8. Matrix Methods for Parabolic Partial
Differential Equations

8.1 Semi-Discrete Approximation

Many of the problems of physics and engineering that require numerical ap-
proximations are special cases of the following second-order linear parabolic
differential equation:

(8.1) PxJue(x;t) Z(K (X)uz, )z + ZG (%)ug,
—o(x)ulx;t) + S(x 1), x€Rt>0,

where R is a given finite (connected) region in Euclidean n-dimensional space,
with (external) boundary conditions

62)  aGuit) + A5

where I' is the external boundary of R. Characteristic of such problems is
the additional initial condition

v(x), xe€TI,t>0,

(8.3) u(x;0) = g(x), x€R.

We assume for simplicity that the given functions ¢, K;, G;, 0,5, and g are
continuous! in R, the closure of R, and satisfy the following conditions:

1. ¢, K; are positive in_R, 1<1i<n,

(8-4) 2. o is nonnegative in R.

For the external boundary condition of (8.2), we assume that the functions
a, B, and vy are piecewise continuous on I, and, as in Chap. 6, satisfy

(8.5) a(x) >0, B(x)>0, ox)+px) >0 xel.

These assumptions cover important physics and engineering problems. For
example, in reactor physics, the time-dependent density of neutrons u(x;t) of

' Tt will be clear from the discussion that follows that problems with internal
interfaces, where the functions ¢, K;, G;, 0, S, and g are only piecewise continuous
in R, can similarly be treated.
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a particular average energy in a reactor satisfies, in a diffusion approximation,
the equation

Lan(x51) = YK (R e, — 0l ) + S(x),

i=1

which physically represents a conservation of neutrons. Here, v is the aver-
age velocity of these neutrons, K(x) is the diffusion coefficient, and o(x)
is the total removal cross section.? In petroleum engineering, the flow of a
compressible fluid in a homogeneous porous medium is given by

$us(x;) = V2u(x;1) = D Uniai (X51),
i=1

where ¢ depends on the density, compressibility, and viscosity of the fluid, as
well as the permeability and porosity of the medium.?

More widely known, however, is the heat or diffusion equation. To be
specific, the temperature u(z,t), in an infinite thin rod, satisfies

(8.6) ut(z,t) = Kugg(z,t), —00 <z < +00,t>0,

where the constant K > 0 is the diffusivity? of the rod. For an initial condi-
tion, we are given the initial temperature distribution

(8.7) u(z,0) = g(z), —oo0<z < 00,

where g(z) is continuous and uniformly bounded on —co < x < c0. It is well
known that the solution of this problem is unigue and is explicitly given by®

oy = o [ e () g,

—00 < T < 400, > 0.

We can also express this solution in the form

1 +oo —(z ~ =’ )2) ,
— exp | ————— | u(z', t)de,
VarK At /_oo P ( kA )=

where t > 0, At > 0. The point of this last representation is that u(z,t + At)
is linked (through positive weights) to u(z',t) for all z’. Hence, we might

(8.9) u(z,t+At) =

% See Glasstone and Edlund (1952), p. 291.

3 See Muskat (1937), p. 627. In actual petroleum problems, ¢ can be flow-
dependent, which makes this partial differential equation nonlinear.

4 See, for example, Carslaw and Jaeger (1959), p. 9.

5 See Carslaw and Jaeger (1959), p. 35. For a discussion of existence and uniqueness
for the more general problem of (8.1)-(8.3), see, for example, Bernstein (1950)
and Hadamard (1952).
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expect in this case that matrix equations arising from finite difference ap-
proximations of (8.6) would preserve some form of this particular coupling,
ie.,

ultl = w(mAz, (n + 1) At)

would be coupled through nonnegative coefficients to each u}. Clearly, this
suggests that the Perron-Frobenius theory of nonnegative matrices would
again be useful in finite difference approximations of (8.1). Indeed, one of the
main objectives of this chapter is to show that this property of nonnegative
couplings, as noted for the infinite thin rod, is a general characteristic of
discrete approximations to (8.1)-(8.3) and gives a further association of the
Perron- Frobenius theory of nonnegative matrices to the numerical solution
of partial differential equations.

To obtain finite difference approximations of the general initial value prob-
lem (8.1)-(8.3), we discretize first only the spatial variables, leaving the time
variable continuous. In this semi-discrete form,® matrix properties of the
resulting system of ordinary differential equations are studied. Then, when
the time variable is finally discretized, the concept of stability is introduced.
In this way, stability, or lack thereof, is seen to be a property of matrix ap-
proximations only. Again, our primary concern in this chapter is with the
analysis of matrix methods, rather than with questions of convergence of
such finite difference approximations to the solution of (8.1)-(8.3).

Returning to the parabolic partial differential equation of (8.1) with
boundary conditions given in (8.2), we now assume, for simplicity, that the
number of spatial variables is n = 2, although it will be clear that the re-
sults to be obtained extend to the general case. Letting R}, denote a general
two-dimensional (nonuniform) Cartesian mesh region which approximates R,
we derive spatial equations, as in Sect. 6.3, by integrating the differential
equation (8.1) at each mesh (z;,y;) over its corresponding two-dimensional
mesh rectangle r; ;. For the integration of the left-side of (8.1), we make the
approximation”

(8.10) / /qb(x Y= dzdy = zl,y,,t) /r” /d) z,y)dz dy.

The five-point approximation to the right side of (8.1), by means of integra-
tion, is carried out as in Sect. 6.3, and we thus obtain the ordinery matrix
differential equation

du(t)

(8.11) c—,

= —Au(t) +s(t) + 7(t), t>0,

5 These approximations are also called semi-explicit. See Lees (1961).
7 Since ¢ is a known function in R, we can in principle exactly evaluate the integral
of ¢ over each rectangular mesh region r; ; of R;.
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where C and A are n x n real matrices with time-independent entries,® and

(8.12) u(0) = g.

Note that the integration method of Sect. 6.3 directly utilizes the boundary
conditions of (8.2), which are incorporated in the vector s(¢) and the matrix
A, and that the vector g of (8.12) is some integral average on Ry of the
function g(z,y) defined on R. The solution of (8.11)-(8.12) is called the semi-
discrete approximation of the solution of (8.1)-(8.2), in that the spatial
variables have been discretized, while ¢, the time variable, remains continuous.

