II. Brauer Factor Sets and Noether Factor
Sets

In this chapter we consider the main classical results of the structure theory
of central division algebras and more generally of central simple algebras over
arbitrary fields. These center on two closely related problems: the determina-
tion of the algebras and the structure of the Brauer group Br(F) of a field
F.

We shall begin our discussion with a general construction of a central
simple algebra A of degree n from a commutative Frobenius subalgebra K with
[K : F] = n and another element v of A. We show that v can be chosen so that
A = KvK. Specialization to the case in which K is a commutative separable
subalgebra gives rise to Brauer factor sets with values in the multiplicative
group E* of a splitting field F of K. The Brauer factor sets define a certain
cohomology group H?(K/F') which is isomorphic to a subgroup of Br(F). If
K is a separable extension field this subgroup is the subgroup Br(K/F) of
Br(F") of classes of central simple algebras over F' split by K. Specialization
to the case in which K = FE is Galois over F' gives Noether factor sets and the
fundamental isomorphism of Br(E/F) with the cohomology group H%(G, E*)
where G is the Galois group Gal E/F and the action of G on E* is the natural
one.

We use crossed products to show that Br(F) is a torsion group and to
derive the relations between the index and exponent of central simple algebras.
We give an example due to Brauer to show that these relations are exact. After
this we derive results of Wedderburn, Albert and Brauer on central division
algebras of degree < 5. We then return to the general theory to derive the
results on “inflation” and “restriction” for crossed products. The former leads
to an isomorphism of the full Brauer group Br(F') with a cohomology group of
the Galois group G of the separable algebraic closure of F' and an isomorphism
of the e-torsion part Bre(F') of Br(F) with a cohomology group H2(G, i)
where p. is the set of the et® roots of 1 (assuming char F { )
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2.1. Frobenius Algebras

Definition. A finite dimensional associative algebra A over F is called a
Frobenius algebra if A contains a hyperplane H that contains no non-zero one
sided ideal of A.

If £ is a linear function on A. £ defines a bilinear form #(a,b) = £(ab)
which is associative in the sense that f(ac,b) = £(a,cb). Any associative
bilinear form #(a,b) on A is obtained in this way since if £(a) = ¢(a, 1) then
la,b) = £(ab, 1) = £(ab).

Let A be Frobenius, 7 a linear function whose zeros constitute the hyper-
plane H that contains no one-sided ideal # 0 of A. If 7(a,b) is the bilinear
form of 7 then the set of z such that 7(a,2) =0 (7(z,a) =0) for alla € A is
a left (right) ideal contained in H. It follows that A is Frobenius if and only
if there exists an associative non-degenerate bilinear form on A. We note also
that if A is Frobenius and 7(a, b) is as indicated then for a left ideal I, the sub-
space I*f = {c | 7(I,c) = 0} is the right annihilator anngI of I. Hence this
is a right ideal and [[*®: F] = n — [I : F]. Similarly, if I is a right ideal then
I+t = {c| 7(c,I) = 0} is the left annihilator of I and [[1L: Fl=n—[I : F).
It follows that the map I ~» 1% is a lattice anti-isomorphism of the lattice
of left ideals of A onto the lattice of right ideals.

If A is Frobenius then Ag is Frobenius for any extension field E/F. If
A=A @ - - D A; where the A; are ideals then A is Frobenius if and only if
every A; is Frobenius. We also have

Proposition 2.1.2. If A and B are Frobenius algebras then A @ B is a
Frobenius algebra.

Proof. Let 7 and o be linear functions on A and B respectively such that the
corresponding hyperplanes contain no non-zero one-sided ideals. Let ¢ = 7®0o
be the linear function on A® B such that p(a®b) = 7(a)o(b) for a € A,b € B.
Let z = Ya; ® bi,a; € A, b; € B, satisfy ¢(z¢) =0 for all c € A ® B. We may
assume the a; are linearly independent. Then there exist z; € A such that
T(a;x;) = 6;;. Let y € B and put ¢ = z; ® y. Then the condition ¢(zc) =0
gives o(b;,y) = 0. Since this holds for all y,b; = 0 for all ¢ and hence z = 0.
Similarly ¢(cz) = 0 for all ¢ implies z = 0. It follows that the bilinear form
(¢, d) = p(cd) on A® B is non-degenerate. Hence A ® B is Frobenius. O

We shall derive next a condition that a commutative algebra A be a Frobe-
nius algebra. We can write A = A; ®--- ® A; where the A; are ideals and are
local algebras (BA II, p. 111). For such an algebra we have

Proposition 2.1.3. A local commutative algebra is Frobenius if and only if
it contains a unique minimal ideal.



2.2. Commutative Frobenius Subalgebras 43

Proof. Let A be a local commutative Frobenius algebra. Since A contains a
unique maximal ideal it follows from the anti-automorphism of the lattice of
ideals of A that A contains a unique minimal ideal. Conversely, suppose A is a
commutative algebra that contains a unique minimal ideal N. We can choose
a hyperplane H not containing N. Then H contains no non-zero ideal of A
and hence A is Frobenius. O

Corollary 2.1.4. Any algebra A = Fla] with a single generator is Frobenius.

Proof. Let f()\) be the minimum polynomial of a and let f(X) = []] pi(A)*
where the p;()\) are distinct primes in F[A]. Then A = Fla;| & --- @ Fla,]
where the minimum polynomial of a; is p;(A)¢. Now every ideal # 0 in F'[a;]
contains the ideal generated by b; = p;(A\)% 1. Hence Fa;] contains a unique
minimal ideal and so this is a Frobenius algebra. Then F[a] is Frobenius. O

The following module result will play a key role in obtaining a special
type of generation of a central simple algebra by a commutative Frobenius
subalgebra.

Proposition 2.1.5. Let A be a commutative Frobenius algebra and let M be
a faithful A-module. Then M contains a submodule isomorphic to A.

Proof. Write A = A1 & --- @ As where the A; are local (BA II, pp. 425-
427). Then A; contains a unique minimal ideal N;. We have M = AM =
AIM @ - ® AsM and A; M is a faithful A;-module. Hence there exists an
x; € A;M such that N;z; # 0. The map a; ~ a;z; is an A;-homomorphism of
A; onto A;x; which is a submodule of A; M. The kernel of this homomorphism
does not contain N;. Since N; is contained in every non-zero ideal of A; the
kernel is 0. Hence A;xz; ~ A; and A1z & --- ® Agxs is a submodule of M
isomorphic to A. a

2.2. Commutative Frobenius Subalgebras

Let A be central simple. We can regard A as A° = A ® A° module where A°
is the opposite algebra of A by defining

(Zai ® bl)x = Ya;zh; (2.2.1)

where a;,x € A,b; € A° (= A as vector space). Now A€ is simple since A
and A° are central simple. Hence A is a faithful A®-module (that is, the corre-
sponding representation is faithful). If K is a subalgebra of A then restricting
the action of A° to K¢ = K ® K° makes A a K®module and, of course,
this is faithful. We now let K be a commutative Frobenius subalgebra whose
dimensionality is the degree of A. Then we have
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Theorem 2.2.2. Let A be a central simple algebra of degree n, K a commuta-
tive Frobenius subalgebra of A such that [K : F]=n. Then A as K¢ = KQ K-
module (K° ~ K) is isomorphic to K¢ and hence there exists a v € A such
that A = KvK.

Proof. The algebra K® is a commutative Frobenius algebra and A is a faithful
K¢-module. Hence, by 2.1.5, A contains a submodule isomorphic to K¢. On
the other hand, [A : F] = n? = [K® : F]. Hence A ~ K¢ as K°-module.
Since K¢ is cyclic with 1 ® 1 as generator, A is cyclic as K¢-module. If v is a
generator of this module then A = K% = KvK. O

We shall require also

Theorem 2.2.3 (Jacobson [75]). Let A and K be as in 2.2.2. Then: (1)
K = AK | the centralizer of K in A, (2) any isomorphism of K into A can be
extended to an inner automorphism of A, (3) any derivation of K into A can
be extended to an inner derivation of A.

Proof. (1) Let L = EndpK. Then we have the isomorphism k ~ kp, (& ~» kx)
of K into L and we can identify K with its image Ky in L. Since K is
commutative and the centralizer of the set of left multiplications of an algebra
is the set of right multiplications, LX = K. On the other hand, A¥X can be
characterized by the module condition AX = {c € A| (1 ®k—-k®1)c =
0,k € K} and since A and L are K®-isomorphic by 2.2.2 and L = K, we
have AX = K.

(2) We suppose first that A = EndrV where V is an n dimensional vector
space over F. Let o be an isomorphism of K into A. We may regard V as
K-module in two ways. In the first the action is the natural action of K as
subalgebra of A and in the second it is the composite of the isomorphism o
with the natural action. Since V is faithful as K-module under both actions
and [V : F] = n, it follows from 2.1.5 that the two K-modules we have
defined on V' are isomorphic. This means that there exists a bijective linear
transformation u of V' such that for every k € K,o(k) = uku™!. Then u € A
and o can be extended to the inner automorphism I, in A = EndpV.

Next let A be arbitrary. If A is split the result is covered by the case
A = EndpV. Hence we may assume A is not split and so by Wedderburn’s
theorem on the commutativity of finite division rings the base field F' is infi-
nite. If F' is the algebraic closure of F' then A is split and K is a commutative
Frobenius subalgebra of Az. Applying the result in this case we obtain an in-
vertible element & € Ay such that o(k)d = uk,k € K. Now let (e;,...,e,2) be
a base for A/F and hence for Ap/F and let (kq,...,k,) be a base for K/F.
Then we have @ = 272 weep , we € F, and the conditions that o(k;)& = ik;
are equivalent to a set I" of homogeneous linear equations on the w, with coef-
ficients in F. It follows that if U denotes the F-space of A of elements u such
that o(k;)u = uki, 1 <i < n,and U the F subspace of A of elements & such
that o(k;) = @k;, then U = FU ~ Up. The subset of invertible elements of
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U is the open subset defined by n(u) # 0. Since the corresponding subset of U
is not vacuous it follows that we have invertible u in A such that o(k;)u = uk;
and hence such that o(k)u = uk or o(k) = uku~',k € K. Thus o can be
extended to the inner automorphism I, of A.

(3). Let 6 be a derivation of K into A. Then 6 € L = EndpK and the
condition §(kf) = k(6¢) + (6k)¢ for k,¢ € K is equivalent to the operator
condition 8k;, = k16 + 1(6k)r. Now suppose § ~» d and 1 ~» v under a Et-
isomorphism of L into A. Then we have dk;, = krd +v(6K)r and v € k since
1k = K11 implies that v € AKX = K. Moreover, 1K} = K, gives vK which
implies that v is invertible. Hence we have (dv=1)kr, = kr(dv™!) + (6k)L, so &
can be extended to the inner derivation x ~ (dv™!)x — z(dv™?') in A. O

2.3. Brauer Factor Sets

Let A be central simple of degree n. We have shown in 1.6.20 that if the
base field F is infinite then A contains an element v such that the minimum
polynomial f(\) is of degree n with distinct roots. It is readily seen that the
same result holds for finite A. For, in this case, A ~ M, (F') and we can choose
f(X) to be an irreducible polynomial of degree n over F. Then M, (F') contains
a matrix whose minimum polynomial is f(}).

Now let K = F[u] be a subalgebra of A such that the minimum poly-
nomial f(A) over F' of u is of degree n with distinct roots. Then K is a
commutative Frobenius subalgebra of A and hence, by 2.2.2, A contains an
element v such that A = KvK. Let E be a splitting field over F' for f(\) so
E = F(ry,79,...,r,) where the r; are distinct and f(\) = II(A — r;) in E[\].
Consider the algebra Kg = E[u] ~ E[A]/(f(\)). In this algebra we have n
non-zero orthogonal idempotents

oo =) (i) (U= i) - (U= )

’ (ri =r1) - (ri =ricy)(ri = rig1) -+ (ri — )

such that Xe; = 1 (see e.g. BA I, p. 479). Hence K = @] Fe;. Now A is
central simple of degree n over E and Kg contains the n orthogonal idempo-
tents e;. It follows that Ap = M,,(E) so E is a splitting field for A. Thus we

may regard A as an F-subalgebra of M, (F) such that EA = M,,(F). Also we
may suppose that

(2.3.1)

u= diag{ri,re,..., "} (2.3.2)

If v = (v;;) then wfvul = (rfrﬁvij) and since A = KvK the elements
uFvuf, 0 < k,£ < n — 1, form a base for A/F. Hence every element of A
is a matrix

where

n
g =Y aperf 5! (2.3.4)
k=1
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and the ag, € F and are uniquely determined. Since FA = M,,(F) it is clear
that every v;; # 0.

Let G = Gal E/F. If 0 € G,or; = ry and o is determined by the
permutation ¢ ~ i’ of {1,2,...,n}. We denote this permutation by o also, so
we have or; = 1y If 5, 1 <, j < n, is defined by (2.3.4) then the ¢;; satisfy

O'Eij = eD'i;o'j7 oed. (235)

These conditions, which we shall call the conjugacy conditions on £ = (4;;),
are also sufficient that the £;; have the form (2.3.4); for we have

Lemma 2.3.6. Let £ = ({;;) be a matriz of elements {;; € E satisfying the
conjugacy conditions (2.3.5). Then there exist age € F such that (2.3.4) holds
foralli,j.

Proof. Let V be the Vandermonde matrix

1 r r3 - PPt
1 ry 12 -0 rpt

v=1|. . . ... ) . (2.3.7)
1 7 12 oo gppt

Then V is invertible. Hence there exists a unique matrix a = (a;;) € M,(E)
such that
Va(*V) = ¢. (2.3.8)

This matrix relation is equivalent to the equations (2.3.4). Applying o € G to
these equations we obtain

eoi,aj (O a’kf)i ot ! ﬁ'l
J
k,l

or lyy =3, é(oakg)rf‘lrf"l. By the uniqueness of a we have cage = axg for
every o € G. Hence ayy € F. O

(The foregoing proof is due to Walter Feit.)
We now put L = (¢;;v;5), L' = (£j;vi;) where the £;; and £; satisfy the
conjugacy conditions, so L, L' € A. Then LL' = L" = (£];v;;) where

0= Likcirily; (2.3.9)
%

Cikj = vikvkjv,?- (2.3.10)
Lemma 2.3.11. The c;ji, satisfy
0Cijk = Coi,oj,0k (2.3.12)

CijkCike = CijeCike (2.3.13)
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Proof. Apply o to (2.3.9) to obtain é;’i’aj =3, Km-,ak(acikj)ﬁgk’aj. On the
other hand, £7; . = >y Loi,okCoiroh,ojlyk o;- Hence we have
Zzoi,ok(acik]‘ ~ Coi,ok,0i)lokej =0
k

or
Ze,‘kdikj ;cj = O, dikj = O'Cg-li’a—lk’a~1j - Cikj (2.3.14)
k

and these relations hold for all ¢;, é_'j i satisfying the conjugacy conditions. We
can also write

Zfikeikj(vkjé;cj) = 0, €ikj = dikjv,;jl. (2315)

k

Now M, (F) = EA. Hence taking a suitable E-linear combination of the ma-
trices in A we obtain a matrix whose j-th column is (0,...,0,1,0,...,0) where
the 1 is in any chosen position. Using this linear combination of the relations
(2.3.15) we obtain fixe;; = 0 for all k. Then e;r; = 0 and dijx; = 0 which
is (2.3.12). Now (2.3.13) follows by direct verification using the definition
(2.3.10). O

We now define a Brauer factor set ¢ to be an indexed set of elements
Cijk € E*v 1 S 177,]6 < mn, such that

OCijk = Coi,ojok, O € G (Z)

CijkCike = CijeCike- (1)
The foregoing lemma states that the c;;;, defined by (2.3.10) from the ele-

ment v = (v;;) constitute a Brauer factor set. We shall call (i) the conjugacy
conditions on the c;;jz. We note that these imply that

Cijk € F(ri,74,7k) (i)

For, if o € Gal E/F(r;,rj,7%) then 01 = i,0j = j,0k = k and hence, by
(i), ocijk = cijk- Since this holds for every o € Gal E/F(r;,rj,m%), cijk €
F(r;,r;,7,) by the Galois correspondence. f weputi =j=kandj=k=1¢
successively in (ii) we obtain

Ciij = Cigi = Cjii- (iv)

We note also that if we take c;j; = 1 for all ¢, j,k then we obtain a Brauer
factor set. This Brauer factor set will play a distinguished role in the sequel
and will be denoted as 1.

