = ((a!)) E AI,(E) we define 

and we use this tensor m~lltiplication of matrices to obtain an  imbedding of 
Al g F  A2 in n/fnz (E) .  Since u = diag{rl, rz. . . . . r,) in Mn(E) it is clear that 
the matrix for any a E K @ F  K in ,Wnz(E) is a diagonal matrix. Hence the 
matrix for e is diagonal with ~rltries O and 1. Also we have 

Hence the condition (2.4.4) for a = u implies that  all the diagonal entries of e 
are 0 with the exception of those in the positions 1, n + 2,2n + 3, . . . : n2. This 
implies that  (E)e  has degree < 71 and llerlce t,lle degree of = e (Al@ A2)e 
is 5 n.  On the other hand. t,his degree is > n since A > K. Hence A has 
degree n and the diagonal entries of e in the positions 1 , n  + 2: .  . . . n2 are 1 
and the remaining ones are 0. The matrix e(z.18 z~2)e in n'fnna (E) has non-zero 
entries only in the ( ( k  - 1)n + k, ( l  l ) n  f !): positions 1 < k, .t < n ,  and the 

(1) (2) entry in this position is u,! vk, . 
By performing a similarity transformation by a permutation matrix and 

cut,ting down to a diagonal block we obtain an  imbedding of A in h fn (E)  in 

which w = diag{rl,.  . . , r,,} and 1. = e(vl 8 t12)e = (ci:)vg)). Since all the 
entries of v are # 0: n/In(E) = (CEe,,)u(CEei,) and hence A = K,LIK. It 
follows that  we can use v to determine a Bratier factor set for A. Evidently 
this set is c ( ' ) c (~ ) .  
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2.5. The Brauer Group Br(K/F) 

From now on we assurrle for simplicity that the base field F  is infinite. 4 s  
before, let K  be a finite dimensional cornrnutative separable algebra over F .  
If F is the algebraic closure of F then K F  = Fel  @ . . .  8 Fen where the e, 
are orthogonal idempotents and n = [ K  : F ] .  It follows that t,he degree of 
K = deg liF = n. Hence, by Theorem 1.6.21, K  = F[u]. Moreover, the 
minimum polyrlorrlial f ( A )  of u is of degree n and has distinct roots. \lie shall 
say that an extension field EIF  splits K  if KB = E e l  $ .  . . @ Ee, where the 
ei are orthogonal idempotents and we call E a splitting field for I i  if E  splits 
K and 110 proper subfield of E splits K. It is readily seen that E is a splitting 
field for K I F  if and only if E  is a splitting field in the usual sense for the 
polynomial f (A). Hence any two splitting fields EIF and E'IF of K I F  are 
isolrlorphic. 

Now let E I F  be a splitting field for K I F  where K  = F[u] and ,f ( A )  is the 
minimum polynomial of 1s. Then E  is a split,ting field of f (A). For each root 
'r. of f (A)  we have a homomorphism a of K I P  into EIF such that u --t r. 
In this way we obtain n = [K : F] homomorphisms of KIF  into EIF such 
that a,lL = r, where f ( A )  = 17(X - ri) in E[A]. Moreover, this gives all the 
liomomorphisms of K I F  into EIF .  Thus 

is the set of homomorphisms of h'lF into E I F .  If o E G = Gal EIF  then 
OCY, E A I .  In fact, wc have aa,u = ar, = r,, so aa, = a,,. 

Now let c = { c , ~ ~ )  be a Brauer factor set. Tire can regard this as a rnap c 
of AI x n/I x h.1 into E* such that 

c : (a,: a j :  ak) - ci,jk. (2.5.2) 

Accordingly, wc write c(ai, a,, a k )  for c t l k .  Then the defining conditions on 
t,he ciji, are first that 

or, independently of t,he indexing, 

Vv'e shall now call these conditions homogenezty and, more generally. if g : 
r 

;l'f x . . . x ncr' + E  or E" then g is homogeneous if 

for a .  0 . .  . . . E E M. In addition to this condition on c we have 
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for a .  p. -,. 6 E A1 and c is reduced if c ( a ,  a:  a )  = 1 for all a E M .  This implies 
that c ( p ,  w ,  cu) = 1 = c ( a ,  a ,  p )  for all a .  0. If K is a field t,llerl c is reduced if 
c ( a :  a ,  a )  = 1 for a single a E AT. 

Similarly, a matrix L = (E,:,) E M,(E) can be regarded as a map (a,, a3)  - 
l,,. The usual rnatrix product of l and 1' can then be defined by &Lf(a, P )  = 
C,Eni L(n,-,)E1(?. ,O). Honlogeneity of I as map of hl x h1 + E is equivalent 
to the conjugacy conditions = a t z j .  

We can now re-stat,e Theorem 2.3.17 in the following way: 

Theorem 2.5.6. Let K / F  be a finite dimensional separable commutative al- 
gebra, E I F  a splitting field for K I F ,  c a reduced Brauer factor set with values 
i n  E x .  Let B ( K ,  c )  denote the F-space of homogeneozu 'maps of l\f x M into 
E and define a product i n  B ( K ,  c )  by 

for 8,!' E B ( K ,  c ) .  T h e n  B(K,  c )  becomes a central simple algebra of degree 
n = [ K  : F ]  con,taining a subalgebra isomorphic to K .  Moreover, for any fixed 
E AJ the map E --i L where 

is a n  isomorphism of B ( K ,  c )  with an  F-subalgebra A  of the matrix algebra of 
maps of 21 x M into E .  Conversely, any central simple algebra of degree n 
con,tainin,g K as a subalgebra can be obtained i n  this way. 

SSTe shall call B ( K ,  c )  the Brauer algebra determzned by the Brauer fac- 
tor  set c. Thr condition that K is a commutative separable subalgebra of 
dinlension equal to the degree is equivalent to two other conditions given in 

Theorem 2.5.9. Let A  be central simple of degree n over F ,  K I F  a corn- 
mutative separable subalgebra of A. Tlzen the following conditions o n  K are 
eqiuivalerrt: (l;) [ K  : F ]  = n ,  (ii)  K is a maximal cornn~utatiue separable subal- 
g e h m  of A, (iii) th,e cen,tmlizer AK = K .  

Proof. (i)+(ii). Suppose L is a commutative separable subalgebra of A  con- 
taining K .  Then L = F [ v ]  and the degree of the minimum polynomial of 
e. < deg A  = [ K  : F] Hence [ L  : F ]  5 [ K  : F] so L = K .  

(ii)+(iii). Let K be a maximal commutative subalgebra of A. Then 
K c A X .  Now AK is separable. For, if F is the algebraic closure of F then 
AF = I ~ I , ( F ) . F ~  = P e l  CE . . .  @ Fern where the e, are non-zero orthogo- 

K F  - ~ [ ~ ( p ) z F e % ,  na1 idempotents such that C e ,  = 1. Then ( A K ) F  Y AF - 

It  is clcar that the last algebra is a direct sun1 of algebras !Vn7 ( F ) .  Hence 
AK is separable. Then the center of AK is separable and since it contains 
K it coincides with K by the maximality of K. Now AK = A1 @ . . . 6 A, 
where A, is separable with separable center K ,  and K1 + . . + K,. Suppose 
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for some Ai 3 K,. If A, is not a division algebra then A, contains 7n 2 2 
non-zero orthogonal idempotents f j  such that Cf ,  = 1, the unit of A,. Then 
K l  + . . . + + CK, f, + + . . . + K, is a commutative separable sub- 
algebra of A properly containing K contrary t,o t,he ma,ximality of K .  The 
same conclusion holds if Ai is a division algebra since in this case A, contains 
a separable subfield properly containing Ki. These contradictions show that 
Ai = KT for every i and hence AK = K .  

(iii)+(i) Suppose AK = K .  Then A:" = KF for F  the algebraic closure 

of F and hence n i ~ ~ ( F ) ~ i ~ ~ t  = c F ~ ,  where the e, are non-zero ort,hogonal 
idempotents such that Cei = 1 and 7 n  = [K : F]. It, follows that nl = n and 
[ K :  F] = n. 

The Brauer factor sets (regarded as maps of M x M x M into E*) form 
a group under nlultiplication of images in E*. This contains the subgroup of 
factor sets such that 

where ! : M x M -+ E* is homogeneous. We can form the factor group 
which we shall denote as H 2 ( K / F ) .  If c is a factor set then ! defined 
by !(a, a )  = c(a ,  a. a)-', !(a, 8) = 1 if cu # R is llornogeneous and 
c(o. p. r ) l ( a ,  r'J')!(D, y)P(a, r)-l is reduced. It follows that H 2 ( K .  F )  is the 
factor group of the group of reduced Brauer factor sets with respect to its 
subgroup of reduced Brauer factor sets of the form (2.5.10). 

T;lTe recall that an extension field K of the base field F of a central simple 
algebra A is called a splitting field for A if AK = K @ F  A = lVfn(K). If 
[A] denotes the similarity class of A in the Brauer group Br(F)  then K is 
a splitting field for A if and only if it is a splitting field for every B E [A]. 
Hence me may regard K as a splitting field of the class [A]. We have the 
homomorphism [A] --i [AK] of Br(F) into Br(K) whose kernel is the subgroup 
Br(lr'/F) of classes [A] split by K ,  that is, having K as splitting field. 

A classical theorem of Brauer and Noether gives a determination of the 
finite dimensional K that split a class [A]: Let A be a central division algebra 
over F. Then K splits A if and only if [K : F] = rd where d is the degree of 
A and K is isomorphic to a subfield of iVIr(A) (Theorem 4.12. p. 224 of BA 
11). 

Now let K be finite dimensional separable over F. Then we have 

Theorem 2.5.11. Br(K/F)  zs a subg~oup of Br(F) isomorphic to H2 ( K / F )  . 

Proof. We have the surjective map c --, [B(K,  c)] of the group of reduced 
Brauer factor sets with values in E* onto Br(K/F) .  Now let c(l) and c(') 
be reduced Brauer factor sets. Then it follows from Theorem 2.4.6 that 
B(K. d l ) )  $?F B(K, d 2 ) )  -- B(K. c(')c(')). This implies that Br(K/F)  is a 
subgroup of Br(F)  and c -i [B(K,  c)] is a homomorphis~n of the group of re- 
duced Brauer factor sets onto Br(K/F) .  By Theorem 2.4.1, the kernel of this 
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homomorphisln is the group of reduced c - 1. Hence Br(K/F)  E H 2 ( K / F ) .  

15-e also have the following generalization of the theorein of Speiser- 
Noethcr that H1(G. E x )  = 1 for G the Galois group of E / F .  

Theorem 2.5.12. Let K be n finztc dimcnszonal commutatz~ie sepnrable alqe- 
bra over F. EIF a splzttzr~y field for KIF, ,I1 = { a )  the set of homomorphzsms 
of KIF ~n to  EIF .  Let (a ,P)  --i b(cu, R )  be a hornogenrol~s map of 111 x 111 znto 
E* S U C ~ Z  that 

b(a, B ) b ( O ,  3) = b(a. ?)  (2.5.13) 

for a.  6.7 E Jf. Then there esrsts an znvertzble a E K such that 

P,roof. Consider t,he Brauer algebra B(I<, 1 )  which is the F-space of homo- 
geneous maps of A 1  x M into E with multiplication defined by &l' (o l .P)  

= C?Enl&(a, -;)il(-/, 0) .  For k E K we define a llomogeiieous map k' of 
M x 2 1 1  into E by k l ( a , a )  = ak,  k '(a,P) = 0 if cu # B. Then X: --, k' 
is a homomorphism of K into B ( K ,  1). This is a inollomorphism since 
ti' ~ X . F  E = Eel '3 :- . . 8 Ee,, where the e ,  are orthogonal idenlpotent,~ and 
for any k E K. k = C(nik)e,  where nik E E. Then a,  E M and if a,k = 0 
for all i, k = 0. Thus we can identify I< with its image in B ( K ,  1) and write 
k for k'. Then B ( K ,  1 )  = K b y  Theorem 2.5.9. We now consider the ma,p 
rl : C --i &' where E'(a! P )  = L(a, P)b(a, P )  for & t B(K.  1). The condition 
(2.5.13) implies t,hat 7 is an automorphism of B ( K .  1). Moreover, (2.5.13) 
gives b(a, a)' = b(a. a )  SO b(a, a )  = 1. Hence qa = a for a E K .  It follows 
from the Skolein-Noether theorem and B ( K ,  l ) K  = K that there exists an 
invertible a E K sucll that 71 = I,, the inner automorphism x --, aza-l. 
Now let v be defined by v(a ,  P )  = 1 for all a ;  P. Then v is homogeneous and 
.c' = ' r ~ u  satisfies c'(a. /3) = b(a, p). Since (uvapl) (a!  8) = (a(~)(,Oa)-l we have 
b(a, ;?) = (aa)(Pa)-l for a,  P E M .  

2.6. Crossed Products 

IVe shall now specialize to the case E = K. M = G = Gal E / F  in the fore- 
going considerations. In this case one has the crossed product representation, 
due to Emrny Noether, of a central sirnple algebra A containing E and having 
dcgree n = [E : F]. Let a E G. Then a can be extended to an inner automor- 
phisrn I,," of A. B y  Theorem 2.5.9. AE = E.  Hence the element u ,  is deter- 
mined up to a multiplier in E x .  Moreover. since IUo IUT and IUOuT for 0. T E G 
hale the same restriction a7 to E ,  we have u,~L, = k,.u,,, k,, E E*. Also 
u,au;' = aa, a E E. Thus we have 
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for a E E. 0. r E G. The associativity (u,ur)up = u,(u,u,) gives the relations 

It is clear frorn (2.6.1) that tlie E-subspace Cute E u ,  is a subalgebra. On 
the other hand. it is easily seen by a Dedekind independence argument that 
the 11, are linearly independent over E. Hence [ C E u ,  : E] = IGI = n and 
hence [CEu, : F] = n L  = [A : F]. Thus 

A = C E u ,  (2.6.3) 

\Ve now consider the converse in which we begin with the Galois extension 
field E/F and the Galois group G. Then a rnap k of G x G into E*:  (0.7) --i 
k,,, is called a Noetller factor set if (2.6.2) holds. We form the (left) vector 
space over E with base {2~,lo E G) and we define a product in A = C E u ,  b y  

Then (2.6.2) implies that this is associative. I\loreover. if we put a = r = 1 
and T = p = 1 s~~ccessively in (2.6.2) we obtain 

which imply that 1 = k:ul is the unit of A. LIoreover. A is a vector space 
over F c E and we have 

for x, y E A. a E F. Thus A is an algebra over F (associative with 1). This is 
called the crossed product of E wzfh G and Noether factor set k and is denoted 
as A = (E. G, k). The result we proved above can now be stated as 

Theorem 2.6.7. I f A  is a central simple algebra containing E and the degree 
o,f A i s  n = [E : F] then  A is a crossed product (E, G, k). 