For properties of the matrices C and A, we have from (8.10) that C is
by construction a real diagonal matrix whose diagonal entries are integrals of
the function ¢. But from (8.4), C is then a positive diagonal matrix. For the
real matrix A, we have, by virtue of the five-point approximation, that there
are at most five nonzero entries in any row of A. Also, using the hypotheses of
(8.4) and (8.5), we have, for all sufficiently fine Cartesian mesh regions Rp,
that A is irreducibly diagonally dominant® with positive diagonal entries and
nonpositive off-diagonal entries. From Corollary 3.20 and Definition 3.22, it
is thus an irreducible M-matrix. Multiplying on the left by C~! in (8.11), we
have
(8.13) d‘;—it) = -C'Au(t) + Cs(t) + 7(t), t>0,
where 7(t) := C~17(t). With the above properties for the matrices C' and
A, it follows that C~'A is also an irreducible M-matriz for sufficiently fine
mesh regions Ry,.

To give a particular estimate for 7(¢), consider the following special case
of (8.1):

ue(Z, Y5 1) = Uz (T, Y3 t) + Uyy(T,938), (T,9) € Rt >0,

in a rectangle R. If the Cartesian mesh R}, which approximates R is uniform,
i.e., Az = Ay = h and § := 0 in (8.2), it can be verified, by means of Taylor’s
series expansions, that for all 0 <¢ < T,

(8.14) 7i(t) = O(h?)

if the fourth derivatives Uzzzz and uyyy, are continuous and bounded!® in R
for0 <t<T.

8 See Exer. 7 for cases where the matrices A and C have time-independent entries
even when the functions «, 8, and v of (8.2) are time-dependent.

® This requires the additional hypothesis that o(x) := 0 in R and a(x) := 0 on I’
cannot simultaneously occur.

10 For example, see Douglas (1961b) for more general results concerning discretiza-
tion errors.



8.1 Semi-Discrete Approximation 279

To solve the ordinary matrix differential equation of (8.13), we make use
of the exponential of a matrix:

2

M
exp(M) :=I+M+?+---,

which is convergent!! for any n x n matrix M. With this definition, it follows
that!?

u(t) = exp(—tC~1A)u(0) + exp(—tC ' A)

(8.15) / exp(AC~4)[C™'s(\) + T(N)]d), t>0,
0

with u(0) := g, is the solution of (8.11)-(8.12).

For convenience of exposition of the remaining sections, we now assume
that the source term S(z,y;t) of (8.1) is time-independent. Because of this,
the vector s of (8.11) is also time-independent, and the solution of (8.11) and
(8.12) takes the simpler form
u(t) = A71s + exp(—tC~14){u(0) — A~1s}

¢
(8.16) +exp(—tC‘1A)/ exp(AC~LA)T(\)d)\, t>0.
0

Neglecting the term involving the vector 7(t), the previous equation gives
rise to the vector approximation

(8.17) v(t) = A 's + exp(—tC 1 A){v(0) — A" s},
where

(8.18) v(0) :=g.

Note that v(t) of (8.17)-(8.18) is just the solution of

(8.19) Cd‘;—(tt) = —Av(t) +s, for t >0, with v(0) =

Using (8.16) and (8.17), it follows that
t

(820)  u(t)—v(t) = / expl—(t = NC AT\ dA, t3>0,
0

which can be used to estimate ||u(t) — v(t)||. (See Exer. 6.)

By analogy with the physical problem, the expression of (8.17) suggests
that the terms of the right side respectively correspond to the steady-
state solution of (8.19) and a transient term. The matrix properties of
exp(—tC~1A), which correctly establish this, will be developed in the next
section.

11 Gee Exer. 1 of Sect. 3.5.

B 8
12 By / g(z)dx, we mean a vector with components / gi(x)dx.
a a
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Exercises

1. If C and D are both n x n matrices, show that
exp(tC + tD) = exp(tC) - exp(tD), forallt >0,

if and only if CD = DC. As a consequence, if A is the matrix of (1.9)
and B is the matrix of (1.10), conclude that

exp(—tA) = exp(—t) - exp(tB), for all t.

2. Let A be any n X n complex matrix. Prove that
a. exp(A) - exp(—A) = I. Thus, exp(A) is always nonsingular.

b. |lexp(4)|| < exp(|lAl)-
3. If [A, B] := AB — BA, show for small values of ¢ that

exp{t(C’ + D)} — exp(tC) - exp(tD)
[D )+ {[CD C] +[D?,C] +|D,C? +[D,CD]} + O(t*).

4. Verify that (8.15) is the solution of (8.11) and (8.12).

5. If the matrix C~!A is Hermitian and positive definite, using (8.17)
show that

V@) < 1A~ s]) + [|v(0) — A's|| for all ¢ > 0.

For the vector norms ||x||; and ||x|lcc of Exer. 1, Sect. 1.3, show that
[v(®)ll1 and ||v(t)||co are also uniformly bounded for all ¢ > 0.

6. If the matrix C~!A is Hermitian and positive definite, and if || 7(¢)| <
M(Azx)? for all 0 <t < T, show from (8.20) that

lut) - v(t)ll < TM(Az)?, 0<t<T.

7. Suppose that the functions «, 8 and v of the boundary condition (8.2)
satisfy (8.5), but are time-dependent. Show that the matrices A and
C, derived in the manner of this section, still have time-independent
entries, if
B(x;t) .

a(x;t)

a. whenever a(x;t) > 0, then is time-independent;
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~—

a(x;t

b. whenever 8(x;t) > 0, then 3(x:1)

is time-independent.
8. To show that choices other than diagonal matrices are possible for the
matrix C of (8.11), consider the problem

du(z,t)  0%u(z,t)
ot 8z

O0<z<1,t>0,

where u(0;t) = o1,u(l;t) = a2 and u(z;0) = g(z), for 0 < z < 1,
with oy and oy scalars. Letting z; = th where h = 1/(N + 1) for
0 <% < N +1 and u(z;;t) := u;(t), show that

i _]'_{]_()ui(t) +u,;_1(t) ui+1(t)}]

dt |12
_ ui—1(t) — 2’!;:'2(15) + ugq1(t) +#(),

1 <i < N, where 7;(t) = O(h*) as h — 0 for 0 < t < T if 85u(z,t)/0x8
is continuous and bounded in 0 < x < 1,0 <t < T. In this case, the
matrix C is tridiagonal.

O|F

9. Let B:= [F*O

] . Show that

cosh(tvV FF*) } (sinh(t FF*)> tF

exp(tB) = tVEE
© | [sinh(tAFFF) |, .
(TF‘_:‘F_—> tF COSh(t\/ F F)

(Note that if cosh(yz) = Y pe,2¥/(2k)! and if sinh(v/z)/vz =
> re0 2%/(2k + 1)!, then cosh(y/z) and sin(v/2)/y/z are entire func-
tions of z, i.e., they are analytic functions of z in all of €. Hence, from

Exer. 1, Sect. 3.5, the matrices cosh /A and sinh(v/A)/v/A are defined
for any square complex matrix A.)

