Chapter 11

Extension of the Integral

Historical Note. Riemann introduced his integral in the context of Fourier series.
It happens in numerous contexts, from engineering to number theory, that one
wishes to write a function f defined on the interval (—m, 7] as a superposition of
simple trigonometric functions:

oo
a
fla) ==+ Z ap, cos(nz) + by, sin(nz) | (1)
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n=1
i.e. as a Fourier series. The reader might well have come across them in advanced
Calculus or in a course on differential equations. The problem is to determine
which functions can be represented as in Equation (1); in which sense they are
so represented, that is to say, in which sense the partial sums, the trigonometric

polynomials
N
fn(z) = 24 Z a, cos(vr) + by, sin(va)
2 v=0

converge to f as N — oo; and then to find the coefficients a,,, b, . Assume for
argument’s sake that the fy converge, say pointwise, to f. The coefficients should
then be given by

1 [ 1 [
ap, = — f(x)cos(nx)dr and b, = — f(x)sin(nzx) dz . (2)
Iy - Zl -
The reason is this: for N > n
fn(z) - cos(nz)dx = wa,, and fn(x) -sin(nz)dx = b, . (3)

This follows from the well-known orthogonality relations

/ " cos(vz) cos(ng) dx = / " sin(ve) sin(na) dz = {0 v
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and / cos(vz)sin(nz)dz =0 .
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32 Extension of the Integral
If we let N — oo in Equation (3), the integrals tend to
f(z)cos(nx)dx and f(z)sin(nzx) dx |

respectively. Voila.

This argument uses a theorem about the interchange of limit and integral that
does not exist! What we need here is a theorem like this: “If (f,,) is a sequence
of integrable functions that converges pointwise to f then f is integrable and
[ fn s [ f7 As mathematicians in the late 19" century were looking for
results of this nature, it became soon clear that any theorems one might conjecture
and that would really help are simply not true (see Exercise 1.6.6). Lebesgue cut
the Gordian knot in 1902 by proposing a notion of integral that encompasses
Riemann’s and features limit theorems strong enough to advance the theory of
Fourier series considerably. For example, the limit Theorem 1.6.5 stays, even when
uniform convergence in (a) is replaced by mere pointwise convergence — this
is Lebesgue’s celebrated Dominated Convergence Theorem (DCT). (The theorem
quoted at the beginning of this paragraph is not true in his theory, though, without
the domination condition (b); there exists no notion of integral for which it would
be.) The DCT produces vast numbers of new integrable functions, namely, the
pointwise limit of any dominated sequence of functions that have been shown to
be integrable. In fact, good limit theorems go hand—in-hand with abundance of
integrable functions.

Our strategy — or rather Daniell’s strategy — towards an integral extension that
provides more integrable functions is to replace Jordan’s mean || ||* with a smaller
semi-norm || ||*, Daniell’s mean, that still majorizes the elementary integral; this
makes it easier for a function f to be approximable by step functions: f may be
such that || f —¢[|* > 1 for all ¢ € £, yet there may be a sequence (¢,,) in £ with
If — énll" — 0; f is then not Riemann integrable, yet is integrable in the new
sense.

Daniell’s constructlon of || ||* is quite similar to that of || ||". The Riemann
upper integral f is simply replaced by a better suited one, the Daniell upper
integral [*. The Damell mean || ||* is then defined by ||f||* = [7|f], just as || ||*
was defined by || f||* = f |f|, and from there we proceed as in the previous chapter.
Not only will || ||* be finite on some functions that are unbounded or have
unbounded support — thus subsuming, for instance, positive improperly Riemann
integrable functions into the theory —, functions much wilder than Riemann
integrable ones can be approximated by step functions in the sense of || [|*
fact, the closure of the step functions under Daniell’s mean | ||*, the new class
of integrable functions, is so rich that it is quite hard to exhibit a function not in
t (Section 8).

Daniell’s seminorm || ||* is again solid and majorizes the elementary integral.
It has an additional continuity property that Jordan’s seminorm || ||® does not
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share: for every sequence (f,) of positive functions,

IS fall” <D Ml (CSA)
n=1 n=1

This is reasonably called countable subadditivity. It is the countable subaddi-
tivity of || ||* in conjunction with the other properties that leads to the beautiful
limit theorems of Lebesgue’s integral.

It turns out that countably subadditive solid function seminorms arise in
other contexts, not necessarily from Daniell upper integrals, so that the limit
theorems are available for them, as well. We shall make it a point to state in every
section which properties of || ||* are actually used in the proofs. This will allow
us later to invoke the results for means such as the p—norms, without having to
prove them again.

I1.1 XY -additivity

Before revamping Riemann’s theory of integration with all its intuitive appeal one
would try, of course, to prove limit theorems better than the Dominated Uniform
Convergence Theorem 1.6.5. One might imagine that the next result was discovered
this way. It is an extremely modest result, applying as it does only to a sequence
of step functions whose pointwise and monotone limit is a priori known to be a
step function again. Yet the whole development of the Lebesgue integral rests on
it.

Lemma 1.1 (i) Let (¢,,) be an increasing sequence of step functions on the line
whose pointwise supremum is again a step function ¢. Then

1?/%:/@%=/¢

(ii) Let (0,) be a sequence of positive step functions on the line whose pointwise
sum exists and is a step function ¢ again. Then

;/%:/;%:/¢

(iii) Let (1) be a decreasing sequence of step functions with pointwise infimum
zero. Then

/wnmo.
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Proof. These three statements are in a trivial way consequences of each other: if
(iii) is true then we apply it to the sequence (¢ — ¢,,) and obtain (i); (i) applied to
the sequence of partial sums »_"'_, d, yields (ii); and (ii) applied to the decreasing
sequence (¢, — 1, 41) says that

[ i/(wy ) = h;;nijl/wy ) = [r—tim [

and implies [, 77550 0.
So we prove (iii). Let € > 0 be given and let (—M,M] be an interval
containing the carrier [1); > 0] of ;. All the ¢, vanish off this interval. Let

Tl ,xé(n) be the points where 1, jumps, n =1,2,---, and consider the open
sets
n I(m)
= U U (xf —e2 M2 gl 2T mTim2)
m=0 =1

They clearly increase with n. Next consider the sets
U, =B, U, <€ .

These sets are again open. For if © € B,, then B, itself is a neighborhood of =
contained in U, ; and if « € U,\B,, then v, does not jump at z, so that ¢, < e
in a whole neighborhood of x. The sets U, clearly increase with n. Their union
is the whole line. For if x € R then x € [¢),, < €] C U,, provided the index n is so
high that v, (z) < e. Such indices exist since 1, (x) |n—oo 0. There will exist an
index N such that Uy contains the compact set [—M, M]. Thus for all n > N

[~M,M] C [hn < ] UB, , (1.1)
n I m)
where U U _ 62_m_i_2, l‘in + 62_m_1‘_2]
m=0 i=1

is a set of E[R] slightly bigger than B,,. Equation (1.1) says that 1, < e off B,
for n > N. Now B,, is a set of measure less than

i i27"7i716 =c.

n=0 i=1

The set G, = (—M, M]\B,, belongs to E[R], and 1, = Gy, - by + By - 1y, . Thus

/wn dx—/ U (x dm—l—/ n(x

< EA(G) + € sup i (x) < e-(M + )

for n > N. Since € > 0 was arbitrary, (iii) follows. 1
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Statement (i) is commonly paraphrased as “the elementary Riemann integral
is o—continuous,” and statement (ii) as “the elementary Riemann integral is o—
additive.” (The prefix o— connotes countable behavior in increasing circumstances. )
Statement (iii) can be read as saying “the elementary Riemann integral is 06—
continuous at zero.” (The prefix §— connotes countable behavior in decreasing
circumstances.)

Exercise 1.2 Properties (i) — (iil) are equivalent with o—continuity at zero.

Lemma 1.1 is a rather modest limit result. Yet it is fair to say that Lebesgue’s
theory amounts to parlaying it into most satisfying limit theorems for his new
extension of the integral.

I1.2 Elementary Integrals

It was soon noticed that Lebesgue’s methods cover not only the integral on the
line, but also the integral on the plane or on R™. They make use only of the fact
that the step functions [R] form a lattice ring and that the “elementary integral”
[ : E[R] — R is linear, positive, and o—additive. They do, in particular, not rely
on the nature of the “elementary functions” in E[R]. In other words, they apply
to the general positive o—additive elementary integral:

Definition 2.1 (i) An elementary integral is a pair (£,m) consisting of a lattice
ring € of bounded functions on some set, and of a linear map

m:€ —R.

The functions in € are the elementary integrands or elementary functions.
If we need to refer to the set on which they live, we call it the ambient set. The
linear map m by itself is — in slight abuse of the language — again called the ele-
mentary integral. It is sometimes convenient to write [ ¢pdm or [ $(x)m(dx)
for m(o), or even simply f ¢ if there is no doubt which linear map m : &€ — R s
meant:

m(o) = [ odm= [ otxymida) = [6. pee.

The letter X\ is reserved for the Lebesque integral. Whenever we want to stress
that we are in the particular context of the usual integral on the line we write
(ER],N), (ER], [ dz), (ER], [ dX\), (E[R], [ A(dz)), and talk about the elemen-
tary Lebesgue integral.

(ii) The elementary integral (€,m) = (€, [) is positive if 0 < ¢ € £ implies that
0 < m(e) or, equivalently, if [¢ < [+ for ¢ <) in E.
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(i) The elementary integral (€, [) is o—additive if

X=X [a

for every sequence (8,) of positive elementary integrands whose pointwise sum
exists and is an elementary integrand — the proof of Lemma 1.1 shows that this
1s equivalent with d—continuity at zero, and also with o—continuity: for every
increasing sequence (¢n) of elementary integrands whose pointwise supremum is
again an elementary integrand

li}bn/gbn :/liyrlnqbn = /(b. (2.1)

Exercise 2.2% The o—additivity, c—continuity, and é—continuity of an elementary integral
are equivalent, whether it is positive or not.