We have seen that if we define ¢;;, = vijvjkvi_kl then ¢ = {c;;x} is a Brauer
factor set. Here v = (v;;) is any element of A such that A = KvK. We now
observe that c is independent of the imbedding of A in M, (FE) provided that
u = diag{ri,rs,...,r,} in the imbedding. For, if we have a second imbedding
with this property then it follows from the Skolem-Noether Theorem and the
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fact that the only matrices that commute with u are diagonal matrices that

in the second imbedding we have v = (divijdj 1Y where d; € E*. Then
(divirdy; ") (dpvrgd; V) (divigdy D)~ = VikUkjUs;' = Cikg-

We shall now normalize v so that the corresponding factor set c is re-
duced in the sense that every c¢;;; = 1. By (iv) this implies ¢;;; = 1 = ¢ju
for all 4, 7. We remark that if f()) is irreducible or, equivalently, K is a field
then c is reduced if ¢;1; = 1. For, in this case the permutation group of the
r; determined by G is transitive. Then c;;; = 1 implies ¢;;; = 1. We now note
that, by (2.3.10), ¢;i; = vi; S0 OV = Vgiei, 0 € G. Hence if we put ¢4;; = vi_iQ,
and ¢;; = 0 if 4 # j, then the conjugacy conditions hold for the /;; so

y = diag{v;},vag ..U} € A (2.3.16)
Since y commutes with u,y € F[u] and we can replace v by yv. This nor-
malization permits us to assume v;; = 1 and hence c¢;;; = 1, that is, ¢ is

reduced.
‘We can now prove

Theorem 2.3.17. Let K = F[u] be finite dimensional separable, f(\) the
minimum polynomial of u over F and let E = F(ry,...,r,) be the splitting
field of f(X) over F where f(A) = II(A —r;) in E[X]. Suppose ¢ = {c;ji} is a
reduced Brauer factor set with values in E* and let B(K,c) denote the subset
of M,(E) of matrices £ = (£;;) such that ol;; = £y 05, 0 € G = Gal E/F.
Then B(K,c) is an F-subspace of Mp(E), and if we define a c-product L.
for &= (Lij), £ = (¢;) € B(K,c) as t" = (£};) where

U= ligciksly; (2.3.18)
k

then B(K,c) becomes a central simple associative algebra of degree n over F'
containing a subalgebra isomorphic to K. Moreover, the map

is an isomorphism of B(K,c) with an F-subalgebra A of M, (E). Conversely,
every central simple algebra of degree n containing K as subalgebra can be
obtained by this construction.

Proof. It is clear that B = B(K,c) is an F-subspace of M,(E) and if £ is
defined by (2.3.18) then

oll; = (olik)(oci;) (0lh;)
k

U
= Z ‘eai,akcvi,ak,o‘jegk,gj
k

/
= E loikCoik,0ill,0f
%

— E”

01,075
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Hence B is closed under the c-multiplication. Consider the map defined by
(2.3.19). Evidently this is F-linear and injective. The (i, j)-entry of the matrix
product (cijlﬁij)(cijlégj) is

! / [x3
E Cik1Ckj1binly; = E cijicikjlinly; by (ii)
k k
u
:Cijl‘eij~

Hence the map is a homomorphism for multiplication. The image A = {L} of
B is an F-subspace of M,,(F) closed under multiplication. Observe next that
since ¢;; = 1, any diagonal matrix satisfying the conjugacy conditions is fixed
under (2.3.19). Then 1 € A and 1 is the unit of A and of B. Hence A is an
F-subalgebra of M, (E).

We note next that r = diag{r1,72,...,7,} € A and F[r] is a subalgebra of
A isomorphic to K. Next let £;; = 1 for all 4, j and let s be the corresponding
matrix (c;j14:;) = (cij1). Note that every entry of s is # 0. Now every matrix
unit e;; € E[r], and since e;;se;; is a non-zero multiple of e;; it is clear that
EA = M,(E). Since M,,(FE) is simple A contains no nilpotent ideals # 0 and A
is not a direct sum of more than one non-zero ideal. Hence by the Wedderburn
structure theory, A is simple. Any element of the center of A is in the center
of M,(F) and so is a scalar matrix. Such an element has pre-image under
(2.3.19) that is a diagonal matrix diag{¢y,...,%,}. The conditions of; = £,;
and diag{¢, ..., ¢, } is a scalar matrix imply that this element is in F'1. Hence
A is central simple. Then M,,(E) ~ E®p A (BA II, Theorem 4.7, p. 218) and
consequently A has degree n. The isomorphism of B(K, ¢) with A now implies
that B(K,c¢) is central simple of degree n and B(K,¢) contains a subalgebra
isomorphic to K.

Conversely, assume A is central simple of degree n containing K = Flu).
We have seen that A = KvK and we can identify A with the F-subalgebra of
matrices (v;;4;;) where v = (v;;) has all its entries # 0 and (¢;;) satisfies the
conjugacy conditions. Moreover, if we define ¢;; = Uikvkjvigl then ¢ = {c;jr}
is a Brauer factor set. By normalizing v we may assume c is reduced. Now we
have (vi;€i5)(vijli;) = (vijly;) where £ is given by (2.3.18). Hence the map
(£iz) ~ (vi54:;) is an isomorphism of (B, ¢) onto A. O

We shall now determine the elements w € A such that A = KwK. We
claim that these are just the elements w = (£;;v;;) such that every ¢;; # 0.
We have seen that E[u] = D = YFe;;. It is clear that DwD = M, (E) for a
matrix w = (w;;) if and only if every w;; # 0. On the other hand, D = FK
and hence DwD = EKwEK = EKwK. Now if w € A then KwK C A
and hence KwK = FE ®p KwK. Hence A = KwK for w € A if and only if
w = (4;;v;5) with every £;; # 0.

We have associated with an element v € A such that A = KvK a factor
set ¢ = {Cijk} where Cijk = Uijvi_kl for v = (Uij)~ Ifw= (éijvij) where the Eij
satisfy the conjugacy conditions and every ¢;; # 0 then the Brauer factor set
determined by w is ¢’ = {c];,} where
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cije = Liglikliy Cijk- (2.3.20)

Two Brauer factor sets related in this way by {;; satisfying the conjugacy
conditions are called associates. These constitute an equivalence class. We
denote the equivalence class of the Brauer factor sets all of whose ¢, = 1, by
1 and the relation of associateness by ~.

Theorem 2.3.21 The algebras B(K,c) and B(K,c') are isomorphic under a
map which is the identity on K = F[diag{r1,...,r}] if and only if ¢ and ¢/
are associated (reduced) factor sets.

Proof. (Seligman) If c;jk = cijkmijmjkmi_kl for all ¢, j, k, where om;; = Mo 05,
then (4;;) ~ (é,-jmi‘jl) is an isomorphism of B(K,c) onto B(K, ¢'). Because ¢
and ¢’ are reduced, all my; = 1, so it is the identity on K.

Conversely, suppose B(K,c¢) and B(K,c') are isomorphic by a map ex-
tending the identity on K. Note that in the proof of Theorem 2.3.17, the
isomorphism (2.3.19) could be replaced by ¢, : () ~ L = (ci5545), for
each fixed index s, 1 < s < n. We have a corresponding map of B(K, ') into
M, (E), also denoted 5. Thus, for each s, ps(B(K,c)) and ps(B(K,c')) are
isomorphic F-subalgebras A, A’ of M,,(E), with EQ A = M,,(E) = EQA’. The
isomorphism of A and A’ resulting from the original isomorphism of B(K, c)
and B(K, ) and the maps ¢, thus extends to a unique E-linear isomorphism
M., (E) — M, (F) fixing F ® K, the diagonal matrices in M, (FE).

Therefore there is an invertible diagonal F-matrix
di) = diag{)\(ls), MY for each s, such that

d(s)_l(eijcijs)d(s) = (€i;¢iss)

for all (£;;) € B(K,c), where (£;) is the image of (£;;) under the given iso-
morphism B(K,c) — B(K,c'). In particular, when ¢;; = 1 for all ,j, the
pre-image (m;;) € B(K, c) satisfies

/

Chjs = /\f)_lm,—jcijs)\;s) for all i, 7, s.

Setting s = j gives 1 = /\Ej)_lmij)\ﬁj), or mg; = )\Ej)/\;j)‘l. From the above,

. =1 -1
e = CigsAT AP AN
= CijsTigmysmy,,

so ¢ and ¢’ are associated. (]
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2.4. Condition for Split Algebra. The Tensor Product
Theorem.

We retain the notations of the last section. We prove first

Theorem 2.4.1. B(K,c) ~ 1 in the Brauer group Br(F) (that is, B(K,c) ~
M, (F)) if and only if ¢ ~ 1.

Proof. Suppose ¢ ~ 1. Then we may assume every c;;x = 1. Hence the subal-
gebra A of M, (E) isomorphic to B(K,c) contains the matrix v all of whose
entries are 1. This matrix has rank 1 and hence the left ideal M,, (E)v of M, (E)
is minimal and so is n dimensional over E. It follows that [Av : F] = n. Then
A has a representation by n X n matrices over F' determined by the mod-
ule Av. It follows that A ~ M, (F'). Conversely, suppose B(K,c) ~ M, (F).
Then B(K,c) ~ B(K,1). We have shown in 2.2.3 that if A is central simple
of degree n and K3 and K, are isomorphic commutative Frobenius subalge-
bras of A with [K; : F] = n then any isomorphism of K; onto K» can be
extended to an inner automorphism of A. Hence if B(K,c) ~ B(K,1) then
we may assume that we have an isomorphism between these algebras that
is the identity map on K. Let A; and Ay be the subalgebras of M, (E) iso-
morphic to B(K, 1) and B(K,c) respectively by (2.3.19). Then A; contains
the matrix u = diag{r1,72,...,7»}, A1 contains the matrix v; all of whose
entries are 1 and Ap contains vy = (v;;) so that ¢ = v,-kvkjvig-l. Then
Ay = Flulv; Flu], Ay = Flu]vaF[u] and we have an isomorphism 7 of A onto
A; that is the identity on u. Then wy = 1(v,) satisfies A; = Flu]wy F[u] and
we have seen that the Brauer factor set determined by w; is ¢. Since that
determined by vy is 1 we have ¢ ~ 1. O

We consider next the tensor product of two central simple algebras A;, i =
1,2, of degree n containing K = F[u] as subalgebra. Let v; be an element of
A; such that A; = Kv; K and let v; = (UJ(Q) in an imbedding of A4; in M, (E).
The algebra A; @ As contains K @ A; which contains K ® p K. We have
the surjective algebra homomorphism

v:K@rK— K (2.4.2)

such that Ya; ® b; ~» Xa;b;. Since K ®p K is semi-simple (which is easily
seen by extending F' to its algebraic closure) we have

KrK=(KerKed(KrK)(1—¢) (2.4.3)

where e is an idempotent and (K ®p K)(1 —e) = ker v. Then (K ® K)e =~
(K ® K)/ker v ~ K. Moreover, since a®1—1®a € ker v for a € K, we have

(a®l)e=(1®a)e, a € K. (2.4.4)

We now consider the algebra
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A=e(A; ®p Ar)e. (2.4.5)

Since A; and Aj are central simple so is A1 ® p A2 and hence so is A. Moreover,
A and A; ® Az determine the same element of the Brauer group Br(F) and
A contains e(K ®p K)e ~ K which we can identify with K. Then we have

Theorem 2.4.6. A is of degree n containing K, and a Brauer factor set

associated with A as in (2.4.5) is cDc? = {c;}c)ecﬁ)e where (V) = {Cy/c)e} is a
Brauer factor set associated with A;.

Proof. If oY) = (al(.;.)), a? = (ag)) € M, (E) we define

“%1“(2) a%am) ... ag;a(z)

W @) a21 a(z) a22 a(z) e a2n a(n)
aV @a? = ) (2.4.7)

oMa® oM@ .. pHgm

and we use this tensor multiplication of matrices to obtain an imbedding of
AL ®F Az in M,2(E). Since u = diag{ry,rs,...,rn} in My (E) it is clear that
the matrix for any a € K ®p K in M,2(F) is a diagonal matrix. Hence the
matrix for e is diagonal with entries 0 and 1. Also we have

r1ln
0
u®l= r2ln (2.4.8)
0 nln
U 0
1@u= (2.4.9)
0 u

Hence the condition (2.4.4) for a = u implies that all the diagonal entries of e
are 0 with the exception of those in the positions 1,n 4 2,2n+3,...,n2. This
implies that eM,2 (F)e has degree < n and hence the degree of = e(4; ® Az)e
is < n. On the other hand, this degree is > n since A D K. Hence A has
degree n and the diagonal entries of e in the positions 1,n + 2,...,n? are 1
and the remaining ones are 0. The matrix e(v1 ® v2)e in M,2(E) has non-zero
entries only in the ((k— 1)n+k, ({ — 1)n+ £), positions 1 < k,Z < n, and the
entry in this position is v,(clZ v,fe .

By performing a similarity transformation by a permutation matrix and
cutting down to a diagonal block we obtain an imbedding of A in M, (E) in
which v = diag{ry,...,rn} and v = e(v; Q@ v9)e = (v,(c?v,(;)). Since all the
entries of v are # 0, M,(E) = (Y Ee;)v(XEe;;) and hence A = KvK. It
follows that we can use v to determine a Brauer factor set for A. Evidently
this set is ¢Me?), 0O
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2.5. The Brauer Group Br(K/F)

From now on we assume for simplicity that the base field F' is infinite. As
before, let K be a finite dimensional commutative separable algebra over F'.
If F is the algebraic closure of F then K = Feq @ - @ Fe,, where the ¢;
are orthogonal idempotents and n = [K : F]. It follows that the degree of
K = deg Kz = n. Hence, by Theorem 1.6.21, K = F[u]. Moreover, the
minimum polynomial f(\) of u is of degree n and has distinct roots. We shall
say that an extension field E/F splits K if Kp = Ee; @ - -+ & Ee,, where the
e; are orthogonal idempotents and we call E a splitting field for K if E splits
K and no proper subfield of E splits K. It is readily seen that E is a splitting
field for K/F if and only if F is a splitting field in the usual sense for the
polynomial f()). Hence any two splitting fields E/F and E'/F of K/F are
isomorphic.

Now let E/F be a splitting field for K/F where K = F[u] and f(\) is the
minimum polynomial of u. Then E is a splitting field of f()\). For each root
r of f(\) we have a homomorphism « of K/F into E/F such that u ~» 7.
In this way we obtain n = [K : F| homomorphisms of K/F' into E/F such
that cyu = r; where f(\) = II(A — r;) in E[\]. Moreover, this gives all the
homomorphisms of K/F into E/F. Thus

M ={oq,9,...,0n} (2.5.1)

is the set of homomorphisms of K/F into E/F. If o € G = Gal E/F then
oa; € M. In fact, we have ca,u = or; = 14 SO 0O = Q-

Now let ¢ = {c;;x} be a Brauer factor set. We can regard this as a map c
of M x M x M into E* such that

¢ (ay, a5, ag) ~ Cijk. (2.5.2)

Accordingly, we write ¢(o4, o5, o) for ¢;jx. Then the defining conditions on
the ¢;;i are first that

ocay, aj, o) = 0Cijk = Caiyojok = (O, 005, 00) (2.5.3)
or, independently of the indexing,
ocla, B,7) = c(oa,aB,07), o, 8,7 € M. (2.5.3)
We sh;:xll now call these conditions homogeneity and, more generally, if g :
m — FE or E* then g is homogeneous if
gloa,op,...,0e) =og(e, B, ...,¢€) (2.5.4)
for a, 8,...,e € M. In addition to this condition on ¢ we have

c(a, B,7)e(a, v, 6) = c(a, B,6)c(B,7, 6) (2.5.5)
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for a, B3,7,6 € M and c is reduced if ¢, v, ) = 1 for all &« € M. This implies
that ¢(8,a, @) =1 = ¢(a, o, B) for all a, 8. If K is a field then ¢ is reduced if
c(a,a,a) =1 for a single « € M.

Similarly, a matrix £ = (¢;;) € My (E) can be regarded as a map (o, o;) ~
£;;. The usual matrix product of £ and ¢’ can then be defined by £¢'(c, §) =
> em £(ct, 7)€ (7, B). Homogeneity of £ as map of M x M — FE is equivalent
to the conjugacy conditions £y o5 = 0¥;;.

We can now re-state Theorem 2.3.17 in the following way:

Theorem 2.5.6. Let K/F be a finite dimensional separable commutative al-
gebra, E/F a splitting field for K/F, ¢ a reduced Brauer factor set with values
in B*. Let B(K,c) denote the F-space of homogeneous maps of M x M into
E and define a product in B(K,c) by

t(a,B) =Y la,y)e(a, 7, B)E (v, B) (2.5.7)

yeEM

for £,¢' € B(K,c). Then B(K,c) becomes a central simple algebra of degree
n = [K : F| containing a subalgebra isomorphic to K. Moreover, for any fized
v € M the map £ ~ L where

L(a, B) = c(a, B,7) (e, B) (2.5.8)

is an isomorphism of B(K, c) with an F-subalgebra A of the matriz algebra of
maps of M x M into E. Conversely, any central simple algebra of degree n
containing K as a subalgebra can be obtained in this way.