It is quite easy to prove directly the converse that any crossed product 
is central simple over F of degree n = [E : F]. We shall obtain this result 
by establishing the connection between crossed products and Brauer algebras. 
We note first that if we replace u l  by 1 we may assume that the Noether 
factor set is nornlalzzed in the sense that kl,, = 1 = k,,l.is E G. Then we 
have 

Theorem 2.6.8. If k is a normalized Noether factor set then c defined by 

c(p, a ,  r) = pk , -~ , . , -~~  (2.6.9) 

is a reduced Brauer factor set and ( E ,  G. k) -. B(E, c) .  Conversely, if c is a 
reduced Brauer factor set then 
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defin,es a n,orm,alized Noether factor set and B ( E ,  c) .- ( E ,  G, k )  

Proof. First, let k  be a normalized Noether factor set. Then ( E .  G. k)  = 

{Ca,u, / a, E E )  and we have 

Now the element Ca,u, of ( E ,  G, k )  can be identified with the map f : a --i a ,  
of G into K. In this may ( E ,  G, k )  = { f lG + E )  with t,he usual addition and 
multiplication by elements of F and with multiplication defined by 

The unit of (E, G, k )  is now the map 1 such that 1 --t 1 and a --t 0 if a # 1. 
If k  is a normalized Noether factor set then direct verification shows that 

c  defined by (2.6.9) is a Brauer factor set, so we can define the Brauer algebra 
B ( E ,  c) as the set of homogeneous maps of G  x G into E with the usual 
addition and nlultiplication by elements of F and multiplication defined by 
(2.5.7). Now for f E ( E ,  G, k )  we define [ f  = ! by 

Then !(pa, pr) = p!(cr, 7 )  so [ f  = ! E B ( E ,  c) and 6 : (E, G, k )  + B ( E ,  c). 
Now [ is bijective since if we define 7  : B ( E ,  c )  + ( E ,  G, k )  by  ql = f where 

then ( 7 0  f = f for f E ( E .  G. k )  and ([q)! = L for E E B ( E ,  c) .  It is clear that 
[ is a vector space (over F) isomorphism. Now let f .  g E ( E ,  G. k ) .  Then 

and 

Hence ([ f ) ([g)  = [ f g and 6 is an algebra isomorphism of ( E !  G, k)  onto 

B ( E ,  c). 
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Direct verification shows that if c is a Brauer factor set then k defined by 
(2.6.10) is a Noet,her factor set and the map c --t k is the inverse of the map 
k --, c defined before. Hence if we are given B ( E ,  c) and we form (E, G. k )  
where c --t k then ( E ,  G ,  k )  -. B ( E ,  c).' 

The Noether factor sets form a group under multiplication which contains 
the subgroup of factor sets of the form 

where a --i L ,  is any map of G into E*. The factor group is the tohomology 
group H2(G,  E" ) .  As usual: wc write k - 1 if k is in the subgroup defined by 
(2.6.13) and k - k' if k and k1 differ by an elenlent of this subgroup. 

We now observe that the map k -, c is an isomorphism of the group of 
Noet,her factor sets onto the group of Brauer factor sets. If !? is any map of G 
into E* then !(a,  r )  = o l ( o p l r )  is a homogeneous map of G x G into E".  It 
follows that if k --, c in our homomorphism then k - 1 if and only if c - 1. 
Hence we have an induced isomorphism of H2(G, E*)  onto H 2 ( E / F ) .  This 
isomorphism together with Theorem 2.6.8 permit us to carry over the results 
of Sections 2.4 and 2.5 to Noether factor sets and crossed products. We obtain 
in t,his way the classical result of Emmy Noether: 

Theorem 2.6.16. Lef E/F be a Galozs rxtenszon with group G.  Thrn 

(i) The crossed product ( E ,  G,  k )  - 1 if and only if k 1 .  
(ii) ( E ,  G ,  k l )  Ejz ( E ,  G ,  k2) ( E ,  G ,  klk2). 

(~ i i )  Let [k] denote the element of H2(G,  E*)  determined b y  k.  Then [k] --, 
[ ( E ,  G ,  k ) ]  is an isorr~orphism of H ~ ( G ,  E*)  onto Br (E /F) .  

T i c  now assume E / F  is cyclic. Let a be a generator of G and put u = u,. 
Then uZ (u, ,)~'  centralizes E ;  hence uZ = e,u,, where e, E E*. We can replace 
u,, by u'. 0 5 7 5 n - 1. This replaces the factor set k by k' where 

and y E E*. The crossed product A is generated by E and u arid every element 
of A can be written in one and only one way as 

We have the relations 
ua = (aa)u, un = y (2.6.19) 

if a E E. Since lln commutes with u and with every element of E*. un is in 
the center F of A. Hence 3 E F*. Thus we see that A is the cyclic algebra 
(E, o-. y?. 

The foregoing proof is more direct than the one given in Jacobson [831]. I am 
indebted to hlr. Guo Li for pointing it out to me. 
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It is readily seen that if k' is defined by (2.6.10) then k' - 1 if and only if 
y = N(!)  for & E E*.  This permits the specializatiorl of the rnain theorem on 
crossed products (2.6.16) to the following theorem on cyclic algebras. 

Theorem 2.6.20. 

( i)  The cyclic algebra (E,cT,  y) - 1 if and only i f  -1 = N E I ~ ( t )  for some 
P E  Ex.  

(22) ( E .  0,fifl) 8~ ( E ,  0.72) - ( E ,  O, 7172). 
(iii) Let N ( E * )  = { N E / F ( ! ) , !  E E*).  Tllen the map YN(E*)  --t [ ( E ,  O, y)] is 

an isomorphism of F e / N ( E * )  with Br(E/F) .  

The result just indicated shows that cyclic algebras can be regarded as 
special cases of crossed products. Fire shall now show that certain crossed 
products can be regarded as generalized cyclic algebras. We consider a crossed 
product A = (E! G, k) and we suppose H a  G and G / H  is cyclic. Let T be an 
element of G such that the coset r H  generates GIH.  Then any element of G 
has the form art where a E H and 0 5 i < r = IGIHI. hloreover, rr E H .  Let 
D be the subalgebra of A generated by E and the u,, CT E H .  If F' = Inv H 
then F' is the center of D. It is clear that D as algebra over F' is the crossed 
product ( E ,  H :  kt) where k' = {k,,,, a .  a' E H ) .  Since H a G, rar-I E a' if 
a E H. Hence if we put u = u, then t,he inner aut,omorphism I, stabilizes 
D. Let 5 = &ID. Then we have the relation ua = (Ira)u, a E D. Moreover, 
uT = h ~ , r  where ! E E* and since rT E H we have uT = b E D. It follows that 
if D is a division algebra then A is a generalized cyclic algebra (D,  Zr, b). In 
particular this is the case if A is a division algebra. 

2.7. The Exponent of a Central Simple Algebra 

If A is a central simple algebra over F then A = hfT(D) where D is a central 
division algebra. If [D : F] = d2 then we have called d the zndex of A (or of 
[A]). Slre shall now prove that Br(F)  is a torsion group by proving 

Theorem 2.7.1. If d is the index of A then [AId = 1. 

Proof. Let E be a finite dimensional Galois splitting field for A. By replacing 
A by another element of [A] we may asslime that A = il/IT(D) = (E, G,  k). 
Now A can be identified with Endno (V) where V is arl r-dimensional vector 
space over Do. Sirlce A contains the field E, V can also be regarded as a vector 
space over E. If [E : F] = n then [V : F] = [V : E][E : F] = n[V : El. Also 
[V : F] = [V : Do][DO : F] = rd2 and [A  : F] = n2 = r2d2 SO n = rd. Hence 
n[V : E] = nd and [V : E] = d. If {u,la E G) is the base for A = (E, G, k) 
such that (2.6.1) holds then the first of these relations shows that u, is a 0- 
semi-linear transformation of VIE. Now let (xl, x2, . . . , xd) be a base for VIE 
and write 
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Then Af" = (J\~,,(D)) is the rnatrix of u, relative to (xl ,  x2.. . . . xd) The 
relations u,uT = ,to T ~ ~ g T  imply the niatrix relations 

Let p, = det iLf". Then we have 

Since u, is invertible. pC1, f 0 and herlce (2.7.4) gives k:,, = , U ~ ( ( T ~ , ) ~ ; ~  and 
so kd - 1. Hence Ad -- 1 by (2.6.9). 

The order of {A) in Br(F) is called the exponent e(A) of A. This is the 
e - 

smallest positive integer e such that A @ A @ . . . @ A 1. The preceding - 
theorem implies that the exponent is a factor of the index. We shall now show 
that these two integers have the same prime factors. 

Theorem 2.7.5. If p is a prime dividing the index of A then p divides the 
exponent of -4. 

Proof. Suppose p I d. We may assurne A = (E, G. k )  = n/f,(D) where [D : 
F] = d2. Tlien p I n = rd and hence p / /GI. G = Gal E I F .  Let H be a 
Sylow p-subgroup of G, K the subfield of E such that Gal EIK = H. Then 
[E : K] = pn' and p 1. [K : F]. Consider Ax. This is a central simple algebra 
over I( and since d f [K : F]. K is not a splitting field for A so AK + 1. On the 
other hand. EIK is a splitting field for AK so the index of AK has the form 
pS # 1. Since AK + 1, e(AK) # 1 and since e(AK) 1 pS we see that p / e(AK). 
Since the map B --t BK is a homomorphism of Br(F)  into Br(E) it follows 
that p 1 ?(A). 

We shall now use the results on exponents to prove that any central di- 
x-ision algebra is a tensor product of central division algebras of prime power 
degrees. We require the 

Lemma 2.7.6. Let Dl  and D2 be finite dimensional division algebras. Assume 
D L  is cer~tral an,d ([Dl : F]: [D2 : F ] )  = 1. Then Dl~%r;.Dz is a division algebm. 

Proof. Dl  g F  D2 is simple (Corollary 2, p. 219 of BA 11). Hence Dl @ F  D2 = 
,VfT(D) where D is a division algebra. Now iWr(D) is a direct sum of r minimal 
left ideals 11, 12, . . . . I, and these are isomorphic modules for A/l,(D). Hence 
they are also isomorphic as D,-modules. Then [D, : F] = [A& (D) : D,le for 
J # i is divisible by r .  Since ([Dl : F], [D2 : F ] )  = 1 this implies that r = 1 
and so D l  @I;. D2 = D. 
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Theorem 2.7.7. Let D be a central dzvzszon algebra of degrpe d = p t l  . .p:,. 
11% dzstlnct przmes. T h e n  D -. Dl 8 D2 8 .  . . @ D,  where D,  zs a central dzvzszon 
algebra of degree J I ~ ' .  

Proof. Let e be the exponent of D. Then e = r lea.  . . e, where ei = p r ' ;  0 < 
,In, 5 I;,. The cyclic group ( [ D l )  has order e so [Dl = [Dl]  [D2] . . . [D7.] where Di 

is a central division algebra of exponent e, and hence of degree I;: 2 rsr,. 
By 2.7.6. Dl 8, D2 8r;. . . .  8, D, is a division algebra and its degree is 

k' pl' . . . p$ .  Hence D -. Dl 3 . . . % D, and the degree of D is pt' . . . p$ .  Thus 
I;, = k: .  15 i < s .  

2.8. Central Division Algebras of Prescribed Exponent 
and Degree 

\'lTe have seen in the last section that if D is a central division algebra of degree 
d and exponent e then 

(i) P 1 d 
(ii) every prime factor of d is a factor of e 

\Ve shall now show that if d and e are positive integers satisfying these condi- 
tions then there exists a D having degree d and exponent e .  The construction 
we shall give is one given by Brauer in 1331. 

\'lTe assume first only condition (ii) on d arid e. 
Let P be a field of characteristic 0 such that 

1. P contains a primitive e-th root E of 1. 
2. Ad - E is irreducible in P [ A ] .  

The following lemma gives an example of a field satisfying these conditions 
and gives some properties of any P satisfying the conditions. 

Lemma 2.8.1. 

(1 )  T h e  cyclotomic field A, over  Q of P- th  roots of 1 satisfies 1. and 2. 
(2) If P satis,fies the  conditions 1. and 2. and p is  a pr ime divisor of d t h e n  

P contains n o  primitive pe-tlz root of 1. 
(3) If P satisfies the  conditions 1. and 2. above and E is  a n  extension field of 

P that  con,tains a n  elem,ent 7 such that  rid = E t h e n  is a primitive de- th  
root of 1. 

Proof. ( 1 )  VCTe have [A, : Q ]  = $ ( e )  and [Ad, : Q ]  = d(de). The condition (ii) 
implies that $ ( d e )  = d d ( e ) .  Hence [Ad, : A,] = d.  Let E be a primitive e-th 
root of 1, E' a primitive de-th root of 1. Since & I d  is also a primitive e-th root 
of 1 we have A, = Q(eId) and A" is the niinirnum polynomial of E' over 
A,. Hence Ad - E'* is irreducible in &[A]. Since E and eld are primitive e - t h  
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roots of 1 t,here is an automorphism of A, sending into E .  Hence Ad - E is 
irreducible in A, [A]. 

(2) Suppose P satisfies the conditions 1. and 2.  and P contains a primitive 
pe-th root E' of 1. Then P > A,, > A, and we have an autornorphism of 11, 
sending E'" into E .  This can be extended t,o an aut,onlorphism of A,,. Since 
A" - E'P is reducible in Ap,[A] the same is true of XP - E .  Hence A" - E is 
reducible in P[A] and, consequently, Ad - E is reducible in P[A] contrary to 
condition 2. 