Exercise 2.3 The elementary Riemann integral on the plane (Exercise 1.4.8) is o—additive.
So is the elementary Riemann integral on R™.

Lemma 1.1 states that the usual integral (E[R], [ dz) of step functions on the
line is a positive oc—additive elementary integral. As pointed out above, Lebesgue’s
or Daniell’s extension theories of the elementary Lebesgue integral on the line use
only this fact. The Lebesgue integral does have special properties having to do
with the structure of the ambient space R as a topological field, but these do
not enter the extension theory. The latter applies to every positive o—additive
elementary integral. We shall therefore develop right away the integration theory
of the general positive o-additive elementary integral. Apart from the obvious
gain in generality, the arguments become clearer this way.

The reader interested only in the Lebesgue integral on the line can skip the
remainder of this section, provided he understands £ to mean E[R] and m(¢) =
[ ¢ tomean [ ¢(x)dz in the sequel. For the reader interested in the full generality
it may still be helpful to visualize the usual integral (€[R], [ dz) on the line during
the arguments, or better yet the integral (£[R?], [ dzdy) in the plane — especially
if he has done Exercise 2.3.

Mathematicians, too, are subject to temptations, and one of the more insid-
ious ones is to generalize for generalization’s sake — thus producing what in the
community is called “generalized abstract nonsense.” We owe it to the reader to
dispel his suspicion that Definition 2.1 does just that. To this end we exhibit in the
remainder of this section two rich classes of examples of positive o—additive ele-
mentary integrals, the Radon measures and the (linear extensions of) set functions.
Both occur abundantly in nature.
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Radon Measures

Let S be a locally compact Hausdorff space®. Cpo[S] denotes the collection of
continuous functions on S that have compact support. This is plainly a lattice
ring of bounded functions and thus qualifies for the domain £ of an elementary
integral. A positive linear functional m : Cp[S] — R is called a positive Radon
measure — they abound, as we shall see later (Example 2.21 and Exercise IV.4.8).
In keeping with the notation of Definition 2.1 we also write m(¢) = [¢dm.
Radon measures are the prime tools in the analysis of the ubiquitous spaces C[K],
K compact.

Lemma 2.4 A positive Radon measure m 1is o—additive.

Proof. Let (¢,) be an increasing sequence in Cpo4[S] with pointwise supremum
¢ € Cpo[S]. By Dini’s Lemma 1.3.1, the sequence (¢,,) converges to ¢ uniformly
on the support of ¢. There exists a positive function ¥ € Cy[S] that equals 1
on the support of ¢ 2 — in the language of Proposition 1.4.3, ¢ is confined by .
From here on we simply repeat the proof of the Dominated Uniform Convergence
Theorem 1.6.5: the order relation |¢p — ¢y, | < || — énll in conjunction with the
positivity of m implies

Im(¢) —m(¢n)| =m(¢ — ¢n) <m() - | — dnllu 7= 0. —1

Exercise 2.5 Let S be an open or closed subset of R™ and K C S compact. There exists
a continuous function v : S — [0, 1] of compact support which equals 1 on K.

Exercise 2.6 The Riemann integral restricted to Coo[R"] is a positive Radon measure.
Exercise 2.7% The proof of the c—additivity in Lemma 2.4 actually yields a little more: Let
® be an increasingly directed subfamily of Cooy ; that is to say, given any two members

of ® there is a third one that exceeds both. Assume the pointwise supremum of @ is a
function ¢ € Coo[S]. Then m(sup @) = sup,cqe m(¢p) = limges m(e).

The behavior of Radon measures shown in Exercise 2.7 gives rise to the following

Definition 2.8 (Order—continuous elementary integrals) An elementary inte-
gral (€, [) is order—continuous if for every increasingly directed subset ® of
elementary integrands whose pointwise supremum sup ® is also an elementary in-
tegrand

m(sup @) = }Sig% m(¢) .

1 The reader not familiar with general topology may take this to mean an open or a closed subset
of R™. In such a set any two distinct points clearly have disjoint compact neighborhoods — this
accounts for the words “Hausdorff” and “locally compact.”

2 Urysohn’s lemma provides it — see any textbook on point set topology. The reader not versed
in point set topology should do Exercise 2.5.
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Order—continuous elementary integrals have a slightly superior integration theory
(see, however, Exercise II1.5.11 on p. 90). It is left to the reader to establish this
in the exercises.

Set Functions

The next class of examples, the positive c—additive set functions, occur naturally
on R™ and in elementary models of probability theory.

A non-—void collection R of subsets of some set S is a ring of sets if it
is closed under taking finite unions and relative complements — and then under
taking finite intersections: ANB = A\ (A\ B). If the ring R contains the ambient
set S then it is called an algebra of sets.

A measure on R is a map p: R — R that is additive: for any two disjoint
sets A,B € R,
(AU B) = p(A) + u(B) .

w is positive if p(A) > 0 for every A € R and o—additive if

p(UAn) =D nan)

for any countable collection {A,} of mutually disjoint sets in R whose union
belongs to R. A simple argument as in Lemma 1.1 or Exercise 2.2 lets us rephrase
the o—additivity as

o—continuity: R3A4,1AeR = u(4,) — nA)
or as 6—continuity at ): R 3 A4, |0 = p(A4,) —0.

Exercise 2.9% The two previous conditions are reasonably called o—continuity and é6—
continuity at zero, respectively. Show that o—additivity, o—continuity, and d—continuity
of a measure are equivalent, whether it is positive or not.

Exercise 2.10 A ring contains the empty set, and the empty set has measure zero.

Exercise 2.11 A non—void collection of subsets closed under taking finite unions is a ring
if it is also closed under taking relative complements and an algebra if it is also closed
under taking complements.

Exercise 2.12 Let S be a set. (i) The intersection of any collection of rings of subsets
of S is a ring of subsets. (ii) Let C be a non-void family of subsets of S. The collection
of all rings containing C is not void. The intersection of this collection is called the ring
generated by C. Let us denote it by [C]. (iii) If C is finite then so is [C], and if C is
countable then so is [C].

A measure (R, p) gives rise to an elementary integral by the simple expe-
dient of extension by linearity: A step function over R is, of course, a function ¢
that takes only finitely many values, each non—zero value on a set from R. That
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is to say, the “level sets” [¢ = r| belong to R for every r # 0, all but finitely
many of them being void. Let us denote by E[R] the collection of step functions
over R. There is an immediate and intuitive way to define the p—integral of a step
function, namely by the time-honored formula Y height—of-step X p—size—of-step:

Jodu=3r uo=r). (22)
reR
This is a finite sum. It is not quite obvious that E[R] is, indeed, a lattice ring and
that the integral is linear.

Proposition 2.13 Let ;1 be a measure on the ring R of sets.

(i) The step functions E[R| are exactly the linear span of the (indicator functions
of the) sets in R and form a lattice ring.

(it) The map [ dp of Equation (2.2) is the unique linear extension of p to E[R].
That is to say, [ dp: E[R] — R is linear, agrees on R C E[R] with p, and is the
only map with these two properties. For this reason we also write () for fqﬁd,u
when ¢ € E[R].

For the proof a little lemma is needed:

Lemma 2.14 For every finite collection T = {A1,..., A1} of sets in R there is
another finite collection C = {C1,...,Cn} of mutually disjoint sets in R such
that every A; € T is the union of sets in C:

A= J{Cn: ChC A} for 1<i<I. (2.3)

Proof. This is obvious if I = 1. If it is true for I — 1, and if ¢’ = {C4,...,Cn}
is the finite collection of mutually disjoint sets in R such that (2.3) is satisfied for
1<i<I-1,then

C={C,NAr:1<n<N}IU{C,\As: 1§n§N’}u{AI\ U C'n}

n=1

is a collection of at most 2N’ 4+ 1 mutually disjoint sets from R satisfying (2.3).

Now to the proof of Proposition 2.13. To show that the step functions over R
form a lattice ring let ¢, ¢2 be two of them. Let Z be the collection of non—void
level sets of ¢ and ¢o and C the disjoint collection provided by Lemma 2.14.
Note that we can write 3

¢i:Zr-[¢i=r]:Zr~Z{CGC: CClp;=r]}

reR reR
= > rC= > ¢0)-C=> ¢(C)-C
r,CClpi=r] r,CClpi=r] cec

3 ¢, is clearly constant on each C' € C, and ¢;(C) denotes the value it takes there.
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for i = 1,2. That is to say, ¢; is a linear combination of (the indicator functions
of) the sets in C. Since the latter are disjoint, it is evident that the sum, infimum,
etc. of ¢1 and ¢y are step functions over C: E[R] is a lattice ring. There is a
simple expression for the integral in terms of C:

/@:ZT'M([@:H) =2 > O =2 a(0)n(0).

r CClpi=r] cec

The linearity of the integral is obvious from this. I |

Exercise 2.15% The measures on a fixed ring of sets form a vector space under pointwise
operations. So do the elementary integrals on the step functions over that ring. The map
that associates with a measure on the ring its extension on the step functions is a linear
isomorphism that preserves the order: p >0 <= [ du > 0.

The extension by linearity of a measure on a ring to an elementary integral on
the step functions over that ring is such a simple procedure that we shall perform it
automatically and without mention whenever we encounter a measure p. We take
the liberty to denote the extension again by p if that is notationally convenient:

additive linear

pw:R—R gives rise to piER]—R.

The extension preserves o—additivity, at least for positive measures:

Proposition 2.16 Let i be a positive measure on a ring R of sets. Then its linear
extension | dp is o—additive if and only if p is.