We shall call B(K,c) the Brauer algebra determined by the Brauer fac-
tor set c. The condition that K is a commutative separable subalgebra of
dimension equal to the degree is equivalent to two other conditions given in

Theorem 2.5.9. Let A be central simple of degree n over F, K/F a com-
mutative separable subalgebra of A. Then the following conditions on K are
equivalent: (i) [K : F] =n, (ii) K is a mazimal commutative separable subal-
gebra of A, (iii) the centralizer AK = K.

Proof. (i)=-(ii). Suppose L is a commutative separable subalgebra of A con-
taining K. Then L = F[v] and the degree of the minimum polynomial of
v< deg A=[K:F|.Hence [L: F]<[K:F]soL=K.

(ii)=-(iii). Let K be a maximal commutative subalgebra of A. Then
K c AX. Now AK is separable. For, if F' is the algebraic closure of F' then
Ap = M, (F),Fp = Fe; @ --- ® Fe,, where the e; are non-zero orthogo-
nal idempotents such that Ye; = 1. Then (A¥)p ~ Agﬁ = M, (F)¥Fe:.
It is clear that the last algebra is a direct sum of algebras M, (F). Hence
AX is separable. Then the center of AX is separable and since it contains
K it coincides with K by the maximality of K. Now AKX = A, @ --- @ A,
where A; is separable with separable center K; and K; + - - + K,. Suppose
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for some A; 2 K;. If A; is not a division algebra then A; contains m > 2
non-zero orthogonal idempotents f; such that X'f; = 1; the unit of A;. Then
Ki+- +Ki1+XK;f; + Kiy1 + -+ K, is a commutative separable sub-
algebra of A properly containing K contrary to the maximality of K. The
same conclusion holds if A; is a division algebra since in this case A; contains
a separable subfield properly containing K;. These contradictions show that
A; = K, for every i and hence AX = K.

(iii)=(i) Suppose AX = K. Then Agﬁ = K for I the algebraic closure
of F and hence M, (F)*"F¢ = X Fe; where the e; are non-zero orthogonal
idempotents such that Xe; = 1 and m = [K : F]. It follows that m = n and
[K: F]=n. O

The Brauer factor sets (regarded as maps of M x M x M into E*) form
a group under multiplication of images in E*. This contains the subgroup of
factor sets such that

cla, B,7) = £, BB, 7)E(a, ) (2.5.10)

where £ : M x M — E* is homogeneous. We can form the factor group
which we shall denote as H2(K/F). If ¢ is a factor set then ¢ defined
by {(a,a) = cla,a,a)7t, a,B8) = 1 if  # B is homogeneous and
c(a, B, v)l(a, B)E(B,7)e(c, )~ is reduced. It follows that H2(K,F) is the
factor group of the group of reduced Brauer factor sets with respect to its
subgroup of reduced Brauer factor sets of the form (2.5.10).

We recall that an extension field K of the base field F' of a central simple
algebra A is called a splitting field for A if Ax = K ®p A ~ M,(K). If
[A] denotes the similarity class of A in the Brauer group Br(F') then K is
a splitting field for A if and only if it is a splitting field for every B € [A].
Hence we may regard K as a splitting field of the class [A]. We have the
homomorphism [A] ~~ [Ak] of Br(F) into Br(K) whose kernel is the subgroup
Br(K/F) of classes [A] split by K, that is, having K as splitting field.

A classical theorem of Brauer and Noether gives a determination of the
finite dimensional K that split a class [A]: Let A be a central division algebra
over F'. Then K splits A if and only if [K : F| = rd where d is the degree of
A and K is isomorphic to a subfield of M,.(A) (Theorem 4.12, p. 224 of BA
II).

Now let K be finite dimensional separable over F'. Then we have

Theorem 2.5.11. Br(K/F) is a subgroup of Br(F) isomorphic to H*(K/F).

Proof. We have the surjective map ¢ ~» [B(K,c)] of the group of reduced
Brauer factor sets with values in E* onto Br(K/F). Now let ¢V and ¢
be reduced Brauer factor sets. Then it follows from Theorem 2.4.6 that
B(K,cV) ®@p B(K,c®) ~ B(K,cMc®). This implies that Br(K/F) is a
subgroup of Br(F') and ¢ ~ [B(K,¢)] is a homomorphism of the group of re-
duced Brauer factor sets onto Br(K/F'). By Theorem 2.4.1, the kernel of this
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homomorphism is the group of reduced ¢ ~ 1. Hence Br(K/F) ~ H*(K/F).
0O

We also have the following generalization of the theorem of Speiser-
Noether that H'(G, E*) = 1 for G the Galois group of E/F.

Theorem 2.5.12. Let K be a finite dimensional commutative separable alge-
bra over F, E/F a splitting field for K/F, M = {a} the set of homomorphisms
of K/F into E/F. Let (o, 8) ~ b(a, B) be a homogeneous map of M x M into
E* such that

b(a, B)b(B, ) = blav, 7) (2.5.13)
for o, B,y € M. Then there exists an invertible a € K such that
b(e, B) = (ea)(Ba) ™. (2.5.14)

Proof. Consider the Brauer algebra B(K,1) which is the F-space of homo-
geneous maps of M x M into E with multiplication defined by £¢'(c, )
= Ziemlla, V) (v,0). For k € K we define a homogeneous map k' of
M x M into E by k' (a,a) = ak, K(a,8) = 0if a # 8. Then k ~ k'
is a homomorphism of K into B(K,1). This is a monomorphism since
K®pr E = FEey @ --- ® Fe, where the e; are orthogonal idempotents and
for any k € K, k = X(a;k)e; where ok € E. Then o; € M and if ok =0
for all 4, kK = 0. Thus we can identify K with its image in B(K,1) and write
k for k'. Then B(K,1)X = K by Theorem 2.5.9. We now consider the map
n : £ ~ ¢ where ¢'(a,8) = £a, B)b(cr, B) for £ € B(K,1). The condition
(2.5.13) implies that 7 is an automorphism of B(K,1). Moreover, (2.5.13)
gives b(a,@)? = b(a, @) so b(a, @) = 1. Hence na = a for a € K. It follows
from the Skolem-Noether theorem and B(K,1)X = K that there exists an
invertible @ € K such that n = I,, the inner automorphism = ~» aza™!.
Now let v be defined by v(«, 8) = 1 for all «, 5. Then v is homogeneous and
v’ = no satisfies v/ (o, 8) = b(a, B). Since (ava™!)(a, B) = (aa)(Ba) ™! we have
b(a, B) = (aa)(Ba)~?! for o, B € M. O

2.6. Crossed Products

We shall now specialize to the case E = K, M = G = Gal E/F in the fore-
going considerations. In this case one has the crossed product representation,
due to Emmy Noether, of a central simple algebra A containing F and having
degree n = [E : F]. Let 0 € G. Then o can be extended to an inner automor-
phism I,,, of A. By Theorem 2.5.9, A¥ = E. Hence the clement u, is deter-
mined up to a multiplier in £*. Moreover, since I,,_ I, and I, ., for o,7 € G
have the same restriction o7 to E, we have u,u, = ko rUsr, kor € E*. Also
usau,! = oa,a € E. Thus we have

U = (Ua)u0> UgUr = ka,Tua‘r (261)
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fora € E, 0,7 € G. The associativity (usu-)u, = us(uru,) gives the relations
korkorp =korp(0kr,p), o,7,p € G. (2.6.2)

It is clear from (2.6.1) that the E-subspace ) . Eus is a subalgebra. On
the other hand, it is easily seen by a Dedekind independence argument that

the u, are linearly independent over E. Hence [YEu, : E] = |G| = n and
hence [YEu, : F] =n? =[A: F]. Thus

A= YEu, (2.6.3)

We now consider the converse in which we begin with the Galois extension
field E/F and the Galois group G. Then a map k of G x G into E*: (0,7) ~»
ko, is called a Noether factor set if (2.6.2) holds. We form the (left) vector
space over E with base {us|c € G} and we define a product in A = Y Fu, by

(Xasus)(Ebru,) = Zkg,,.ag(ab,)uw. (2.6.4)

a,T

Then (2.6.2) implies that this is associative. Moreover, if we put 0 = 7 =1
and 7 = p = 1 successively in (2.6.2) we obtain

kl,p = k171 5 ka,l = Ukl,l (265)

which imply that 1 = kl_llul is the unit of A. Moreover, A is a vector space
over F' C E/ and we have

a(zy) = (ae)y = a(ay) (2.6.6)

for z,y € A,a € F. Thus A is an algebra over F (associative with 1). This is
called the crossed product of E with G and Noether factor set k and is denoted
as A = (E, G, k). The result we proved above can now be stated as

Theorem 2.6.7. If A is a central simple algebra containing E and the degree
of Aisn = [E: F] then A is a crossed product (E,G, k).

It is quite easy to prove directly the converse that any crossed product
is central simple over F' of degree n = [E : F]. We shall obtain this result
by establishing the connection between crossed products and Brauer algebras.
We note first that if we replace u; by 1 we may assume that the Noether
factor set is normalized in the sense that k1, = 1 = k51,0 € G. Then we
have

Theorem 2.6.8. If k is a normalized Noether factor set then c defined by

c(pyo,7) = pkp—lo-,a‘lr (2.6.9)

.18 a reduced Brauer factor set and (E,G, k) ~ B(E,c). Conversely, if ¢ is a
reduced Brauer factor set then
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kor =c(1,0,07) (2.6.10)
defines a normalized Noether factor set and B(E,c¢) ~ (E, G, k).

Proof. First, let k be a normalized Noether factor set. Then (E,G,k) =
{Za,us | as € E} and we have

(Fasuy)(Xbru,) = Z ko ras(0br)uor

o, T

={> krsar(rhs)}uo (2.6.11)

Té=0

= Z{Z kT,T—laaT(TbT‘la)}uU'

Now the element Ya,u, of (E,G, k) can be identified with the map f : o ~ a,
of G into K. In this way (E,G, k) = {f|G — E} with the usual addition and
multiplication by elements of F' and with multiplication defined by

(fg)(d) = ZkT,T“laaT(’rb‘r*IO’)‘ (2612)

The unit of (F, G, k) is now the map 1 such that 1 ~» 1 and o ~ 0 if o # 1.

If k£ is a normalized Noether factor set then direct verification shows that
¢ defined by (2.6.9) is a Brauer factor set, so we can define the Brauer algebra
B(E,c) as the set of homogeneous maps of G x G into E with the usual
addition and multiplication by elements of F' and multiplication defined by
(2.5.7). Now for f € (E,G, k) we define £f = £ by

LoyT)=0f(c7T), o,TEQG. (2.6.13)

Then £(po, pr) = pl(o,7) so &f = £ € B(E,c) and € : (E,G,k) — B(E,c).
Now ¢ is bijective since if we define n: B(E,¢) — (E, G, k) by nf = f where

flo) =1£(1,0) (2.6.14)

then (n&)f = f for f € (E,G,k) and ({n)f = £ for £ € B(FE,c). It is clear that
£ is a vector space (over F') isomorphism. Now let f,g € (E,G, k). Then
ENEP(o,7) =D 0 f(07p)okg=1p,p-1-pg(p7'7)
p

and

(&f9)(o,m) = 0> kpp-10-1,F(p)pg(p~ o7 17))
P
= U(Z ka—lp,p'1‘rf(0-41p)pg(pﬁl7—)‘

Hence (£f)(€g) = &€fg and £ is an algebra isomorphism of (FE,G,k) onto
B(E,c).
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Direct verification shows that if ¢ is a Brauer factor set then & defined by
(2.6.10) is a Noether factor set and the map c ~» k is the inverse of the map
k ~» ¢ defined before. Hence if we are given B(E,c) and we form (E,G,k)
where ¢ ~ k then (E,G, k) ~ B(E,c).! O

The Noether factor sets form a group under multiplication which contains
the subgroup of factor sets of the form

(0,7) ~ £y (cl, )0} (2.6.15)

where o ~ £, is any map of GG into E*. The factor group is the cohomology
group H?(G, E*). As usual, we write k ~ 1 if k is in the subgroup defined by
(2.6.13) and k ~ k' if k and k' differ by an element of this subgroup.

We now observe that the map k ~» ¢ is an isomorphism of the group of
Noether factor sets onto the group of Brauer factor sets. If £ is any map of G
into E* then £(0,7) = of(c~!7) is a homogeneous map of G x G into E*. It
follows that if k£ ~» ¢ in our homomorphism then k& ~ 1 if and only if ¢ ~ 1.
Hence we have an induced isomorphism of H?(G, E*) onto H?(E/F). This
isomorphism together with Theorem 2.6.8 permit us to carry over the results
of Sections 2.4 and 2.5 to Noether factor sets and crossed products. We obtain
in this way the classical result of Emmy Noether:

Theorem 2.6.16. Let E/F be a Galois extension with group G. Then

(i) The crossed product (E,G,k) ~ 1 if and only if k ~ 1.
(it) (E,G, k1) ®r (E,G,ks) ~ (E,G, kiksa).
(iii) Let [k] denote the element of H?(G,E*) determined by k. Then [k] ~
[(E,G, k)] is an isomorphism of H%(G, E*) onto Br(E/F). ]

We now assume E /F is cyclic. Let o be a generator of G and put u = u,-.
Then ul(um‘)_1 centralizes E; hence u* = £;uy; where £; € E*. We can replace
Ugs; by u?, 0 <4 < n— 1. This replaces the factor set k by k&’ where

' 1 if0<i+j<n—-1
vioj = {7 ifiti>n (2.6.17)
and v € E*. The crossed product A is generated by F and u and every element

of A can be written in one and only one way as

ao+aru+---+an_1u”"t, a; €E. (2.6.18)

‘We have the relations
ua = (ca)u, u"=rv (2.6.19)

if a € E. Since u™ commutes with u and with every element of E*, u™ is in
the center F' of A. Hence v € F*. Thus we see that A is the cyclic algebra

(E,0,7).

! The foregoing proof is more direct than the one given in Jacobson [834]. I am
indebted to Mr. Guo Li for pointing it out to me.
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It is readily seen that if k" is defined by (2.6.10) then k' ~ 1 if and only if
v = N(¥) for £ € E*. This permits the specialization of the main theorem on
crossed products (2.6.16) to the following theorem on cyclic algebras.

Theorem 2.6.20.

(i) The cyclic algebra (E,0,v) ~ 1 if and only if v = Ng,p(£) for some
Le B~
(ZZ) (E) o, 71) QF (Ea g, 72) ~ (E7 g, 7172)‘
(iii) Let N(E*) = {Ng/p(£),£ € E*}. Then the map YN(E*) ~ [(E,0,7)] is
an isomorphism of F* [N (E*) with Br(E/F).

The result just indicated shows that cyclic algebras can be regarded as
special cases of crossed products. We shall now show that certain crossed
products can be regarded as generalized cyclic algebras. We consider a crossed
product A = (E,G, k) and we suppose H <G and G/H is cyclic. Let 7 be an
element of G such that the coset 7H generates G/H. Then any element of G
has the form o7* where o € H and 0 < i < r = |G/H|. Moreover, 7" € H. Let
D be the subalgebra of A generated by F and the u,,c € H. If F/ = Inv H
then F’ is the center of D. It is clear that D as algebra over F is the crossed
product (E, H, k") where k' = {k, ,/|0,0’ € H}. Since H <G, 7071 € o' if
o € H. Hence if we put © = u, then the inner automorphism I,, stabilizes
D. Let & = I,|D. Then we have the relation ua = (§a)u, a € D. Moreover,
u" = fu,~ where £ € E* and since 7" € H we have u” = b € D. It follows that
if D is a division algebra then A is a generalized cyclic algebra (D,&,b). In
particular this is the case if A is a division algebra.

2.7. The Exponent of a Central Simple Algebra

If A is a central simple algebra over F' then A = M,.(D) where D is a central
division algebra. If [D : F] = d? then we have called d the indez of A (or of
[A]). We shall now prove that Br(F') is a torsion group by proving

Theorem 2.7.1. If d is the index of A then [A]¢ = 1.

Proof. Let E be a finite dimensional Galois splitting field for A. By replacing
A by another element of [{A] we may assume that A = M,.(D) = (E,G, k).
Now A can be identified with Endpo (V') where V is an r-dimensional vector
space over D°. Since A contains the field E, V can also be regarded as a vector
space over E. If [E : F] =n then [V : F] = [V : E][E : F] = n[V : E]. Also
[V:F)=[V:DD": F| =rd® and [A: F] = n? = r%d? so n = rd. Hence
n[V : E] =nd and [V : E] = d. If {u,|0c € G} is the base for A = (E, G, k)
such that (2.6.1) holds then the first of these relations shows that u, is a o-
semi-linear transformation of V/E. Now let (z1,z2,...,z4) be a base for V/E
and write
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d
UsT; = ZMji(U)CEj. (272)
j=1
Then M, = (M;;(0)) is the matrix of u, relative to (z1,z2,...,24). The
relations u,ur = ko rUysr imply the matrix relations

My(oM;) = ko Myr. (2.7.3)
Let p, = det M,. Then we have
bo(opr) = kg,‘rﬂtﬂ" (2.7.4)

Since u, is invertible, u, # 0 and hence (2.7.4) gives kg’r = po(opr)pst and
so k% ~ 1. Hence A? ~ 1 by (2.6.9). i

The order of {A} in Br(F) is called the ezponent e(A) of A. This is the
€

—
smallest positive integer e such that AQ AR ---® A ~ 1. The preceding
theorem implies that the exponent is a factor of the index. We shall now show
that these two integers have the same prime factors.

