Table of Contents

Reader Guidelines ........ ... ... .. . 1
1 Risk Theory .......... e 21
1.1 The Ruin Problem....... .. .. . .. .. i i 22
1.2 The Cramér—Lundberg Estimate ......................... 28
1.3 Ruin Theory for Heavy—Tailed Distributions ............... 36
1.3.1 Some Preliminary Results ......................... 37

1.3.2 Cramér-Lundberg Theory for Subexponential
Distributions ......... . .. . 39
1.3.3 The Total Claim Amount in the Subexponential Case . 44
1.4 Cramér—Lundberg Theory for Large Claims: a Discussion.... 49

1.4.1 Some Related Classes of Heavy—Tailed Distributions .. 49
1.4.2 The Heavy-Tailed Cramér-Lundberg Case Revisited .. 53

2 Fluctuations of Sums ......... ... .. ... .. ... ... .. ... ... 59
2.1 The Laws of Large Numbers .......... ... ... .. ... ...... 60

2.2 The Central Limit Problem ............ .. ... ... .. ... ... 70

2.3 Refinements of the CLT ...... .. .. ... .. . ... .. .. ... 82

2.4 The Functional CLT: Brownian Motion Appears............ 88

2.5 Random Sums ............. . ... 96
2.5.1 General Randomly Indexed Sequences............... 96

2.5.2 Renewal Counting Processes ....................... 103

2.5.3 Random Sums Driven by Renewal Counting Processes 106

3 Fluctuations of Maxima ............ ... ... .. .. ... ........ 113
3.1 Limit Probabilities for Maxima................ ... .. ... ... 114

3.2 Weak Convergence of Maxima Under Affine Transformations. 120

3.3 Maximum Domains of Attraction and Norming Constants ... 128

3.3.1 The Maximum Domain of Attraction of the Fréchet
Distribution @, (z) = exp{—a~*} ... ...l 130



Table of Contents

3.3.2 The Maximum Domain of Attraction of the Weibull
Distribution ¥, (z) = exp{—(—x)*}.................
3.3.3 The Maximum Domain of Attraction of the Gumbel
Distribution A(z) = exp{—exp{—=z}}...............
3.4 The Generalised Extreme Value Distribution and the
Generalised Pareto Distribution ..........................
3.5 Almost Sure Behaviour of Maxima.. .. .....................

4 Fluctuations of Upper Order Statistics......................

4.1 Order Statistics .. ..ot
4.2 The Limit Distribution of Upper Order Statistics ...........
4.3 The Limit Distribution of Randomly Indexed

Upper Order Statistics ...,
4.4 Some Extreme Value Theory for Stationary Sequences ... ...

5 An Approach to Extremes via Point Processes..............

5.1 Basic Facts About Point Processes........................
5.1.1 Definition and Examples ..........................
5.1.2 Distribution and Laplace Functional .............. ..
5.1.3 Poisson Random Measures.........................

5.2 Weak Convergence of Point Processes .....................

5.3 Point Processes of Exceedances. ..........................
531 ThelID Case ..ot e e
5.3.2 The Stationary Case ........ ...,

5.4 Applications of Point Process Methods to IID Sequences . ...
5.4.1 Records and Record Times ........................
5.4.2 Embedding Maxima in Extremal Processes ..........
5.4.3 The Frequency of Records and the Growth

of Record Times ......... .. ... .. ... .. ... ... ..
5.4.4 Invariance Principle for Maxima....................

5.5 Some Extreme Value Theory for Linear Processes...........

5.5.1 Noise in the Maximum Domain of Attraction

of the Fréchet Distribution @, .....................
5.5.2 Subexponential Noise in the Maximum Domain

of Attraction of the Gumbel Distribution A ..........

6 Statistical Methods for Extremal Events ....................

6.1 Introduction .......... ... ... i
6.2 Exploratory Data Analysis for Extremes...................
6.2.1 Probability and Quantile Plots .................. ...
6.2.2 The Mean Excess Function ................ .. .. ..



6.3

6.4

6.5

Table of Contents

6.2.3 Gumbel’s Method of Exceedances ..................
6.2.4 The Return Period ........... ... ... ... .. .......
6.2.5 Records as an Exploratory Tool ....................
6.2.6 The Ratio of Maximum and Sum ...................
Parameter Estimation for the Generalised Extreme

Value Distribution . ...... ... .. ...
6.3.1 Maximum Likelihood Estimation ...................
6.3.2 Method of Probability—Weighted Moments. ..........
6.3.3 Tail and Quantile Estimation, a First Go............
Estimating Under Maximum Domain

of Attraction Conditions ............... ... ... . ... ......
6.4.1 Introduction .......... ... .. .. ..
6.4.2 Estimating the Shape Parameter £..................
6.4.3 Estimating the Norming Constants .................
6.4.4 Tail and Quantile Estimation ......................
Fitting Excesses Over a Threshold .............. ... ... ...
6.5.1 Fitting the GPD ....... ... ... ... .. .. ...
6.5.2 An Application to Real Data ................... ...