(3) IVe have P > A, and E > A, (7). Ae (q) c Ad, and [A, (7) : Ae] = d = 

[Ade : A,]. Hence Ad, = Ae(q). Let E' be a primitive de-th root of 1. As before, 
we have an automorphism of A, sending E ' ~  into E arld this can be extended 
to an automorphism of Ad, sending E' into 7. Hence 77 is a primitive de-th root 
of 1. 

Now let P satisfy 1. arld 2. and let E = P ( z l , .  . . , zd)  the field of rational 
expressions in indeterminates x, over P. Let a be the automorphism of E/P 
permuting the x, cyclically. Let F = Inv(a) so E / F  is cyclic with Galois 
group G = (0).  Hence we can form the cyclic algebra A/F  = ( E ,  o, E )  where 
E is as in 1. and 2. We shall prove 

Theorem 2.8.2. A = ( E ,  a, E) is a division algebra. 

For the proof uTe shall need some results on the action of 0 in the polyno- 
mial ring R = P [ z l . .  . . , rd ] .  For the present we drop the assumption on the 
existence of E and assume only that char P { d. We note first that if f E R 
t h e n N ( f ) =  f ( a f ) . . . ( a d - ' f ) ~ S = F n R a n d i f  f # O t h e n N ( f ) f  Oaild 
f / N ( f )  in R. It follows that if f E E then there is a g # 0 in S such that 
gf E R. If t d we put 

Then E = ~ ( ~ 1 .  F = ~ ( l ) ,  R = ~ ( ~ 1 ,  S = ~ ( l ) .  

Let V = ~f Px,. Then V is stabilized by o so V is a P[a]-module. Since 
cr is a root of Ad - 1 and this polynomial is a product of distinct prime poly- 
nomlals, V = V ,  @ . . . e V, where the V ,  are irreducible P[a]-modules. Let 
A, E N and put 

YXI ,  , x T )  = v:' v:' . . . V:" c R. (2.8.4) 

Then R is graded by the ,,..., A ? ) :  

R = @Yxl, .... A,) 

(Al, . . . , A,) € N ( ~ )  (2.8.5) 

Y A 1  ,..., ~?)Yfi1,  ..., P T )  ~ ~ l + ~ l ~ . . . ~ ~ T + f i r )  

T.ZTe shall call this a o-grading of R. The elements of V(xl.,,,,xT) are said to be 
homogeneous of degree (A1,. . . ,A,). 

Evidently oV(x ,..,., = Yx ,,,,,, A,.). This implies that if t d then 
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This is equivalent to: if a E R ( ~ )  and a = Ca(A ,,,... A".) where a ( ~  ,,..., A".) t 

y x  ,,..., A,) t'hen a(/, ,,.... A,) 
1% shall nerd the following 

Lemma 2.8.7. Suppose t I d and t' / t and assume P cor~tains a primitive 
d/tl-th root of unity. Then for any ( A 1 , .  . . :A,) there exists a homogeneous 
element g f 0 in  R ( ~ )  su.ch that 

( t )  C ~ ( t ' ) ,  
g V ( ~ l , . . . ~ ~ T )  (2.8.8) 

Proof. lye Iiwe ( ~ ~ ' ) ~ l ~ '  = 1 so the condition that P corltains a primitive 
d/tf-th root of 1 implies that the characteristic roots of at' I V are contained 
in P. Since V, is an irreducible module it follows t,hat at' / V,c,lv3. Then 
at' I V(X1 , , . , . ~ , )  = c?' . . . C:.- ~ v A , , .  ,A , . ) ,  Now the c, are d/tl-th roots of unity 
and they geriera,te the group of d/tl-th roots of unity. Otherwise, we have 
( a  I R)" = 1 for h < d and hence oh = 1 contrary to the fact that a has 

order d in E. Now let f t ~(il! , , , , , x r  ) .  Then ot' f = c f , for c = c i l  . . . c:., and 

f = at f = (a t ' ) t / "  f = ctlL' f so ctlt' = 1. Also we have = . . . c g ~  

so if we choose g # 0 in , , , , , , , F )  then at'g = c-lg and a tg  = ( ~ ~ ' ) ~ l " g  = 

( c ~ ' ) ~ l ~ ' g  = g. Thus g E R ( ~ )  and at ' (g  f )  = c-'cg f = g f .  Hence g f E ~ ( ~ ' 1 .  
The argument shows that t,his holds for every f t l$tl,,,,,AT1. Hence me have 

(2.8.8). 

Proof of Theorem 2.8.2. Let ti E A = ( E ,  a .  E )  satisfy 
d 

I I , ~  = ( a a ) u ,  a E E, u = E .  (2.8.9) 

Then the elements of A can be written in one and only one way in the form xi-' aiu2,  ni E E.  1% have assumed that Ad - E is irreducible in P[A] .  Hence 
A" E is irreducible in R[A] = P [ x l , .  . . n:,, A] and hence in E[A] .  A fortiori 
A" - 1s ' irreducible in F[A] so F [ u ]  is a subfield of A. Since [F[ti] : F ]  = d 
this is a maximal subfield and the centralizer A ~ I " ]  = F [ u ] .  B y  Lemma 2.8.1 
(3) ,  ,u is a primitive de-th root of unity. 

Now let t / d and consider the subfield F[u t ]  of F [ u ] .  Since Ad - E is 
irreducible in F[X] (or in E [ A ] ) :  Xdlt - E is irreducible in F[A] ( E  [ A ] )  since ut  
is a root of Xdit - E ,  (F[ t i t ]  : F ]  = dl t .  Also ut is a primitive delt-th root 
of 1. Let At = A ~ [ ' " ] .  By the double centralizer theorem for central simple 
algebras (Theorem 4.10: p. 222 of BA 11): F [ I L ~ ]  is the center of At .  It is c1ea.r 
from 2.8.9 that 

d - 1  

At = { C a j u J  aji G E ( ~ ) }  
0 

t - 1  
(2.8.10) 
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Now E ( ~ )  jut] is a field since ut is a root of X d l t  - E which is irreducible in E[X] 
and hence in E ( ~ ) [ X ] .  The automorpliism Iu stabilizes ~ ( ~ ) [ u ~ ]  and ot = I, / 
E ( ~ ) [ u ~ ]  restricts to o on ~ ( ~ 1 .  Hence ct has order t and 

as algebra over F [ut] . 
Now Al = F[u]  and Ad = A. We shall now prove by induction on f that 

every At is a division algebra. Thus we assume every At(. t' < t ,  is a division 
algebra. Suppose At is not a division algebra. Then t > 1 and At corltairis 
zero divisors # 0. Let p be a prime divisor of t and put t' = t lp.  TVe shall 
show that the existence of zero divisors # 0 in At implies the existence of such 
zero divisors in -4p. This will contradict the hypothesis on At! and prove the 
theorem. 

Now let a = ~ h - '  n,lsi, b -- c;~' b,?~ '  where ai, bi E E ( ~ ) [ u ~ ]  satisfy 
a f 0. b # O.ab = 0. Since the ui,O < i < t - 1 are independent over 
E(' )[ut] ,  ab = O is equivalent to a system of polynomial eclliatioils in a,  and 
otbi with coefficients in P[ut] and we are assuming that thcse are solvable for 
n, not all O and bi not all 0. We note also that if the a, and bi can be chosen 
in ~ ( ~ ' ) [ u ~ ]  then we shall have a # 0 ,  b # 0 in At, such that ab = 0. 

We now replace P by P[ut] in the field considerations at  the beginning 
of this sect,ion. If we write P for P[u" Illen P coritains a primitive delt-th 
root of 1 and since t' = tip, delt = delt'p is a multiple of dlt' (since p I e by 
condition (ii)). Hence P contains a primitive d/tl-th root of 1. T4Te note that if 
we multiply the given a, by a suitable non-zero element of S we may assume 
the a, E R ( ~ ) .  Similarly we may assume the b, E R ( ~ ) .  Next we can express 
the a, and b, as sums of homogeneous elements in the c-grading. Moreover, 
we can order the degrees lexicographically and thus regard N(') as an ordered 
monoid. Let (XI,. . . , A,) be the lowest degree of homogeneity of t,he non-zero 
homogeneous parts of all the a, and let (p l ,  . . . , p,) have the same significance 
for the bi. Then it is clear t'hat if we replace each ai by its homogeneous part 
of degree (XI.. . . , A,) if there is one arid by 0 otherwise, and we make the 
same t,ype of replacement for the bi then the equations giving ab = 0 are 
satisfied. Thus we may assume the ai are homogeneous of the same degree 
(XI,. . . , A,) and the b, are llomogeneous of the same degree ( p l , .  . . , p,). Since 
P contains a primitive d/tl-th root of 1 we can apply Lemma 2.8.7 to obtain 
an element g # 0 in R ( ~ )  such that every ga, E R ( ~ ' ) .  Also if me apply the 
lemma and observe that g in this lemma can be replaced by okg for any k 

- V( t )  
(since q!:,.., A - ( A  I ,  . . ,  A ~ )  and  OR(^') = ~ ( ~ ' 1 )  we see that there exists an 
h # 0 in R ( ~ )  such that bh E At/. We have ga # 0, bh # 0 and (ga)(bh) = 0 
with ga, bh E At,. This completes the proof. 

TVe now assume both conditions (i) and (ii) on d and e and we prove 

Theorem 2.8.12. A = ( E ,  a ,  E )  has exponent e in Br(F) . 
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Proof. Let e' be tlie smallest positive integer such that = N ( E * ) .  Since 
Et - - I ,  e' I e. The assertion is equivalent, by the result noted at the end of 

Section 2.7. to e1 = e.  NOW suppose Eel = !\'?J/~(/L). LfTe can write /L = f / g  
xvhere f , g  E R = P [ z l , .  . . . xd]. Then 

f ( o f ) .  . . (od-I f )  = ~ ~ ' ~ ( a ~ ) .  . . (ad-Is). (2.8.13) 

LVe assume deg f minimal. If deg f > 0 let q be an irreducible factor of f 
in R. Then y / o"q for some i and AiE/~(4)  1 A T E / ~ ( g )  in R. \lie can caacel 
:YEIF(y) on both sides of (2.8.13) to obtain a relation (2.8.13) wit,h f of lower 
degree. Hence deg f = 0 and then deg g = 0. Thus eel = NEIF(h) with h E P 
and hence 

& = h d ;  ~ E P .  (2.8.14) 

Tlle order of E"' in the multiplicative group P" is e/e1. On the other hand. 
the order of hd in P* is k/(d, k) where k is the order of h. Hence 

The conditions (i) and (ii) on d and e and (2.8.15) imply that any prime 
dividing k divides e. Moreover, if k is divisible by a higher power of p than 
e then P "  coritairis a primitive pe-th root of 1 contrary to Lemma 2.8.1 (2). 
it now folloxvs that k e. Hence k d and (d, k) = k .  Then e I e,  by (2.8.15). 
Thus e' = e. 

2.9. Central Division Algebras of Degree 4. 

LVe shall prove that these algebras are crossed  product,^. The result for degree 
d = 2 is folklore. For degree three it is due to \tTedderburn and for degree four 
in the sharper form that any central division algebra of degree four contains 
a maximal subfield whose Galois group is Zz x Zz (Zk cyclic of order k ) :  it is 
due to Albert [29]. 

rl = 2. The quickest way of obtaining the result for degree two is to invoke 
the theorem that such an algebra D contains a maximal separable subfield 
EIF (Theorem 1.6.19). Such a field is Galois. In a more elementary fashion the 
"difficult" case of characteristic 2 can be sett,led by the following argument. 
Let d E D be inseparable. Then d $4 F,d2  E F .  Choose a E D: $4 F(d) .  
Then b = [da] # 0 but [db] = [d[da]] = [d2a] = 0. Put c = ab-'d. Then 
[dc] = d, dcd-' = c + 1. Then dc2rl-' = (dcd-I)z = (c + = c2 + 1. Hence 
(I((:' + c)cl-l = c2 + c SO c2 + c cornniutes with d and c. Since D is generated 
by cl and c. c2 + c E F .  Thus c2 + c = y E F which evidently implies that c is 
a separable element and c @ F .  

d = 3. IVe shall give \ITedderburn's proof (Wedderburn [21]) which is based 
on his factorization theorem for the minimum polynomial of an elenient of a 
central division algebra. This is the following 
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Theorem 2.9.1. Let D be a  ,finite dimension,al central division algebra over 
a  field F  and let a  E D  and f  ( A )  E F [ A ]  be the m,in,imum polyn,omial of a  over 
F .  Suppose deg f  = rn .  Then  we have the factorzzation 

zn D [ A ]  where a l  = a  and the a,  ure co7~~7~gates of a .  Moreover, zf u 6 F then 
7n > 1  and we nzoy fake 

a2 = [ Y ~ ~ ] ~ I [ Y U . I ] - ~  (2.9.3) 

where y is any element of D  that does not commute with a .  

All but the last statement has beer1 proved in Corollary 1.3.14. TVe shall 
now give IATedderburn's proof of 2.9.1 including the last statement. This is 
based on 

Lemma 2.9.4. Let D be a  division ring and let a  E D .  Suppose ( A  - a )  1, 
g ( A ) f ( A )  i n  D [ A ]  but ( A  - a )  {, f ( A )  = boAm + blAm-l + . . .  + O m .  T h e n  
R = b o a m + b l a m ~ l + . . ~ + b , # O  a n , d ( A - R a n - ' )  I ,g(A).  

Proof. 1% have f  ( A )  = Q ( A ) ( A  - a )  + R where R = boarn + blarrL-I + . . . +  b, 
(see (1.3.10)) .  Since ( A - a )  i, f ( A ) ,  R # 0. N o w g ( A ) f ( A )  = g ( A ) Q ( A ) ( A - a ) +  
g ( A ) R a n d  since (A-a)  1, g(A)  f  ( A ) .  (A-a)  1, g ( A ) R .  Then ( A - R a R P 1 )  1, g ( A ) .  