Theorem 2.7.5. If p is a prime dividing the index of A then p divides the
exponent of A.

Proof. Suppose p | d. We may assume A = (E,G,k) = M, (D) where [D :
F] = d% Then p | n = rd and hence p | |G|, G = Gal E/F. Let H be a
Sylow p-subgroup of G, K the subfield of E such that Gal /K = H. Then
[E: K] =p™and p{[K : F]. Consider Ax. This is a central simple algebra
over K and since d { [K : F], K is not a splitting field for A so Ax £ 1. On the
other hand, E/K is a splitting field for Ax so the index of Ax has the form
p® # 1. Since Ax # 1,e(Ak) # 1 and since e(Ag) | p°® we see that p | e(Ak).
Since the map B ~» By is a homomorphism of Br(F') into Br(E) it follows
that p | e(A). O

We shall now use the results on exponents to prove that any central di-
vision algebra is a tensor product of central division algebras of prime power
degrees. We require the

Lemma 2.7.6. Let Dy and D be finite dimensional division algebras. Assume
D, is central and ([Dy : F),[Ds : F]) = 1. Then D1®p D3 is a division algebra.

Proof. D1 @ D5 is simple (Corollary 2, p. 219 of BA II). Hence D1 ®p Dy =
M, (D) where D is a division algebra. Now M,.(D) is a direct sum of 7 minimal
left ideals Iy, I5,...,I, and these are isomorphic modules for M,.(D). Hence
they are also isomorphic as D;-modules. Then [D; : F| = [M,(D) : D;, for
j # i is divisible by r. Since ([D; : F],[Dy : F]) = 1 this implies that r = 1
and so D1 ®p Dy = D. 0
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Theorem 2.7.7. Let D be a central division algebra of degree d = p’fl .- ‘p’S“S,
p; distinct primes. Then D ~ D1 ®Dy®---® D, where D; is a central division
algebra of degree pf".

Proof. Let e be the exponent of D. Then e = ejey - - - €5 where e; = p**, 0 <
m; < k;. The cyclic group ([D]) has order e so [D] = [D;][Ds] - - - [D,] where D;
is a central division algebra of exponent e; and hence of degree pf", k; > m,.
By 2.7.6, D1 ®F D2 ®F --- ®F D, is a division algebra and its degree is
plfi ~v-p’§5. Hence D ~ D1 ® --- ® Dy and the degree of D is pllc‘ ~-~plscs. Thus
ki =k, 1<i<s. O

2.8. Central Division Algebras of Prescribed Exponent
and Degree

We have seen in the last section that if D is a central division algebra of degree
d and exponent e then

(i) eld

(ii) every prime factor of d is a factor of e.

We shall now show that if d and e are positive integers satisfying these condi-
tions then there exists a D having degree d and exponent e. The construction
we shall give is one given by Brauer in [33].

We assume first only condition (ii) on d and e.

Let P be a field of characteristic 0 such that

1. P contains a primitive e-th root € of 1.
2. A — ¢ is irreducible in P[}\].

The following lemma gives an example of a field satisfying these conditions
and gives some properties of any P satisfying the conditions.

Lemma 2.8.1.

(1) The cyclotomic field A, over Q of e-th roots of 1 satisfies 1. and 2.

(2) If P satisfies the conditions 1. and 2. and p is a prime divisor of d then
P contains no primitive pe-th root of 1.

(8) If P satisfies the conditions 1. and 2. above and E is an extension field of
P that contains an element n such that n® = ¢ then n is a primitive de-th
root of 1.

Proof. (1) We have [A. : Q] = ¢(e) and [Age : Q] = ¢(de). The condition (ii)
implies that ¢(de) = d(e). Hence [Age : Ae] = d. Let € be a primitive e-th
root of 1, &’ a primitive de-th root of 1. Since ¢’? is also a primitive e-th root
of 1 we have A, = Q(¢'?) and A — ¢’¢ is the minimum polynomial of &’ over
A.. Hence A\? — ¢’¢ is irreducible in A,[)\]. Since € and &'¢ are primitive e-th
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roots of 1 there is an automorphism of A, sending £’¢ into . Hence A% — ¢ is
irreducible in A.[M].

(2) Suppose P satisfies the conditions 1. and 2. and P contains a primitive
pe-th root &’ of 1. Then P D Ape D A, and we have an automorphism of 4.
sending €'? into e. This can be extended to an automorphism of A,.. Since
AP — ¢'? is reducible in Ape[A] the same is true of AP — . Hence AP — ¢ is
reducible in P[A] and, consequently, A? — ¢ is reducible in P[)] contrary to
condition 2.

(3) We have P D A, and E D A.(n), Ae(n) C Age and [Ae(n) : Ae] = d =
[Age : Ae]. Hence Age = Ac(n). Let €' be a primitive de-th root of 1. As before,
we have an automorphism of A, sending €’¢ into € and this can be extended
to an automorphism of Ay sending &’ into 1. Hence 7 is a primitive de-th root
of 1. O

Now let P satisfy 1. and 2. and let E = P(z1,...,z4) the field of rational
expressions in indeterminates x; over P. Let o be the automorphism of E/P
permuting the z; cyclically. Let F = Inv(c) so E/F is cyclic with Galois
group G = (o). Hence we can form the cyclic algebra A/F = (E, 0,¢) where
€ is as in 1. and 2. We shall prove

Theorem 2.8.2. A = (FE,o0,¢) is a division algebra.

For the proof we shall need some results on the action of ¢ in the polyno-
mial ring R = P[zy,...,z4]. For the present we drop the assumption on the
existence of ¢ and assume only that char P { d. We note first that if f € R
then N(f) = f(of)---(0%"1f) € S= FNR and if f # 0 then N(f) # 0 and
FIN(f) in R. It follows that if f € E then there is a g # 0 in S such that
gf € R.Ift|d we put

E® = Inv(c'), R = E® nR. (2.8.3)

Then E=E@, F=E® R=RW §=RMD,
Let V = Z'li Pz;. Then V is stabilized by o so V is a P[o]-module. Since
o is a root of A4 — 1 and this polynomial is a product of distinct prime poly-
nomials, V = V; @ --- @ V,. where the V; are irreducible P[o]-modules. Let
A; € N and put
WA1,...,AT) = ‘/'1)‘1‘/2)\2 e VTAT CR. (284)

Then R is graded by the Vi, . .

R =&V, .2
(A1, \) € N® (2.8.5)
V()\lpn,)\r)‘/(ltl,---»ur) - Vv(/\1+u1,~-~,kr+lw)

We shall call this a o-grading of R. The elements of V), .\, are said to be
homogeneous of degree (A1,...,Ar).
Evidently oV(x,,...x.) = Viay,...,a,)- This implies that if ¢ | d then
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RO =3vQ) VY oy =RO0 Vo (2.8.6)

This is equivalent to: if a € R® and a = Ea(Al,...,)\r) where A1) €
Virs,..a) thenagy,,a,) € R®.
We shall need the following

Lemma 2.8.7. Suppose t | d and t' | t and assume P contains a primitive
d/t'-th root of unity. Then for any (A1,...,\,) there exists a homogeneous
element g # 0 i R such that

® '
Vs .ay C R (2.8.8)

Proof. We have (o%)%* = 1 so the condition that P contains a primitive
d/t'-th root of 1 implies that the characteristic roots of o* /] V' are contained
111 P. Since V; is an irreducible module it follows that ot | V_c;1y,. Then

U Vonoa = et eeeer "y, . Now the ¢; are d/t’-th roots of unity
and they generate the group of d/t’ th roots of unity. Otherwise, we have
(0 | R)Y* =1 for h < d and hence 0" = 1 contrary to the fact that o has
order d in E. Now let f € V(t )" Then O't,f =cf, for c= ci\l ---c), and
f=otf = ()} = t/tf so ¢/t = 1. Also we have ¢! = ¢l ... chr
so if we choose g # 0 in Vi, ., then 0'g = c"g and otg = (et g =
()t g = g. Thus g € R® and 0% (¢f) = ¢ Legf = gf. Hence gf € R®).
The argument shows that this holds for every f € V, ( )\1 . Hence we have
(2.8.8). O

Proof of Theorem 2.8.2. Let u € A = (E, 0,¢) satisfy

ua = (ca)u, a€E, ul=e¢. (2.8.9)
Then the elements of A can be written in one and only one way in the form
Zg ~!asu',a; € E. We have assumed that A% — ¢ is irreducible in P[\]. Hence
A4 — ¢ is irreducible in R[A] = Plz,...,2,, A and hence in E[\]. A fortiori
A4 — ¢ is irreducible in F[\] so F[u] is a subfield of A. Since [F[u] : F] = d
this is a maximal subfield and the centralizer AF™ = F[u]. By Lemma 2.8.1
(3), u is a primitive de-th root of unity.

Now let ¢ | d and consider the subfield F[u!] of F[u]. Since A% — ¢ is
irreducible in F[A] (or in E[\]), A%t — ¢ is irreducible in F[\](E[)]) since u*
is a root of A/t — ¢ (F[u!] : F] = d/t. Also u! is a primitive de/t-th root
of 1. Let 4, = AFl], By the double centralizer theorem for central simple
algebras (Theorem 4.10, p. 222 of BA II), F[u?] is the center of A;. It is clear

from 2.8.9 that -1
={> dwl |dj e EO}
t(_)} (2.8.10)
={Y aw' | a; € EO[!]}.
0
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Now E®[u!] is a field since u? is a root of A¥* — & which is irreducible in E[)]
and hence in E®)[\]. The automorphism I, stabilizes E®[u!] and oy = I,, |
EMut] restricts to o on E®). Hence o; has order ¢ and

Ay = (B!, 01, ut) (2.8.11)

as algebra over F'[ul].

Now A; = F[u] and Ay = A. We shall now prove by induction on ¢ that
every A; is a division algebra. Thus we assume every Ay ,t' < t, is a division
algebra. Suppose A; is not a division algebra. Then ¢t > 1 and A; contains
zero divisors # 0. Let p be a prime divisor of ¢ and put t' = t/p. We shall
show that the existence of zero divisors # 0 in A; implies the existence of such
zero divisors in Ay . This will contradict the hypothesis on Ay and prove the
theorem.

Now let a = 8—1aiui,b = 3_1 biu' where a;,b; € EW[uf] satisfy
a # 0,b # 0,ab = 0. Since the u;,0 < ¢ < t — 1 are independent over
E(t)[ut], ab = 0 is equivalent to a system of polynomial equations in a; and
oFb; with coefficients in P[u'] and we are assuming that these are solvable for
a; not all 0 and b; not all 0. We note also that if the a; and b; can be chosen
in E()[ut] then we shall have a # 0,b # 0 in Ay such that ab = 0

We now replace P by P[u!] in the field considerations at the beginning
of this section. If we write P for P[u!] then P contains a primitive de/t-th
root of 1 and since ¢’ = t/p,de/t = de/t'p is a multiple of d/t’ (since p | e by
condition (ii)). Hence P contains a primitive d/t'-th root of 1. We note that if
we multiply the given a; by a suitable non-zero element of S we may assume
the a; € R®. Similarly we may assume the b; € R(®). Next we can express
the a; and b; as sums of homogeneous elements in the o-grading. Moreover,
we can order the degrees lexicographically and thus regard N as an ordered
monoid. Let (A1,...,\.) be the lowest degree of homogeneity of the non-zero
homogeneous parts of all the a; and let (1, . .., i) have the same significance
for the b;. Then it is clear that if we replace each a; by its homogeneous part
of degree (A1,..., ) if there is one and by 0 otherwise, and we make the
same type of replacement for the b; then the equations giving ab = 0 are
satisfied. Thus we may assume the a; are homogeneous of the same degree
(M, .-+, Ar) and the b; are homogeneous of the same degree (u1, .. ., t,). Since
P contains a primitive d/t'-th root of 1 we can apply Lemma 2.8.7 to obtain
an element g # 0 in R® such that every ga; € R Also if we apply the
lemma and observe that g in this lemma can be replaced by o*g for any k
(since aV(t) D) = V(&z 2, and oR(®) = R®)) we see that there exists an
h # 0 in R(t) such that bh € Ay. We have ga # 0,bh # 0 and (ga)(bh) = 0
with ga,bh € Ay. This completes the proof.

We now assume both conditions (i) and (ii) on d and e and we prove

Theorem 2.8.12. A = (E,0,¢) has exponent e in Br(F).
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Proof. Let e’ be the smallest positive integer such that ¢ = N(E*). Since
e® = 1,¢’ | e. The assertion is equivalent, by the result noted at the end of
Section 2.7, to ¢/ = e. Now suppose ¢ = Ngp(h). We can write h = f/g
where f,g € R = P[z1,...,24). Then

flof)- (041 f) = glog) - (0?7 2g). (2.8.13)

We assume deg f minimal. If deg f > 0 let ¢ be an irreducible factor of f
in R. Then ¢ | o’g for some i and Ng,p(q) | Ng/p(g) in R. We can cancel
Ng;r(q) on both sides of (2.8.13) to obtain a relation (2.8.13) with f of lower
degree. Hence deg f = 0 and then deg g = 0. Thus e = Ng/p(h) with h € P
and hence

e =ht, heP (2.8.14)

The order of ¢ in the multiplicative group P* is e/e’. On the other hand,
the order of h% in P* is k/(d, k) where k is the order of h. Hence

k/(d, k) =e/e. (2.8.15)

The conditions (i) and (ii) on d and e and (2.8.15) imply that any prime
dividing k£ divides e. Moreover, if k is divisible by a higher power of p than
e then P* contains a primitive pe-th root of 1 contrary to Lemma 2.8.1 (2).
it now follows that k | e. Hence k | d and (d, k) = k. Then e | e, by (2.8.15).
Thus e’ =e. O

2.9. Central Division Algebras of Degree < 4.

We shall prove that these algebras are crossed products. The result for degree
d = 2 is folklore. For degree three it is due to Wedderburn and for degree four
in the sharper form that any central division algebra of degree four contains
a maximal subfield whose Galois group is Zs X Z3 (Z cyclic of order k), it is
due to Albert [29].

d = 2. The quickest way of obtaining the result for degree two is to invoke
the theorem that such an algebra D contains a maximal separable subfield
E/F (Theorem 1.6.19). Such a field is Galois. In a more elementary fashion the
“difficult” case of characteristic 2 can be settled by the following argument.
Let d € D be inseparable. Then d ¢ F,d*> € F. Choose a € D, ¢ F(d).
Then b = [da] # 0 but [db] = [d[da]] = [d%a] = 0. Put ¢ = ab~'d. Then
[de) = d,dcd™! = ¢+ 1. Then dc?d~! = (ded™1)? = (¢ + 1)? = ¢ + 1. Hence
d(c® +¢)d™! = ¢? + ¢ s0 ¢? + ¢ commutes with d and c. Since D is generated
by d and ¢, ¢ + ¢ € F. Thus ¢? 4+ ¢ = v € F which evidently implies that c is
a separable element and ¢ ¢ F.

d = 3. We shall give Wedderburn’s proof (Wedderburn [21]) which is based
on his factorization theorem for the minimum polynomial of an element of a
central division algebra. This is the following
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Theorem 2.9.1. Let D be a finite dimensional central division algebra over
a field F and let a € D and f(\) € F[\] be the minimum polynomial of a over
F. Suppose deg f = m. Then we have the factorization

f) = —am)A—am-1)-- (A —a1) (2.9.2)

in D[\] where a1 = a and the a; are conjugates of a. Moreover, if a ¢ F' then
m > 1 and we may take
az = [yai]ar[yas] ! (2.9.3)

where y is any element of D that does not commute with a.

All but the last statement has been proved in Corollary 1.3.14. We shall
now give Wedderburn’s proof of 2.9.1 including the last statement. This is
based on

Lemma 2.9.4. Let D be a division ring and let a € D. Suppose (A — a) |,
g\ F(A) in DA} but (A —a) 4 f(X) = boA™ + BA™ ! + - + b Then
R=bya™ +bra™ L+ + by #0 and (A — RaR7Y) | g(N).

Proof. We have f()\) = Q(\)(A — a) + R where R = bga™ +bja™ 1 + -+ + by,
(see (1.3.10)). Since (A—a) 1, f(A), R # 0. Now g(A)f(A) = g(M)QAN)(A—a)+
g(M) R and since (A—a) | g(A)f(A), (A—a) |» g(A\)R. Then (A—RaR~1!) |, g(}).