8.2 Essentially Positive Matrices

The exponential matrix exp(—tC 1 A), which resulted from the semi-discrete
approximations of the previous section, has interesting matrix properties. We
begin with
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Definition 8.1. A real n x n matrix Q = [g; ;] is essentially positive if
gi,j > 0forall ¢ # j,1 <4,j <n, and Q is irreducible.

With this definition, it is clear that @ is an essentially positive matrix if
and only if (@ + sI) is a nonnegative, irreducible, and primitive matrix for
all sufficiently large s > 0. Similarly, we have

Theorem 8.2. A matriz Q is essentially positive if and only if exp(tQ) > O
for all t>0.

Proof. If the matrix exp(tQ) = I +tQ+t2Q?%/2!+- - - has only positive entries
for all ¢t > 0, then @ is evidently irreducible. Otherwise, @, and all its powers
are reducible, which implies that exp(tQ) would have some zero entries. If
there exists a ¢; ; < 0 for some i # j, then clearly exp(tQ) = I +tQ + -
has a negative entry for all sufficiently small ¢ > 0. Thus, exp(tQ) > O
implies that @ is essentially positive. On the other hand, assume that Q is
essentially positive. Then @ + sI is nonnegative, irreducible, and primitive
for all sufficiently large s > 0. Since the powers of @ + sI are nonnegative
and all sufficiently high powers of @ + sI are positive by Frobenius’ Theorem
2.18, then exp(Q + sI) > O. But it is easily verified!® that

exp(tQ) = exp(—st) exp(t(Q + sI)) > O,
which completes the proof. B

As an immediate application of this result, note that as the matrix C~'A
of (8.13) is, by construction, an irreducible M-matrix for all sufficiently fine
mesh regions Ry, then Q := —C~!A is necessarily essentially positive. Thus,
the semi-discrete approximation of (8.17), which can be expressed as

(8.21) v(t) = exp(—tC L A)v(0) + {I — exp(—tC 1 A)}A™ 15,

couples (through positive coefficients), for sufficiently fine mesh regions Rj,
each component of v(t) to every component of v(0) for all ¢ > 0, and is the
matrix analogue of the behavior noted for the infinite thin rod.

Closely related to the Perron-Frobenius Theorem 2.7 is

Theorem 8.3. Let Q be an essentially positive n x n matriz. Then, Q has
a real eigenvalue ((Q) such that

1. To ¢(Q) there corresponds an eigenvector x > 0.

2. If a is any other eigenvalue of Q, then Reoa < {(Q).
3. ¢(Q) increases when any element of Q increases.

4. ¢(Q) is a simple eigenvalue of Q.

13 See Exer. 1 of Sect. 8.1.
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Proof. If Q is essentially positive, then the matrix T := @ + sI is nonnega-
tive, irreducible, and primitive for some real s > 0. Thus, from the Perron-
Frobenius Theorem 2.7, there exists a vector x > 0 such that T'x = p(T')x.
But this implies that

Qx = (p(T) - s)x =: ((@)x.

The other conclusions of this theorem follow similarly from the Perron-
Frobenius Theorem 2.7. W

Physically, using the infinite thin rod of Sect. 8.1 as an example, we know
that the temperature of the rod is bounded for all ¢ > 0 and that there is
a steady-state temperature of the rod, i.e., tlim u(z;t) exists for all —oo <

—>00

z < +00. Analogously, we ask if the semi-discrete approximations of Sect. 8.1
possess these basic properties. In order to answer this, we first determine the
general asymptotic behavior of exp(tQ) for essentially positive matrices Q,
in terms of norms. With the explicit matrices of (3.37), the following lemma
is readily established, along the lines of the proof of Lemma 3.2.

Lemma 8.4. Let J be the upper bi-diagonal p X p complex matriz of the form

"1 -
Al
(8.22) J=
1
=3 A—
Then,
tp—1
(8.23) | exp(J)]| ~ mexp(t Re)), t— +oo.

Let @ be an n x n essentially positive matrix. If S is the nonsingular
n X n matrix such that Q = SJS~!, where J is the Jordan normal form
of @, then we apply Lemma 8.4 to the diagonal blocks of the matrix J.
Since @ is essentially positive, the unique eigenvalue of @ with the largest
real part, {(Q), is simple from Theorem 8.3, which in turn implies that the
corresponding diagonal submatrix of J is 1 x 1. Then, as

exp(tQ) = Sexp(tJ)S™!

holds, and as (8.23) applies to each block diagonal of exp(tJ), we have the
result of

Theorem 8.5. Let Q be an n x n essentially positive matriz. If {(Q) is the
eigenvalue of Theorem 8.3, then
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(8.24) lexp(tQ)|| ~ K exp(t{(Q)), t— +oo,

where K is a positive constant, independent of t.

As ¢(Q) in (8.24) then dictates the asymptotic behavior of || exp(tQ)|| for
large t when @ is essentially positive, we accordingly make

Definition 8.6. If @ is an essentially positive n x n matrix, then Q is super-
critical, critical, or subcritical if its real eigenvalue {(Q), from Theorem
8.3, is respectively positive, zero, or negative.

Consider now the nonhomogeneous ordinary matrix differential equation

dv(t)
Tdt
where v(0) in R™ is the given initial vector condition, and r in R" is a
given time-independent vector. If Q) is nonsingular, then the unique solution
of (8.25), satisfying the initial vector condition, is

(8.25) Qv(t) +r,

(8.26) v(t) = —Q7'r + exp(tQ) - {v(0) + Q" 'r}, t>0.

Theorem 8.7. Let the n X n matriz Q of (8.25) be essentially positive and
nonsingular. If Q is supercritical, then for certain initial vectors v(0), the
solution v(t) of (8.25) satisfies

(5.27) Jim_[[v(t)] = +o.

If Q is subcritical, then the solution vector v(t) of (8.25) is uniformly bounded
in norm for all t > 0, and satisfies

(8.28) t_lg_noo v(t) = -Q7'r.

Proof. Since @ is by hypothesis nonsingular, then @ has no zero eigenvalues.
Thus, Q is either supercritical or subcritical. The results then follow from
Theorem 8.5 and (8.26). Note that the vector —Q~'r, as Q is nonsingular, is
just the solution of (8.25) with the derivative term set to zero. B

With the previous theorem, we arrive at the final result in this section,
which connects the theory in this section to the ordinary matrix differential
equation of (8.19).