Proof. The necessity is obvious. We shall prove the suffiency in the form of Equa-
tion (2.1): if (¢,) is a sequence in E[R] with pointwise supremum ¢ € E[R] then
[ ¢n dp =55 | ¢ dp. This is evident from the inequality

/<¢—¢n>du=/<¢—¢n>-[¢—¢nSe]du+/<¢—¢n>-[¢—¢n>ddu
< (6> 0) e+ [l 16— 6 > €]) -

This number can be made arbitrarily small by the choice first of € > 0 and then
of n. Indeed, the sets [¢— ¢, > €] € R decrease to the void set, which has measure
zero, and their y—measure thus tends to zero. 1

Exercise 2.17% Why did we stipulate that the elementary sets that can be measured
should form a ring, and that the measure be additive on it? The following is meant to
shed some light on this question. Let C be a collection of subsets of some set S. A step
function or simple function over C is, naturally, a function f that takes only finitely
many values, all of them finite, and such that the sets [f = r] belong to C for 0 # r € R.
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Show that the step functions over C form a vector space precisely if C is a ring; and that
they then form a lattice ring. Show that this ring of functions contains the constant 1,
i.e. is an algebra of functions, if and only if C is an algebra of sets.

A map p: C — R has a linear extension to the step functions over C if and only if it is
additive on C.

Example 2.18 The usual length function A on A[R] is an instance of a positive o—additive
measure on a ring, by Lemma 1.1; so is the area on the ring A[R?] of sets in E[R?] of
Exercise 1.4.8 and the volume of boxes and their finite unions in R™.

Exercise 2.19* (Distribution Functions) Let F' be an increasing function on the line. For

any a < b set u((a,b]) = F(b) — F(a). This “interval function” has a unique extension
to a positive measure p = dF on all of A[R]. u is o—additive if and only if F' is right—
continuous. The function F is called a distribution function of p. The corresponding
elementary integral is denoted by [ ¢(z) F(dz) or [ ¢(z)dF(x).

Example 2.20 (Probability) Here is another instance in which measures on rings of sets
arise naturally. Many elementary probabilistic models for a physical system start out with
modelling the states of the system by the points of a set €2, stipulating a correspondence
of observable events with an algebra A of subsets of €2, and assuming that the probability
of an event is modelled by the value P(A) of a positive measure P on the subset A C Q
corresponding to the event. The step functions ¢ over A are called observables and are
identified with measurements on the system, and the elementary integral f ¢ dP can
be defined on them as in Proposition 2.13 and is called the expectation and written as
E[¢]. The problem arises to extend E to sufficiently many functions of the state (more
observables) to obtain a rich calculus. To this end one requires that P be oc—additive—a
requirement hard to justify except by its results—and then applies the integration theory
below.

Example 2.21 (Probability) There is another way to make a probabilistc model for a
physical system, one that comes with the o—additivity built in. For concreteness’ sake
assume the system is an ear of corn. There are many measurements one can perform:
length, diameter, number of kernels, weight, length plus weight, diameter plus 3 times
the number of kernels, etc. These measurements form in an obvious way an “abstract”
algebra M. For every m € M let ||m]| denote the supremum of all values that the
measurement m could ever take, over all possible ears of corn. Clearly || || is a norm on
M with ||m1-ma|| < ||m1]-||m1] and |m?| = ||m|*. A commutative normed algebra
(M,]| |I) having this property is called a real C*—algebra, and there is a theorem that
it can be realized as the space of continuous functions on a compact space, with || ||
corresponding to the uniform norm || || . In other words, there is a compact space
K and an isometric isomorphism of M with (a dense subalgebra of) C[K]. Now the
expected value of a measurement * m evidently should be increasing and depend linearly
on m € M. Transported to C[K], it is modelled by a positive Radon measure ¢ — E[¢]
on K. As such it is automatically o—additive.

Example 2.22 Here is an example of an elementary integral that can be viewed both as
a Radon measure and as coming from a set function. Let S be any set, let R denote the
collection of all finite subsets, and £ the collection of functions that vanish at all but
finitely many points. Clearly, £ are the step functions over R, and R are the idempotent
functions of €. For A € R let p(A) be the number of points in A. This is plainly a o—

4 In the so—called frequency model this would be the limit of the average of the measurement m
taken over ever bigger samples of ears of corn.
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additive measure. Its linear extension to £ is given by the formula

Joan=Y o).

seS

If S is given the discrete topology by declaring every set to be open, then & = Cyo[S]
and [ du is a Radon measure. In any case, p is known as counting measure.

Remark 2.23 In the examples where we established o—additivity (Lemma 1.1, Exer-
cise 1.4.8, Lemma 2.4, Exercise 2.19, and Example 2.21), it was, with mind-numbing
monotonicity, due to compactness in the ambient space S. There are, in fact no natural
instances of o—additivity that are not ultimately due to compactness. This has led
Bourbaki [2] to identify integration theory with the theory of Radon measures. This
view does not have a large following, because keeping track of the compact sets in the
ambient space is often too cumbersome, in particular in the case of probability. The
preponderant view today is to establish o—additivity using compactness, rejoice in it,
and to invoke the topology thereafter only when it is inevitable.

I1.3 The Daniell Mean

In the remainder of the chapter, (£, [) is a fixed positive o—additive elementary
integral 5. If there is need to mention the set on which the functions of £ live we
refer to it as the ambient set.

The Construction of the Daniell Upper Integral [, replacement for the

Riemann upper integral f h, is in two steps. In the first step it is defined only
for functions h that are pointwise suprema of countable families in €. Let &'
denote their collection: a function h belongs to €' if there exists a sequence (¢,,)
of elementary functions whose pointwise supremum equals h. Replacing ¢, by
¢1 V...V ¢, we see that such a sequence can be chosen to be increasing. It is
understood that a function in £' may take the value oo. The upper integral of a
function A in E' is defined by

/*h:sup{/¢:h2q§e€}. (3.1)

If the set of numbers in the brackets is unbounded this is to mean the symbol
+o0. For an arbitrary function f set

/*f_inf{/*h:fghesT}. (3.2)

5 As pointed out at the beginning of Section 2, the reader may take this to be the usual integral
(E[R], [ dzx) on the line.
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If the set of numbers in the brackets is void, i.e., if f is not majorized by any
function in £, this is to mean the symbol +oo. We refer to this up-and-down
way to define the Daniell upper integral as “Daniell’s up—and—down procedure.”

The reader might be wondering why we should want to make these definitions
or how anybody came to dream them up if they really should turn out useful. A
little patience; we shall address these questions on page 45. It will facilitate the
discussion to know the properties of [ ",

We start with the behavior of [ “on &T.

Lemma 3.1 (i) €' is closed under addition, multiplication with positive scalars,
and under taking finite infima and countable suprema.

(i) f* is continuous along increasing sequences of E1; that is to say, for any
increasing sequence (hy,) in 1 with pointwise supremum h — which by (i) belongs

to &1 — . . .
/ h = lim hn:sup/ hy . (%)
(iii) h — [“h s positive-homogeneous and additive on E' .

Proof. (i): Let hy,ha,... be a countable collection of functions in £T. Every one
of the h,, is the supremum of a countable collection in &:

hy =sup{pnk :k=1,2,...}, say.

Then hy + hg is the supremum of {¢1 4 + ¢2 : k € N} C &, while rhy is
the supremum of {r-¢1,} C &, provided r € R is positive. Next, sup,, h, is
the pointwise supremum of the countable collection {¢y  : k,n=1,2,...} C E.
Lastly, observe that h,, is the pointwise limit of the increasing sequence

k
¢n,k:\/¢n,i 657 k:1a27
=1

Clearly hi A ho = sup,, 81,,6 A &527;6 belongs to P

(ii): Since [ *is clearly increasing, the limit in () equals the supremum. The
inequality [ “h > sup Ik “hy, is obvious. Only the reverse inequality needs proving.
Let [“h > r € R. There are an elementary function ¢ < h with [¢ > r and
countable collections {¢, r : k € N} of elementary functions with pointwise
supremum h,, . The elementary functions

;ﬁ\n = (rb A \/ ¢m,k < hy

1<m,k<n
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increase pointwise to ¢. By Lemma 1.1,

lim (En>r.

n—o0

As [“hy, > [ én, we have sup,, [ hy, > 7, and thus the desired inequality

sup/hnZ/h.

(iii): The positive-homogeneity is obvious. Let then h,h’ € £!. There are se-
quences (¢p), (¢,,) of elementary functions increasing pointwise to h,h', respec-
tively. Clearly (¢, + ¢),) increases pointwise to h + h'. From (ii),

/*h+h’=nlingo/*¢7l+¢;=n13.10(/¢n+/¢;> =/*h+/*h’. J

We are in position to investigate the behavior of [ * on arbitrary functions.

Proposition 3.2 The Daniell upper integral is increasing and positive—homo-
geneous. Moreover, it is countably subadditive; that is to say, for any sequence
(fn) of positive numerical functions

/*gjlfn < gjl/fn

Lastly /*gb:/qﬁ for ¢ €€&.

Proof. The monotonicity and positive-homogeneity are obvious. As to the count-
able subadditivity, if ) [ “fn < r then there are functions h, > f, in & with
S [“h, < r. By (ii) and (iii) of Lemma 3.1,

% 00 % 0O * N
= N N *
=g [ b= o 3 [ <

Exercise 3.3 (i) Prove the monotonicity and the positive-homogeneity of [*in all detail.
(i) Trace the countable subadditivity of [* to the o—additivity of [. (iii) Show that [*
is not countably subadditive.
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The countable bubaddltlwty is the only one of these features of f that the
Riemann upper integral f does not share. The celebrated limit theorems of the
Lebesgue integral all are its consequences.