0O

We can now give the

Proof of Theorem 2.9.1. The result is clear if a3 = o € F1. Now suppose
a1 ¢ F1. Then m > 1 and there exists a y € D such that [ya;] # 0. Let
y be any such element of D. Since f(a;) = 0 we have f(X) = f1i(A)(\ — a1)
and f(A) = yfNy™' = yfi(Ny (A — yary™'). Since yayy™! # a1, R =
ya1y~ ' —a; # 0 and by 2.9.4, A\ — Rya;y 'R~ |, fi()\). Thus

fA) = 20X —a2)(A —a1) (2.9.5)

where az = Rya;y 'R~ where R = ya;y~! — a;. Hence ay = [yai]a;[yai]~t.
Now suppose we have

FO) =g AN —=ag) - (A—az)(A—ay) (2.9.6)

where k < m, the a; are conjugates of a; and ay = [ya;]a;[yai]~t. We claim
there is a conjugate a}, ; of a; such that (A—aj_ ;) tr fx(X) where fr,(A) = (A—
ak) - -+ (A—az)(Aa—aq). Otherwise, we have a monic polynomial fx(\) € D[A]
of degree k < m such that (A —za;271) |, fr()\) for all z # 0. We may assume
k minimal. Then (A — a) |, 271 fx(\)z for all 2 # 0. This implies 27! fr,(\)z =
fe(A) for all z # 0 since if there is a 29 # 0 such that zo"lfk(/\)z() # fr(N)
then we have a monic polynomial g()\) of the form b(zy ' fx(A\)zo — fr(N)) of
degree < k such that (A — a) |» 2g(A\)z™1 for all z # 0. This contradicts the
minimality of k. On the other hand, if 27! fr(\)z = fi()\) for all z # 0 then
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fe(A\) € F[A] and since fi(a1) = 0 we have a contradiction to the hypothesis
that f()) is the minimum polynomial of a;. Thus we have a conjugate a}
of a; such that (A —aj ;) { fr(\). Then, by the lemma, we have a conjugate
ap11 of ay such that (A — ag+1) |» gr(X). This establishes the inductive step
that f(A) = gr+1(A)(A—ag+1) - - - (A—az)(A—a1) where the a; are conjugates
of a1 and a is as stated. 0

We shall call an element a of a central division algebra D cyclic if F(a)
is a cyclic subfield of D. Then we have

Proposition 2.9.7. Let D be a central division algebra of prime degree p and
let a € D have degree p. Then a is cyclic if and only if there exists ay € D
such that yay~' # a and [yay~!,a] = 0.

Proof. Suppose first we have a y satisfying the foregoing conditions. Since a
is of degree p, F(a) is a maximal subfield, so the condition [yay~!,a] = 0
implies that yay~! € F(a) and hence o = I, | F(a) is an automorphism of
F(a). Since yay ™! # a,0 # lp(q). Since [F(a) : F] is prime, F = Inv(s) and
hence F(a) is Galois over F with Gal F(a)/F = (o). Conversely, suppose a
is cyclic and Gal F'(a)/F = (o) then ca # a and we have a y € D such that

yay~' = ca. Thus yay~! # a and [yay~!,a] = 0. O

We can now prove the key
Lemma 2.9.8. Let D be a central division algebra of degree three over F' and

let a be a non-cyclic element of D. Then the minimum polynomial f(\) =
A% — a1 A% + aw ) — a3 of a over F has a factorization

fO) =M —a3)(A—a2)(A—a1) (2.9.9)
where a1 = a,
¢ = [araz] = [azas] = [aza1] # 0 (2.9.10)
caic” = a;y, (indices reduced mod 3) (2.9.11)
*=v, ~Y€F (2.9.12)

Proof. Since f(ay) =0 for a; = a we have f(A) = g(A)(A — a1). We claim we
can choose y € D so that [[yai]ai] # 0. Otherwise, i2 = 0 for the inner deriva-
tion 44, = a1, — aip. Then a? a1p + a2 = 0. Since a1 ¢ F,[Flai]: F] =3
so 1,a1,a? ‘are linearly independent over F. Then the 9 linear transforma-
tions alyalp, 0 < 4, j < 2, are linearly independent? This contradicts
a%L —2a1ra1Rr + a%R =0.

% This is a special case of a general result on finite dimensional central sim-
ple algebras: If A is such an algebra over F' and {ai,...,ar},{b1,...,bs} are
two sets of linearly independent elements, then the rs linear transformations
aitbjr, 1 < i < r, 1 < j < s, are linearly independent. (See e.g., the proof
of Theorem 4.6, p. 218 of BA II).
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Now let y be an element such that [[yai]a;] # 0. Then ya;y~! # a;
and by Wedderburn’s factorization theorem, f(A\) = (A — az)(A — a2)(A — a1)
where ap = [yai]ai[yai]~!. Since f(A) € F[)] it is clear that the factors of
f(A\) can be permuted cyclically. Hence (A — az) |» f()). On the other hand,
(A —a2) £ (A = a2)(A — aq). Otherwise, (A — a2)(A —a1) = (A = b)(A — a2).
Comparison of the coefficients of A shows that b = a;. Then ajas = aza;.
Since as = Rya1y~'R~! and a; is not cyclic, Rya;y 'R™! = a; by 2.9.7.
Then [Ry,a1] = 0 and since Ry = ya; — a1y, [[ya1]a1] = 0 contrary to the
choice of y. Thus (A-—az) 1, (A—a2)(A—a1). It now follows from Lemma 2.9.4
that A — (aga; — aiaz)az(aza; — ajaz) ™! |- (A — a3). Hence

as = [aza1]azfaga;] ", (2.9.13)
Next we use the relations

Qo = a3az + azay + aza; = ajas + ayaz + asas (2 9 14)
= aga1 + azaz +aas

which come from A3 — ;A% + agd — a3 = (A —a3)(A —a2)(A —a1) = (A —
a))(A — az)(A —az) = (A —a2)(A — a1)(A — ag). These imply

Cc = [(12(11] = [alag] = [agaz] ;é 0. (2915)

Now [ajas] # 0 implies that (A — a1) tr (A — a1)(A — a3). It follows as before
that
as = [alag]al[a1a3]_1. (2916)

Similarly, we have the remaining formula in (2.9.11). By (2.9.11), c®a;c™® = a;,
1 <4 < 3. Since the a; generate D it follows that we have (2.9.12). a

We can now prove
Theorem 2.9.17. Any central division algebra of degree three is cyclic.

Proof. We have to prove the existence of a cyclic element not in F. Hence
we begin with a non-cyclic element a and apply Lemma 2.9.8 to obtain an
element ¢ ¢ F such that ¢ = 41, v € F. If this is cyclic we are done.
Otherwise, we use this as the element a of the lemma and so we may assume
that a® = al, a € F. Then we have \> — a = (A — a3)(A — a2)(\ — a1) and
(2.9.10)-(2.9.12) hold. Now put

b1 = aic, by = alblal_l = a%cal_l. (2.9.18)
Then
[b1bo] = arcaica;t — ac* = ay(calc — aictay)a7t. (2.9.19)

; .3 _ 2
Since asaia3 = @ = a3, aza; = a§ and

1 2 2 -2

0= aqa; — a§ =cajc a3 —cajc”

= c(ayc®a; — cale) /.
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Hence aic?a; = ca?c and [byby] = 0. If by = by then, by (2.9.18), ¢ = ajca;*
and ajc = ca;. Since ca;c™! = ay this implies a3 = a; and ¢ = 0 by (2.9.10).
Thus by # by. This implies also that b; ¢ F' and since [b1ba] = 0 and by and
by are conjugates it follows from 2.9.7 that b; is a cyclic element ¢ F. a

The minimum polynomial of b; can be calculated to be
A ) —ay. (2.9.20)
For, we have

b? = ajcaic = cazcaz = cagaz (by (2.9.8))
= *(aszay — ¢) = c*azas — 7.

Hence
b‘;’ + b1 = a1casay = Yajazas = yo.

d = 4. The main structure theorem for central division algebras of degree
4 can be stated in the following way:

Theorem 2.9.21 Any central division algebra of degree 4 contains a subfield
that is a tensor product of two separable quadratic fields.

This is equivalent to: D is a crossed product (E, G, k) where G = Z3 X Zs.
This result is due to Albert [29]. Quite recently Rowen [78] has given a proof
of the theorem that is constructive and is similar to Wedderburn’s proof in
the degree 3 case.® We shall give a simplification of Rowen’s proof which
dispenses with the use of universal division algebras and replaces this by more
elementary Zariski topology arguments.

We shall first reduce the proof to showing that D contains a separable
quadratic subfield. This reduction is achieved in the following two lemmas.

Lemma 2.9.22 Let D be a central division algebra over F', a an element of
D which is algebraic with minimum polynomial \*> — aX — B where o # 0.
Then there exists an © € D such that y = [az] # 0 and for such an x we have
lay] = [alaz]] #0, yay™' = al —a and [ay®] = 0. Hence F(y*) G F(y).

Proof. Since a ¢ F1 there exists an z such that y = [az] # 0. We have
a? = aa + (. Hence afax] = [a®z] = alaz] + [ax]a. Thus ay + ya = ay
and ya = (al — a)y. If [ay] = 0 then ay = (al — a)y so 2a = al. Then
2y = [2a,z] = [a1, 20 so char F' = 2. But then al = 2a = 0 contrary to « # 0.
On the other hand, y%a = y(al — a)y = ay®. Hence [ay?] = 0. Evidently

[ay] # 0 and [ay?] = 0= F(y?) S F(y). Also, yay~! = al — a is clear.

Lemma 2.9.23. Let D be a central division algebra of degree 4 and let F(a)
be a separable quadratic subfield of D. Then there exists a second separable

3 Tt should be noted that Rowen’s proof is similar to one given by Albert in the
characteristic zero case that was published in [322].
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quadratic subfield F'(b) such that the subalgebra Fla,b] generated by a and b
is the tensor product F(a) @ p F(b).

Proof. We show first that D contains an element x such that [az]* ¢ F1. The
set of these z’s is an open subset in the Zariski topology. Hence it suffices to
show that there is an = in My(F) = Dp, F the algebraic closure of F, such
that [axz]* ¢ F'1. The condition on a implies that if we replace a by a similar
matrix we may assume

a = diag{ai, 1,02, a0}, 1 # Qa. (2.9.24)

This follows by elementary linear algebra. For, the minimum polynomial p, ()
is a quadratic polynomial irreducible in F[\] with distinct roots ay, g in F.
Then a is similar in My(F) to a diagonal matrix with diagonal entries a, g
where both a; and as occur. Then the characteristic polynomial x,(\) =
pa(MNva(X) where vg(A) = (A — a;)(A — o), 4,5 = 1 or 2. Since xq(A) €
F[\,va(A) € FIAL If vg(A) = (A —ay)? then (A — ;) = (1a(N), va(N)) € F[N],
contrary to the irreducibility of ug(A\) in F[A]. Hence v,(A) = pq(A) and
(2.9.24) holds. We can write

T = (ﬁ; §Z) . Xi; € My(F). (2.9.25)
Then
_ 0 (a1 —a2) X2\ _ _ 0 X1z
[al‘] B ((az - Ofl)X21 0 o (al 052) —Xo1 0 ’
(2.9.26)
Then
[az]? = —(a1 — ap)?diag{ X12X21, X21 X12} (2.9.27)

and if we choose X12 = €12, Xo1 = €91 we shall have [ax]* ¢ F1. This proves
the existence of z € D such that [az]* ¢ F1.

We shall now show that if y = [az] and y* ¢ F1 then b = y? is separable
quadratic, [ab] = 0 and Fla,b] = Fla] ®F F[b]. By 2.9.22, F[b] & F[y]. Hence
F[b] = F1 or [F[b] : F] = 2. The first case is ruled out since b ¢ F'1. Hence
F[b] is quadratic over F' and if this is not separable then »* € F1 again
contradicting y* ¢ F1. Also, by the proof of 2.9.22, [ab] = [ay?] = 0. Finally
[Fla,b] : F] = 4 since otherwise a € F[b] and [ay] = 0 contrary to the relation
yay~ ! = al —ain 2.9.22.

It remains to show that D contains an element a such that F(a) is sepa~
rable quadratic. The main step in the proof of this is

Lemma 2.9.28 (Rowen). Let D be a central division algebra, a1 an element
of D having minimum polynomial f(A) = A + A% — azA +ay. Then f(A) =
(A2 —a’XA + V')A — aX + b) in D[] and for any such factorization we have
[F(a?): F] < 4.
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Proof. The existence of the factorization into quadratic factors follows from
Wedderburn’s factorization theorem (2.9.1). Also we have

o =—a, bV =a4b! (2.9.29)

and
azg=aa+b+V =—a®+b+asb? (2.9.30)
ag=db+ba=—ab+asbta (2.9.31)

We distinguish two cases:

Case I [ab] = 0. Then a3 = (ayb™! — b)a and a2 = [(agb™! +b)? — day)a?
= [(a® + a2)? — 4a4)a® = a® + 2aza* + (o — 4ay)a®. Thus a? is a root of a
cubic polynomial so [F(a?): F] < 4.

Case II [ab] # 0. By (2.9.31), [a%b] = 0. Since [ab] # 0 it follows that
F(a?) & F(a) so again [F(a®) : F] < 4. ]

To use Rowen’s lemma to construct a separable quadratic subfield of D we
begin with a pair of elements u, v and form a; = [uv]. Then the reduced trace
t(a;) = 0. Suppose a; has degree 4. Then the minimum polynomial m()) of
ay over F has the form m(A\) = A* + a2A? — a3\ + a4 and factors in D[)]
as m(\) = (A —ag)(A —az)(A —az2)(A —a1) = (A2 —a'A+V)(A2 —a) +b)
where b = asay, a = a1 + az. Also by Theorem 2.9.1, if we choose y so that
[yai] = [y[uv]] # 0 then we may assume that az = [yai]ai[yai]~!. Then

a=a;+ay =ay + [yaiaifya:] " = [y, a?][yas] ! (2.9.32)

in Rowen’s lemma. Now suppose we can choose u,v,y so that a* ¢ F. Then
F(a?) is a separable quadratic subfield since, by Rowen’s lemma, [F(a?) :
F] < 4so0 [F(a?): F] =2 or 1 and the latter is ruled out if a* ¢ F1. Hence
[F(a?) : F] =2 and F(a?)/F is separable since otherwise the characteristic is
2 and (a?)? = a* € F contrary to the choice of u, v, y.

We shall now prove

Lemma 2.9.33. If D is a central division algebra of degree 4 then D contains
a separable quadratic subfield.

Proof. This will follow from the foregoing remarks if we can show that the
subset T of D®) of elements (u,v,y) such that

1. [u,v] is of degree 4
2. [y, [uv]] #0
3. ([y, [wollly, [wol] ' ¢ F

is not vacuous. We can replace 2. by the polynomial condition

2. n([y, [wol] #0

n the reduced norm, and 3. can be replaced by

3. ([y, wo?ly, [wol] $)* ¢ F
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where # denotes the reduced adjoint (z# = n(z)z~! if z is invertible). Let
Ty,T5, T3 denote the sets defined by 1,2’,3’ respectively. It is clear that T}
and Ty are open in D®). Since the condition that z* ¢ F1 defines an open
subset of D it is clear that T3 is open. Since the intersection of a finite number
of non -vacuous open subsets in the Zariski topology is non-vacuous open, it
suffices to show that T;, 1 <4 < 3, is non-vacuous and this will be the case
if the corresponding subset T; of My(F') is non-vacuous. We proceed to verify
this.
The proof of Lemma 2.9.23 shows that we may take

_ 0 X 12
[uv] = ( Xy 0 ) (2.9.34)
for any X;; € M;(F) and there exist such matrices having minimum polyno-

mials of degree 4 (e.g. X12 = X3 = X where X? ¢ F1, and det X # 0).
Thus T4 # 0. We now take y = diag{Y,Y} where Y € My(F). Then

y[u]] = <[Y )0(21] [Y)O(”]) (2.9.35)

so evidently T, # 0. Also we have [uv]? = diag{X12X21, X21X12} s0

[y, [’U,’U]Z] = dlag{[Y, X12X21], [}/, X21X12]}. (2936)
. 0 Zi2 P
For any matrix Z = , Zij € My(F), we have
Zs1 0
0 —n(Z12) 22,
7% — - 12)<21 (2.9.37)
—-n(Zgl)le 0

n(z;) = det Z,;. Hence

[y, [uo]]* = <W921 V[g”) (2.9.38)

where
ng = —TI,([YX12]) [Yle]#

(2.9.39)
W21 = —TL([Yle])[YXlg]#).
By (2.9.35) and (2.9.36)
z = [y[uo)?][y[wo]]* = ( Zgl 252) (2.9.40)
where
Zhg = [Y, X129 X01]Wia  Zo1 = [V, X1 X12]Wa1. (2.9.41)

Hence 22 = diag{Z12 721, Z21Z12} and
Z12Z91 = 6[Y, X12Xo1][Y Xo1|#[Y, X1 X12][Y X12]# (2.9.42)
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where § = n([Y X12][Y X21))-
If we take

_ (@ b _ (a2 b2 (a0
X = (0 = d2>,Y—<O ﬁ) (2.9.43)

a simple calculation shows that

Zy9Z91 = 6(a — B)*diag{r, s}
r= Clcz(albz + Cldg)(azbl + bgdl) (2.9.44)
8§ = b1b2(01a2 + d1c2)(02a1 + dzcl).