Corollary 8.8. If C is an n x n positive diagonal matriz, and A is an irre-
ducible n x n M-matriz, then the unique vector solution of

14 These terms are the outgrowth of investigations concerning mathematical models
for nuclear reactor theory. See, for example, Birkhoff and Varga (1958).
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dv(t
(8.29) c Ld(t—) =—Av+s, t>0,
subject to the initial vector condition v(0), is uniformly bounded in norm for

allt > 0, and satisfies

: _ -1
(8.30) t_lgpoo v(t) = A7 "s.
Proof. Let Q := —C~'A. Then Q is a nonsingular essentially positive matrix.

Using Theorem 8.3, let Qx = {(Q)x where x > 0. It follows that

A7lCx = (%) X.

But by the hypotheses, A™1C is a positive matrix, so that ((Q) is necessarily
a negative real number, which proves that @ is subcritical. The remainder
then follows from Theorem 8.7. B

We have thus shown that for sufficiently fine mesh regions Rj, the
semi-discrete approximations (8.29), as introduced in Sect. 8.1, possess
solutions which are uniformly bounded in norm for all ¢ > 0, and possess
finite steady-state solutions, as suggested by the example of the infinite
thin rod. Furthermore, the semi-discrete approximations for the partial
differential equation of (8.1) possess the positive couplings noted for this
physical example.

Exercises

1. A real n x n matrix Q = [g;,;| is essentially nonnegative if g; ; > 0 for
all i # 7,1 < 4,7 < n. Prove that @ is essentially nonnegative if and
only if exp(tQ) > O for all t > 0.

2. Prove that @ is essentially positive if and only if —Q + sI is an irre-
ducible M-matrix for some real s.

3. Complete the proof of Theorem 8.3.

4. Prove Lemma 8.4.

5. Let Q be an arbitrary n x n complex matrix with eigenvalues
A1, A2, +,An, where Re Ay < Re A3 < --- < Re \,. Extending

Lemma 8.4, find a necessary and sufficient condition that || exp(tQ)||
be bounded for all t > 0.
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Let @Q be an essentially positive n X n matrix, and let y be the positive
eigenvector of exp(tQ7), where |ly|| = 1. If v(t) is the solution of

dv(t)
i Qv(t),

where v(0) = g is the initial vector condition, show that

yTv(t) = exp(t¢(Q))y"g

forallt > 0.

Let @ be an essentially positive n X n matrix with eigenvalues
A1, A2, -+, Ap, where Red; < Redg < --- < ReA, = ((Q), and let
the initial vector g of Exer. 6 have positive components. If y is the
positive eigenvector of exp(tQT), show that the solution of

dv(t)
o = Qv(t)

can be expressed as
v(t) = K exp(t(Q))x + O(exp(tp)), t— +oo,
where x is the positive vector of Theorem 8.3, and where

Q)Y > u> &lkan Re)j, and K :=yTg/yTx >0

(Birkhoff and Varga (1958)).

For Theorem 8.5, show that the result of (8.24) is valid for the matrix
norms || A1 and ||A||co, defined in Exer. 2 of Sect. 1.3. Characterize
the constant K in each case, as well as the case of (8.24).

Let @ be any n x n complex matrix such that || exp(tQ)|| is uniformly
bounded for all £ > 0. Show that there exists a positive scalar K such
that K

-1
Q- =D <~

for any complex z with Rez > 0 (Kreiss (1959a)).
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10. Let @ be an essentially positive n x n matrix. If {(Q) is the eigenvalue
of @ characterized in Theorem 8.3, show that {(Q) has a min-max
representation analogous to that of Theorem 2.9:

n n
§ :ai,j:"'j § :a,-,]-:cj
Jj=1

. j=1 . j
max { min =({(Q) = min { max —— 3,
x€P* | 1<i<n 14 x€P* | 1<i<n

where P* is the hyperoctant of vectors x > 0. (See (Beckenbach and
Bellman (1961), p. 84).)

8.3 Matrix Approximations for exp(—tS)

The exponentials of matrices, introduced in this chapter to solve the semi-
discrete approximations of Sect. 8.1, had the attractive features of uniform
boundedness in norm, as well as the positive couplings from one time step
to the next. Unfortunately, the direct determination of these exponentials
of matrices, relative to even large computers, seems impractical in two- or
three-dimensional problems!® because of the enormous storage problem cre-
ated by the positivity of these matrices. To illustrate this, suppose that a
two-dimensional problem (8.1) is approximated on a mesh consisting of 50
subdivisions in each coordinate direction. To completely specify the matrix
A of (8.11) would require (using symmetry) only 7500 nonzero coefficients.
To specify the matrix exp(—tC~1A), on the other hand, would require ap-
proximately 3 - 10% nonzero coefficients.

We now consider matrix approximations of exp(—tS), where S := C~! A4,
from the construction of Sect. 8.1, is necessarily a sparse matrix. First, we
shall consider some well-known numerical methods for solving parabolic par-
tial differential equations. As we shall see, we can consider these methods as
either matrix approximations for the matrix exp(—AtS) in

(8.31)  v(to + At) = exp(—AtS)v(to) + {I — exp(—AtS)}A™ s,
or discrete approximations in time of the ordinary matrix differential equation

dv(t)

15 For one-space variable problems, it may not be so impractical.
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The Forward Difference Method.
The matrix approximation

(8.33) exp(—AtS) = I — AtS, S:=C7'4,

obtained by taking the first two terms of the expansion for exp(—AtS), when
substituted in (8.31), results in

(8.34) w(to + At) = (I — AtS)w(to) + AtC™1s.
By rearranging, this can be written as

c {w(to + At) — w(to)

(8.35) yiv
This last equation then appears as a discrete approximation of (8.32). Starting
with the given initial vector w(0), one can explicitly step ahead, finding
successively w(At), w(2At), etc. This well-known method is appropriately
called the forward difference or explicit method. Note that the time
increments need not be constant. From (8.35), we observe that only the
positive diagonal matrix C must be inverted to carry out this method.

} = —Aw(t) +s.

The Backward Difference Implicit Method.
Consider now the matrix approximation

(8.36) exp(—AtS) = (I + AtS)™, At>o0.

Since S = C~'A is an irreducible M-matrix, all eigenvalues of S have their
real parts positive.!® Thus, I + AtS is nonsingular for all At > 0. For At
sufficiently small, we can write

I+ AtS)™' =1 - AtS + (AtS)? — -+,

which shows that the matrix approximation of (8.36) also agrees through
linear terms with exp(—AtS). Substituting in (8.31) gives

(8.37) (I + AtS)w(to + At) = w(to) + s,
which can be written equivalently as
(8.38) Cc {W(t" t ‘Xz — wito) } = —Aw(to + At) +s.

The name backward difference method for this procedure stems
from the observation that one can explicitly use (8.37) to step backward in

16 See Exer. 4 of Sect. 3.5.
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time to calculate w(tp) from w(to + At). Note that this would involve only
matrix multiplications and vector additions. Used, however, as a numerical
procedure to calculate w(to + At) from w(to), (8.37) shows this method to
be implicit, since it requires the solution of a matrix problem.