Let us take a time out to address the questions on page 43 about the prove-
nance of the definition of [ *. It takes some experience, but not much, to see that
the “Little Limit Lemma” 1.1 will result in the additivity of the extension of the
integral to €1, if that extension is defined by (3.1) — see Lemma 3.1 (iii). It would
be too early to rejoice, because £', though large, is not a vector space so that there
is no way to so much as talk about the linearity of the extended integral on it.
We have learned in Proposition 1.4.5 on p. 19, though, that taking an infimum as
in (I1.4.3) over a functional that behaves additively results in a subadditive func-
tional on all functions. Now, our experience with Riemann’s lower integral fb leads
us to expect that replacing the “up—and-down-procedure” by a “down-and—up—
procedure” will produce a Daniell lower integral f* that is defined on all functions
and is superadditive®. The set of functions on which [~ and [ agree will be a
vector space, and the common value will be both subadditive and superadditive
there; i.e., it will be additive. In this way we will arrive at an extension of the
integral that is defined on a large vector space of functions and is linear there. In
other words, once we have realized that Lemma 1.1 will result in the additivity of
the extension (3.1) on &' we simply follow in Riemann’s footsteps. This program
succeeds — see Exercise 6.2 on p. 59. To summarize: some analysis of what we
want to accomplish and what we have learned leads to the definitions (3.1) and
(3.2) in a rather straightforward way.

Actually, we have learned in Section .5 that it suffices to define the upper
integral and to establish its subadditivity and solidity. There is no need to worry
about the lower integral and its properties. A simple absolute—value sign will take
care of such worries very nicely:

Definition 3.4 As in Section 1.5 we define the seminorm || ||* associated with
the upper integral f*, the Danzell mean, by
*
510 = [ 11 €.
We say the sequence (f,) converges in || ||* -mean to f if ||f — ful* — 0.

Later we shall consider several elementary integrals p = [ dp,v = [ dv,...
on £. The corresponding Daniell means will differ, of course, so we denote them
by || 1% 0 NI%,-... In particular, || ||* denotes the Daniell mean for Lebesgue
measure \.

We heed the lesson learned in Section 1.5. Instead of using

oo<Lf—/*f<+oo

6 The reader can make sure by going through Exercise 3.14 on p. 47.
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to define the integrability of f we call f integrable if it is the || ||*~mean limit
of elementary functions. The two definitions should, of course, be equivalent, and
they are (Exercise 6.2 on p. 59); the second definition is just more expeditious”.

Before investigating integrability, though, let us list the pertinent features of || ||*:

Theorem 3.5 (Properties of the Daniell Mean) (i) The number || f||* € [0, 0]
1s defined for every numerical function f on the ambient space. The functional
| 1I* is absolute-homogeneous and solid®. Furthermore, | ||* is countably sub-
additive; that is to say, for any sequence (fy) of positive numerical functions

1> o
n=1

(ii) The functional || ||* is finite on elementary functions. Moreover, for every
sequence (¢r) of positive elementary functions

A (054)
n=1

N
sl]ifp || Z¢n||* < oo implies ||pnll” 755 0. (M)
n=1
(1i) || ||* magjorizes the elementary integral: for all elementary functions ¢

|/¢| < él* -

Proof. (i) and (iii) are immediate from Proposition 3.2. As for (M), if || 22[:1 On |
:Zgzl [ én is bounded independently of N then clearly [|¢,|* = [¢n 775 0.1

The reader might be wondering why (M) is included in the list 3.5, perfectly
obvious as its proof shows it to be. The reason is that countably subadditive solid
seminorms that satisfy (M) without being additive on £, occur frequently. In
fact, they appear with such frequency that they deserve their own name:

Definition 3.6 Let £ be a ring? of bounded functions, to be called the elementary
functions, on some set. Any functional || ||* having properties (i) and (ii) of
Theorem 3.5 is called a mean for £ .

The designation “Jordan mean” of Definition 1.5.2 is really a misnomer, because
| |I* is not a mean in the sense of the definition above: it is not countably
subadditive. This will not cause confusion once it has been noted.

7 It has the additional advantage of applying in more general circumstances: to signed measures,
which we shall meet, and to stochastic integrals and spectral measures, which the reader might
meet elsewhere.

8 Recall that this means that ||f||* < ||g||* whenever |f| < |g|. Together with (ii) it implies in
particular that |||¢|||" = [|¢]|* < oo for elementary integrands ¢.

9 Not necessarily a vector lattice!
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In the remainder of this and all of the next chapter we generally use only the
fact that £ is a ring of bounded functions and that || ||* is a mean on it. In the
later chapters we shall meet many other such pairs, so that we may then use the
results established here for them as well.

Supplements and Additional Exercises

Exercise 3.7% (Chebyshev’s Inequality) For any mean | ||*, any function f, and any
r >0

| «
117> 11" < <1

Exercise 3.8 Let S be any set, and £ any ring of bounded functions on S that contains
the functions of finite carrier. Show that || ||. satisfies (i) of Theorem 3.5 but is a mean
if and only if S is finite.

Exercise 3.9 Suppose S is a locally compact metric space and & = Coo[5] is the lattice
ring ring of continuous functions of compact support. Then a function h belongs to T if
and only if it has o—compact carrier and is lower semicontinuous. (A function h is lower
semicontinuous if the sets [h > r| are open for all » € R. A subset of S is o—compact
if it is contained in the countable union of compact sets.)

Exercise 3.10 The Daniell upper integral has a property somewhat sharper than count-
able subadditivity. Let f,, be an increasing sequence of arbitrary functions — possibly
taking the values oo — with pointwise supremum f. Then

/*leiin/*fn:

“The Daniell upper integral is continuous along arbitrary increasing sequences.”

Exercise 3.11% Prove the countable subadditivity of the Daniell mean using its finite
subadditivity and the result of Exercise 3.10.

Exercise 3.12 Try to show that f* is continuous along arbitrary decreasing sequences:
fa L f implies [“fn | [7f.

Exercise 3.13* Compare the Jordan and Daniell means: [*f < fhf and || f||* < |If|°
for all numerical functions f.

Exercise 3.14* (i) Define &£ and the lower Daniell integral [, . (ii) Show that |
is positive-homogeneous, increasing, continuous along decreasing sequences of &), and
countably superadditive. (iii) Show that £ = —€' and [, f = — [*(—f) and that [, is
continuous along arbitrary decreasing sequences. (iv) Show that f*f < f*f v f.

Exercise 3.15 For all positive numerical functions f,

/ fd)\:sup{/ o fdN:p e ELR], ¢ <1},
and consequently for all positive numerical functions f

IfII" = sup{llg- fII" : ¢ € E+[R], ¢ < 1} .

The Order—Continuous Case. For the remainder of this section (€, [) is a posi-
tive order—continuous elementary integral (see Definition 2.8). Denote by £ the
collection of all functions on the ambient space that are pointwise suprema of
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arbitrary, not necessarily countable, families of elementary integrands. Define a
new upper integral f *. the Daniell-Stone upper integral, first on functions

h e &M by
/h:sup{/¢:h2¢€5}

and then on arbitrary functions f by

/.f—inf{/.hiféhesﬂ}.

Finally, the Daniell-Stone mean is defined by

e = [ 1fl e, (3.3)

The following exercises develop the properties of these notions in complete analogy
with the main body of this section.

Exercise 3.16* (1) E™ is closed under addition, multiplication with positive scalars, and
under taking finite infima and arbitrary suprema.

i) [ ® is continuous along increasingly directed subsets of £M; that is to say, for
any increasingly directed subset H C £" with pointwise supremum h — which by (i)

belongs to £ —
h— sup/ h .
h'eH

(iii) h+ [*h is positive-homogeneous and additive on .

Exercise 3.17" || ||°® is a mean and majorizes the elementary integral. Furthermore,
Il ||* is order—continuous in the following sense:

Definition 3.18 A mean | ||* is order—continuous if it is continuous along
increasingly directed subsets of ET.

Exercise 3.19 [ is clearly also oc—additive, so we can construct both | |*
and || [|*. Show that || [|* < H |I* . Suppose £ contains a countable subset that
is uniformly dense; then || ||® = || H

I1.4 Negligible Functions and Sets

Recall the state of affairs: we are facing a mean || ||* on a ring £ of elementary
functions, for instance the Daniell mean of an elementary integral on £€. Our goal is
the integration theory of (£, || ||*), i.e., the investigation of structure of the closure
of £ under || ||*. In this section only the solidity and countable subadditivity of
the mean || ||* are exploited.
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Definition 4.1 A function f is called negligible if its mean || f||* is zero. A set
18 megligible if its indicator function is negligible.

A property of the points of the underlying set is said to hold almost everywhere,
or a.e. for short, if the set of points where it fails to hold is negligible.

If we want to emphasize that the definition refers to the solid and countably
subadditive seminorm || ||* we talk about || ||*—negligible functions and || ||*-a.e.
convergence, etc. If || ||* is the Daniell mean || ||* for Lebesgue measure A and
if we want to emphasize that fact then we use the words “Lebesgue megligible.”

Exercise 4.2% Page 27 contains another definition of a Lebesgue negligible set.

(i) Show that it agrees with the present one. (ii) Show that the set Q of rational numbers
is Lebesgue negligible. (iii) leen € > 0, construct a dense open set U C R whose
Lebesgue outer measure \*( det f U d\ is less than €.

Here are the permanence properties of negligibility:

Proposition 4.3 (i) The sum of countably many positive negligible functions is
negligible. The union of countably many negligible sets N, is negligible. Any subset
of a negligible set is negligible.

(ii) A function f is negligible if and only if it vanishes almost everywhere, that is
to say, if and only if its carrier [f # 0] is negligible.

(iii) If f' and f"” agree almost everywhere then they have the same mean.

(iv) A function with finite mean is finite almost everywhere.