It is clear from this formula that the parameters «, 3, a1,. .. can be chosen so
that 2% ¢ F'1. Hence T3 # (). This completes the proof. O

Evidently Lemmas 2.9.23 and 2.9.33 constitute a proof of Theorem 2.9.21.
We shall now apply this theorem to obtain a canonical construction for
central division algebras of degree 4 over F. By Theorem 2.9.21, D contains
a subfield E/F that is abelian with Galois group V = {1,01, 02,03} where
o? = 1,040; = ok, 4,5,k #. The field E has three quadratic subfields Q;,
1 <4 <3, where Q; = Inv(o;). We have F = Q;Q; ~ Q; ®Fr Q, for i # j. Let

D; = D9, (2.9.45)

Then [D; : F] = [D : F]/[Q; : F] = 8 and Q; is the center of D;. Evidently
D; D E. The automorphism o; of E can be extended to an inner automorphism
I, of D. Since o; | Q; = 1g, ®; € D; and D; = E[x;]. Then D; is the cyclic
algebra (or quaternion algebra)

Di = (E,ai,ai) (2946)

over ); where 2? = a; € @;. The condition that D; is a division algebra is
that
for b; € E.

Now let j # 4. Since I;;Q; = @i, I;;D; = D;. It is clear that D =
D;lz;] = Elz;,z;]. We shall now make a normalization: We choose z3 = z122
which can be done since o3 = 0102. Since the restriction of the automorphism

Iy Iz I -1 to B is 0201051 = o1 we have
2

Tori2, ' = azxy, a€ E*. (2.9.48)
We have D = D;[zq] and if we write 0 = I, | D; then
ocx1 =azx1, o|FE =0 (2.9.49)

and 02 = I,,. Hence it is clear that D is the generalized cyclic algebra
R/R(t?* — a3), R the twisted polynomial ring D;[t;o]. The condition that
this generalized cyclic algebra is a division algebra is that
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az # (oy)y (2.9.50)

for y € Dy (1.3.16).
We now derive some relations connecting the a; and a. We have (zoz125 1)2
= ryxizs ' = 0ga; and (az1)? = azjax] '2? = a(o1a)a;. Hence, by (2.9.48),

a(oya) = (09a1)a;t. (2.9.51)
Similarly, since CC]IQZEIl = a2, we have
a(aga) = 02(0'1(12)_1. (2952)

Also we have a3 = 73 = (2172)? = 71222122 = 710712} = Tiaz] 22 =
(o1a)aias. Hence

a = (0’1&3)(@1(0’1612))?1 (2953)

By (2.9.51) and (2.9.53), we have (09a1)a; ! = (01a3)(a1(0102)) az(aras) !
= (Jlag)afzag(az(alag))‘l and hence as(01a3) = a1(02a1)az(o1a2). Thus

NQS/F(ag) = NQI/F(al)NQz/F(ag). (2954)

We can now prove

Theorem 2.9.55 (cf. Albert [39], p. 186f). Let E be a quartic abelian
extension of F with Galois group V = {1,01,02,03} such that o} =1, 0;0; =
ok if i,7,k #. Then we have the following recipe for constructing the central
division algebras of degree four over F' containing E:

1. Let Q1 = Inv oy and choose ay € E such thatay ¢ Ngg,(E). Form the
quaternion algebra D1 = (E,01,a1) over Q. Then Dy is a division algebra.

2. Let x1 be a canonical generator of Dy over E such that x1b =
(o1b)z1,b € E. Choose a € E such that (2.9.51) holds and ay € E such
that (2.9.52). Then there is an automorphism o of D1/F such that ox1 = axy
and o | E = 03. Moreover, 0% = I,,.

3. Let R be the twisted polynomial ring D1[t;0s] and D = R/R(t? — az).
Then D is central simple of degree four containing E and D is a division
algebra if and only if (2.9.50) holds.

FEvery central division algebra of degree 4 over F containing E can be
obtained in this way.

Proof. 1. This is clear.
2. We have the defining relations

z1b = (Ulb)mla be Ea Z% = a1 (2956)
in Dy. If we put 2} = az; then

7' (02b) = (az1)(02b) = (0201b)(az1) = (0201b)x)
22 = (ax1)? = a(o1a)z? = a(ora)a; = oaay (2.9:57)
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by (2.9.51). Hence we have an automorphism ¢ of D; such that oz = z
and 0 | E = 01. Also 0? = b,b € E, and o%z; = o(ar1) = (02a)az; =
as(oray Yz, by (2.9.52). Hence 02xy = I,,71 50 02 = I,,.
3. We can form the generalized cyclic algebra D = R/kR(t? — ay) where
R = D1 [t; 0]. This is central simple of degree 4 (see section 1.4). By Theorem
1.3.16, D is a division algebra if and only if (2.9.51) holds.
The fact that every central division algebra of degree 4 containing F is
obtained following this procedure is clear from the analysis preceding 2.9.55.
]

2.10. Non-cyclic Division Algebras of Degree Four

Albert has given a number of constructions of non-cyclic division algebras of
degree four. His first construction was that of a tensor product of quaternion
algebras. Later he gave two other constructions which are not tensor products
of quaternion algebras, one containing an element a with minimum polynomial
of the form A* — o and one containing no such element ([32y],[33],[38y]). All of
the constructions are based on a result on cyclic quartic fields that we shall
derive. For this we shall need the following norm theorem.

Lemma 2.10.1 (Albert [39]). Let E/F be cyclic with Galois group G = (o)
of order v = r173. Suppose vy is an element of F* such that y"* = Ng,p(c),
c € E. Then there exists a c; € E1 = Inv(c™) such that v = Ng, /p(c1).

This can be proved quite easily using commutative methods. However, we
prefer to give a non-commutative proof of a more general result which we state
as

Lemma 2.10.1'. Let D be a division ming with an automorphism o such
that o™ = 1 and r is the order of o modulo inner automorphisms. Suppose
r =172 and v is a non-zero element of F = cent DN Inv(c) such that there
exists a ¢ satisfying ¥+ = Np(c) = (67 1c)(¢""2¢) - -c. Then there ezists a
c1 € Inv{o™) such that v = Ny, (c) = (6™ ter) (0™ 2¢q) - e1.

Proof. Let R be the twisted polynomial ring DIt;o]. By Theorem 1.1.23,
Cent R = F[t"]. Then t" — 4™ is a two-sided irreducible element of R and
(t"™—7) | (t"—~"). Since v = N,(c), (t—c) | (¢"—~™) (1.3.11). By Corollary
1.3.15, t" — 4™ is a product of factors of degree 1. Hence the same is true of
the factor " — « of t" — 4™. Then v = N,,(c1) = (6™ 1¢1)(672 %¢1) -1
for some ¢; € D. Since oy = v we also have v = (¢™2¢1)(0™ 1¢y) - - - (0c1) =
(6m271eq) -+ (oc1)(0cr). Hence 0™2¢; = ¢; € Inv{o"™?). O

We can now prove the following
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Lemma 2.10.2. Let F be a field not containing v/—1 (so char F # 2) and let
E be a cyclic quartic extension field of F' then the (unique) quadratic subfield
K of E/F has the form F(v/u? + v?) where u,v € F and u? + v? is not the
square of an element of F.

Proof. Since char F # 2, K = F(y/w), w not a square in F. Now 1 =
(=1)? = Ng/p(1). Hence by 2.10.1, =1 = Ng,p(c1), ¢1 € K. We have ¢; =
a+ by/w, a,b € F. Then

—1= Ng/p(c1) = (a + by/w)(a — by/w) = a® — b*w.

Now b # 0 since v/—1 ¢ F. Hence b?w = a® + 1 gives w = u® + 02, u =
ab™!, v=0b"L |

Lemma 2.10.2 suggests a procedure for constructing a non-cyclic division
algebra of degree four: It suffices to construct a division algebra of degree
4 such that D ®F K is a division algebra for every quadratic extension field
K = F(v/u? +v?), u,v € F. For, then D contains no quadratic subfield of the
form F'(v/u? + v?) and hence, by 2.10.2, D contains no cyclic quartic subfield.

We shall need a condition that the tensor product of two quaternion divi-
sion algebras is a division algebra. A first such condition is given in

Theorem 2.10.3 (Albert [72], Sah [72]). Let D;, i = 1,2, be a quaternion
division algebra over the field F'. Then Dy ®p Dy is not a division algebra if
and only if D1 and Do contain isomorphic quadratic subfields.

Proof. The condition is sufficient since the tensor product of isomorphic finite
dimensional extension fields # F' is never a field. Now suppose D1 ® p D3 is not
a division algebra. We regard D, and D5 as subalgebras of D ® p Dy such that
Dy centralizes Ds. Let @ be a separable quadratic subfield of Dy and let o be
the automorphism # 1 of Q/F. We have Q = F'(u) where u> = u+ o, € F,
and ou = 1 — u. There exists a v € D4 such that

vu=(1-u)p, v*=p¢cPF. (2.10.4)

Suppose QD1 = Q ®F D1 is not a division algebra. Then @ is a splitting field
for Dy and hence @ is isomorphic to a subfield of D; and D; and D, have
isomorphic quadratic subfields. Now suppose @D, is a division algebra. Then
it is readily seen that D1Dy = D1 ®p Dy = QD1[v] is a generalized cyclic
algebra R/R(t?> — ) where R = QD1 [t;0] and o | Dy = 1p, ou = 1—u. Since
D, D, is not a division algebra there exists a d € QD; such that (od)d =
(Theorem 1.3.16). We have d = d; + uds,d; € Dy,0d = dy + (1 — u)dy and
the conditions 3 = (0d)d, u? = u + o imply di1dy = dady so Q' = F(dy,dy) is
a subfield of Dq. Now consider @' Dy. This contains Q'Q = Q' ®r Q. If this is
not a field then @’ 2 @ and the result holds in this case. Now suppose Q'@
is a field. Then Q'D; is the cyclic algebra (Q'Q,0’, ) where ¢’ | Q' = 1¢,
o'u =1—u. We have 8 = (0/d)d for d = d1 + udy € Q'Q. Hence Q' Dy ~ 1
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and @’ is a splitting field for Dy. Then [Q' : F] = 2 and @’ is isomorphic to a
subfield of Ds. Since Q' C D; this proves the result in this case. O

We now assume char F' # 2 and we shall obtain a quadratic form condition
that the tensor product of two quaternion algebras over F'is a division algebra.
A quaternion algebra D; has a base (1, u;,v;, u;v;) over F such that

u? = ay, v =B, uv = —viu (2.10.5)

where a;06; # 0. If both «; and §; are squares then we may take these to
be 1 and it is readily seen that D; = My(F). If a; (or f;) is a non-square
then clearly D; is a cyclic algebra. In any case D; is central simple of degree
2. Let t; and n; be the reduced trace and norm respectively on D;. If z; =
&o + Erug + Eav; + E3u,v; then we have ¢(z;) = 2€, and

n(z;) = & — €l — B + aifi€l. (2.10.6)

The subspace D = Fu,; + Fv; + Fu,;v; is the set of elements of trace 0. On
this subspace (2.10.6) reduces to

n(zi) = —ul} — Bi€s + aifiés. (2.10.7)

D; is a division algebra if and only if n; is anisotropic on D}. For, D; is central
simple and hence D; is not a division algebra if and only if it contains an
element z; # 0 such that z? = 0. For such an z; we have t;(z;) = 0 = n(z;)
so n; is not anisotropic on Df. Conversely, if n; is not anisotropic on D; then
we have an z; # 0 with ¢(z;) = 0 = n(z;). Then z? = 0.
We now form D} @ D) and define a quadratic form on this vector space
by
n(:rl + 132) = TL1(.’[Z1) — ’ng(.’IJz), x; € D; (2108)

Then we have the following result which is also due to Albert [324].

Theorem 2.10.9. Let D;, ¢ = 1,2, be a quaternion algebra over a field F of
characteristic # 2, D} the subspace of D; of elements of reduced trace 0, n;
the reduced norm on D;. Define the quadratic form n on D] @ D} by (2.10.8).
Then Dy @p Do is a division algebra if and only if n is anisotropic.

Proof. If either D; or Dy is not a division algebra then neither is D; ®p Ds.
Moreover, since n; is not anisotropic on D} for ¢ = 1 or 2 it is clear that n
is not anisotropic on D{ @ Dj. Now assume Dq and D are division algebras
and D; ®p Dy is not. Then, by 2.10.3, D; contains a quadratic subfield @;
with Q1 2 Q2. Now Q; = F(z;) where 22 + n;(z;)1 = 0. Since Q1 = Q2 we
may suppose n1(z1) = nz(x2). Then n(zy + z2) = 0 and n is not anisotropic.
Conversely, suppose we have z; € D/ such that z1+2z2 # 0 and n(z1+2z2) = 0.
Since D; is a division algebra, z; # 0 = n;(z;) # 0. Hence 1 # 0, z2 # 0
and nq(z1) = na(z2). It follows that if we put Q; = F(=z;) then Q1 and Q-
are isomorphic quadratic fields and hence Dy ® p D5 is not a division algebra
by Theorem 2.10.3. O
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We are now ready to define Albert’s first class of examples of non-cyclic
division algebras of degree 4. Let Fyy be a real field (= subfield of R) and let
F = Fy(&,n),€,n indeterminates. Put S = Fy[¢, n]. We order the monomials
&'nd lexicographically and if f(£,m) € S and f(£,m) # 0 then we define the
leading coefficient to be the coefficient of the highest monomial (in the lexico-
graphic ordering) occurring in f(§,n) and f(&,n) is called monic if its leading
coefficient is 1. If the highest monomial occurring in f(£,7) is &7 then we

call ((=1)%, (=1)7) the signature, sigf(&,m) of f(&,n).
Let D; be the quaternion algebra over F' with base (1, u;,v;,u;v;) such

that (2.10.5) holds where ay = 1, as = &, the 3; # 0 € S, are monic and
sig B1 = (1, —1),sig B2 = (=1, —1). For example, we may take 8 = 7, 82 = &n.
We have

Theorem 2.10.10. D = D; Qg D3 is a non-cyclic division algebra.

Proof. This will follow if we can show that for any quadratic extension field
K = F(y), vy = Va2+ 32, a,8 € F, Dk is a division algebra. Observe
that such quadratic extension fields exist. For example, £ + 1 is not a square
in F and hence we can take v = 1/£%2 + 1. Now Dk a division algebra im-
plies D a division algebra and if Dg is a division algebra for every quadratic
extension K = F(y/a? + (%) then D contains no quadratic subfield of the
form F(1/a? + %) and hence, by Lemma 2.10.2, D contains no cyclic quar-
tic subfield. Since we can replace v = /a? + (82 by uvy,pu # 0 in F and

uy = /p?(a? + [?) it suffices to prove the result for v = /a? + §2 with
a,B € S. Since (D1 ®r D)k = Dik ®k D2k it suffices to show that
Dig ®k Dok is a division algebra. This will follow from Theorem 2.10.9
if we can show that

(&1, &6) = (N€] + 5163 — nBr€3) — (665 + Bkl — €4263)  (2.10.11)
=0 for & € K only if every & = 0. We can write
& = wi +viy, i, v € F (2.10.12)
and it suffices to prove the assertion for p;,v; € S. We have
& = (1 +vi7?) + 2paviy (2.10.13)
and since (1,7) is a base for K/F, n(£1,...,&) = 0 implies that
NAL + Bida —nPiAs — EXg — Bads +EP2h6 =0 (2.10.14)

for

N = pl 4+ viy? = pl 4+ v (a? + 6. (2.10.15)
Moreover, if & # 0 then either p; or v; # 0 and hence \; = p? +v2y% # 0
since Fp is real. Thus it suffices to show that (2.10.14) holds with the )\; as in
(2.10.15) only if every A\; = 0. Since Fp is real a sum of squares of elements



80 II. Brauer Factor Sets and Noether Factor Sets

of S is either 0 or it has signature (1,1) and positive leading coefficient. It
follows from the choice of 8; and (5 that we have the following table:

nA1 = 0 or sig nA\; = (1,-1)
B1As =0 or sig By = (1,-1)
nP1As =0 or sig nBiAs = (1,1)
&Ny =0orsig €My = (—1,1)
B2As = 0 or sig fads = (—1,—1)
§B226 = 0 or sig {fare = (1,—1).