The Central Difference Implicit Method.
With S an irreducible M-matrix, we can also form the approximation

-1
(8.39) exp(—AtS) = (I + %S) (I - %S) , At >0,

which for small At gives an expansion

-1 2 3
(I+ %5) (I - %s) =1- AtS+ (AZS) - (AZS) +

This now agrees through guadratic terms with the expansion for exp(—AtS).
Substituting in (8.31), we have

(8.40) (I -+ %S) W(t() + At) = <I — %S) W(to) + AtC_IS,
which can be written as

(841) C { Wwito + A{g — w(to) } = g{w(to + At) + w(to)} +s.

It is evident that the above approximation in (8.41), unlike (8.38) and (8.35),
is a central difference approzimation to (8.32) for ¢t = to + At/2. From (8.40),
we see that this method for generating w(ty + At) from w(tp) is also im-
plicit. Crank and Nicolson (1947) first considered this approximation in the
numerical solution of the one-dimensional heat equation (8.1), and this is now
known in the literature as the Crank-Nicolson method. In this case, the
matrix S = C~!A is a nonsingular real tridiagonal matrix, and the matrix
equation (8.40) can be efficiently solved by Gaussian elimination, as described
in Sect. 6.4. Note that the same is true of the numerical solution (8.37) for
the backward difference method.

The three methods just described are among the best known and
most widely used numerical methods for approximating the solution of the
parabolic partial differential equation of (8.1).

If the matrix S = C~'A is an irreducible M-matrix, then —§ is a sub-
critical essentially positive matrix. From Theorem 8.5, the matrix norms
|| exp(—AtS)|| are uniformly bounded for all At > 0, and this implies (Corol-
lary 8.8) that the vectors v(t) of (8.29) are uniformly bounded in norm for
all ¢ > 0. The different approximations for exp(—AtS) that we have just con-
sidered do not all share this boundedness property. For example, the forward
difference approximation (I — AtS) has its spectral norm bounded below by
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1<4

I — AtS)|| 2 p(I — AtS) = max |1 - Athy],

where the )A;’s, the eigenvalues of S, satisfy 0 < a < Re); < 8. It is evident
that p(I — AtS) is not uniformly bounded for all At > 0.

We now concentrate on those approximations for exp(—AtS) which have
their spectral radii less than unity for certain choices of At > 0. The reason
that these approximations are of interest lies simply in the following: Let
T(At) be any matrix approximation of exp(—AtS). Then, we would approx-
imate the vector v(to + At) of (8.31) by

(8.42)  wito + At) = T(At) - {w(to) — A™'s} + A 1s, At >0.

Starting with ¢o = 0, we arrive by induction at
(8.43) w(mAt) = [T(At)"{w(0) — A7 's} + A™1s, m >0.

If p(T(At)) > 1, we see that the sequence of vectors w(mAt) will not in
general be bounded in norm for all choices of w(0). Actually, what we are
considering here is the topic of stability. It has been recognized for some time
that, although in practice one wishes to take longer time steps (At large) in
order to arrive at an approximation w(t) for the solution u(x;t) of (8.1)
with as few arithmetic computations as possible, one must restrict the size
of At = t/m in order to insure that w(mAt) is a reasonable approximation
to u(x;t). This brings us to

Definition 8.9. The matrix T'(t) is stable for 0 <t < ¢, if p(T'(t)) <1 for
this interval. It is unconditionally stable if p(T'(¢t)) < 1 for all ¢t > 0.

Note that the definition of stability is independent of the closeness of
approximation of T'(t) to exp(—tS).

For stability intervals for the approximations considered, we have

Theorem 8.10. Let S be an n x n matriz whose eigenvalues A; satisfy 0 <
a < Re); < 6,1 <i < n. Then, the forward difference matriz approximation
I — AtS is stable for

2R6)\1'
. <At < min {24
(8.44) 0< At < 1rsniléln{ e }

On the other hand, the matriz approximations
-1
(I + AtS)™! and (I + %fs) - (I - %5)

for the backward difference and Crank-Nicolson matriz approximations are
unconditionally stable.



8.3 Matrix Approximations for exp(—tS) 291

Proof. The result of (8.44) follows by direct computation. For the backward
difference matrix approximation (I + AtS)~1, the eigenvalues of this matrix
are (1 + At);)~!. Since the real part of (1 + At);) is greater than unity for
all At > 0, then this matrix approximation is unconditionally stable. The

proof for the Crank-Nicolson matrix approximation follows similarly. (See
Exer. 7.) i

One might ask how the approximations of exp(— AtS), which we have dis-
cussed, as well as other approximations, are generated. This is most simply
described in terms of Padé rational approximations!? from classical com-
plex analysis. To begin, let f(z) be any analytic function in the neighborhood
of the origin:

(8.45) f(z)=ao +a1z+agz?+---.
We consider approximations to f(z) defined by

f(Z) - nP,Q(z)

dp,q (2) ’

with np4(2) and dp ¢(2) respectively polynomials of degree ¢ and p in 2, and
we assume that dj, 4(0) # 0. We now select, for each pair of nonnegative
integers p and ¢, those polynomials ny 4(z) and dp4(2) such that the Tay-
lor’s series expansion of ny (z)/dp q(2) about the origin agrees with as many
leading terms of f(z) of (8.45), as is possible. Since the ratio np 4(z)/dp 4(2)
contains p + g + 1 essential unknown coefficients, it is evident that the ex-
pression

(8.46) dp,o(2)f(2) = npg(2) = O(|2|PT?HY),  |z| — 0,

gives rise to p + ¢ + 1 linear equations in these essential unknowns, whose
solution determines these unknown coefficients. In this way, one can generate
the double-entry Padé table for f(z). It can be verified'® that the first few
entries of the Padé table for f(z) = exp(—z) are given by:

7 Due to Padé (1892). See, for example, Wall (1948), Chap. XX.
18 See Exer. 3.
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g=0 g=1 g=2

22

p=20 1 1-2 l—z-l-?

exp(—2) :| p=1 1 2—-z 6 — 4z + 22
P PE 1+2 24z 6+ 2z

p=2 1 6-2z |12-6z+2°

- 2 6+ 4 211 2

1+z+% +4z+ 2 246242

These rational approximations for exp (—z) generate matrix approximations
of exp (—AtS), in an obvious way. Formally, we merely replace the variable
z by the matrix AtS, and we define

(8.47) E, 4(AtS) == [dp,q(AtS)]_l[np,q(AtS)]

to be the (p,q)-Padé matrix approximation of exp (—AtS). From the en-
tries of the Padé table for exp(—z), we see that the matrix approximations
for exp(— AtS) corresponding to the forward difference, backward difference,
and Crank-Nicolson methods are eractly the Padé matrix approximations
Eo,1(AtS), F1,0(AtS), and Ey ;1(AtS), respectively.