Proof. (i): If f,, n=1,2,..., are negligible functions then

IV 15l < | 1] < S0l =30 =0.
n=1 n=1 n=1 n=1

The second claim is a particular instance of this, since sets are positive (idempo-
tent) functions (Convention 1.2.6). The third claim is immediate from the solidity
of || II*

(i): [f # 0](2) < 3252, £ (@)]. Thus if [|£]* =0 then

<Z||f|\* 20:0-

n=1

Conversely, |f| <30 [f # 0], so that || [f # 0] ||* = 0 implies

o0

=> 0=0.

n=1

(iii): || [If* # £ ||* =0 implies ||f" — f”||* =0, and by Exercise 1.7.2

11 = 171 <

|1f # 0]

[hal

1"
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(iv): n-[|f| =00l <|f|] VneN, and so
ne | [l = o] I* < I VneN.

If [|f| = o] is not negligible, || f]|* must be infinite. S |

Functions Defined Almost Everywhere. The only functions of interest for the
purpose at hand are, of course, those with finite mean. We should like to argue that
the sum of any two of them has finite mean again, in view of the subadditivity of
Il II*. A technical difficulty appears: even if f and g have finite mean there may
be points © where f(z) = +oco and g(z) = —oco or vice versa; then f(z)+ g(z)
is not defined.

The solution to this tiny quandary is to notice that such ambiguities may
happen at most in a negligible set of arguments x (see Proposition 4.3 (iv)). We
simply extend || ||* to functions that are defined merely almost everywhere:

Definition 4.4 Let f be a function defined almost everywhere, that is to say such
that the complement of dom(f) is negligible. We set ||f||* = |[f'||*, where f’ is
any function defined everywhere and coinciding with f almost everywhere in the
points where f is defined.

Part (iii) of the previous proposition shows that this definition is good: it does
not matter which function f’ we choose to agree a.e. with f; any two will differ
negligibly and thus have the same mean. Given two functions f and g with finite
mean that are merely almost everywhere defined we define their sum f + g to
equal f(z) + g(z) where both f(z) and g(z) are finite. This function is almost
everywhere defined, as the set of points where f or g are infinite or not defined
is negligible. It is clear how to define the infimum, maximum, product, scalar
multiples, etc. of functions that are merely a.e. defined.

From now on, therefore, “function” will stand for “almost everywhere de-
fined function” if the context permits it.

Definition 4.5 An almost everywhere defined function f is said to have finite
mean, or to be finite in mean, if ||f||* < co. F* denotes the collection of a.e.
defined functions with finite mean. We write F*[|| ||*] if we want to stress the
point that the mean is || ||*.

Theorem 4.6 F* is closed under taking finite linear combinations, finite mazima
and minima, and under chopping; and || ||* is a solid and countably subadditive
seminorm on F*. The pair (F*, || ||*) is a complete seminormed space. Of the
utmost importance is this fact: Every mean—Cauchy sequence has a subse-
quence that converges pointwise almost everywhere to a mean—limat.
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Proof. The first statement is left as an exercise. For the remaining two claims let
(fn) be a mean—Cauchy sequence in F*; that is to say

sup || fm — ful* ==
m,n>N

For n =1,2,... there exists a function f/ that is everywhere defined and finite
and agrees with f, a.e. Let N,, denote the negligible set of points where f,, is not
defined or does not agree with f/,. There is an increasing sequence (ny) of indices
such that

£}, = ¥ <2757 for n >y, .

- def
Clearly 15 = Fr I <27F s that g= Z Fren = S

has finite mean, by countable subadditivity. Therefore the “bad set”

is negligible (Proposition 4.3 (iv)). If = belongs to the “good set” G = B¢ then
g(z) < oo and

F@) = fa, @)+ Y (Fr, (@) = fi (@) = lim [}, (z)
k=1

exists, since the infinite sum above converges absolutely. Also,

U = Fa = NF = £0 I =G (F = £a N =16 fors = £l
k=K
<[ s = Fad 7 <27 z=0.
k=K

Thus (f, )32, converges to f both in mean and pointwise on G. So does the
subsequence (f,,) of the original sequence (f,). Given € > 0, let K be so large
that

Hf_fnkH*:Hf_f’:Lk||*<€/2 for k> K
and | fm — full" <€/2 for m,n > nx .
So if n > ny then 1f = fall" <If = farll" + 1 frie = full" <€

This shows that f, 7=z f in mean and f,, 7=z f both in mean and almost
everywhere. 1
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From now on we shall not be so excruciatingly punctilious. If we have to
perform algebraic or limit arguments on a sequence of functions that are defined
merely almost everywhere we replace without mention every one of them with
a function that is defined and finite everywhere and perform the arguments on
the resulting sequence; this affects neither the means of the functions nor their
convergence in mean or almost everywhere.

Exercise 4.7% Let (fn) be a mean—convergent sequence with limit f. Any function
differing negligibly from f is also a mean limit of (f,), and any two mean limits of (f,)
differ negligibly.

Exercise 4.8 F* is not in general a ring.

I1.5 Integrable Functions

In this section || ||* is a mean on £. For the time being the elementary integrands
& are merely assumed to form a ring of bounded functions on the ambient set. This
generality costs a little but comes in handy in connection with Fubini’s theorem
—see page 128.

Definition 5.1 An almost everywhere defined function f is called integrable if
there is a sequence (¢pn) of elementary functions converging in mean to it: ||f —
Onl|* — 0. In other words, [ is integrable if it belongs to the mean—closure of €
in F*. The collection of integrable functions is denoted by L.

If we want to stress the point that the definition refers to the pair (€, ||*)
we talk about (€, | ||*)—integrability and LY[E, || ||*]. If || ||* is the Daniell mean
| || for the positive o—additive elementary integral [ = [ dp then the functions
in L' are called the p-integrable functions, and we write L' = L[] .

The integrable functions are thus defined with the mean || ||* just as the Riemann
integrable functions were characterized with || || in Proposition 1.5.1.

The Permanence Properties

As discussed in Section 1.6 one does not want to apply the definition to discover
whether a given function f is integrable. Rather one establishes once and for all
the permanence properties of integrability and checks that f is made up from
functions known to be integrable via constructions that preserve integrability. It is
expedient to do this first, and then to define and examine the integral with these
tools at one’s disposal.
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Theorem 5.2 (Mean Completeness) (i) If (f) is a sequence of integrable func-
tions converging in mean to f then f is integrable.

(ii) L' is complete in mean. Moreover, every mean—Cauchy sequence (f,) has a
subsequence (fn, ) that converges almost everywhere to a mean limit of (fy).
(iii) If LY > f, — f in mean and g = f a.e. then f, — g € L* in mean as well.

Proof. For (i) copy the proof of Theorem 1.6.2, and (ii) is then immediate from
Theorem 4.6 on p. 50. (iii) is obvious, just a reminder. 1

The existence of a pointwise a.e. convergent subsequence of a mean—convergent se-
quence (fy,) is frequently very helpful in identifying the limit, as we shall presently
see. One might be inclined to hope that a mean convergent sequence (f,), itself,
converges pointwise a.e. Alas, this is not so. Here is an example of a sequence (¢y,)
of elementary functions that converges in mean to zero but fails to converge at
any single point of (0,1]: every natural number n can be written uniquely in the
form n =2"+k, with m,k € N and 0 < k < 2™. This being done, let ¢,, be the
indicator function of the interval (k2=™, (k + 1)2=™]. Clearly [|¢,|* =27 — 0
as n — oco. Nevertheless, ¢, (z) takes the values 0 and 1 again and again, for
every z € (0,1]. (It might help to draw the graphs of the first few of the ¢,,.)

Lemma 5.3 (i) If ¢ € £ then |¢| is integrable. Therefore a positive integrable
function f is the mean limit of positive elementary integrands.
(i1) Property (M) extends to positive integrable functions: if a sequence (fy) of

them satisfies supy || ZﬁLl Inll* < oo then || fn|* — 0.

Proof. (i): Set M = sup, |¢(x)|, and let (P,) be a sequence of positive polyno-
mials with zero constant term that converges increasingly to the absolute value
function ¢ +— [t| on [—M, M]. Such is provided by Corollary 1.3.5 on p. 10. Then
on = P, 0¢ € &, increases to |¢|. The sequence (¢,,) is mean—Cauchy. Indeed, if
it were not then there would exist an € > 0 and a subsequence (gzbnk) so that the
positive elementary integrands 1, % n,., — @n would have lvk]l* > €. This
impossible, though, by property (M) of a mean, since || >, ¥i||" < |||¢][|* < oo.
Theorem 5.2 now provides a mean limit g € £' of (¢,), which must equal |4
almost everywhere, since some subsequence of (¢,,) converges almost everywhere
both to |¢| and to g. To prove the second claim of (i) let an € > 0 be given.
There is an ¢ € £ with ||f — ¢||* < €/2. Since |f — \¢|‘ < |f — ¢|, this implies
Ilf — |¢|l* < €/2. Then there is a positive ¢, € & with [||¢| — ¢, ||* < €/2, and
the subadditivity of || ||* yields ||f — ¢n|* <e.

(ii): There are positive elementary functions ¢, with [|f, — ¢,|* < 27™.
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Since N N N
sup || Z onl” < sup|| Z(‘bn = fa)lI" 4 sup | Z fall®
N n=1 N n=1 N n=1
oS N
< ZQ*” + sup || anH* < o0,
n=1 N n=1
we have ¢, [ =50 0 and thus [|f,[|" 7=z 0. SE—

Theorem 5.4 (The Monotone Convergence Theorem or MCT) Let (f,) be
an increasing or decreasing sequence of integrable functions whose means form
a bounded set of reals. Then (f,) converges to its pointwise limit f in mean.

Proof. As the sequence (f,(z)) of reals is monotone it has a limit f(z), possibly
equal to £oo. First the case that the sequence (f,,) is increasing. Then (f,) is
mean—Cauchy. Indeed, assume it were not. There would then exist an € > 0 and
a subsequence (fy, ) with [|fn,,, — fa,||" > €. However, this sequence of positive
integrable functions satisfies clearly

K
SUp | fasr = FullI* = SUp | fre = Four " < s ¥+ sup | fv]* < 00 .
L — K N

By Lemma 5.3 (iii), though, (fn,,, — fn,) must converge to zero in mean.