In all the cases in which we have # 0 the leading coefficient is positive.
Now suppose some )\; for which (2.10.14) holds is # 0. Let £'n* be the
highest monomial occurring among the terms listed above. We cannot have
((=1)7,(=1)*) = (1,1),(-1,1) or (=1, —1) since the table shows that in these
cases &7n* occurs only in a single term in the list contrary to (2.10.14).
Thus the only possibility is ((—1)%, (=1)*) = (1,—1) and &'n* occurs only
in N\, 12 and £B2)Ag. Since all of these terms have coefficients 1 in the left
hand side of (2.10.14) this equation holds only if every A; = 0. O

2.11. A Criterion for Cyclicity of a Division Algebra of
Prime Degree

It is an open question whether or not all central division algebras of prime
degree are crossed products, or, equivalently, are cyclic algebras. For p = 2 and
3 this was proved in Section 2.9. For p > 5 the question is open. If D = (E, g,7)
is of prime degree p then D contains an element u ¢ F' such that u? € F. We
shall now prove that this necessary condition that a central division algebra
of prime degree is cyclic is also sufficient. In fact, we shall prove a somewhat
stronger result that given u such that u ¢ F, uP € F, then there exists a cyclic
subfield E/F of D/F of degree p such that uFu™' = Eando =1, | Eis a
generator of the automorphism group of E. Then D = (FE,0,v) and u can be
taken to be the canonical generator of D relative to E : ua = (ca)u, u? = +.
We dispose first of the easy case in which char F' = p. Suppose D is a
central division algebra of degree p and characteristic p and D contains an
element u ¢ F such that u? € F. Consider the derivation i, : z ~ [uz]. We
have i,, # 0 and ¥ = i,» = 0. Hence there exists a v in D such that 4,v # 0
but i2v = 0. Put
w = u(iyv) tv. (2.11.1)

Then since u and i,v are i,-constants, i,w = u. Thus uw — wu = v and
uwu™ = w + 1. (2.11.2)

Put E = F(w). Then (2.11.2) implies that uEBu~! = E. Since [E : F] = p it
follows that E/F is cyclic with o = I, | E as generator of Gal E/F.
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We now assume char F' # p and we proceed to derive some results on
cyclic fields of degree p that we shall require. Let W = F(£) where ¢ is a
primitive p-th root of unity. Then it is an elementary result of Galois theory
that W/F' is cyclic and [W : F] = s | p — 1. Hence Gal W/F = (1) where
T(€) =&, 0 <t < p, and s is the order of t+ (p) in (Z/(p))*. We now consider
an extension K/W of the form W (P /a), a € W, and we prove the following
sufficient condition that K is cyclic over F'.

Lemma 2.11.3. Let W = F(§) where £ is a primitive p-th root of 1 and let
7 be a generator of Gal W/F and 7(£) = £'. Let a be an element of W that
is not a p-th power and (Ta)a™t is a p-th power in W. Then K = W (P+/a) is
cyclic over F of degree ps where s | p—1 and K = W ®p E where E 1is the
unique subfield of degree p of K/F.

Proof. Put r = Py/a. Since a is not a p-th power, [K : W] = p and we have the
automorphism o of K/W such that o(r) = &r. Then o has order p. We have
7(a) = bPal for b € W so 7(a) = (br*)P. It follows that the automorphism
of W/F can be extended to an automorphism 7 of K/F such that 7(r) = br®.
Since o | W = 1y and

or(r) = b&trt, To(r) = T(&r) = &bt (2.11.4)

o and 7 are commuting elements of Gal K/F. Since ¢ has order p and 7 has
order a multiple of s (the order of 7 | W), (g, T) contains an element 7 of order
sp. Since [K : F] = [K : W][W : F] = ps it follows that Gal K/F = (n).
Hence K is cyclic of degree ps over F' and hence K contains a unique cyclic
subfield E/F of degree p. Evidently K = W ®p E. O

Let s and t be as above. Then (s,p) =1 = (¢,p) so we have integers s, ¢’
such that ss' =1 (mod p) and t¢' =1 (mod p). Now put

te=stF =tp_1t!, 0<k<s. (2.11.5)

Then

S

i t*hty = o' <Z(tt’)k> =1 (mod p) (2.11.6)

1

and since t* = 1 (mod p), t* =1 (mod p) and
ts = st =& (mod p). (2.11.7)

The following lemma gives a construction of elements a € W satisfying
the second condition: (Ta)a™" is a p-th power in W, of Lemma 2.11.3.

Lemma 2.11.8. Let a € W* and put

M(a) = [[(r*a)"™. (2.11.9)
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Then (TM(a))M(a)™! is a p-th power in W.

Proof. Let W*P be the subgroup of W* of p-th powers. If a,b € W* we write
a =p b if aW*P = bW*P. We have

TM(a) = H(T’Hla)t" = (r*tlq)t H(Tka)t"”.

1

Since 757! = 7 and ts = s’ = tp (mod p) we have

TM(a) =, [J(Fa)"*-1. (2.11.10)
1
On the other hand,
S El
M(a)t — H(Tka)ttk — H(Tka)tt th—1
1 1

and since #t' = 1 (mod p)

M(a)' =p [[(wFa)™*-. (2.11.11)
Comparison of (2.11.10) and (2.11.11) shows that (1M (a))M(a)~t € W*P. O

We can now prove

Theorem 2.11.12. Let D be a central division algebra of prime degree over
F' containing an element u ¢ F' such that uP € F. Then there ezists a cyclic
subfield E of D of prime degree over F such that uEu™' =E ando =1, | E
is a generator of Gal E/F.

Proof (cf. Albert [382]).. The result has been proved if char F = p. Hence
assume char F' # p. As above, let W = F(§), ¢ a primitive p-th root of 1.
Then p{ [W : F] and Dw is a division algebra. Now Dy contains the subfield
K=F(u)®@r W =W(u). f uP = v € F then K is the splitting field over F'
of AP — 4. We have the automorphism ¢ of K/W such that o(u) = £u. Then
Gal K/W = (o) and this is a normal subgroup of Gal K/F. Since K/W is
cyclic with ¢ as generator of the Galois group we have

Dw = (K,0,6), 6€W (2.11.13)
as algebra over W. Then we have an element v € Dy such that
va = (ca)v, ac kK, w=56cW. (2.11.14)

We know also that W/F is cyclic with Gal W/F = () where 7(£) = &¢
and [W : F| = s where s is the order of t+ (p) in (Z/(p))*. The automorphism
7 has a unique extension to an automorphism 7 of Dy = W ®p D which is
the identity on D. As a special case of (2.11.14) we have
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vu = uv. (2.11.15)
Applying 7 to this we obtain, since 7(u) = u,
T()u = Eur(v). (2.11.16)
Since viu = £'uv? we obtain
r(v) =v'a1, a1 € K. (2.11.17)

Then 7(8) = 7(vP) = (a1v)PoP(ctay)(0?ay) - (6Ptay)v®. Since (p,t) =
1,Gal K/W = (o') and hence we have

7(8) = Ngw(a1)6". (2.11.18)

If we apply 7 to this and note that 7 € Gal K/F and (o) <« Gal K/F we
obtain 72(8) = Nk /W(az)étz. Iteration of this gives

*(6) = Nigyw (ar)6" , ax € K. (2.11.19)

Now define tx as in (2.11.5). Then, by (2.11.19),

M(8) = [] (%)% = Nigjw(a)6™>*", a € K. (2.11.20)
1

Since, by (2.11.6), Ztxt* = 1 (mod p) and [K : W] = p we see that § and
M(6) differ by the norm of an element of K. It follows that we can replace
v by an element w = bv,b € K, and obtain wa = (ca)w,a € K,wP = M(6).
By Lemma 2.11.8, M(6) € W has the property that (M (6))M(6)~* is a p-th
power in W. Moreover, since Dy «# 1, M () is not a p-th power in W. Hence,
by Lemma 2.11.3, W (w) contains a unique cyclic subfield E/F of degree p.
Since w = bv,b € K, we have from (2.11.15), that

ulwu = fw. (2.11.21)
Since W(w)/F is cyclic of degree sp and [W : F] = s we have W (w) = WQpE.
Since I, | W = 1w it follows from (2.11.21) that ='W (w)u = W(w) and
since F is the only subfield of degree p of W(w) we see that I, | E is an
automorphism p of E/F such that Gal E/F = (p). It follows that E and
u generate an F-subalgebra of Dy, that is a cyclic algebra (F, p,v). Then

Dw =W Q®rD=WQr (E,p,7v). Then
W ®r D®p (E,p,y~ ') ~ 1 in Br(W).

Since the degree of D ®F (E, p,v71) is p? and [W : F] = s it follows that
D®p (E,p,7" 1) ~ 1in Br(F). Then D = (E, p,~). This isomorphism implies
that we have an element v’ € D such that u’? = y and a cyclic subfield £’ such
that I, | E' is an automorphism generating Gal E'/F. Then F(u') & F(u)
under an automorphism such that u’ ~» u. This isomorphism can be extended
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to an inner automorphism of D. The image of E’ under this automorphism is
a field E/F satisfying the conditions of the theorem. a

2.12. Central Division Algebras of Degree Five

We shall now apply the cyclicity result of the last section to derive a result of
Brauer’s ([38]) on splitting fields of central division algebras of degree five.

Let D be a central division algebra of degree n over F, K = F(u) a maximal
separable subfield of D, f(\) the minimum polynomial of u, E = F(r1,...,7y)
a splitting field of f(\) where f(A\) = II(A —r;). As we have seen in Theorem
2.3.17 and its proof, we can identify D with the F-subalgebra of M,(E) of
matrices of the form (4;;¢;;) where v = (¢;;) is fixed with every ¢;; # 0 and
¢ = (¢;;) satisfies the conjugacy conditions (2.3.5). Since Dy = M,(E) the
characteristic polynomial of the matrix (4;;c;;) € D is the reduced character-
istic polynomial of this element of D and hence its coefficients are contained
in F'. This polynomial is

x(A) = det[A — (Lijei)] = A" — R A" 4o (=1)7hy, (2.12.1)

where hy is the sum of the principal minors of rank k of (¢;;¢;;). Now let
g(A) =ag+aA+ -+ an_1A"" ! #0 for a; € F and define ¢;; by

i; =0, £ = g(r;)~* for i # j. (2.12.2)

Then these satisfy the conjugacy conditions and (4;5¢;;) € D. We shall now
derive a set of conditions on the a; to insure that hy = --- = hp,_1 = 0
and hence that the reduced characteristic polynomial of the element (£;;c;;)
reduces to A" + (—=1)"h,.

For this purpose we introduce n indeterminates &;. Then D=D F(E1yrrbn)
over F = F(&1,. .., &n) is a central division algebra and K = F(u) is a maximal
subfield of D (Proposition 1.9.1). We have the splitting field E=F (r1,.-+y7n)
of f(A\). We can regard D as the set of matrices (éwc”) where the é,] € FE
satisfy the conjugacy conditions. The characteristic polynomlal X of such a
matrix has coefficients in F. Now choose Z; = 0, E,J g(r,) = (& + & +

s+ &y H=1 for i # j This gives an element of D whose characteristic
polynomlal is x(A) = A" — hl/\'i 1 4. 4 (=1)"h,. Since hy is the sum of the
principal minors of rank k of (£;;¢;;) it is clear that if we put

n
Po_y = hi [Ja(rs) (2.12.3)
i=1
Then P,y = Pn_k (€0, - --,&n—1) is a homogeneous polynomial of degree n—k

in the ¢’s. Since hy and ITg(r;) € F the coefficients of Po_r(&o,...,&n—1) are
contained in F. Also since ¢;; = 0,h; = 0 and hence P,_1(&,...,&n—1) = 0.
It is clear that if the ay € F satisfy



2.12. Central Division Algebras of Degree Five 85

Po_i(ag,...,an-1)=0,2<k<n-—1 (2.12.4)

and (a1,...,ap-1) # 0 = (0,...,0) then the corresponding element of D
satisfies a pure equation A" + (-1)"?% = 0. Moreover, since the £; = 0 it is
clear that the element is not in F'. If n is a prime it will follow from Theorem
2.11.2 that D is cyclic.

Now let n = 5 and, for the sake of simplicity, assume char F' # 2. In
this case we have the three conditions Ps(ag,...,as) = Pa(ag,...,04) =
Pi(ao,...,a4) = 0 where Py(&o,...,&) is a homogeneous polynomial of de-
gree k. Now P, = 0 defines a hyperplane. Hence the determination of the a;
satisfying P3 = P, = P; = 0 amounts to determining a point of intersection
of a quadric and a cubic surface in projective four space. While such an in-
tersection may not exist for the base field F' we claim that it does exist in an
extension field obtained by adjoining two square roots of elements of F' and
then the root of a cubic equation. To see this we note that we may assume the
quadric is given by Py = Z? alm%. Then it is readily seen that if we adjoin
V—ajag, /—azay to F we obtain a line on P,. To obtain a point of intersec-
tion of P, with the cubic surface P; = 0 it suffices to obtain an intersection
of this line with P3 = 0. This can be done if the field is extended by a root of
a cubic equation. We therefore have the following

Theorem 2.12.5 (Brauer [38]). Let D be a central division algebra of degree
five over F (char F # 2). Then there exists a field K of the form F(y/a,+/B,0)
where o, B € F and 0 is a root of a cubic equation over F(y/a,+/B) such that
Dy is cyclic.

This shows also that D has a splitting field E' such that E contains a
subfield K over which F is cyclic of degree five and K is as in the theorem. If
char F' # 2,3 then the normal closure of E is solvable, that is, is Galois with
solvable Galois group. Hence we have

Corollary 2.12.6. Any central division algebra of degree five has a solvable
splitting field.

Note. Rosset has shown in [77] that if F' contains p distinct p-th roots of 1
then any central division algebra of degree p over F' has an abelian splitting
field. This implies that any central division algebra of degree p over a field
of characteristic # p has a solvable splitting field of a very simple type. An
extension of this result that is a consequence of an important theorem of
Merkurjev and Suslin will be proved by Saltman.
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2.13. Inflation and Restriction for Crossed Products

We now resume our study of the Brauer groups Br(F') and Br(E/F) where E
is finite dimensional Galois over F'. We derive first two preliminary results on
semi-linear transformations of a vector space.

Lemma 2.13.1. Let V be a vector space over the finite dimensional Galois
extension field E/F. Suppose for each o € G we have a o-semi-linear trans-
formation u, of V (us(az) = (ca)uy,z) such that

up = ly, UslUs = Uyr, 0,7 € G. (2.13.2)

Let Vo = {y € V | usy = y,0 € G}. Then Vy is an F-subspace of V and the
canonical map a @y ~ ay of Vop = E®p Vi into V is an isomorphism.

Proof. The assertion amounts to the following: V = EVj and elements of Vj
that are F-independent are E-independent. That V; is an F-subspace is clear.
It is clear also that for any z € V, y = Yu,z € Vo. Now let (b1,...,b,) be a
base for E//F. Then the elements

yi= Y to(bx) = Z(obi)uo € Vp. (2.13.3)
ceG

Now the matrix (o;b;),G = {01,...,0,},1 < i < n, is invertible (BA I, p.
292). Hence we can solve the system (2.13.3) for the u,z and express these
as FE-linear combinations of the y; € V4. In particular, since u; = 1, = is
an FE-linear combination of y; € V;. Evidently this implies that V = EV,.
Next suppose y1, .. ., yr € Vo are F-independent. Then the standard Dedekind
independence argument shows that these elements are E-independent. a

If V is a finite dimensional vector space then Lemma 2.13.1 implies (and
is equivalent to) a classical result on matrices due to Speiser [19]. This is

Lemma 2.13.4. Let E/F be Galois with Galois group G and let o ~» M, be
a map of G into GL,(E) such that

My, = My(cM,), o,7 € G. (2.13.5)
Then there exists an N € GL,,(E) such that

M, = N(oN)™™. (2.13.6)

Proof. Let u, be the o-semilinear transformation of an m dimensional vector
space V/E having the matrix M, relative to a base (z1,...,Zx,) for V/E :
UgLy = Zj Kjicx; where My = (f45i5). Then (2.13.5) implies that uet, = tgr.
Also the fact that the M, € GL,,(E) implies that the u, are bijective and
hence u; = ujuy implies u; = 1. Thus we can apply Lemma 2.13.1 to obtain a
base (y1,...,ym) for V/E such that the y; € V. Hence uoy; = v;, 1 <@ <m,
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and so the matrix of u, relative to (y1,...,Ym) is the identity matrix. Then if
N is the matrix expressing the y’s in terms of the z’s: y; = Yvjx5, N = (v45)
we have 1 = N~!M,(ocN). Hence (2.13.6) holds. O

We suppose next that V and V' are vector spaces over F and u and v/
are o-semilinear transformations of V and V' respectively. Consider V ®g V'.
The map z ® ' ~ uz ® u'z for x € V2’ € V' is additive in both arguments
and for a € E,

u(az) @ u'zs’ = (ca)ur @ u's’ = uz @ (ca)u'z’
= uz ® u'(az’)

Hence we have a balanced product of V and V'’ and so we have a unique
endomorphism v ® 1’ of the additive group of V ® g V’ such that

(weu)(z®r)=ur®u'z. (2.13.7)
This is o-semilinear, since if @ € F, then

(u®)(a(z ®2')) = (u@ v)(az ® 2')
=u(az) ® 'z’ = (ca)ur @ u's’ = ca(ur ® u'z").