Our purpose in introducing these Padé approximations is threefold. First,
we see that the matrix approximations associated with the forward difference,
backward difference, and Crank-Nicolson methods are special cases of Padé
matrix approximations of exp (—AtS). Second, these Padé approximations
generate many other useful matrix approximations of exp(—AtS). Although
it is true that such higher-order Padé approximations have been less used in
practical applications, it is entirely possible that they may be of use on larger
computers where higher-order implicit methods could be feasible. Third, the
direct association of these matrix approximations with the classical analysis
topic of rational approximation of analytic functions gives a powerful tool
for the analysis of stability of these approximations. For example, it can be
shown!? that if the eigenvalues of S are positive real numbers, then the Padé
matrix approximation Ej 4(AtS) in (8.47) is unconditionally stable if and
only if p > gq.

Another important concept, due to Lax and Richtmyer (1956), on approx-
imations of the matrix exp(—AtS) is given by

19 See Varga (1961).
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Definition 8.11. The matrix T(¢) is a consistent approximation of
exp(—tS) if T'(¢t) has a matrix power series development about ¢ = 0 that
agrees through at least linear terms with the expansion of exp(—tS).

Note that all Padé matrix approximations for p + q > 0 are by definition
consistent approximations of exp (—tS). (See also Exer. 4.)

Finally, we end this section with a result further linking the Perron-
Frobenius theory of nonnegative matrices to the numerical solution of the
parabolic problem (8.1).

Theorem 8.12. Let T(t) be any consistent matriz approzimation of
exp (—tS) where S is an irreducible M-matriz. If T(t) > O for 0 < t < 1o,
where to > 0, then there exists a t; > 0 such that T'(t) is primitive (i.e., T(t)
is nonnegative, irreducible, and noncyclic) for 0 <t < t;.

Proof. Since T'(t) is a consistent approximation of exp(—tS), then
T(t)=1-tS+O0(t?), ast—D0.

Since, by hypothesis, T'(t) > O for positive ¢t sufficiently small, then as S
is an irreducible M-matrix, 7'(t) is nonnegative, irreducible, with positive
diagonal entries for positive ¢ sufficiently small. But from Lemma 2.17, T'(t)
is evidently primitive for some interval in t, completing the proof. H

The physical, as well as mathematical, significance of this result is that,
from (8.43), we have

(8.48) w(maAt) = [T(At)|™{w(0) — A7 's} + A7 's, m>0.

Thus, for all At > 0 sufficiently small and m sufficiently large, each
component w;(mAt) is coupled through positive entries to every component
w;(0),1 < j < n, so that the primitivity of the matrix approximation T'(At)
of exp (— AtS) is the natural matrix analogue of the positive coupling noted
for the heat equation.

Exercises

1. Consider the heat equation of (8.6) for the finite interval 0 < =z < 1,
with boundary conditions u(0,t) := p1,u(1,t) := po, where p; and
2 are positive constants. Using a uniform mesh Az = 1/(n 4+ 1) and
setting z; = 1Az,0 < ¢ < n + 1, show first that the n X n matrix
S = C~1A is given explicitly by
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5= oy

S |
-1 2]

Show next that the forward difference method approximation (I—-AtS)
of exp (—AtS) is stable for
(Az)?

2K
(Hint: Use Corollary 1.12 to estimate p(I — AtS).) (See Courant,
Friedrichs, and Lewy (1928).)

0<At<L

Consider the heat equation

B _ g
ot — ox?

for the unit n-dimensional hypercube, 0 < z; < 1,1 < ¢ < n, where
u(x, t) is specified for x € I', the boundary of this hypercube. Using a
uniform mesh Az; = 1/(N+1) in each coordinate direction, show that
the forward difference method approximation I — AtS) of exp(—AtS)
is stable for

(4z)*

K
(Hint: Generalize the result of the previous exercise.)

0< At < 21—

Show that the (p, g) entry of the Padé table for exp(—=z) is determined
by

_y_(pra—Rlg
meal®) = G gy - k)

and

(p+q—k)lp!
dpal2) = Z<p+q)'k'<p oIk

(Padé (1892)) and (Hummel and Seebeck (1949)).

Show that exp (—2) — npq(2)/dpq(2) ~ cpqa2Pt9t! as |z| — 0, and
determine cpq.
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Show that exp (—2z) — np ¢(2)/dp,q(2) is of one sign for all z > 0 (Hum-
mel and Seebeck (1949)).

It is known (Wall (1948), p. 348) that exp(—z) has the continued
fraction expansion

exp(—z) = 1
1+ 2

5—2
2f ...

Prove that the successive approximants from this continued fraction,
ie.,
1 1
17 b
1+2 142
1-2/2

)T,

are particular entries of the Padé table for exp(—z).

Let S be any n X n complex matrix with eigenvalues A; satisfying
Re); > 0. Show that the matrix (I + (At/2)S)~}(I — (At/2)S) is an
unconditionally stable and consistent approximation of exp(—AtS),
for At > 0.

Let S be an irreducible M-matrix. Prove that the Padé matrix ap-
proximations Eg 1(AtS), By o(AtS), and Ey 1(AtS) of exp(—AtS) of
(8.47) are nonnegative matrices for certain intervals in At > 0. What
are these intervals? In particular, show, for the matrix S of Exer. 1,
that the interval for which I — AtS is nonnegative is eractly the same
as the stability interval for I — AtS.

Let T(At) be a strictly stable approximation (i.e., p(T'(At)) < 1) of
exp(—AtS). If w(mAt) is given by (8.48), show that there exists a
positive constant M such that

Iw(mAt)| < | A7 s|| + Mw(0) — A™"s]),
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for all m > 0. Show that this inequality is also true for the vector
norms ||x||; and |[x|[oc of Exer. 1, Sect. 1.3. If S is the matrix of
Exer. 1 of this section, show that the constant M can be chosen to be
unity for 0 < At < (Az)?/2K, for all these vector norms.

8.4 Relationship with Iterative Methods for Solving
Elliptic Difference Equations

The form of equation (8.42), i.e.,

(8.49) w((n + 1)At) = T(At)w(nAt) + {I - T(At)}A s, At >0,

where w(0) = v(0) = g, suggests that matrix approximations of exp(—AtS)
induce abstract iterative methods for solving the matrix problem

(8.50) Aw =s.