\lJe can now give the 

Proof of Theorem 2.9.1. The result is clear if al = a  E F l .  Now suppose 
al  6 F 1 .  Then m > 1  and there exists a y  E D such that [ y a l ]  # 0. Let 
y  b r  any such element of D. Sincc f  ( a l )  = 0 we have f  ( A )  = f I ( A ) ( A  - a l )  
and f ( A )  = y f ( A ) y - I  = y f l ( A ) y - l ( A  - y a l y - l ) .  Since yaly- l  # a 1 . R  = 

y a l y - l  - al  # 0  and by 2.9.4. A  - R y a l y - l R - l  1, f l ( A ) .  Thus 

where a2 = R y a ~ y - ~ R - ~  where R = yaly- l  - 0 1 .  Hence a2 = [ y a l ] a l [ y a l ] - l .  
Now suppose we have 

where k < m. the a,  are conjugates of al  and a2 = [ y a l ] a l [ y a l ] - l .  We claim 
there is a conjugate a;+, of al  such that (A-a;,,) t, fk ( A )  where fh ( A )  = (A-  
a k )  . . . ( A  - a2) (An - a l ) .  Otherwise. we have a monic polynolnial fk ( A )  E D [A] 
of degree k < nl such that ( A  - z a l z - l )  1, f k (A)  for all z  # 0 .  TVe may assume 
k minimal. Then ( A  - a )  1, z-I f k ( A ) z  for all z  # 0 .  This implies z-I f k ( A ) z  = 
f k ( A )  for a11 z  # 0  since if there is a zo # 0  such that z i l  fh (A)zo  # f k ( A )  
then we have a monic polynomial g(A)  of the form b ( z g l  f k (A)z0  - f k ( A ) )  of 
degree < k  such that ( A  - a )  1, z g ( A ) z p l  for all z  # 0. This contradicts the 
minimality of k .  On the other hand, if z- l  f k  ( A ) z  = f k ( A )  for all z  # 0 then 
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f k ( A )  E F [ A ]  and since f k ( a l )  = 0 we have a contradiction t,o t he  hypothesis 
tha t  f ( A )  is t h e  min imum polynomial o f  a l .  Thus  we have a conjugate aL+' 
o f  a l  such tha t  ( A  - { f k ( A ) .  T h e n ,  b y  t he  lemma, we have a conjugate 
ak+l o f  a1 such that  ( A  - ak+l)  1, gk (A ) .  Th is  establishes t he  inductive step 
tha t  f ( A )  = gk+l (A ) (A  - ak+l )  . . . ( A  - a2)(A - a ' )  where t he  ai are conjugates 
o f  al  and a2 is as stated. 

W e  shall call an  element a o f  a central division algebra D cyclzc i f  F ( a )  
is a cyclic subfield o f  D.  T h e n  me have 

Proposition 2.9.7. Let D be a central division algebra of prime degree p and 
let a E D have degree p. Then  a is  cyclic if and only if there exists c~ y E D 
such that yay-1 # a an,d [ yayp1 :  a] = 0 .  

Proof. Suppose first we have a y satisfying t he  foregoing conditions. Since a 
is of degree p. P ( a )  is a maximal subfield, so t he  condition [yay- ' ,  a] = 0 
implies tha t  yay-' E F ( a )  and hence a = Iy I F ( a )  is an  automorphisrn o f  
F ( a ) .  Since yayp'  # a: a # Since [ F ( a )  : F ]  is prime, F = I nv (a )  and 
hence P ( a )  is Galois over F wi th  Gal F ( a ) / F  = ( a ) .  Conversely, suppose a 
is cyclic and Gal F ( a ) / F  = ( a )  then  a a  # a and we have a !/ E D such t,hat 
yayp' = cra. T h u s  yay-' # a and [ y a y p l , u ]  = 0.  

We can now prove t he  key 

Lemma 2.9.8. Let D be a central division algebra of degree three o11er F and 
let a be a non-cyclic element of D.  Th,en the rn,ir~irn,l~nl polynomial f ( A )  = 
A3 - a1A2 + a a A  - of a ouer F h,as n factorization 

f ( A )  = ( A  - Q ) ( A  - a2)(A - a11 (2.9.9) 

cu,c-' = (indices reduced mod 3 )  (2.9.11) 

Proof. Sillcc f ( a l )  = 0 for a1 = a we have f (A)  = g (A) (A  - n l ) .  W e  claim we 
can choose y E D so that  [ [ya l la l ]  # 0. Otherwise, z21 = 0 for t h e  inner deriva- 
t ion z,, = alL - a l ~ .  T h e n  a:LalR + a lR  = 0. Since al  4 F. [ F [ a l ]  : F ]  = 3 
i o  1. (11 a: i11e linearly independent over F .  T h e n  t he  9 linear transforma- 
tions a4Lain 0 5 2 .  3 5 2,  are linearly independent2 This  contrad~cts  
a:L - 2alLalR + a fR  = 0. 

This is a special case of a general result on finite dimensional central sim- 
ple algebras: If A is such an algebra over F and { a l : .  . . ,a , ) :  { b l . .  . . , b , )  are 
two sets of linearly independent elements, then the r s  linear transformations 
a , ~ b , ~ .  1 < i < r,  1 < j < s :  are linearly independent. (See e.g., the proof 
of Theorem 4.6, p. 218 of Bh 11). 
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Now let y be an  element such that  [[ya l la l ]  # 0 .  Then yaly-' # a1 
arid by IVedderburn's factorization theorem. f ( A )  = ( A  - a s ) ( A  - a 2 ) ( A  - a l )  
~vhcre a2 = [ y a l ] n l  [ ~ y a ~ ] - l .  Since f ( A )  E F [ A ]  it is clear that  the factors of 
f ( A )  can be permuted cyclically. Hence ( A  - a z )  1, ,f ( A ) .  On the other hand. 
( A  - a 2 )  I, ( A  - a 2 ) ( A  - a l ) .  Otherwise. ( A  - a 2 ) ( A  - a l )  = ( A  - b) (A  - a 2 ) .  
Comparison of the coefficients of A shows that b = a l .  Then ala2 = a z a l .  
Since a;! = R y a l y - l R - l  and a1 is not cyclic. R y a l y p l R - I  = a1 hy 2.9.7. 
Then [ R y ,  all = O and since R y  = yal - n l y .  [ [ya l la l ]  = 0 contrary to the 
choice of y Thus ( A  - a2) i, ( A  - a2) (A  - a x ) .  It now follows frorn Lemrna 2.9.4 
that  A - (aza l  - ala2)a2(a2al - alaL)-l 1, ( A  - a s )  Hence 

Ncxt we use the relations 

which come from A3 - a l A 2  + a 2 A  - a3 = ( A  - a y ) ( A  - n * ) ( A  - a l )  = ( A  - 
a l ) ( A  - a s ) ( A  - a z )  = ( A  - aZ)(A - a l ) ( A  - a s ) .  These imply 

Now [ a l a z ]  # 0 implies that  ( A  - a l )  {, ( A  - a l ) ( A  - a s ) .  I t  follows as before 
that  

a2 = [nla3]al[ala3]- ' .  (2.9.16) 

Similarlv, we have the remaining formula in (2.9.11). By (2.9.11). ~ ~ a , c - ~  = a,. 
1  5 2 5 3. Since the a ,  generate D it follows that we have (2.9.12). 

MTe can now prove 

Theorem 2.9.17. A n y  central &vision algebra of degree three is  cyclic. 

Proof. SVe have to prove the existence of a cyclic element not in F. Hence 
we begin with a non-cyclic element a and apply Lemma 2.9.8 to obtain an 
elerrlent c @ F such that  c3 = 7 1 ,  7/ E F. If this is cyclic we are done. 
Otherwise. we use this as the element a of the lemma and so we may assume 
that  a3 = 01. a E F .  Then we have A3 - a = ( A  - a s ) ( A  - aZ)(X - a l )  and 
('2.9.10)-(2.9.12) hold. Now put 

bl = a l e ,  b2 = albla,' = a?ca,l. (2.9.18) 

Then 

Since asa las  = a = a:, azal = a; and 
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Hence alc2al  = ca:c and [blb2] = 0 .  If b2 = bl then. by (2.9.18). c = a l c a l l  
and a l c  = cal .  Since ca lcP1 = a2 this implies a2 = a l  and c = 0 b y  (2.9.10). 
Thus ba # bl .  This implies also that bl $ F and since [blbz] = 0 and b2 and 
hl are conjugates it follows frorn 2.9.7 that bl is a cyclic element $ F .  

The lnilii~nurn polynomial of bl can he ralculated to be 

For. we have 

b: = alca lc  = ca3ca3 = c2a2a3 (by (2.9.8)) 
2 = c (a3a2 - c )  = c2a3a2 - - .  

Hence 
3 b: + ybl = ale 0 3 0 2  = -,ala3a2 = YQ.  

d = 4. The main structure theorem for central division algebras of degree 
-I can be stated in the following way: 

Theorem 2.9.21 A n y  cen,tral divislon algebra of de,gree 4  contain,^ a slihfield 
that is a tensor produd of two separable quadratic fields. 

This is equivalent to: D is a crossed product (E; G. k )  where G Z2 x 22. 
This result is due to Albert [29]. Quite recently Rowen [78] has given a proof 
of the theorem that  is constructive arld is similar to Wedderburn's proof in 
the degree 3 case.3 \;lie shall give a simplification of Rowen's proof which 
dispenses with the use of universal division a,lgebras and replaces this by more 
elerrientary Zariski topology arguments. 

\Ye shall first reduce the proof to showing that D contains a separable 
quadratic subfield. This reduction is achieved in the following two lemmas. 

Lemma 2.9.22 Let D be a central division algebra over F ,  a an  element of 
D which is  algebraic with min,irnum polynomial X 2  - aX - @ uihere a # 0 .  
Th.en there exists a n  x E D such that y = [ax]  # 0 and for swch an  .r we have 
[ay] = [ a [ a x ] ]  # 0: yay-1 = a1 - a and [ay2] = 0 .  Hence F ( y 2 )  5 F ( y ) .  

Proof. Since a $ F1 there exists an x such that  y = [ax]  # 0. We have 
a2 = cva + /?. Hence a [ a r ]  = [a21r] = a [ a z ]  + [axla. Thur a y  + ya = a y  
and ya = (a1 - a ) y .  If [ay] = 0 then a y  = (a1  - a ) y  so 2a = a l .  Then 
2y = [2a, r ]  = [ a l ,  x0  so char F = 2. But then cvl = 2a = 0 contrary to a # 0 .  
On the other hand, y2a = y ( a 1  - a ) y  = a y 2 .  Hence [ay2]  = 0. Evidently 
[ay] # 0 and [ay2] = 0 + F ( y 2 )  5 F ( y ) .  Also, yay-' = a1 - a  is clear. 

Lemma 2.9.23. Let D be a central di,uis,ion algebra of degree 4 and let F ( a )  
be a separable quadratic szabfield of D .  Then  there exists a second separable 

It should be noted that Rowen's proof is similar to one given by Albert in thc 
characteristic zero case that was published in [322]. 
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quadratic subfield Fib) such that the subalgebra F [ a ,  b] generated by a and b 
i s  the tensor product F ( a )  8~ Fib ) .  

Proof. 'IVe show first that D coritairls an element x such that [ax]" F l .  The 
set of these x's is an open subset in the Zariski topology. Hence it suffices to 
show that there is an x in n,f4(F) = D p $  F the algebraic closure of F ,  such 
that [ux]" F l .  The condition on a irnplies that if uTe replace a by a siniilar 
matrix we nlay assume 

This follou~s by elementary linear algebra. For. the minimum polynomial P , ( X )  
is a quadratic polynomial irreducible in F[X] with distinct roots a l ,  a2 in F .  
Then a is similar in h f 4 ( F )  to a diagonal matrix with diagonal entries a l ,  a2 

where both a1 and a2 occur. Then the characteristic polynomial x,(X) = 
P , ( X ) U , ( X )  where u,(X) = ( A  - a,)(X - a 7 ) ,  z , 7  = 1 or 2. Since x,(X) E 
F[X] .  u,(X) E F[X] .  If u,(X) = (A  - a,)' then ( X -  a , )  = (,u,(A). u,(A)) E F[X] .  
contrary to the irreducibility of P , ( X )  in F[X].  Hence v,(X) = P , ( X )  and 
(2.9.24) holds. Sl'e call write 

Then 

[ax] = 
o (a1 - az )X la  

( a  - a1)x21 0 
(2.9.26) 

Then 

[ax]' = -(a1 - a 2 ) 2 d i a g { ~ ~ ~ ~ 2 1 ,  X21X12) (2.9.27) 

and if we choose X 1 2  = e12. Xa l  = esl we shall have [axI4 @ F I .  This proves 
the existence of x E D such that [axI4 $ F l .  

\Ve shall nou7 shoxv that if y = [ax] and y4 4 F1 then b = y2 is separable 
quadratic. [ab] = 0 and F[a .  b] = F[a]  EF F[b] .  By 2.9.22. F[b] 5 F [ y ] .  Hence 
F[b] = F1 or IF[b] : F ]  = 2. The first case is ruled out since b2 $ F I .  Herice 
F[b] is quadratic over F and if this is not separable then b2 E F1 agaln 
contradicting 7j4 $ F1. Also, by the proof of 2.9.22. [ab] = [ay2] = 0. Firlally 
[ F [ a ,  b] : F ]  = 4 since otherwise a E F[b] and [ay] = 0 contrary to the relation 

= a 1  - a in 2.9.22. 
It remains to show that D contains an element a such that F ( a )  is sepa- 

rable quadratic. The main step in the proof of this is 

Lemma 2.9.28 (Rowen). Let D be a central division algebra, a1 an element 
o f  D having minirnum polynomial f (A )  = X 4  + a2X2 - a3A + a*. Then f ( A )  = 
(A2 - a'X + b')(X2 - aA + b) i n  D[X] and for any such factorization. we have 
[ F ( a 2 )  : F ]  < 4.  
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Proof. The existence of the factorization into quadratic factors follows from 
\Vedderburri's factorization theorem (2.9.1). Also we have 

and 
a2 = a'a + b + b' = -a2 + b + n4bK1 (2.9.30) 

We distinguish two cases: 
Case I [ah] = 0. Then a3 = (a4b-I - b)u and a: = [(n4b-l + b)2 - 4a4]a2 

= [(a2 + n2)2 - 4n4]a2 = n6 + 2a204 + (a2 - 4n4)a2. Thus a' is a root of a 
cubic polynomial so [ F ( a 2 )  : F ]  < 4. 