We shall now apply the foregoing results to the following problem. Let
E/F be Galois with Gal E/F = G and suppose F is a subfield of E/F that
is Galois with Gal E/F = G. Then we know that H = Gal E/E <G and the
restriction map o ~ & = o | E is a homomorphism of G onto G with kernel
H so G = G/H. Suppose we are given a crossed product A = (E, G, k). Then
A is split by E and hence by E. Accordingly, A is similar to a crossed product
(E,G, k). What is the relation between k and k? This is given in the following
theorem which is due to Hasse ([33]).

Theorem 2.13.8 (Inflation Theorem). Let E/F be finite dimensional Ga-
lois, E/F a Galois subfield, G = Gal E/F, G = Gal E/F,c &6 =0 |E
the canonical homomorphism of G onto G. Let (E,G, k) be a crossed product
of G with factor set k. Then

k:(0,7) ~ kor =ksr (2.13.9)
is a factor set of G with values in E* and
(E,G,k) ~ (E,G,k). (2.13.10)
Proof. As in the proof of Theorem 2.7.1, we can identify A = (E,G, k) with
EndpoV where V is an r dimensional vector space over a division algebra D°
and [V : E] = m, the index of A ([D : F] = m?). Let us,uz, 5,7 € G, be
elements of A such that

Usd = (6’(—1:)’11,5-, UsUFr = Zla-iu5‘7—- (21311)
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6 F. Then us is a d-semilinear transformation of V over E. Also o is
F-se mlhnear transformation of E/E since o(aa) = (c(aa) = (oa)(ca) =
ca)(ca) for a € E,a € E. Hence we have a 5-semilinear transformation u,

of V.= E®p V over E such that

9’@\

—

Us(a®T) = 0a® usZ (2.13.12)

a € E,z € V. Moreover, since ¢ is also a o-semilinear transformation of E
it follows from (2.13.12) that u, is a o-semilinear transformation of V. By
(2.13.12) we have

Uplr = kg 7Ugr (2.13.13)

It follows that k defined by (2.13.9) that u, is a o-semilinear transformation
of V. By (2.13.12) we have

UpUr = Kz 7Ugr. (2.13.14)

It follows that k defined by (2.13.9) is a G-factor set with values in E* and
A=3 coBu, = (E,Gk).

It remains to show that (EndpV)? ~ (EndpV )4 since these algebras are
similar to A® and A° respectively (Theorem 4.11, p. 224 of BA II). Since
A = YFEu, it is clear that (EndpV)?4 C L = EndgV and (EndpV)4 =
{¢ e EndEV | uglu;' = £,0 € G}. Similarly (EndpV)4 = {£ € EndgV |
ugﬂu— =/, € G} Now g : £~ uaﬁugl is a o-semilinear transformation
of L and oy = 1. Hence if B = (EndpV)4 then by Lemma 2.13.1, L =
EB = E ®p B. Similarly, if B = (EndpV)4 and L = EndgV then L =
EB = E ®@p B. By definition, V = E ®5 V. Hence identifying V with the
corresponding subset 1@V of V, any £ € L has a unique extension to a linear
transformation of V/E which we shall also denote as £. In this way we can
regard L as a subset of L. Then L = EL = E ®p L. Hence if ({1,...,{p2) is
a base for L/E then this is also a base for L/E. Since L = EB = E ®r B
we may assume that #; € B. Then any element of L can be written in one
and only one way as { = Ya{;,a; € E and every element of L has this
form with the a; € F. The condition a,¢ = ¢ for £ = Ya;l; is equivalent
to oa; = a;,1 < i < m2. Hence B = B or, more precisely, B is the set of
extensions to linear transformations in V/E of the linear transformations of
V/E € B. Hence (EndpV)4 = (EndpV)A and (EndpV)4 ~ (EndpV)? as
required. a

The crossed product A = (E, G, k) defined by A = (E, G, k) is called the
inflation , Infz_, pA. An important application of inflation is the following
result due to Brauer ([32]).

Theorem 2.13.14. Let A be central simple with [A]® = 1 where e is not
divisible by char F'. Then A ~ (E,G, k) where the k, . are e-th roots of unity.

Proof. We may assume A = (E, G, k) where E/F is Galois with G = Gal E/F.
Since A® ~ 1 we have {; € E such that kS, = 1,(50;)E5} . Since e is not



2.13. Inflation and Restriction for Crossed Products 89

divisible by char E the polynomials A* — £, are separable. Hence there exists
an extension field E/E such that E/F is finite dimensional Galois and E
contains an e-th root ¢, of £5. Let Infp_, 5(E, G, k) where G = Gal E/F and
k is as defined before. Consider

Eo,r = kU,T‘K;l(UéT)¥1ZUT’ (21315)

Theneg , = 1 and (E,G,k) = (E,G,¢), € = {€5,-}. By the inflation theorem,
(E,G,k) ~ (E,G,e¢). O

We investigate next the behavior of a crossed product under extension
of the base field. Let E/F be Galois and let F’ be any extension field of F
(possibly infinite dimensional). Since E is a splitting field over F of a separable
polynomial f()\) € F[)\], the splitting field E’/F of f()) contains F’ and E as
subfields. Moreover, E' = EF’ and E’ is Galois over F”. It is readily seen that
up to isomorphism over F' there is only one extension field E’ of F' containing
E and F' as subfields and generated by E and F’. We call E’ the composite
of E/F and F'/F. Let F" = ENF'.

E' = EF

FI

(2.13.16)

Let G' = Gal E'/F',H = Gal E/F".If o' € G’ then o’ | E € H and the
map ¢’ ~ ¢’ | E is a homomorphism 7 of G’ into H. We claim that this is an
isomorphism. First, it is injective since n(o’) = 1 implies that ¢/ | E = 1 as
well as o' | FY = 1ps. Then ¢’ | E' = 1 since E' = EF’. Thus ¢’ = 1. Next n
is surjective. Otherwise Inv n(G’) 2 E" whereas Inv n(G') = Inv G'NE =
F'NE = E”. Hence 7 is an isomorphism. Then [E' : F']| =G =H = [E : F"].
This implies that

E'=FEF = EQpn F'.
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We can now prove the

Theorem 2.13.16 (Restriction Theorem, Hasse [33]). Let E/F be finite
dimensional Galois with Galois group G and let F' be an extension field of
F,E’ the composite of E and F', G' = Gal E'/F'. Then for any factor set k
of G into E* we have
(E,G,k)pr ~ (E',G', k) (2.13.17)
where
k;’,‘r’ = ka'/lElelE’ O'I,Tl € Gl. (21318)

Proof. Let the notations be as above and put A = (E,G, k). Then Ap: =
(Ap»)pr. Since F" is a subfield of E, hence of A, by Theorem 4.11 of BA
II (p. 224), Apn ~ AF ". The latter has center F” and a simple calculation
shows that if u,,o € G, are the canonical generators for A over E then A"
is the subalgebra generated by E and the u,,o € H. It follows that AF =
(B, H, k) where kp is the restriction of ¥ to H. Then Ap» ~ (E, H, kg).
Since B/ = EF' = E ®pn» F' it is clear that (E, H,ky)r = (E',G', k') where
k' is given by (2.13.18). Hence Ap: ~ (E',G', K'). O

The factor set k' is called the restriction of k and we have the restriction
homomorphism Res : [k] ~ [k'] of H?(G, E*) into H?(G’, E™*). We have the
following commutative diagram

H*G,E*) — Br(E/F)

! 1 (2.13.19)

H*(G',E™*) — Br(E'/F)
where the horizontal maps are the isomorphisms [k] ~~ [(E,G, k)] and
[k'] ~ (E',G', k"), the left vertical is Res and the right vertical is [(E, G, k)] ~
[(E7 G7 k)F’]'
The two results we have derived specialize easily to the following results
on cyclic algebras which we state without proofs.

Corollary 2.13.20. Let E/F be cyclic with Gal E/F = (o) and [E : F] = n.
Let E be the intermediate field with [E : E] = m and let & = o | E. Then
(Eva»"Y) ~ (E7U,7m) (g (Ea U:’Y) @& (E7O'7’7)7m times)'

Corollary 2.13.21. Let E/F be cyclic with Gal E/F = (o) and let F' be an
extension field of F. Suppose E' is the composite of E and F', [E' : F'] =m,
and o’ is the extension of c™'™ to E'/F'. Then (E,0,7)p ~ (E',0",7).

We remark that Albert’s norm theorem (Lemma 2.10.1) is an immediate
consequence of 2.13.20 and the theorem that (E,0,v) ~ 1 if and only if
v = Ng/r(u) for some u € E.
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2.14. Isomorphism of Br(F) and H?(F)

We need to develop first some general results on the cohomology of groups.
Let H and G be groups, o a homomorphism of H into G. Then any G-module
A (BATI, sec. 6.9) becomes an H-module via o by defining the action of H on
A by (ch)x,h € H,z € A. Now suppose B is any H-module. Then a map s of
A into B will be called compatible with o if it is a module homomorphism of
A as H-module into the H-module B. The condition for this is that for any
z € A and any h € H we have

s((oh)z) = h(sz). (2.14.1)

Observe that if o is bijective then this can be written also as s(gz) = (07 1g)sz
which is a generalization of the definition of o~ !-semilinear transformation
of one vector space into a second one. Now let f € C™(G, A) the additive
group of n-cochains with values in A. We can associate with f and the map s
(compatible with o) an n-cochain §f of H with values in B defined by

§f(ha,. .., hy) = sf(ch,...,ohn), hi € H. (2.14.2)

Evidently §: f ~~ §f is a homomorphism of the additive group C™(G, A) into
C™(H, B). Moreover, this commutes with the coboundary operator f ~~ §f
where §f € C"1(G, A) is defined by

6f(g1,--- 9n+1) = 91f(92,- - -+ Gn+1)

n
+ Z(—l)zf(gl, e Gi=1,9iGi+1, Git2s - - - > Gn+1) (2.14.3)

=1
+ (_1)n+1f(gly L) ,gn)

The commutativity means that we have the commutative diagram:
CW(G,4) 2, O (G, A)

s] 15 (2.14.4)
C™"(H,B) % C™t'(H,B)

This follows directly from the definitions. As a consequence of this com-
mutativity, we have an induced homomorphism of the cohomology group
H™(G,A) = Z"(G, A)/B"(G, A) into H"(H, B) (BA 1I, loc. cit.).

One important special case of these considerations is that in which H is
a subgroup of G, o is the injection of H into G, A is a G-module and A is
regarded as H-module via the injection 7. Then the identity map is trivially an
H-homomorphism of A as H-module with A as H-module. The correspond-
ing homomorphism of C"(G, A) into C™(G, A) maps f € C"(G, A) into if
where if(h1,...,hn) = f(h1,...,hy). The corresponding homomorphism of
H™(G, A) into H"(H, A) is called the restriction homomorphism.
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Of particular interest for us is the case in which U and V are normal
subgroups of G and U D V. We have the canonical homomorphism gV ~» gU
of G/V into G/U. Let A be a G-module and let AV(AY) be the subset of A
of elements z such that uz = z,u € U (vz = z,v € V). Then AV and AV are
submodules since U <G and these can be regarded in the natural way as G/U
and G/V modules respectively. Evidently AV C AV so we have the injection
homomorphism of AV into AV (as additive groups). If z € AV and g € G
then

(gV)z = gz = (gU)z (2.14.5)

which shows that the injection of AV into AV is compatible with the homomor-
phism of G/V into G/U. Hence we have the corresponding homomorphism,
called the inflation inf(U,V), of H*(G/U, AY) — H"(G/V,AV). This maps
the cohomology class f + B(G/U, AV) into the class of the cocycle fin(U, V)
where

fZinf(U’V) (gl‘/, N ,gnV) = f(glU, e ,gnU). (2.14.6)
In the special case in which V =1 s0 G/V = G we have fiysv,1) given by
fint (91, -y 9n) = f(q1U, ..., gaU). (2.14.7)

We shall now apply this to Galois groups of possibly infinite Galois exten-
sion fields. Thus suppose F /F is algebraic, separable and normal over F. We
shall be interested mainly in the case in which F' is the separable algebraic
closure F of F', that is, the subfield of separable elements of the algebraic clo-
sure F' of F. Let G = Gal F'/F with its usual topology (BA II, sec. 8.6). Let
E/F be a finite dimensional Galois subfield of F/F and let V = Gal F/E.
Then V is a closed normal subgroup of G which is the kernel of the restriction
homomorphism ¢ ~» ¢ | E. This is surjective so Gal E/F = G/V. Thus V has
finite index and hence is open. Conversely, let V' be any open normal subgroup
of G. Then V is closed and G/V is discrete and compact. Hence G/V is finite
and if E = Inv V then E/F is finite dimensional Galois with V = Gal F'/E.
The multiplicative group E* is a module for G/V and so we can define the
cohomology groups H™(G/V, E*). Now let K/F be a Galois subfield of F/F
and let U = Gal F/K so V C U. We have the inflation homomorphism
H™(G/U,K*) i, H"(G/V, E*).

Let X be the set of finite dimensional Galois subfields of F'/F. We partially
order X by inclusion. Since any two finite dimensional Galois subfields of £'/F
are contained in a finite dimensional Galois subfield of F//F, X is a directed
set. It is clear that the set of groups H"(G/V, E*) together with the set of
inflation maps between any two such groups determined by finite dimensional
Galois subfield F and K with E D K satisfy the conditions that permit
defining the direct limit

H™(G, F*) =lim H"(G/V, E*)

(Theorem 2.8 of BA II). We call this group the n-th continuous cohomology
group of G with coefficients in F*. We can also give a “global” definition of this
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group. For this purpose we note that F* is a continuous module for G in the
sense that for fixed a € F* the map ¢ ~ ca of G into F™* is continuous relative
to the topology of G and the discrete topology of £*. Now let CZL(G‘, F™*) be
the group of continuous maps of the n-fold product GxGx- - - X G into F*.The
coboundary operator maps C?(G, F*) into C?*1(G, F) so we can define the
corresponding cohomology groups. It is not difficult to show that these groups
are isomorphic to the continuous cohomology groups defined as direct limits.
We refer the reader to Serre’s monograph Cohomologie Galoisiénne ([64]) for
a more complete discussion of continuous cohomology of profinite groups (=
inverse limits of finite groups). The groups G are instances of such groups. For
our purposes it will be convenient to use the definition by direct limits.

We shall now show that H2(G, F*) = Br(F/F). We recall that if E/F
is finite dimensional Galois the map [k] ~ [(E,G, k)] is an isomorphism of
H?*(G, E*) onto Br(E/F) (Theorem 2.3.18) (iii)). If K/F is a Galois subfield
of E/F and V = Gal F/E and U = Gal F/K then Theorem 2.13.8 implies
the commutativity of the diagram

H*(G/U,K*) — Br(K/F)
Inf | l (2.14.8)
H%*(G/V,E*) — Br(E/F)

where the horizontal maps are te isomorphisms we have noted. Since every
finite dimensional central simple algebra split by F' is split by a finite dimen-
sional Galois subfield of F', Br(F/F) = Uges Br(E/F). Thus Br(F/F) can
be regarded as a direct limit of the Br(E/F). It follows readily from the com-
mutativity of (2.14.8) and the definition of direct limits (BA II, p. 70) that
we have

Theorem 2.14.9. H2(G, F*) = Br(F/F).

The important special case of the foregoing theorem is that in which F' =
F, the separable algebraic closure of F'. In this case we abbreviate H*(G, F¥)
to H™(F'). Moreover, since every finite dimensional central simple algebra has
a separable splitting field, Br(Fs/F) = Br(F). Hence we have

Corollary 2.14.10 H?(F) = Br(F).

Now let e be a positive integer not divisible by the characteristic of F.
Let Br.(F') be the e-torsion part of Br(F), that is, the subgroup of classes [A]
such that [A]® = 1. Let p. denote the subgroup of the multiplicative group of
F* of e-th roots of 1. It is clear that u, C F,. By 2.13.14, if [A] € Bre(F) then
[A] = [(E, G, k)] where the k, r € pe. Let X5 be the set of finite dimensional
Galois subfields of F, that contain p.. If E/F € X, and V = Gal F,/E
then Gal E/F = G/V where G = Gal F;/F and we have an induced action
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on e of the Galois action. Hence we can define H2(G/V, i) by this action.
The isomorphism of H2(G/V, ) onto Br(E/F) = Br(E/F) N Br(F). As in
(2.14.8), we have the commutative diagram

H2(G/U,p.) — Br(K/F)
Inf | ! (2.14.11)
H?/(G/V,pe) — Bre(E/F)

if K,E € ¥, and K C E. If we define H2(G, = H?(G/V, i) then the com-

> lim

mutativity of (2.14.9) implies, as in the proof of Theorem 2.14.9 the following
Theorem 2.14.12. H2(G, p.) & Br.(F).

If . C F then the action of G on p, is the trivial one and H2(G, p.) is
the usual continuous cohomology group of G with coefficients in .
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