7 Time Series Analysis for Heavy—Tailed Processes ...........

7.1
7.2
7.3
7.4
7.5
7.6

A Short Introduction to Classical Time Series Analysis. .. ...
Heavy—Tailed Time Series ..............cooiiiiiii...
Estimation of the Autocorrelation Function ................
Estimation of the Power Transfer Function ................
Parameter Estimation for ARMA Processes................
Some Remarks About Non-Linear Heavy—Tailed Models. . . ..

8 Special Topics . ...... ..o

8.1

8.2

8.3

The Extremal Index . .......... ... .. ... .
8.1.1 Definition and Elementary Properties ...............
8.1.2 Interpretation and Estimation of the Extremal Index .
8.1.3 Estimating the Extremal Index from Data ...........
A Large Claim Index ........ ... i,
8.2.1 TheProblem .......... ... ... ... i
822 Thelndex ...... ..o
8.2.3 Some Examples ........ ... .. ... i
8.2.4 On Sums and Extremes .............. ... ... .....
When and How Ruin Occurs . ......... ... .o,
8.3.1 Imtroduction ........... .. ... ... ... . .. .. ...
8.3.2 The Cramér-Lundberg Case .......................
8.3.3 The Large Claim Case ........... .. ... ..o ...



XIV  Table of Contents

8.4 Perpetuities and ARCH Processes ........................ 454
8.4.1 Stochastic Recurrence Equations and Perpetuities . ... 455
8.4.2 Basic Properties of ARCH Processes ................ 461
8.4.3 Extremes of ARCH Processes ...................... 473

8.5 On the Longest Success—Run............. ... .. ... ... ... 481
8.5.1 The Total Variation Distance to a

Poisson Distribution .............. ... ... ... ..... 483
8.5.2 The Almost Sure Behaviour ....................... 486
8.5.3 The Distributional Behaviour ...................... 493

8.6 Some Results on Large Deviations ........................ 498

8.7 Reinsurance Treaties......... ... ... 503
8.7.1 Imntroduction ........... ..., 503
8.7.2 Probabilistic Analysis............. ... ... .. ... .. 507

8.8 Stable Processes. . ...t 521
8.8.1 Stable Random Vectors ........................... 522
8.8.2 Symmetric Stable Processes ....................... 526
8.8.3 Stable Integrals ......... .. .. ... i 527
8.8.4 Examples ......... 532

8.9 Self-Similarity ........... 541

Appendix. ... ... 551

Al Modes of Convergence ...............uumirerninenannnnn. 551
Al1.1 Convergence in Distribution ....................... 551
A1.2 Convergence in Probability ........................ 552
A1.3 Almost Sure Convergence ...................co..... 553
Ald LP—CONVEIZENCE . . o vttt ettt e e e e 553
Al1.5 Convergence to Types..........coiiiiiin.... 554
A1.6 Convergence of Generalised Inverse Functions ........ 554

A2 Weak Convergence in Metric Spaces ...................... 555
A2.1 Preliminaries about Stochastic Processes ............ 555
A2.2 The Spaces C[0,1] and D[0,1] .............. ... ... 557
A2.3 The Skorokhod Space D (0,00) ..................... 559
A2.4 Weak Convergence .............oouiiineuneennon.. 559
A2.5 The Continuous Mapping Theorem ................. 561
A2.6 Weak Convergence of Point Processes ............... 562

A3 Regular Variation and Subexponentiality .................. 564
A3.1 Basic Results on Regular Variation ................. 564
A3.2 Properties of Subexponential Distributions .......... 571
A3.3 The Tail Behaviour of Weighted Sums

of Heavy—Tailed Random Variables ................. 583

A4 Some Renewal Theory ........ ... .. ... 587



Table of Contents

XV



2 Springer
http://www.springer.com/978-3-540-60931-5

Modelling Extremal Events

for Insurance and Finance

Embrechts, P.; KlUippelberg, C.; Mikosch, Th.
1997, XV, 648 p., Hardcowver

ISBEMN: 278-3-540-60931-5