Case I1 [ab] f 0. By (2.9.31), [a2b] = 0. Since [ab] # 0 it follows that 
F ( a 2 )  5 F ( a )  so again [ F ( a 2 )  : F ]  < 4. 

To use Rowen's lemma to construct a separable quadratic subfield of D we 
begin with a pair of elements u ,  11 and form a1 = [uv].  Then the reduced trace 
t ( a l )  = 0. Suppose al has degree 4. Then the miniinusn polynomial m ( X )  of 
a1 over F has the form m ( X )  = X 4  + n2X2 - n3X + C V ~  and factors in D[X] 
as m(X) = (A  - a4)(X - a3)(X - aa)(X - ax) = (A2 - a'X + b')(X2 - aX + b) 
where b = anal. a = a1 + a2. Also by Theorem 2.9.1. if u7e choose y so that 
[yal] = [y[ul;]] # 0 then we may assume that a2 = [yal]al[yal jK1.  Then 

in Rowen's lemma. Now suppose we can choose u ,  v ,  y so that a* $! F .  Then 
F ( a 2 )  is a separable quadratic subfield since. by Rowen's lemma. [ F ( a 2 )  : 
F ]  < 4 so [ F ( a 2 )  : F ]  = 2 or 1 and the latter is ruled out if a4 $! F1. Hence 
[ F ( a 2 )  : F ]  = 2 and F ( a 2 ) / F  is separable since otherwise the characteristic is 
2 and (a2)' = a' E F contrary to the choice of u, v.  y. 

TVe shall now prove 

Lemma 2.9.33. If D is a central division algebra of degree 4 then D contains 
a separable quadratzc subfield. 

P~oof .  This will follow from the foregoing remarks if we can show that the 
subset T of D ( ~ )  of elements (u. v. y) such that 

1.  [u, V ]  is of degree 4 

2. [v, [uvll # 0 
3. [[Y! [uvl21[y, [ u ~ l l - ~ ) ~  $! F 

is not vacuous. We can replace 2. by the polynomial condition 

n the reduced norm; and 3. can be replaced by 
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where # denotes the reduced adjoint (x# = n(x)zpl  if x is invertible). Let 
T I ,  T2. T3 denote the sets defined by 1.2' .  3' respectively. It is clear that Tl 
and T2 arr open in ~ ( ~ 1 .  Since the condition that z" I71 defines an open 
subset of D it is clear that T3 is open. Since the intersectioii of a finite nurnber 
of non -~~acuous open subsets in the Zariski topology is non-vacuous open, it 
suffices to show that TI,  1 5 2 5 3, is non-vacuous and this will be the case 
if the corresponding subset T, of nf4(F)  is non-vacuous. \TTe proceed to verify 
this. 

The proof of Lernma 2.9.23 shows that we may take 

for any XtJ E Af2(F) and there exist such matrices having minimum polyno- 
mials of degree 4 (e.g. X12 = X21 = X w h ~ r e  X 2  $ F12 and det X # 0). 
Thus TI # 0. We now take y = diag{Y, Y) where IT E -Z/I~(F). Then 

so evidently TZ # @. Also we have [uv12 = diag{XlzXnl; X21Xlz) so 

For any matrix Z = (11 Zd2)l ZtI E hI2(F) ,  wehave 

n(z,,) = det Z i j .  Hence 

where 

By (2.9.35) and (2.9.36) 

where 
2 1 2  = [y, X ~ Z X Z I ] W I ~  2 2 1  = [y, X21X1z]Wzl. (2.9.41) 

Hence z2 = diag{Z12Z211 221Z12) and 
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where 6 = n([YXl2][YXZ1]). 
If we take 

a simple calculation shows that 

It is clear from this forrnula that the parameters a,  p, a l . .  . . can be chosen so 
that z" Fl. Hence T3 # GI. This completes the proof. 

Evidently Lemnlas 2.9.23 and 2.9.33 constitute a proof of Theorem 2.9.21. 
VTc shall now apply this theorem to obtain a canonical construction for 

central division algebras of degree 4 over F. By Theorem 2.9.21. D contains 
a subfield E/F that is abelian with Galois group V = (1. al, a 2 .  0 3 )  wherc 
a: = l , a z o 3  = a k .  ? . J >  k #. The field E has three quadratic subfields Q,, 
1 5 7 5 3 ,  where Q, = Inv(a,). We have E = Q,Q3 -. Q,EFQ3 for 2 # J .  Let 

Then [D, : F] = [D : F]/[Q, : F] = 8 and Q,  is the center of D,. Evidently 
D L  > E. The automorphism a, of E can be extended to an inner automorphis~n 
I,% of D.  Since a, Q, = lQ2 x, E DL and D, = E[x,]. Then D, is the cyclic 
algebra (or quaternion algebra) 

over Q, where rc? = (1% E Qi. The condition that Di is a division algebra is 
that 

ai @ NEIQ,  (bi) (2.9.47) 

for b, E E. 
Now let j # i. Since IxJQi  = Q,: I,. D, = D,. It is clear that D = 

D, [xj] = E [ z i ,  x: ,~].  Tie shall now make a normalization: We clloose x3 = ~ 1 x 2  
~vhich call be done since a3 = alaz. Since the restriction of t,he automorphism 
I sz I zi I Z ;  1 to E is 02ala21 = 01 we have 

52x12i1 = axl.  a E E*. (2.9.48) 

We have D = Dl [x2] and if we write a = I,, I Dl then 

and a2 = I,,. Hence it is clear that D is the generalized cyclic algebra 
R/R(t2 - aa) .  R the twisted polynomial ring Dl[& a] .  The coiidition that 
this generalized cyclic algebra is a division algebra is that 
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for y E D l  (1.3.16). 
55"e now derive some relations connecting the a,  and a. We have (.cz;clz;1)2 

= R : ~ x ? . x ~ ~  = a2al and ( a ~ 1 ) ~  = n z l a s ~ l s ~  = n ( a l a ) a l .  Hence: b y  (2.9.48); 

Similarly, since zlx2x,l = a p 1 x 2  we have 

Also we have a3 = :ci = (x1x2)" : ~ 1 : ~ 2 x 1 : ~ 2  = . I . ~ ~ I I : ~ z ;  = x la :~ : ;~z? ;c ;  = 

(a1a)alaa.  Hence 

a = ( ( ~ 1 0 , 3 ) ( a 1 ( a l a z ) ) - ~  (2.9.53) 

B y  (2.9.51) and (2.9.53), we have (a2al)a;' = ( a l as ) (a l ( a l na ) ) - l a3 (a laa ) - l  

= ( g l a 3 ) a ~ 2 a 3 ( a 2 ( a 1 a 2 ) ) - 1  and hence a3(01a3) = nl ( uaa l )a z (a la z ) .  Thus 

\Ve can now provc 

Theorem 2.9.55 (cf. Albert [39], p. 186f). Let E be a quartic abelian 
extension of F with Galois groi~p V = {1 ,01 ,02 ,  a s )  such that a: = 1,  aiaj  = 
n k  if i, j ,  k f .  Then we have the Jbllowing recipe for constructing the central 
division algebras of degree fou,r over F ~on~ta in ing  E:  

1. Let Q1 = Irlv a1 and choose al E E such that al $! A ! E I Q ,  ( E ) .  Form the 
quaternion algebra Dl  = ( E ,  0 1 .  a l )  over Q1. Then Dl  is a division algebra. 

2. Let zl be a cnr~onical generator of D l  over E such that x l b  = 
(a1 b ) x l ,  b E E.  Choose a E E such that (2.9.51) holds and a2 E E such 
that (2.9.52). Then! th,ere is an automorphism a of D 1 / F  such th,at 0x1  = as1 
and a 1 E = 0 2 .  Moreover, a 2  = Ia2 .  

3. Let R be the twisted polynomial ring D l [ t ;  aa]  and D = R/R(t2 - aa).  
Then  D is central simple of degree four containing E and D is a division 
algebra if and only if (2.9.50) holds. 

Every central d % ~ ~ i s i o n  algebra of degree 4 over F containing E can be 
obtained i n  this way. 

Proof. 1. This is clear. 
2. We have the defining relations 

in D l .  If we put 2; = (1x1 tllerl 
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by (2.9.51). Hence wc have an  automorphism a of D l  such that azl = x i  
and a / E = a1. Also a2 = b; b E E. and a2x1  = a ( a x l )  = (a2a)axl = 

a2(olcc,')rl: by (2.9.52). Hence 02x1 = I,,rl so o 2  = In,. 
3. lye can form t,he generalized cyclic algebra D = R/kR(t" -2 )  where 

R = Dl[ t ;  o] .  This is central simple of degree 4 (see section 1.4). By Theorem 
1.3.16, D is a division algebra if and only if (2.9.51) holds. 

The fact that  every central division algebra of degree 4 containing E is 
obt,ained following this procedure is clear frorn the analysis preceding 2.9.55. 

2.10. Non-cyclic Division Algebras of Degree Four 

Albert has given a number of constructions of non-cyclic division algebras of 
degree four. His first construction was that of a tensor product of quaternion 
algebras. Later he gave two other constructions which are not tensor products 
of quatcrnion algebras, one containing an element a with minimurrl polynomial 
of the form X4 - CI and one containing no such element ([321],[33]. [38r]). All of 
the  ons st ructions are based on a result on cyclic quartic fields that  we shall 
derive. For this we shall need the following norm theorem. 

Lemma 2.10.1 (Albert 1391). Let E/F be cyclic ,with Galols g3roup G = ( a )  
o,f order r = r l r a .  Suppose y is an elesment of F* such that 7'' = NE/F(c); 
c E E. Then there exists a cl E El = Inv(ar2) such that y = ATEIIF(~1).  

This can be proved quite easily using commutative methods. However, we 
prefer to give a lion-cornmutative proof of a more general result which we state 
as 

Lemma 2.10.1'. Let D be a division ring wzth an automorphism a such 
that ar = I and r is the order of u modulo inner automorphisms. Suppose 
r = rlr2 and 3 is a non-zero element of F = cent D n Inv(a) such that there 
exists a c scztisfyin,~ yrl = Nr(c) = ( ~ ~ - ~ c ) ( o ~ - ~ c )  . . . c. Then there exists (L 

cl E Inv(cr7.2) su,ch that 7 = IVr, (c) = (ar2p1c1)(ar2p2e1) . . , el .  

Proof. Let R be the twisted polynomial ring D[t ;  a].  By Theorem 1.1.23. 
Cent R = F[t r ] .  Then t r  - is a two-sided irreducible element of R and 
(tr2 - 7 )  / (t7 - yr l ) .  Since yrl = AT, (c), (t-c) (t7 -:irl) (1.3.11). By Corollary 
1.3.15. tT - is a product of factors of degree 1. Hence the same is true of 
the factor trL - 7 of t r  - ̂ fT1. Then 7 = ATr2 (cl) = (aT2-1~1)(aT2-2c1) , . . c1 
for some cl E D. Since a y  = y we also have 7 = (ar2cl ) (arzp1cl ) .  . . (ac l )  = 
(oTzplcl)  . . . ( 0 ~ 1 )  (ar2c1). Hence ar2cl  = cl E Inv(ar2). 

We can now prove the following 
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Lemma 2.10.2. Let F be a field not containing a (so char F # 2) and let 
E be a cyclic quartic extension field o~f F then the (un,ique) quadratic subfield 
K qf E/F has th,e form ~ ( d m )  ?here u, v E F and u2 + ti2 is not the 
square of an element of F. 

Proof. Since char F # 2. K = F ( f i ) .  w not a square in F .  Now 1 = 
(-1)' = 1VEIF(1). Hence by 2.10.1, -1 = I?JKIF(cl), c1 E K .  \Ire have cl = 
a+ b\f i ,  a. b E F. Then 

Now b # 0 since a Q F. Hence b%l = a2  + 1 gives u! = u2 + u2, u = 
nbK1, u = b- l .  

Lelnlna 2.10.2 suggests a procedure for constructing a lion-cyclic division 
algebra of degree four: It suffices to construct a division algebra of degree 
4 such that D 8~ K is a division algebra for every quadratic cxtcnsion field 
K = F( JGi), P L .  P' E F .  For, then D contains no quadratic subfield of thc 
forin F( d G Z )  and hence, by 2.10.2, D contains no cyclic quartic subfield. 

]Ye shall need a cor~ditiorl that the tensor product of two quaternion divi- 
sion algebras is a division algebra. A first such condition is given in 

Theorem 2.10.3 (Albert [72], Sah [72]). Let Di; i = 1,2, be a quaternion 
division algebra over the field F. Then Dl 8~ D2 is not a division algebra if 
and onlg if Dl  and D2 contaiir isomorphic quadmtic subfields. 