In fact, if p(T'(At)) < 1, the solution of (8.50) is obviously also the solution
of the matrix equation

w =T(At)w + (I - T(At))A's.

Inserting iteration exponents in the above equation produces the convergent
iterative method

(8.51) w(tD) = T(A)w™ + (I - T(At))A™ s,

which is identical with (8.49) for w(™ := w((n)At), and the convergence of
the iterative method in (8.51) results in

(8.52) lim w™ = A~ !s.

n—0o0
The relationship of the iterative method of (8.49) or (8.51) with the so-
lution of the matrix differential equation
dv(t)

(853) —E— = -‘C-IAV(t) + C_IS, t> 0,

where v(0) = g, becomes clearer if we recall that, when C~'4 is an irre-
ducible M-matrix, the solution vector v(t) of (8.53) tends to the steady-state
solution, A~!s, of (8.53). Thus, we have established that any stable approxi-
mation T'(At) of exp(— AtC 1 4) with p(T(At)) < 1 gives rise to a convergent
iterative method (8.51), whose solution is the steady-state solution of (8.53).

What is of interest to us now is essentially the converse of the above
observation. For all the iterative methods previously described in this book,
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we shall now show that we can regard these iterative methods specifically
in terms of discrete approximations to parabolic differential equations,
so that the actual process of iteration can be viewed as simply marking
progress in time to the steady-state solution of an equation of the form
(8.53). That such a relationship exists is intuitively very plausible, and is
in reality an old idea. In order to bring out this relationship, we are first
reminded that in an iterative procedure, such as in (8.51), the initial vector
w(9 is some vector approximation of the solution of Ax = s. Although this
initial approximation corresponds to the initial condition for a parabolic
partial differential equation, it is, however, not prescribed in contrast to the
matrix differential equation of (8.11)-(8.12). Next, the solution of (8.50) is
independent of the matrix C of (8.53). This gives us the additional freedom
of choosing, to our advantage, any nonsingular matrix C' which might lead
to more rapidly convergent iterative methods.

The Point Jacobi Iterative Method.
We first express the n x n matrix A in the form

(8.54) A=D-E-F,

where D is a positive diagonal matrix and F and F are respectively strictly
lower and strictly upper triangular matrices. Setting C := D, consider the
consistent Padé matrix approximation Fy 1(AtS) for exp(—AtS) where S =
ClA:

(8.55) exp(—AtS) =1I— AtS =1 - AtD™Y(D — E - F) =: T1(At).

With L := D7'E and U := D~1F, the matrix T3 (At) of (8.55) gives rise to
the iterative procedure

(8.56) w((n+1)At) = {(1 — At)I + At(L + U)}w(nAt) + AtD's.

Clearly, the choice At = 1 gives us the familiar point Jacobs iterative method.
To extend this to the block Jacobi method, we partition the matrix A as in
(3.68), and now let the matrix C be defined as the block diagonal matrix D
of (3.69). Again, the choice of At = 1 in the approximation of (8.55) gives
the associated block Jacobi iterative method.

To carry the analogy further, we now use a sequence of time steps At;,1 <
i < m, in (8.56). With B := L+ U, this defines an iterative procedure whose
error vectors eV¥) satisfy

J
(8.57) e® =TJ{(1 - At)I + At;B}e®, 1<j<m.
i=1

It is possible to select the At;’s such that
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ﬁ{(l - Ati)I + AtiB}

=1

is the polynomial p,,(B) of Sect. 5.1. In other words, we can generate the
Chebyshev semi-iterative method with respect to the Jacobi method simply
by taking proper nonuniform time increments At;.

The Point Successive Overrelazation Iterative Method.
With A= D — E — F and C := D, consider the matrix approximation

(8.58)  exp(—AtS) = (I — AtL) {AtU + (1 — At)I} =: T(At).

For At > 0 sufficiently small, the expansion of T»(At) agrees through lin-
ear terms with the expansion of exp(—AtS). Thus, To(At) is a consistent
approximation of exp(—AtS). The matrix T2(At) gives rise to the iterative
method

w((n+ 1)At) = (I — AtL)"Y{AtU +(1 — At)I}w(nAt)
+At(I — AtL)"1D"1s.

It is clear why this is called the point successive overrelazation iterative
method, since the matrix T5(At) is precisely the point successive overrelax-
ation matrix L4; of (3.20). Note that the relaxation factor w corresponds
ezactly to the time increment At. Again, the application of block techniques
to successive overrelaxation iterative methods can be similarly realized in
terms of consistent approximations for an exponential matrix.

Again, let A = D — FE — F and C := D. Now, we suppose that S =
C~1A = I — B is such that B is weakly cyclic of index 2 and has the form

B=[0H].

(8.59)

H*\0

If we take the consistent Padé matrix approximation Fy(AtS), then

2
(8.60) exp(—AtS) =1 - AtS + (ATt)S2 =: T'(At),
where
2 t2
1—t+5)I+5HH* tH —t2H
(8.61)T3(t) = ,

tH* — 2 H*

t2 2
1-t+—=\)I+=—H*H
( +2) +tn
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and we immediately see that the choice ¢ = 1 is such that T5(1) is completely
reducible (see Theorem 2.19). This complete reducibility is the basis for the
cyclic reduction iterative methods of Sect. 5.4.

The Peaceman-Rachford Iterative Method

The iterative methods described above have all been linked with Padé
matrix approximations p = 0 and q > 1, which are ezplicit, and not in
general unconditionally stable. For example, if A is Hermitian and positive
definite, then from the Ostrowski-Reich Theorem 3.12, the matrix approx-
imation T5(At) of (8.58) is stable only for the finite interval 0 < At < 2.
The Peaceman-Rachford variant of the alternating-direction implicit meth-
ods, however, is related to the implicit (and unconditionally stable) Padé
matrix approximation Ej ;(AtS), which we have called the Crank-Nicolson
method. Recalling from Sect. 7.1 that

(8.62) A=H+V+S=H +W,
where

1 1
(8.63) Hy:=H+ 52, 12 I:V+§E,

we now consider matrix approximations for exp(—AtC~1A) where C := I.
From (8.62), we have

exp(—AtA) = exp(—At[H; + Vi])
= exp(—AtH;) - exp(—AtV)

where equality is valid if Hy and Vi commute. The nature of the matrices
H; and Vi was such that each was, after suitable permutations, the direct
sum of tridiagonal matrices. The Crank-Nicolson Padé matrix approximation
E1,1(AtH,) of the factor exp(—AtH;) is

(8.64)

-1
(8.65) exp(—AtH;) = (I-{- %Hl) (I - %EH1> .