Now that we know that (f,) is Cauchy, we employ Theorem 5.2: there is a
mean-limit f’ and a subsequence (f,,) 1% so that f,,, (x) — f’(z) for all  outside
some negligible set N. For every single x, though, f,(x) — f(x). Thus

f(x) = lim f,(z) = klim Jop(@) = f'(z) forx ¢ N .

n—oo

Hence f is equal almost everywhere to the mean—limit f’ and thus is a mean—limit
itself.

If (fn) is decreasing rather than increasing then (—f,) increases pointwise
—and by the above in mean— to —f; again f,, 7555 f in mean. 1

Theorem 5.5 (Permanence Properties concerning Algebra and Order)
Let f, f be integrable functions and r a real number. Then f+f", rf, |f], [V [,
FfAS, and f A1 are integrable; so is f-f' if f or f' is bounded.

In particular, L' is a vector lattice closed under chopping, and the bounded
functions in L form both a ring and a vector lattice closed under chopping.

10 Not the same as in the previous argument, which was, after all, shown not to exist.
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Proof. If £ is a lattice ring then the proof of Theorem 1.6.3 on p. 24 applies word—
for-word, provided || ||* is replaced everywhere by || ||*. Nothing was used in
that proof beyond the subadditivity and solidity of the seminorm and the fact
that £ is a lattice ring.

If £ is merely known to be a ring then £! is a vector space as the very
first argument in the proof of Theorem 6.1 shows. The fact that the product
of two integrable functions is integrable provided one of them is bounded(!) can
again be taken literally from Theorem 1.6.3. This leaves the permance properties
concerning the order. Assume then f is integrable. There exists a sequence (¢y,)
of elementary integrands converging in mean to f. Since | lf] = |&nl ’ <|f — onl,
H|f| — \¢H|H* < |||f— ¢>n|H* 7550 0, 80 | f] is integrable, inasmuch as the |¢,,| are
—see Lemma 5.3 (i) and Theorem 5.2 (i).

By Exercise 1.2.13 on p. 8, L' is a vector lattice.

To see that it is closed under chopping, the only thing not yet proved, let
f € L£'. In order to show that f A1 € Ll it suffices to show that (fA1l)y = fi Al
is integrable, because (f A1)_ = f A0 certainly is, and f A1 is the sum of these
two functions. In other words, we may assume that f is positive. Now if ¢ € &4
then ¢ A1 is the uniform limit of an increasing sequence of positive elementary
integrands (Exercise 1.3.18) and thus is integrable. If f > 0 is merely integrable,
we approximate it in mean by a sequence (¢,,) of positive elementary integrands
—so that ¢, A1 is integrable—and use the solidity of || [|* on the inequality
[f AL =@ A1 <|f— dn| to show that f A1 is integrable as well. _ 1

The permanence properties concerning order and algebraic operations are
thus not any better than for the Jordan norm || ||*. The ones concerning limits
are much superior, though, and permit the construction of vast numbers of new
integrable functions. The best is yet to come; compare the following result with
Theorem 1.6.5 on p. 26.

Theorem 5.6 (The Dominated Convergence Theorem or DCT) Let (f,) be
a sequence of integrable functions and assume that

(i)  fn 7=sc | pointwise almost everywhere and
(i1) |fnl < g for some function g with finite mean and all indices n .

Then (fn) converges to f in mean, and consequently f is integrable.

Proof. Asin the proof of the Monotone Convergence Theorem we begin by showing
that the sequence (f,) is Cauchy. To this end consider the positive function

K
gN:SUP{lfn_fm‘3m7n2N}:KthOO \/ |fn_fm| < 2g.

m,n=N
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By Theorem 5.5 and the Monotone Convergence Theorem, gy is integrable. More-
over, gy (z) converges decreasingly to zero at all points x at which f,(z) conver-
ges, that is, almost everywhere. By Exercise 5.7,

lgn I F== 0

Now || fn = fmll* < llgn|* for m,n > N, so (f,) is indeed Cauchy in mean.
By Theorem 5.2, the sequence has a mean limit f’ and a subsequence (f,,) that
converges pointwise a.e. to f’. Since (fy, ) also converges to f a.e., f and f’ agree
almost everywhere, namely, at all points = at which both (f,(z)) and (f,,(z))

converge. Thus ||f, — fII* = |fn — f'II 7= 0. S |

The Dominated Convergence Theorem is central. Most other results in inte-
gration theory follow from it. It is false without some domination condition such as
(ii), as the following example shows. Let ¢,, be the elementary function equal to n
on (0,1/n] and zero elsewhere; the sequence (¢,,) converges to zero at every single
point, yet [|¢,||* = J ¢n(x) dz =1 for all n. However, a slightly weaker condition,
uniform integrability, suffices (Proposition 5.20). The assumption of pointwise a.e.
convergence in Theorem 5.6 and Proposition 5.20 can also be replaced with a
weaker condition, convergence in measure. These matters are deferred until later

(Corollary I11.4.12 on p. 84).

Supplements and Additional Exercises

For the while, || ||* is still an arbitrary mean on a ring £, not necessarily the
Daniell mean for some o-additive elementary integral.

Exercise 5.7% Show in detail that the conclusion of Theorem 5.4 continues to hold if the
fn are merely defined a.e. and are increasing or decreasing merely a.e.

Exercise 5.8% A function f is integrable if and only if there is a sequence (¢n) of
elementary functions with Y77 | [|¢n]|* < 0o and f =37 | ¢, almost everywhere.
Exercise 5.9% A function h € £ is integrable if and only if ||h|* < co. The mean is
continuous along increasing sequences of £ .

Exercise 5.10 The collection £ of bounded integrable functions is a lattice ring closed
under chopping and mean-dense in £'. So is the collection £}, = (£t)o of Li—confined
functions in £j .

Exercise 5.11 Suppose £ is a lattice ring. The collection Eyp of E—confined functions in £
then is a self-confining lattice ring uniformly dense in £ and mean-dense in £'.
Exercise 5.12 (i) £' is not in general a ring; (ii) in fact, it is a ring precisely if it is
finite-dimensional, and then it is an algebra. (iii) Discuss when this can happen.

Exercise 5.13* (Fatou’s lemma) The following is an easy but very useful corollary of the
Monotone Convergence Theorem: let (f,) be a sequence of positive integrable functions.

Then [[Miminf f,||" < liminf || f,]]* ;

and if liminf, o ||fn||* is finite then liminf, . fn is integrable.
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Exercise 5.14 The composition v o f of a continuous function v with an integrable
function f is integrable, provided there is a function h € F* with |yo f| < h a.e.

Exercise 5.15 A function g : R — R is called a Lipschitz function if there is a
constant K such that |g(s) —g(t)| < K|s—t| for all s,¢ € R. Show that the composition
go f of a Lipschitz function g that vanishes at zero with a bounded integrable function f
is integrable.

Exercise 5.16 (On Order—continuous Means) Assume the mean || || is order—continuous,

say || || is the Daniell-Stone mean || ||* of an order—continuous elementary integral
(see page 48). Prove: if ® is an increasingly directed or decreasingly directed family
of elementary integrands with sup,cq [|¢[|* < oo then sup® or inf®, respectively,
is integrable and ® — lim® in mean. The conclusion continues to hold if ® is an
increasingly directed subset of £T with sup,cq [|h]|® < 0.

Uniform Integrability. To discuss this notion, let us first introduce order
intervals: Let g,g’ € L. The order interval [g, ¢'] is defined by

lg.g1={feLllg<f<g}
The domination condition (ii) in the Dominated Convergence Theorem amounts

to requiring that the f, all lie in some fixed order interval [—g, g].

If f is any function in £! there is a function fg, in [g,¢'] closest to f in
mean, to wit:

f&=gvfng.

It is obtained by chopping f below with ¢ and above with ¢'. It is advisable to
draw a picture.

Exercise 5.17 Show that ||f — f¢'|* < ||f = f'I* V[ €lg,d].

Definition 5.18 A collection S of integrable functions is called uniformly inte-
grable if for every € > 0 there is an order interval [g,g'] C L' such that the mean
distance from [ to [g,4']:

inf = £" =15 = 81 = 1f = (o FAGI"

I'€lg.g
is less than € for all f € S.

Exercise 5.19 S is uniformly integrable if and only if there is, for every ¢ > 0, an
elementary function v such that for all f € S

If= (= VA" <e.

Uniform integrability can replace condition (ii) of the Dominated Convergence
Theorem; and this much domination is also necessary. We leave the proof of this
fact as an exercise:
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Proposition 5.20 Let (f,,) be a sequence of integrable functions converging point-

wise a.e. to some function f. Then (f,) converges in mean to f if and only if
the family {fn : n € N} is uniformly integrable.

I1.6 Extending the Integral

In this section we assume that the mean || ||* majorizes the elementary integral:
[ ¢] <ol
This holds, for instance, if | ||* is the Daniell mean for [, but there are other

instances (Section V.2). The elementary integrands are assumed to form a ring €.

The extended integral is now defined exactly as in Proposition 1.5.1 on
p. 21, with || ||* replacing the Jordan mean'! || ||*. Namely, if f is a || ||*~
integrable function there is a sequence (¢,) of elementary integrands converging
in mean to f, and the integral of f is defined as

/f:hm/qﬁn.

Why is the integral well-defined? '* First, since || ||* majorizes the integral,

| [on=[om] =] [t6n = om)
< lon = omll* < llén = fI" + If = dmll” mm==2 0.

Thus ([¢y) is a Cauchy sequence of reals and does have a limit. Next, if (¢!,) is
a second sequence of elementary functions converging in mean to f then

lfn = &ull™ < lldn = fII" + I1f = S0l 7= 0

$O | [n — [OLl =1 [dn—¢] — 0, and ([¢,) and ([¢],) have the same limit:
the integral is well defined.