Proof. The condition is sufficient since the tensor product of isomorphic finite 
dimensional extension fields # F is never a field. Now suppose Dl  @ F  D2 is not 
a. division algebra. WTe regard Dl and D2 as subalgebras of Dl D2 such that 
Dl  centralizes D2. Let Q be a separable quadratic subfield of D2 and let m be 
the automorphism # 1 of Q I F .  IVe have Q = F(u)  where u2 = u + a ,  cu E F'. 
a.nd cru = 1 - u. There exists a 2: E D2 such that 

Suppose QD1 = Q 3~ DL is not a division algebra. Then Q is a splitting field 
for Dl  and llerlce Q is isomorphic to a subfield of Dl  and Dl and D2 have 
isomorphic quadratic subfields. Now suppose QD1 is a division algebra. Then 
it is readily seen that DIDz  = Dl 8~ D2 = QDl[u] is a generalized cyclic 
algebra R/R(t2 - 8) where R = QDl[t; u] and u I Dl = I D ,  uu = 1 - u. Since 
DID2 is not a division algebra there exists a d E QD1 such that (ud)d = P 
(Theorem 1.3.16). We have rl = dl + 21d2, di E D l ,  ad = dl + (1 - u)d2 and 
the conditions p = (crd)d, u2 = u + cu imply dldz = d2dl so Q' = F ( d l ,  d2) is 
a subfield of Dl .  Now consider Q1D2 This contains Q'Q E Q' @ F  Q. If this is 
not a field then Q' " Q and the result holds in this case. Now suppose Q'Q 
is a field. Then Q'Da is the cyclic algebra (Q'Q, cr'. ,0) where a' I Q' = lQ/,  
a'u = 1 - u. We have /? = (ald)d for d = dl + ud2 E Q'Q. Hence Q1D2 - 1 
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and Q' is a splitting field for D2.  Then [Q' : F ]  = 2 and Q' is isomorphic to a 
subfield of D2. Since Q' c Dl this proves the result in this case. [7 

lye rio\x7 assume char F # 2 and we shall obtain a quadratic form conditioi~ 
that the tensor product of two qt~aterilion algebras over F is a division algebra. 
A quaternion algebra D, has a base (1. u, ,  u,. 1 1 ~ 1 - , )  over F such that 

wherr a,!3? # 0. If both a ,  and 13, are squares then we ma) take these to 
be 1 and it is readily seen that D, " M 2 ( F ) .  If a ,  (or 3,) is a non-square 
then clearly D,  is a cyclic algebra. In any case D, is central simple of degree 
2. Let t ,  and n ,  he the reduced trace and norm respectively on D,. If T ,  = 

Eo + El 11, + & v ,  + <3u,u, then we have t ( x , )  = 2t0 and 

The subspace Di = Fu,  + Fv, + Fu,v, is the set of elements of trace 0. On 
this subspace (2.10.6) reduces to 

D, is a division algebra if and only if n ,  is anisotropic on Di. For. D, is central 
simple and hence D, is not a division algebra if and only if it contains an 
element J, # 0 such that x% = 0. For such an r ,  we have t , (x , )  = 0 = n(x , )  
so n, is not anisotropic on Di. Conversely. if n ,  is not anisotropic on Di then 
wc have an x,  # 0 with t ( x , )  = 0 = n ( x , ) .  Then rp = 0. 

SVe now form Di 9 D; and define a quadratic form on this vector space 

by 
n ( x l  + xa) = nl (x1)  - nz(xa) ,  2% E DI. (2.10.8) 

Then we have the following result which is also due to Albert [321]. 

Theorem 2.10.9. Let D,, i = 1 ,2 ,  be a quaternion algebra over a geld F of 
characteristic # 2, D$ the subspace of Di of elements of reduced trace 0; ni 
the red~~ced norm on D,L. Define the quadratic form n on Di gj Dh by (2.10.8). 
Then Dl @ F  Dz is a division algebra if and only if n is anisotropic. 

Proof. If either Dl or D2 is not a division algebra then neither is Dl @ F  D2. 
Moreover, since n ,  is not anisotropic on Dj for z = 1 or 2 it is clear that n 
is not anisotropic on D/1 @ D:. Now assume Dl and D2 are division algebra5 
and Dl 8~ D2 1s not. Then, by 2.10.3. D, contains a quadratic subfield Q, 
with Q1 r Q2.  Now Q ,  = F ( x , )  where x: + n,(x , ) l  = 0.  Since Q1 r Q2 we 
may suppose nl(z1) = nZ(x2). Then n(xl + 1r2)  = 0 and n is not anisotropic. 
Conversely, suppose we have x, E Di such that xl +xa # 0 and n ( x l  +x2) = 0. 
Since D, is a division algebra. L ,  # 0 + n,(x , )  # 0. Hence xl # 0, x i  # 0 
and n l ( x 1 )  = n2(x2) .  It follows that if we put Q, = F ( r , )  then Q1 and Qa 
are isomorphic quadratic fields and hence Dl  @ F  D2 is not a division algebra 
by Theorem 2.10.3. 
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a r e  are now ready to define Albert , '~ first class of examples of non-cyclic 
division algebras of degree 4. Let Fo be a real field (= subfield of R) and let 
F = Fo([, 7). [: 71 incleterminates. Put  S = Fo[[, 71. We order t,he monomials 
<9l,J lexicographically and if f ([; 17) E S and f (6: 7) f 0 then we define the 
leadirlg coeficler~t to he t,he coefficient of the highest iiionoliiial (in the lexico- 
graphic ordering) occurring in ~f (6; rl) and f (6. q )  is called monic if its leading 
coefficient is 1. If the highest rnonomial occurring in f ([. 17) is FZr l j  then me 
call ((-1)'; (-1)J) the signat.u~re, sig f (E, 7 )  of f (6: 7). 

Let D, be the ~luat~ernion algebra over F with base (1; u,, r: i :  IL, u , )  such 
that (2.10.5) holds where cxl = 7; 02  = [. the ,8% # 0 E S; are monic and 
sig Dl = (1, - 1). sig p2 = (-1, - 1). For example: we may take pl = 7: P2 = <q. 
N7e have 

Theorem 2.10.10. D = Dl RF D2 is a non-cyclic division algebra. 

Proof. This will follow if we can show that for any quadratic extension field 
K = F ( 7 ) ;  7, = d m .  a .P  E F, DK is a division algebra. Observe 
that  such quadratic extension fields exist. For example, E2 + 1 is not a square 
in F and hence we can t,ake 7 = d m .  Now DK a division algebra im- 
plies D a division algebra and if DK is a division algebra for every quadratic 
extension K = F( d m )  then D contains no quadratic subfield of the 
form F (  d m )  and hence: by Lemma 2.10.2, D contains no cyclic quar- 
tic subfield. Since we can replace -, = d m  by p 7 , p  # 0 in F and 
/ IT  = , / I -~2 (cx2  + D2) it suffices to  prove the result for -y = Jw with 
a ,  6 E S. Since (Dl  E F  D 2 ) ~  N D I K  9~ D 2 ~  it suffices to show that 
D I K  '@K D 2 ~  is a division algebra. This will follow from Theorem 2.10.9 
if we can show that  

= 0 for <, E K only if every <, = 0. We can write 

and it suffices to prove the assertion for p z ,  v, E S. We have 

and since (I.-,) is a base for K / F .  n ( t l , .  . . , [6) = 0 implies that 

Moreover, if Ei # 0 t>heli eit>lier p, or u2 # 0 and hence Xi = p: + u:-y2 # 0 
since Fo is real. Thus it suffices to  show that (2.10.14) holds with the A, as in 
(2.10.15) only if every A, = 0. Since Fo is real a sum of squares of elements 
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of S is either 0 or it has signature (1.1) and positive leading coefficient. It 
follows from the choice of and p2 that we have the following table: 

qAl = 0 or sig qA1 = (1, -1) 

P1Az = 0 or sip A2 = (1: - 1) 

7701A3 = 0 or sig qP1 X3 = ( 1 , l )  

[A4 = 0 or sig [A4 = (-1: 1) 

P2A5  = 0 or sig P2A5 = (-1, -1) 

= 0 or sig [&AG = (1, - 1). 

In all the cases in which we have # 0 the leading coefficient is positive. 
Now suppose some A, for which (2.10.1i) holds is # 0. Let [ ' $ b e  the 
highest monomial occurring arnoilg the terrrls listed above. We cannot have 
((-1)J. ( - l )k )  = (1. I ) ,  (-1.1) or (-1. -1) since the table shows that in these 
cases [jVk occurs only in a single term in the list contrary to (2.10.14). 
Thus the only possibility is ((- 1)'. (- 1) ') = ( 1 . 1 )  and [ z r l h c c u r s  only 
in qA1, PIX2 and [P~AE. Since all of these terms have coefficients 1 ill the left 
hand side of (2.10.14) this equation holds only if every A, = 0. 

2.11. A Criterion for Cyclicity of a Division Algebra of 
Prime Degree 

It is an open question whether or not all central division algebras of prime 
degree arc crossed products, or! equivalently, are cyclic algebras. For p = 2 and 
3 this was proved in Section 2.9. For p > 5 the question is open. If D = ( E ,  D, y) 
is of prime degree p then D contains an element u @ F such that up E F. We 
shall now prove that this necessary condition that a central division algebra 
of prime degree is cyclic is also sufficient. In fact, we shall prove a somewhat 
stronger result that given u such that u $! F, up E F, t>hen there exists a cyclic 
subfield E / F  of D / F  of degree p such that uEupl  = E and D = I, / E is a 
generator of the automorphism group of E. Then D  = ( E ,  0, y)  and TL can be 
taken to be the canonical generator of D relative to E : u,a = ( ~ a ) u ,  up = y. 

We dispose first of the easy case in which char F = p. Suppose D  is a 
central division algebra of degree p and characteristic p and D  colltains an 
element u $! F  such that up E F .  Consider the derivation i, : x --, [ux]. We 
have i, # 0 and 2; = iUP = 0. Hence there exists a v in D  such that i,v # 0 
but i:v = 0. Put 

w = ~ ( i ~ , v ) ~ " u .  (2.11.1) 

Then since u and i,v are 2,-constarits. i,w = u. Thus uw - wu = u and 

Put E = F(u1). Then (2.11.2) implies that uEu-I = E. Since [E : F] = p it 
follows that E I F  is cyclic with 0 = I, I E as generator of Gal E I F .  
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StTe now assume char F # p and we proceed to  derive some results on 
c>clic fields o f  degree p that we shall require. Let W = F ( [ )  where [ is a 
primitive p-th root o f  unity. Then it is an elementary result o f  Galois theory 
that TT'/F is cyclic and [LV : F ]  = s I p - 1. Hence Gal bV/F = ( T )  where 
T ( < )  = E t .  0 < t < p. and s is tlie order o f t  + (p )  in ( Z / ( p ) ) * .  W e  now consider 
an extension K/W of  the form W(P&),  a E W .  and we prove the following 
iufficiellt condition that K is cyclic over F .  

Lemma 2.11.3. Let PI' = F(E) where [ is a primitiue p-th root of 1 and let 
T be a generator of Gal W / F  and T ( < )  = c t .  Let a be an element of W that 
is not a p-th power and ( ra )aPt  is a p-th power in W .  Then K = W(p&)  is 
cyclic over F of degree ps where s / p - 1 and K = TV @ F  E where E is the 
unique subfield of degree p of K l F .  

Proof. Put r. = P&. Since a is not a p-th power, [K : W ]  = p and we have the 
automorphisin a o f  K / W  such that a ( r )  = [r .  Then o has order p. \Ve have 
~ ( a )  = bpat for b E W so ~ ( a )  = (brt)p. It follows that the automorphism T 

o f  I/V-/F can be extended t o  an automorphism T o f  K / F  such that ~ ( r )  = brt. 
Since a / W = lw and 

a and T are comrnutirig elements o f  Gal K / F .  Since a has order p and T has 
order a multiple o f  s (tlie order of  .r / TV); (a: .r) contains an element 71 o f  order 
sp. Since [ K  : F ]  = [ K  : M,'][I..I~' : F ]  = ps it follows that Gal K / F  = (7). 
Hence K is cyclic o f  degree ps over F and hence K contains a unique cyclic 
subfield E / F  o f  degree p. Evidently K = W @ F  E. 

Let s and t be as above. Then ( s , p )  = 1 = ( t , p )  so we havc integers s'. t' 
5uch that ss' - 1 (mod p) and tt' - 1 (mod p).  Now put 

Then 
s / S \ 

t k t k  = s' (?( t t f )*)  = 1 (mod p) 
1 

and since t s  - 1 (mod p),  tIs - 1 (mod p) and 

t ,  = s't" - sf  (mod p). (2.11.7) 

T h e  following lemma gives a construction o f  elements a E W satisfying 
the second condition: ( rn )aPt  is a p-th power in W .  o f  Lenima 2.11.3. 

Lemma 2.11.8. Let a E W "  and put 

Dl ( a )  = l - I ( rka)" .  
1 
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T h e n  ( ~ h ! f ( a ) ) h f ( a ) - '  is a p-th power i n  W .  

Proof. Let IV*P be the subgroup of W* of p-th powers. If a .  b E W* we write 
u =, b if aW*P = bliir'? We have 

Since rs+' = T and t s  r s' = t o  (rriod p)  we have 

On the other hand. 

and since tt' EE 1 (mod p)  

Comparison of (2.11.10) and (2.11.11) shows that ( r M ( a ) ) l Z i r ( a ) '  E W * P .  17 

We can now prove 

Theorem 2.11.12. Let D be a central division algebra of prime degree over 
F containing a n  element u $ F such that U P  E F .  T h e n  there exists a cyclic 
subfield E of D of prime degree over F such that u E u p l  = E and a = Iu I E 
i s  a generator of Gal E / F .  