Here are some basic properties of the integral:

Theorem 6.1 (i) The extended integral is linear and increasing; that is to say, for
any f,g€ L and r,s €R

Jossso=r [1+s[o.
and f§g=>/f§/g~

11 which is no mean, of course, see page 46
12 1f you did Exercise 1.7.17 on p. 29 you know.
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(ii) The integral is still majorized by the mean: for f € L', | [ f‘ s |7 e

agrees with f on the positive elementary integrands then

‘/f‘g/“:/*lfl:lfﬂ* vier .

(iii) If the sequence (f,) of integrable functions converges in mean to f then f is
integrable, and [ f,, === [ f-

(iv) Suppose the sequence (fy) of integrable functions increases or decreases a.e.
to a function f and lim [ f, is finite or (f,) converges a.e. to f and f*sup|fn\
is finite. Then f, — f in mean, f is integrable, and [ f, — [ f.

Proof. The first statement is an instance of Exercise 1.7.17: Let (¢,), (¥,) be
sequences in £ converging in mean to f,g € L', respectively. Then (r¢, + si,)
converges to 7f 4+ sg in mean, since

|(rf +59) = (rdn + sa)||” <17l || = dull” + 18l lg = ¥n||” 522 0.
Thus

/(rf+sg)—lirrln/(rqf)nvLsz/Jn)—li£n<r/q$n+s/1/1n> :r/f+s/g.

This shows that the integral is linear. By taking differences the monotonicity is
seen to be equivalent to

f20:>/f >0 VfecLt.

By Lemma 5.3, there are positive elementary functions converging in mean to f.
The limit of their integrals, [ f, is then positive as well.
(ii): Let (¢,) be a sequence of elementary functions with H f- ¢nH* =< 0. As

[1£1=16nl| <1 = 6ul, [[1£1= 160l
inequality |[ ¢n| < [[¢n| produces

o= fo

Now ||¢nl|l* 7= | f1I* by Exercise 1.7.2 on p. 28, and the desired inequalities

" w550 0 and [|f| =lim [ ¢,,. The elementary

< nm/|¢n| < lim ||, |* .

follow. (iii) is evident and so is (iv) when || ||* is the Daniell mean for [; the
general case is left as a (non-trivial) exercise. I |
Exercise 6.2* Assume not only that || ||* majorizes the elementary integral [, but that

it is, specifically, the Daniell mean || || for the c—additive elementary integral | dpu.
Show that a function f is then (&, | ||*)-integrable if and only if

—m<Af=/v<+m (6.1)
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(see Exercise 3.14). In this case the common value [*f = J.f is the integral. Compare
this with Proposition 1.5.1 on p. 21.

Remark 6.3 The Dominated Convergence Theorem is often stated as follows: If the
sequence (fn) of integrable functions is dominated and converges to the function f a.e.
then f is integrable and [ fn w== [f-

This is evident, since f, 7=z f in mean and the integral is continuous in mean. This
statement seems genuinely weaker than the DCT. However, it is not really, given some
argument: Prove the following generalization of the DCT: Let (g») be a sequence of
integrable functions converging almost everywhere to an integrable function g and assume
that lim, [gn = [g. If (fn) is a sequence of integrable functions converging to f almost
everywhere and if |fn| < gn Vn then (f,) converges to f in mean.

The Lebesgue Integral.

If || ||* is the Daniell mean || ||* for the usual integral on the line we write
LYA] or LYR] for £! and talk about Lebesgue integrable functions. The
integral of an integrable function f is then called its Lebesgue integral and
written as f fdX or f f(x)dx. We shall even mark the upper integral and write
[ f(x) Mdz) = [ f(x) dz instead of just [

How does Lebesgue’s integral compare with Riemann’s?

Proposition 6.4 A Riemann integrable function is Lebesque integrable, and its
Riemann integral coincides with its Lebesque integral.

Proof. From Exercise 3.13, || ||* < || ||F. So if (¢,) is a sequence of elementary
functions that converges to the Riemann integrable function f in Jordan mean
then it converges in Daniell-mean:

||f_¢n“* < ”f_d)n”h 7= 0.

The integral in either sense is the limit of the sequence ( [¢,) of reals. . |

Supplements and Additional Exercises

The mean || ||* is now Daniell’s mean || ||[* for the o—additive elementary inte-
gral [ dp.

Exercise 6.5 For any f € F*[|| ||*] there is an integrable function h with |f| < h.

Exercise 6.6 A function f with finite upper integral [ *f is majorized by an integrable
function f with ["f = [f. Such f is called an integrable upper envelope of f.
A function f with finite lower integral f* f majorizes an integrable function f with

f*f = fi Such [ is called a integrable lower envelope for f. If f is a set then T
and f can be chosen to be sets.
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Exercise 6.7 ["(f+ f')= ["f+ [*[ ifone of [, f' is integrable.

Exercise 6.8 Let || || be a mean on E[R] having ||¢|| = [¢ for all positive elementary
integrands. Then ||f|| < ||f||* for all f:S — R.

Exercise 6.9 Suppose someone has somehow constructed a vector space L£L* of functions
containing € and a linear and positive extension [ of the elementary integral to £* such
that the MCT and DCT hold; that is to say, if (f») is a sequence in L£* that either
increases with sup [ f, < oo or that converges pointwise being dominated by a function
in £*, then the limit function f belongs to £* and [f =lim [ f,. Show that then there
is a mean || || majorizing the elementary integral and such that £* is the closure of &
with respect to it.

Exercise 6.10% Cyg[R] is dense in L*[R]. (L*[A], || ||*) is separable.

Exercise 6.11% Lebesgue integral is translation invariant — the meaning of this will
become clear during the exercise. For a € R and any function f on the line denote by
fa the translated function z — f(z —a). Then forall a € R, ¢ € £, and f: R —R

(i) ¢ € ER] if and only if ¢, € E[R]: the collection E[R] is translation invariant.

(i) [¢a(z) A(dz) = [¢(x) A(dz): the elementary integral is translation invariant.

(iii) [*fa(x) AM(dx) = [ f(z) A(dx): the upper integral is translation invariant.

(iv) f € L'[A] if and only if f. € £'[A], and then [ f(z) A(dz) = [ fa(x) A(dx): the class
of integrable functions and the extended integral are translation invariant.

Exercise 6.12* Let f be a Lebesgue integrable function such that [ f(z)é(z)dz vanishes
for every continuous function ¢ of compact support. Show that f =0 a.e.
Can we draw the same conclusion if [ f(z)¢(z)dz =0 for every ¢ € Co5[R]?

I1.7 Integrable Sets

Again, the arguments of the section apply to any mean.

According to our Convention 1.2.6 on p. 6, sets are identified with their
indicator functions: A set is integrable if its indicator function is integrable. The
permanence properties of the class of integrable sets are immediate from those of
the class of integrable functions:

Proposition 7.1 The union and set difference of two integrable sets are integrable.
The intersection of a countable family of integrable sets is integrable. The union
of a countable family of integrable sets is integrable provided it is contained in an
integrable set C'.

Proof. Let Aq, As,... be a countable family of integrable sets. Then

AjUAy = A1V Ay,
Ai\As = A1 — (A1 AN Ag)
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00 e N
n=1 n=1 n=1
and GAn:C_K(C_An)v

in the sense that in every line the set on the left has — or is, see Convention
[.2.6—the indicator function on the right, which is integrable by the permanence
properties of Section 5. ]

Some Notation will facilitate the discussion of integrable sets and their connection
with integrable functions. Recall from Proposition 2.13 on p. 39 that a collection
of subsets of some set is a ring of sets if it is closed under taking finite unions and
relative complements — and then under taking finite intersections. A ring of sets
that is closed under taking countable intersections is called a d —ring. Proposition
7.1 can thus be expressed by saying that the integrable sets form a d-ring.

A finite linear combination of integrable sets is clearly integrable. It is an integrable
function that takes only finitely many values, every nonzero one in an integrable
set. Such functions are called integrable simple functions. In other words, the
integrable simple functions are the step functions over the d-ring of integrable
sets.

A set A is called o—finite if it can be covered by countably many integrable sets.
In many instances the whole ambient set is o—finite. In that case we say that the
mean is o—finite. If the mean is Daniell’s mean for some elementary integral and
is o—finite, then we also say the elementary integral or measure is o—finite. This
is the same as saying the ambient space is the union of countable many integrable
sets. Most means are o—finite. The only example of a mean that is not and can still
be considered a natural example is that of the Daniell mean of a Radon measure
on a locally compact space so huge that it cannot be covered by countably many
compact sets.

Exercise 7.2 If there is a sequence of elementary integrands whose pointwise supremum
is strictly positive then any mean is o—finite. Thus Lebesgue integral on the line or
on R" is o—finite. Conversely, if the Daniell mean of [ on & is o—finite then there exists
a sequence of elementary integrands ¢, € £ with sup,, ¢» = 1.

Exercise 7.3 If || ||* # 0 is o-finite then there is a countable collection of disjoint
non—negligible integrable sets whose union is the ambient space.

Exercise 7.4 If the mean is o—finite then any collection M of mutually disjoint non—
negligible integrable sets is at most countable.

Recall from Proposition 2.13 on p. 39 that a collection of subsets of some set
is an algebra of sets if it is a ring and contains the whole ambient space. An algebra
of sets that is closed under taking countable intersections is automatically closed
under taking countable unions and is called a o—algebra. The integrable sets do
not, in general, form a o—algebra — the line R, for instance, is not Lebesgue
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integrable. If they do, then we say the mean is finite or totally finite. If the
mean is Daniell’s mean for some elementary integral and is totally finite, then we
also say the elementary integral or measure is totally finite.

Let us now investigate the relation of the integrable sets to the integrable
functions.

Proposition 7.5 Let f be an integrable function. (i) For any strictly positive
real v, [f >7], [f > 7], [f <—r], and [f < —7r] are integrable sets.

(ii) [ is the limit almost everywhere and in mean of a sequence (f,) of simple
integrable functions with |fn| < |f|. (i1i) f has o—finite carrier.

Proof. For the first claim, note that

[f>1]= lim 1A (n(f—fA1))

n—oo

is integrable: the functions f, = 1 A (n(f — f A1) are integrable by Theorem
5.5 and are dominated by |f|. By the DCT, their limit is integrable. This limit is
zero at any point x where f(x) <1 and 1 at any point x where f(z) > 1; in
other words, it is (the indicator function of) the set [f > 1], which is therefore
integrable. This is the first and only place where we use the fact that L' is closed
under chopping.

The set [f > r] equals [f/r > 1] and is thus integrable as well. Finally,

[fZT}:{ﬂ[f>r—1/n]: N9n>1/r}

is integrable, and [f < —r] =[—f >7] and [f < —r] =[-f >1].
For (ii), let f, be the simple integrable function

22n

fo= k27 (k27" < f < (k+1)277]
k=1
22n

=Y k2[R > f > —(k+1)277).
k=1

By (i), the sets
k2 < < (k4 127 = [f > k2] \ [f > (k+ 1)27"]

are integrable if £ # 0. Thus f,, being a linear combination of integrable functions,
is integrable. Now (f,,) converges pointwise to f and is dominated by |f], and
the claim follows.

As for (iii), the carrier [f # 0] of f equals the union of the integrable sets
(11> 1/n]. I
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Remark 7.6 Suppose the mean || ||* is Daniell’s mean || || for some elementary integral
[ du. Let us write p(A) for [ A dp when A is an integrable set. According to Equation
(7.1), the integral of an integrable function f is the limit of sums of the form

L= > k27"u(A), (7.2)

1<jkl<2n
where An, %z f(x) lies between k27" and (k+41)27"}.

Proposition 7.5 can then be read as follows. Instead of chopping the domain into little
pieces as is done in the Calculus to approximate the integral of f by a Riemann sum,
subdivide its range into intervals of length 27" and replace the Rieman sum by the
sums (7.2). It is sometimes said that this “transition from the z—axis to the y—axis” is
Lebesgue’s great contribution; this makes things sound too easy to do him justice. There
is, after all, the not—so—small matter of attaching a measure to the sets A,,.

Exercise 7.7% Let f. be a sequence of integrable functions, all vanishing off the same
integrable set A and converging uniformly to f. Then f, — f in mean and f is
integrable.

Exercise 7.8 Let f be a positive function. The following are equivalent:

(i) f is integrable; (ii) there exists an increasing sequence (s,) of simple integrable
functions with f = sups, a.e. and sup f S$n < 00. In this case the previous supremum
is the integral of f, provided || ||* is the Daniell mean of [; (iii) there exists a sequence
(sn) of simple integrable functions with f = > s, a.c. and Y [ s, < oo. In this case
the previous sum is the integral of f if || ||* is the Daniell mean of [.

Assume henceforth that an elementary integral [ = [ dpu is given and that
the mean majorizes the integral:

]/qbdu\swn* VéeE. Then ]/f(x)u(dw)\gufn* viec.

The integral of an integrable set A, [ A(z) pu(dz), is usually denoted by wu(A).
Let f be an integrable function. An integrable set A being a bounded function,
the product A-f = 14-f is integrable. Its integral is usually denoted by

/A f or /A fdu or /A F(s)u(ds)

Exercise 7.9% (A Borel-Cantelli Lemma) Given a sequence (A,) of integrable sets that
are all contained in some other integrable set, let A denote the set of points that lie in
infinitely many of them. A is integrable. If >~ [ A, < co then A is negligible.

Exercise 7.10* (The Riesz Representation Theorem) The restriction of the integral to
the integrable sets is a positive o—additive measure. The step functions over this ring,
the simple integrable functions, are dense in £'.

Exercise 7.11 Exercise 7.10 produces a o-additive set function p on the §-ring R C £*
of integrable sets. We are in the situation of page 38. We would then produce a elementary
integral by linear extension and then extend this, for instance by constructing its Daniell
mean, or by using statement (ii) of Proposition 7.5 as the definition if integrability, to
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a new class of integrable functions. Show that either way we end up right back at £':
much ado with nothing to show for it.

The remainder of the section deals specifically with the Lebesgue integral. We
write [, f(2) A(dx) for [, f in order to emphasize that it is Lebesgue measure we
are integrating with. The d-ring of Lebesgue integrable sets is denoted by A[A].
The integral [14(z) A(dz) of a Lebesgue integrable set is traditionally written as
A(A) and called the Lebesgue measure of A. Similarly, the upper integral of
(the indicator function of) a subset A of the line is denoted by A\*(A4) and called
the outer Lebesgue measure of A.

Proposition 7.12 (Regularity of Lebesgue Measure) Recall that an open sub-
set of the line is the union of at most countably many mutually disjoint open
intervals (a;,b;), among which may or may not be one or both of the infinite in-
tervals (—oo,b) and (a,00). For the purpose of this proposition let us call this
representation of an open set its canonical representation.

(i) The outer Lebesgue measure of an open set is the sum of the lengths of the
intervals in its canonical representation.

(ii) A bounded open subset of the line is Lebesgue integrable, and its Lebesgue mea-
sure is then the sum of the lengths of the intervals in its canonical representation.
(iii) A compact subset of the line is Lebesgue integrable.

Now let A be any Lebesgue integrable set, and let € > 0.
(iv) There exists an open integrable set U containing A with A(U\A) < €. This
fact is called outer regularity of Lebesgue measure.
(v) There exists a compact set K C A with N(A\K) < €. This fact is called inner
regularity of Lebesque measure.

Additional Exercises

Exercise 7.13 Every o—additive measure on the line is inner and outer regular.

The remaining exercises deal specifically with the Lebesgue integral.

Exercise 7.14 (See Exercise 3.15) Show that

/ fdx= sup{/ f : A integrable}
A

for all positive numerical functions f, and consequently

I£]I" = sup{||A- f||" : A integrable} .

Exercise 7.15 Let A be a subset of the line, and let a € R. Show that the right translate
A+a={x+a:x € A} has the same outer measure as A: A (A +a) = ["laja =
J*A = X"(A). Show that if A is Lebesgue integrable then so is A+ a and has the same
measure. [Hint: A+ a = A, in the notation of Exercise 6.11 on p. 61.]
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The following project permits the reader to check her understanding of the
material presentend so far.

Project 7.16 For ¢ € Coo[R] let f¢ denote its Riemann integral. The triple (R, Coo[R], f)
has the same properties as the triple (R, E[R], [) we have been considering so far. Namely,
Coo[R] is a lattice ring of bounded functions, and [: Coo[R] — R is linear, positive, and
o—additive (Use Lemma 1.3.1). Define the upper integral for this triple as in Section 3, re-
placing € everywhere by Coo[R]. Define the corresponding mean, the integrable functions,
the extended integral, and produce the permanence properties of the past sections.

Then show that the integrable functions so obtained are exactly the Lebesgue integrable
ones, and that the integrals coincide.

I1.8 Example of a Non—Integrable Function

Let us try to think of a non-integrable function f on the line. There is f(x) = 2,

which can’t be integrable because [|f||* = oo: “f is too big.” We understand
this obstruction to integrability very well. Let us accept it and look for a “small”
function f that is not integrable. Let us try to find one that is bounded and of
compact support, say, so that its mean is finite. This is not easy: how would we
describe such a function? How does one usually describe a function? Well, one
starts with simple ones, polynomials or step functions, say, and produces more
complicated ones as algebraic or order combinations or as limits of these. The
permanence properties of the class £' are so good, though, that we have no
chance at producing our non—integrable function that way. We might be led to
the conjecture that every function f with ||f||* < oo is integrable. Alas, this is
not true. This section exhibits an example of a bounded set B C R that is not
Lebesgue integrable. However, this is not easy and, in fact, requires a logical device
not openly employed so far, the axiom of choice.

We start the construction of B by defining an equivalence relation ~ on R
by r~r = r—1reQ.

Every equivalence class is countable, and there are uncountably many of them.
Every equivalence class clearly has an element between —1 and 1 in it. Using the
axiom of choice, we pick from every equivalence class a number between —1 and 1
to make the “bad” set B.

(i) The sets B+q and B+¢q' are disjoint if ¢ # ¢’ € Q. Indeed, if their intersection
has a number b+q = b +¢ init, b,b’ € B, q,q' € Q, then b ~ b’ and consequently
b = b, since only one representative of every equivalence class is in B. In that
case ¢q equals ¢’, and the two classes are identical.

Let us enumerate the rationals in (=2,2): QN (-2,2) = {q1,42,...} and let B,
be B translated by ¢,: B, = B + ¢,, n € N. The sets B, are countable in
number, mutually disjoint, and contained in the interval (—3,3).
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(ii) The interval (—1,1) is contained in the union of the B, . Indeed, if r € (—1,1)
then r is in one of the eqgivalence classes and differs from the representative chosen
from this class by a rational ¢ which cannot be bigger than 2 in absolute value.
q is one of the ¢, and consequently r € B,,. From the countable subadditivity of
the upper integral we deduce now

2:/*(_1,1></*Q13n<§/*3n.

Thus one of the numbers f *B,, must be strictly positive. By Exercise 7.15, all the
B,, have the same upper integral, and so

/B:/Bn>0 VneN.

Now assume, by way of contradiction, that B is Lebesgue integrable. Then so
are all the B, (Exercise 7.15), and the countable additivity of the measure on
integrable sets yields

[(Qm-5 fa-5 fn-e

This is impossible, since |J -, B, C (—3,3) and thus A\*(J,_, B,) < 6. This
contradiction shows that B cannot be Lebesgue integrable. 1

Exercise 8.1 Construct a decreasing sequence f,, of functions with pointwise infimum
zero such that [*fn /4 0.
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