Proof (cf.  Albert [382]).. The result has been proved if char F = p. Hence 
assume char F f p. As above, let W = F ( [ ) .  [ a primitive p-th root of 1. 
Then p j [TY : F] and Dw is a division algebra. Now Dw contains the subfield 
K = F ( u )  8~ W = I V ( u ) .  If u p  = 7 E F then K is the splitting field over F 
of XP - 7 .  SVe have the automorphism a of I(/W such that o(u )  = [ u .  Then 
Gal K/W = ( a )  arld this is a normal subgroup of Gal K I F .  Since K / W  is 
cyclic with a as generator of the Galois group we have 

Dw = (K,  a, 6 ) .  6 E W (2.11.13) 

as algebra over W .  Then we have an element v E Dw such that 

v a  = ( a a ) v ,  a E K ,  v P  = 6 E IV. (2.11.14) 

We know also that W / F  is cyclic with Gal W / F  = ( T )  where T ( [ )  = ct 
and [VV : F] = s where s is the order o f t +  ( p )  in ( Z / ( p ) ) * .  The automorphism 
r has a unique extension to an automorphism T of Dw = 14f % F  D which is 
the identity on D. As a special case of (2.1 1.14) we have 
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L'U = €7~1). (2.11.15) 

Applying T t,o this we obtain. since r ( u )  = u: 

Since !?"I = Etuot we obtain 

Then ~ ( 6 )  = r ( v P )  = ( a l u t ) ~ o ~ ( o t a l ) ( o Z t a l )  . . . ( ~ ( p ) ~ a ~ ) z ~ ~ p .  Since (p, t )  = 

1 ,  Gal K I I V  = ( L T ~ )  and hence we have 

If we apply r to this and note that T E Gal K / F  and ( L T )  a Gal K I F  we 

obtain ~ ' ( 6 )  = N ~ ~ ~ ( U Z ) S ~ ~ .  Iteration of this gives 

Now define tk  as in (2.11.5).  Then, by (2 .11.19) ,  

Since. by (2 .11.6) .  ztktk =. 1  (mod p) and [ K  : W] = p we see that S and 
M ( S )  differ by the norm of an element of K .  It follows that we can replace 
2% by an element ul = bv. b E K, and obtain 7ua = ( a a ) u l .  n E K ,  u,P = A f ( 6 ) .  
B y  Lemma 2.11.8. A f ( 6 )  E W has the property that ( T M ( S ) ) M ( S ) - ~  is a p-th 
power in Mr. hIoreover, since DU? + 1 ,  M ( 6 j  is not a p-th power in W .  Hence, 
by Lemma 2.11.3. W ( w )  contains a unique cyclic subfield E / F  of degree p. 
Since u, = bv, b E K. we have from (2.11.15).  that 

Since W ( w ) / F  is cyclic of degree sp and [W : F ]  = s we have W (w) = W g F  E. 
Since I,, 1 IV = l w  it follows from (2.11.21) that ! L - ~ W ( W ) U  = W ( w )  and 
since E is the only subfield of degree p of W ( w )  we see that I ,  I E is an 
automorphism p  of E I F  s~ich that Gal E I F  = ( p ) .  It follows that E and 
u generate an F-subalgebra of Dcv that is a cyclic algebra (E, p,n/ ) .  Then 
Dw = T.V @ F  D = W ( E .  p,  7). Then 

Since the degree of D @ F  ( E , p ,  y - l )  is p2 and [W7 : F] = s it follows that 
D g F  ( E .  p, - I )  N 1  in Br ( F ) .  Then D E ( E ,  p, Y). This isomorphism implies 
that we have an element u' E D such that u'P = y and a cyclic subfield E' such 
that I,, / E' is an automorphism generating Gal E ' I F .  Then F ( u l )  " F ( u )  
under an automorphism such that u' --i u. This isornorphism can be extended 
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to  an  inner automorphism of D. Tlle iinage of E' under this automorphism is 
a field EIF satisfying the conditions of the theorem. i7 

2.12. Central Division Algebras of Degree Five 

We shall now apply the cyclicity result of tlle last section to derive a result of 
Brauer's ([38]) on splitting fields of central division algebras of degree five. 

Let D be a ccntral division algebra of degree n over F. K = F ( u )  a maximal 
separable subfield of D: f (A) t,he minimum polynonlial of u .  E = F( , r l ,  . . . , T,) 

a splitting field of f (A) where f (A) = 17(A - r i ) .  As we have seen in Theorem 
2.3.17 and its proof, we can identify D with the F-subalgebra of M n ( E )  of 
matrices of the form (kzSczj) where v = (cv) is fixed with every ciS # 0 and 
L = (I;,,) satisfies the conjugacy conditions (2.3.5). Since DE = Anfn(E) the 
characteristic polynomial of the matrix (!,,cij) E D is the reduced character- 
istic polynomial of this element of D and hence its coefficients are contained 
in F .  This polyiiomial is 

where hi, is the sum of the principal minors of rank k of (!,,7cz,). Now let 
g(X) = a0 + alX + . . .  + an-lA7L-1 # 0 for a, E F and define tZJ by 

!,, = 0, l,, = g(r,)-' for i # ,J. (2.12.2) 

Then these satisfy the conjugacy conditions and (I;,,cL3) E D. We shall now 
- derive a set of conditions on the ai to insure t,hat = . . . - hnPl = 0 

arld llerice that  the reduced characteristic polyrlornial of t,he element (l,,c,,) 
reduces to  ATL + (- 11, hn.  

For this purpose we introduce n indet,erminates [i. Then D = DF(El , , , , , t n )  
over = F(t1? . . . , FrL) is a central division algebra and K = F(u)  is a maximal 
subfield of D (Proposit,ion 1.9.1). W e  have the splitting field E = F ( r l , .  . . , rn] 
of f (X) .  We can regard D as the set of matrices (?zjczJ) where the ii, E E 
satisfy tlle conjugacy conditions. Tlle characteristic polynomial i of such a 
matrix has coefficients in F .  Now choose &, = O ,  FLSij~ri)pl  = ([0 + t1r, + 
. . + [n_lrr-l)pl for i # j .  This gives an element of D whose chara.cteristic 
polynomial is %(A) = An - i%lA:pl + . . . + (- l)nhn, .  Since hk is tlle sum of the 
principal minors of rank k of (li,cij) it is clear that  if we put 

Then P,-k = PnZk ( to ,  . . . . [, 1) is a homogeneous polynomial of degree n - k 
in the ['s. Since hk and 17G(r,) E F the coefficients of Pn-k(Eo,. . . , Enpl) are 
contained in F. Also since l,, = 0, hl = 0 and hence Pn-l([o.. . . , SnP1) = 0. 
It is clear that  if the ak E F satisfy 
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and (n l  , . . . , a,-1) # 0 = (0, . . . : 0) then the corresponding element of D 
satisfies a pure equation An + (-l)nh, = 0. r\/Ioreover, since the E,, = 0 it is 
clear that the element is not in F. If n is a prime it will follow from Theorem 
2.11.2 that D is cyclic. 

Now let n = 5 a,nd, for t,he sake of simplicity, assume char F # 2. In 
t,his case we have the three conditions P3 ( a o ,  . . . , a d )  = P2 ( a o ,  . . . , a 4 )  = 

Pl(ao..  . . , a d )  = 0 where P k ( t o , .  . . , E4) is a homogeneous polynomial of de- 
gree k .  Now PI = 0 defines a hyperplane. Hence the determination of the n ,  
satisfying P3 = Pz = PI = 0 amounts to determining a point of intersection 
of a quadric arid a cubic surface in projective four space. While such an in- 
tersection may not exist for the base field F we claim that it does exist in an 
extension field obtained by adjoining two square roots of elements of F and 
then the root of a cubic equation. To see this we note that we may assume the 

4 quadric is given by P2 = El crlx:. Then it is readily seen that if we adjoin 
JG, JG to F we obtain a line on P2. To obtain a point of intersec- 
tion of P2 with the cubic surface P3 = 0 it suffices to obtain an intersection 
of this line with P3 = 0. This can be dolie if the field is extended by a root of 
a cubic equation. Mk therefore have the following 

Theorem 2.12.5 (Brauer [38]). Let D be o, cen,tral division algebra of degree 
five over F (char F # 2) .  T h e n  there exists a field K of the form F(&, fi. 8 )  
where a .  p E F and Q is a root of o, cubic equation over F(@, a) such that 
DIc is cyclic. 

This shows also that D has a splitting field E such that E contains a 
subfield K over which E is cyclic of degree five and K is as in the theorem. If 
char F # 2 , 3  then the normal closure of E is solvable, that is, is Galois with 
solvable Galois group. Hence we have 

Corollary 2.12.6. A n y  cen,tml division algebra of degree five has a solvable 
splitting field. 

Note. Rosset has shown in [77] that if F contains p distinct p-th roots of 1 
then any central division algebra of degree p over F has an abelian splitting 
field. This implies that any central division algebra of degrec p over a field 
of characteristic # p has a solvable splitting field of a very simple type. An 
extension of this result that is a. consequence of an important theorem of 
I\lerkurjev and Slislin will be proved by Saltman. 
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2.13. Inflation and Restriction for Crossed Products 

Tl'e now resume our study of the Brauer groups Br(F) and B r ( E j F )  where E 
is finite dimensional Galois over F. We derive first two preliminary results on 
semi-linear trarlsformations of a vector space. 

Lemma 2.13.1. Let V be a vector space over the finite dimensional Galois 
extension ,field EjF. Suppose for each a E G we have a a-semi-linear trans- 
formation, P L ,  of V (u,(ax) = (aa)u,x) such that 

Let Vo = {(Y E b' / u,y = y, a E G ) .  Then Vo is an F-subspace of V and the 
canonical map n @ y w ay of VOE = E  tit^ VO into V is an isomorphism. 

Proof. The assertion amounts to the following: V = EVo and elements of Vo 
that are F-independent are E-independent. That Vo is an F-subspace is clear. 
It is clear also that for any x E V. y = Eu,x E Vo. Now let ( b l ,  . . . . b,) be a 
base for EIF. Then the elements 

Now the matrix (a,bi), G = { a l ; .  . . .a,) ,  1 5 i 5 n.: is invertible ( B A  I,  p. 
292). Hence we car1 solve the system (2.13.3) for the u,x and express these 
as E-linear combinations of the y, E Vo. In particular, since u1 = 1; x is 
an E-linear combination of y, E Vo. Evidently this implies that V = EVo. 
Kext suppose yl, . . . ; y, E Vo are F-independent. Then the standard Dedekincl 
independence argument shows that these elements are E-independent. O 

If V is a finite dimensional vector space then Lemma 2.13.1 implies (and 
is equivalent to) a classical result on matrices due to Speiser [19]. This is 

Lemma 2.13.4. Let E/F be Galois with Galois group G and let a --i hI, be 
a ,map of G into GL,,(E) such that 

Then there exists an N E GL,,(E) such that 

Proof. Let u, be the a-semilinear transformation of an m dimensional vector 
space VIE having the rnatrix &Io relative to a base ( x l , .  . . , x,) for VIE : 
V,,IC, = x3 p,,,x, where h!I, = (p,,,). Then (2.13.5) implies that U , U ,  = u,,. 
Also the fact that the 12.1, E GL,(E) implies that the ZL, are bijective and 
hence 711 = u1u1 implies u1 = 1. Thus we can apply Lemma 2.13.1 to obtain a 
base (y,. . . . . y,,) for VIE such that the y, E Vo. Hence u,y, = y,, 1 5 z < nL, 
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and so t,lle matrix of 7~, relative to ( y l : .  . . , ym) is the identity matrix. Then if 
N is the matrix expressing the y's in terms of the x's: y, = Cu3zx3 , N = (uL3) 
we have 1 = N-lA.l,(ufV). Hence (2.13.6) holds. 

We suppose next that V and V' are vector spaces over E and 7~ and IL' 
are a-semilinear transformations of V and V' respectively. Consider V E E  V'. 
The map x @ x' --i ux 8 u'x for x E V, x' E V' is additive in both arguments 
and for a E E, 

u(ax) @ u'x' = (aa)ux @ u'x' = ux @ (ua)u'xl 

= ux 8 u1(ax') 

Hence we have a balanced product of V and V' and so we have a unique 
endomorphism u 8% u' of the additive group of V @E V' such that 

(u 8 ul)(x @ x') = uz @ u'x. (2.13.7) 

This is a-semilinear, since if a E E, then 

( ~ 8 ' )  (a(x x')) = (IL 2 u') (ax 9 x') 

= u(ax) 8 u'x' = (aa)ux 8 u'x' = aa(ux 8 u'x'). 

SVe shall now apply the foregoing results to the follou~ing problem. Let 
E / F  be Galois with Gal EIF = G and suppose E is a subfield of EIF that 
is Galois with Gal EIF = G. Then we know that H = Gal EIE 4 G and the 
restriction map u --i 8 = a 1 E is a homomorphism of G onto G with kernel 
H so G 2 G I H .  Suppose we are given a crossed product A = ( E .  G, k). Then 
A is split by E arld hence by E. Accordingly. A is similar to a crossed product 
(E. G. k) .  What is the relation between k and k? This is given in the following 
theorein which is due to Hasse (1331). 

Theorem 2.13.8 (Inflation Theorem). Let EIF be finite dimensional Ga- 
lois, EIF n Galois subfield, G = Gal EIF, G = Gal E/F,a * a = a I E 
the canonical homo~norphisrr~ o f  G onto G. Let ( E ,  G, k) be a crossed product 
of G with factor set k .  Then  

- 

k : (a,  T )  * k,,, = k,,, (2.13.9) 

is  a ,factor set of G with values i n  E* and 

( E , G , k )  - ( E , G ,  k) .  (2.13.10) 

Proof. 4 s  in the proof of Theorem 2.7.1, we can identify A = (E, G, k) with 
EndDoV where V is an I- dimensional vector space over a division algebra Do 
and [V : E] = rn, the index of A ([D : F] = m2). Let u,, u,, u,  7 E G, be 
elements of such that 
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Si E E. Then u, is a 5-semilinear transformation of V over E .  Also a is 
a 8-semilinear transformation of EIE since a(tia) = (a(tia) = (aa)(aa)  = 
( ~ ? i ) ( a a )  for ti E E. a E E. Hence we have a a-semilinear transformation u, 
of V = E BE v over E such that 

a E E, rt- E V. Moreover. since a ii also a a-sernilinear transformation of E 
it follows from (2.13.12) that u, is a a-semilinear transformation of V. By 
(2.13.12) wc hasre 

- 

U,U, = k,,r~,,. (2.13.13) 

It follows that k defined by (2.13.9) that 11, is a a-semilinear transformation 
of V. By (2.13.12) we have 

It follows that k defined by (2.13.9) is a G-factor set with values in E* and 
A = COEG Ezi, ( E ,  G, k). 

It remains to show that ( ~ n d F v ) *  - ( E ~ ~ F V ) ~  since these algebras are 
similar to A' and A' respectively (Theorem 4.11, p. 224 of BA 11). Since 
A = CEu, it is clear that ( ~ n d ~ ~ ) ~  C L = EndEV- and ( ~ n d ~ ~ ) ~  = 

{! E EndEV I 2~,&u;' = I l ,  a E G). Similarly ( ~ n d ~ V ) *  = { P  E EndgV I 
~ L ~ & L ; ~  = k :  8 E G). Now a, : & --+ u , l ~ ; ~  is a a-semilinear transformation 
of L and a1 = lL. Hence if B = ( ~ n d ~ ~ ) !  then by Lemma 2.13.1. L = 
EB % E @E: B. Similarly, if B = (EndFV)* arld L = EndgV then L = 
EB " E B. By definition, V = E 8~ V. Hence identifying V with the 
corresponding subset 1 8  V of V :  any ? E L has a unique extension to a linear 
transformation of VIE which we shall also denote as 2. In this way we can 
regard L as a subset of L. Then L = EL " E 8,q 1. Hence if (ll,. . . , i , ,e,,z) is 
a base for L I E  then this is also a base for LIE .  Since L = EB r E @F B 
we may assume that 2% E B. Then any element of L can be writ,ten in one 
and only one way as Il = Cai&,  az E E and every element of L has this 
form with the ai E F. The condition a,! = ! for E = ,En,& is equivalent 
to an, = ai,  1 5 i 5 m2. Hence B = B or, more precisely, B is the set of 
ext,ensions t,o linear transformations in VIE of the linear transformations of 
VIE E B. Hence ( E ~ ~ F V ) *  " ( ~ n d ~ ~ ) '  a.nd ( E ~ ~ F v ) "  - ( ~ n d p V ) '  as 
required. 

The crossed product A = (E. G. k) defined by A = (E ,  G. k )  is called the 
znflatzon , Infg,EA. An important application of inflation is the following 
result due to Brauer ([32]). 

Theorem 2.13.14. Let A be central simple with [Ale = 1 where e is not  
divisible by char F .  T h e n  A - ( E ,  G, k) where the k,~, are e- th roots of unity. 

Proof. We may assume A = (E .  G, k )  where EIF is Galois with G = Gal E I F .  
- - -  

Since Ae - 1 we have ic E E such that &:,, = t,(5!,)l;: . Since e is not 
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divisible bv char E the polynomials A' - z, are separable. Hence there exists 
an exterlsion field E / E  such that E / F  is finite dimensional Galois and E 
contains an e-th root E ,  of &. Let ~ n f ~ , ~ ( E .  G. k )  where G = Gal E / F  and 
k is as defined before. Consider 

Then E: , = 1 and ( E ,  G.  k )  = ( E ,  G. E ) ,  E = {E, .). By the inflation theorem. 

( E .  G. k )  - ( E .  G ,  E ) .  

We investigate next the behavior of a crossed product under extension 
of the base field. Let E / F  be Galois and let F' be any extension field of F 
(possibly infinite dimensional). Since E is a splitting field over F of a separable 
polynomial f ( A )  E F[A],  the splitting field E ' /F1  o f f  (A) contains F' and E as 
subfields. LIoreover. E' = EF' and E' is Galois over F'. It is readily seen that 
up to isomorphism over F there is only one extension field E' of F containing 
E and F' as subfields and generated by E and F'. SfTe call E' the composzte 
of E / F  and F'IF.  Let F" = E n  F'. 

Let G' = Gal E1/F' .  H = Gal E/F1' .  If a' E G' then a' / E E H and the 
map a' --, a' I E is a homomorphism 77 of G' into H. We claim that this is an 
isomorphism. First, it is injective since ~ ( a ' )  = 1 implies that a' E = 1~ as 
well as n' F' = IF,. Then a' I E' = 1 since E' = EF'. Thus a' = 1. Next 17 
is surjective. Otherwise Inv q(G1) 2 El' whereas Inv q(G1) = Inv G' n E = 
F ' n E  = E". Hence r/ is an isomorphism. Then [E' : F'] = G' = H = [E  : F"]. 
This implies that 

E' = EF' 2 E E F 8 ,  F'. 



90 11. Brauer Factor Sets and Noether Factor Sets 

We can now prove the 

Theorem 2.13.16 (Restriction Theorem, Hasse [33]). Let E IF  be finite 
dimensional Galois with Galois group G and let F' be an  extension field of 
F,  E' the composite of E  and F', G' = Gal E'IF'.  Then  for any factor set k  
of G into E* we have 

( E .  G ,  k ) ~ '  -- (El ,  G', k') (2.13.17) 

where 
k;,,,, = ~ , , E , ~ , E ,  a' ,  T' E G'. (2.13.18) 

Proof. Let the notations be as above and put A = ( E ,  G ,  k ) .  Then AFi = 

(AF , / )F , .  Since F" is a subfield of E. hence of A, by Theorem 4.11 of BA 
I1 (p 224), AF" -- AF". The latter has center F'' and a simple calculation 
shows that if u,, a  E G,  are the canonical generators for A over E then ilF" 
is the subalgebra generated by E and the u,, a  E H. It follows that AF" 2 

( E ,  H ,  k H )  where kH is the restriction of k  to H. Then Ap, -- ( E .  H,  k ~ ) .  
Since E' = EF' E E @ F J I  F' it is clear that ( E ,  H,  k ~ ) ~ l  2 (El ,  GI, k') where 
k' is given by (2.13.18). Hence A p  -- (E', G', k') .  

The factor set k' is called the restriction of k  a,nd we have the restriction 
hornornorph,ism R,es : [k] -, [k'] of H2(G,  E*)  into H2(G', El* ) . We have the 
following comnlutative diagram 

H2(G,  E*)  --+ Br(E /F)  

where the horizontal maps are the isomorphisms [k] --i [ (E .  G. k ) ]  and 
[k'] --, (El.  G', k ' ) ,  the left vertical is Res and the right vertical is [ ( E .  G ,  k ) ]  --i 
[(E, G. k ) ~ ' ] .  

The two re5ults we have derived spccialize easily to the following results 
on cyclic algebras which we state without proofs. 

Corollary 2.13.20. Let E IF  be cyclic 'with Gal EIF = ( a )  and [E  : F] = n. 
Let E be the intermediate field with [ E  : E] = m and let d = 0 I E.  T h e n  
( E ,  a,  y) -- ( E ,  a, ynL) ( E  ( E ,  a, 7) @ . . . X ( E ,  a: 7 ) :  m timws). 

Corollary 2.13.21. Let E IF  be cgclic with Ga,l EIF = ( a )  and let F' be a n  
extension field of F .  Suppose E' is the composite of E  and F', [E' : F'] = m; 
and a' is the extension of anlm to  E1/F' .  Then  ( E ,  a, y ) p  -- (El ,  D', 7). 

We remark that Albert's norm theorem (Lemma 2.10.1) is an immediate 
consequence of 2.13.20 and the theorem that ( E .  a, y)  -- 1 if and only if 
7 = ILTEIF(u) for some u E E.  
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\.ZTe need to develop first some general results on the cohomology of groups. 
Let H and G be groups. a a homomorphism of H into G. Then any G-module 
A (BA 11. sec. 6.9) becomes an H-module via a by defining the action of H on 
A by (ah)x. h E H, x E A. Now suppose B is any H-module. Then a map s of 
A into B will be called compatzble wzth a if it is a module homomorphism of 
A as H-module into the H-module B .  The condition for this is that for any 
z E A arid any h E H we have 

Observe that if a is bijective then this can be written also as s(gx) = (a-lg)sx 
which is a generalization of the definition of a-l-semilinear transformation 
of one vector space into a second one. Now let f E Cn(G,  A) the additive 
group of n-cochains with values in A. We can associate with f  and the map s 
(compatible with a )  an n-cochain S f  of H with values in B defined by 

Sf (h l , .  . . , h,) = sf(ah1, . . . ,  ah,), h, E H. (2.14.2) 

Evidently S : f --i S f  is a homomorphism of the additive group Cn(G, A) into 
C7"H, B). Moreover, this commutes with the coboundary operator f -i Sf 
where 6 f  E Cn+l(G,  A) is defined by 

The commutativity means that we have the commutative diagram: 

This follows directly from the definitions. As a consequence of this com- 
mutativity, we have an induced homomorphism of the cohomology group 
H n ( G ,  A) = Zn(G. A)/Bn(G, A) into H n ( H ,  B) (BA 11, loc. cit.). 

One important special case of these considerations is that in which H is 
a subgroup of G. a is the injection of H into G. A is a G-module and A is 
regarded as H-module via the injection 2 .  Then the identity map is trivially an 
H-homomorphism of A as H-module with A as H-module. The correspond- 
ing homomorphism of Cn (G, A) illto Cn  (G, A) maps f E Cn (G. A) into if 
where i f  (hl , . . . . h,) = f (hl ,  . . . , h,). The corresponding homomorphism of 
H n ( G ,  A) into H n ( H ,  A) is called the restrzctzon homomorphzsm. 
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Of particular interest for us is the case in which U and V are normal 
subgroups of G and U > V. We have the canonical homomorphism gV --i gU 
of G/V into G/U. Let A be a G-module and let AU(AV) be the subset of A 
of elements x such that ux = x. u E U (ux = x, u E V). Then AU and AV arc 
submodules since U 4 G and these can be regarded in the natural way as G/U 
and G/V modules respectively. Evidently AU C A" so we have the injection 
homomorphism of AU into A" (as additive groups). If x E AU and g E G 
then 

(gV)x = gx = (gU)x (2.14.5) 

which shows that the injection of A" into A" is compatible with the hornomor- 
phisrn of G/V into G/U. Hence we have the corresponding homomorphism. 
called the znflatson inf(U, V), of Hn(G/U, AU) -+ Hn(G/V, A"). This maps 
the cohomology class f + B(G/U, AU) into the class of the cocycle fLnf (U, V) 
where 

fZUlf (~ ,~) (91V, . . .  ,gnV) = f ( g l U , . . . . g ~ l U ) .  (2.14.6) 

In the special case in which V = 1 so G/V = G we have finf(u,l) given by 

We shall now apply this to Galois groups of possibly infinite Galois exten- 
sion fields. Thus suppose FIF is algebraic, separable and normal over F. We 
shall be interested mainly in the case in which is the separable algebraic 
closure F, of F, that is. the subfield of separable elements of the algebraic clo- 
sure p of F .  Let G = Gal F/F with its usual topology (BA 11, sec. 8.6). Let 
E/F be a finite dimensional Galois subfield of F/F and let V = Gal FIE. 
Then V is a closed normal subgroup of G which is the kernel of the restriction 
homomorphism a --i a 1 E .  This is surjective so Gal E/F = G/V. Thus V has 
finite index and hence is open. Conversely, let V be any open normal subgroup 
of G. Then V is closed and G/V is discrete and compact. Hence G/V is finite 
and if E = Inv V then E/F is finite dimensional Galois with V = Gal FIE. 
The multiplicative group E x  is a module for G/V and so we can define the 
cohomology groups Hn(G/V, E*). Now let K / F  be a Galois suhfield of E/F 
and let U = Gal F / K  so V c U. We have the inflation homomorphism 
Hn(G/U, K X )  G~H"(G/V,  E x ) .  

Let C be the set of finite dimensional Galois subfields of FIF. We partially 
order C by inclusion. Since any two finite dimensional Galois subfields of F/F 
are contained in a finite dimensional Galois subfield of FIF, C is a directed 
set. It is clear that the set of groups H n  (G/V, E*) together with the set of 
inflation maps between any two such groups determined by finite dimensional 
Galois subfield E and K with E > K satisfy the conditions that permit 
definlng the direct limit 

H:(G, F * )  = lim H7'.(G/V. E*) 
+ 

(Theorem 2.8 of BA 11). We call this group the n-th C O T L ~ % T L U ~ U S  cohomology 
grou~p of G with coeficients in F". We can also give a "global" definition of this 
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group. For this purpose we note that F* is a continuous module for G in the 
sense that for fixed a E F* the map a --i aa of G into F* is continuous relative 
to the topology of G and the discrete topology of F*. Now let c ~ ( G ,  F * )  be 
the group of continuous maps of the n-fold product G x G x . . . x G into F * .  The 
coboundary operator maps C; (G, F * )  into C?+'(G, F) so we can define the 
corresponding cohomology groups. It is not difficult to show that these groups 
are Isomorphic to the continuous cohomology groups defined as direct limits 
We refer the reader to Serre's monograph Col~omolog~e Galozsz~nne ([64]) for 
a more complete discussion of continuous cohomology of profinite groups (= 
inverse limits of finite groups). The groups G are instances of such groups. For 
our purposes it will be convenient to use the definition by direct limits. 

1% shall now show that H:(G, F*) " B~(F/F) .  We recall that if E/F 
is finite dimensional Galois the map [k] --i [ (E,  G, k ) ]  is an isomorphism of 
H2(G.  E * )  onto Br (E/F)  (Theorem 2.3.18) (iii)). If K / F  is a Galois subfield 
of E/F and V = Gal FIE and U = Gal F/K then Theorem 2.13.8 implies 
the commutativity of the diagram 

H2(G/U. K*)  + Br(K/F)  

H2(G/V, E*) + Br(E/F)  

where the horizontal maps are te isomorphisms we have noted. Since every 
finite dimensional central simple algebra split by F is split by a finite dimen- 
sional Galois subfield of E', B ~ ( F / F )  = U E E C  Br(E/F) .  Thus B ~ ( F / F )  can 
be regarded as a direct limit of the Br(E/F) .  It follows readily from the com- 
mutativity of (2.14.8) and the definition of direct limits (BA 11, p. 70) that 
WP have 

Theorem 2.14.9. H:(G,F") " B~(F/F) .  

The important special case of the foregoing theorem is that in which = 

F,, the separable algebraic closure of F. In this case we abbreviate HP(G, F,') 
to H n ( F ) .  Moreover. since every finite dimensional central simple algebra has 
a separable splitting field, Br(F,/F) = Br(F).  Hence we have 

Corollary 2.14.10 H 2 ( F )  r Br(F).  

Now let e be a positive integer not divisible by the characteristic of F. 
Let Br,(F) be the e-torsion part of Br(F),  that is, the subgroup of classes [A] 
such that [Ale = 1. Let pe denote the subgroup of the multiplicative group of 
F" of p-th roots of 1. It is clear that p, c F,. By 2.13.14. if [A] E Br,(F) then 
[A] = [(E, G, k ) ]  where the k,,, E p e .  Let C ,  be the set of finite dimensional 
Galois subfields of F, that contain p,. If E/F E C, and V = Gal F,/E 
then Gal E/F " G/V where G = Gal F,/F and we have an induced action 
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on pr of the Galois action. Hence we can define H2(G/V. p,) by this action. 
The iwmorphism of H'(G/V, p,) onto Br,(E/F) = Br(E/F)  n Br,(F). As in 
(2.14.8). we have the commutative diagram 

H2(G/li .  k ~ e )  + Br,(K/F) 

if K: E E C, and K c E. If we define Hz(G; ,&H2(G/V,p,) then the com- 
mutativity of (2.14.9) implies, as in the proof of Theorem 2.14.9 the following 

Theorem 2.14.12. H:(G, p,) " Bre(F)  

If p, C F thrn the action of G on p, is the trivial one and H:(G, p,) is 
the usual contirluous cohonlology group of G with coefficients in p,. 
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