Thus, making the same approximation for exp(—AV;), we arrive at

-1 -1
ot-aun) s (1 2m)” (1- 2 (14 2)

At
(- %)

Permuting the factors, which of course is valid when H; and Vi commute, we
then have

(8.66)
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At \ ! -1
exp{—AtA) = (I-i— —2—-Vl> (I - %H1> (I+ %t-Hl)

(8.67) , (1— %Evl) = Ty(At).

Since T3(At) can also be written for At > 0 as

(8.68) Ts(an = <V1 * 'Az_tl) i (%I ~ Hl) (H1 + ‘A?;I) )

2
()

we see then that T3(At) is the Peaceman-Rachford matrix of (7.13). Note that
the acceleration parameter r for the Peaceman-Rachford iterative method is
given by

2
r=a

Several items are of interest here. First, it can be verified that the ma-
trix T3(At) is a consistent approximation of exp(—AtA). Moreover, if At is
small, then the expression of T3(At) agrees through quadratic terms with
the expansion of exp(—AtA). Second, we know from Theorem 8.10 that the
Crank-Nicolson Padé matrix approximation Ej ; (AtA) is unconditionally sta-
ble when A has its eigenvalues A; satisfying Re A; > 0. It is not surprising
then that the interval in r for which the Peaceman-Rachford matrix for a
single parameter is convergent is (0, 4+00). (See Theorem 7.1).

Using the idea that different choices of the diagonal matrix C in (8.53)
can be useful in determining properties of iterative methods, it is now in-
teresting to describe the Wachspress-Habetler variant (see Sect. 7.4) of the
Peaceman-Rachford iterative method in terms of this approach. Let F' be the
positive diagonal matrix, corresponding to ¢ = 1 in (8.1). In other words,
the positive diagonal entries of F' are from Sect. 8.1 eractly the areas of the
mesh rectangles r; ; of Sect. 8.1. Thus, from

(8.69)

(8.70) d—‘(’i-g-tl = _(Hy + Vi)V(E) +5 = —Av(E) +5,

where v(0) will be our initial approximation to A~!s, we consider matrix
approximations to exp(—AtF~1A) of the form

-1
exp(—AtF~14) = (F + %%) (F - %H&

(8.71) | ( Pl Hl)‘l (F _ é‘;v) = Ty( A1),
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which can be shown to be a consistent approximation to exp(—AtF~!A).
The matrix Ty(At) turns out, of course, to be the Wachspress-Habetler vari-
ant (7.81)-(7.82) of the Peaceman-Rachford iterative method, corresponding
to the acceleration parameter r = 2/At. As previously mentioned, this choice
of the diagonal matrix C = F, which appears to be a very natural choice
in solving (8.1) with ¢ = 1, allows one to rigorously apply the commutative
theory (Sect. 7.2) for alternating-direction implicit methods to the numerical
solution of the Dirichlet problem in a rectangle with nonuniform mesh
spacings.

The Symmetric Successive Overrelazation Iterative Method.
We now assume that the matrix A = D— E— E* is Hermitian and positive
definite, that the associated matrix D is Hermitian and positive definite, and

that D — wF is nonsingular for 0 < w < 2. Setting C := D, consider the
matrix approximation

exp(—tC~1A4) = (D - %E*>_l (%E+ (1 - %) D)

: (D - %E>_1 (%E + (1 - %) D) = Ty(2).

Although T5(t) can be verified to be a consistent approximation of
exp(—tC~1A), what interests us here is that T5(t) can be expressed as

_(r_ty) it i\
ST W i

where L = D71E and U = D~1E*. Since the inner two bracketed terms
commute and can be interchanged, then Ts(t) is similar to

Tu(t) = (1 - -;-U) Ty(t) (1 - %U>—1 ,
which can be written as
70 = (1- EL)‘I (424 (1-3)1)
(8.74) | (ng (1 ) 3)21) (I_ %2[])

which can be expressed equivalently as

(8.72)
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Ts(t) = (D - %E) B (%E + (1 - -;-) D)
(8.75) . (% By (1 _ %) D) (D _ % E)
"Q

?

where

(8.76) Q:= (—;—E + (1 - %) D) (D - %E) -

As T(t) = Q*Q, then T5(t) is a nonnegative definite Hermitian matrix, which
proves that the eigenvalues of T5(t) are nonnegative real numbers. Moreover,
in a similar manner it can be shown that the eigenvalues of T5(t) are less
than unity for 0 < t/2 < 2. (See Exer. 6.)

For the iterative method resulting from the matrix approximation 7T5(t)
of exp(—tC~1A), this can be written as a two-step method:

t N\t t
(n+1/2) — (7L ‘vif1-t (n)
w (I 2L) {2 +( 2)1}w

-1
t t
Z(r-= -1
+2< 2L) D™ s,

wntl) — I—EU - EL + 1_£ I\ wnt1/2)
2 2 2

t ¢\
+'§<I—§U) D S,

which is called the symmetric successive overrelaxation iterative
method and has been considered by Aitken (1950), Sheldon (1955), and Ha-
betler and Wachspress (1961). This iterative method corresponds to sweeping
the mesh in one direction, and then reversing the direction for another sweep
of the mesh.2’ Sheldon (1955) observed that, since the resulting iteration
matrix T5(t) has nonnegative real eigenvalues less than unity for 0 < ¢/2 < 2,
one can rigorously apply the Chebyshev semi-iterative method of Sect. 5.1 to
(8.77) to accelerate convergence further. In effect then, one first selects the
optimum value of ¢ which gives the smallest spectral radius for the matrix
Ts(t) and then generates a three-term Chebyshev recurrence relation for the
vectors w(™.

As a final result in this chapter, we recall that in our discussions of the suc-
cessive overrelaxation iterative method and the Peaceman-Rachford variant
of the alternating-direction implicit iterative methods, each of the associated
iteration matrices was shown to be primitive for certain choices of accelera-
tion parameters.?! However, these isolated and seemingly independent results

(8.77)

20 For this reason, this method is sometimes called the to-fro or forward-backward
iterative method.
2! See Exer. 4 of Sect. 3.6 and Theorem 7.15 of Sect. 7.3.
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are merely corollaries to Theorem 8.12, as the associated matrix approxima-
tions of (8.58) and (8.67) are nonnegative consistent approximations to an
irreducible M-matrix in each case.

In summary, the main purpose of this section was to establish a corre-
spondence between the iterative methods previously described and matrix
methods for approximating the solution of parabolic partial differential
equations. Although it is true that all these iterative methods could be
adapted for use in approximating the solution of parabolic partial differential
equations, the variants of the alternating-direction implicit method are more
widely used in practical parabolic problems, mainly because of their inherent
unconditional stability.

Exercises

1. Show that one can select time increments At;,1 < i < m, such that
the matrix of (8.57),

m

[I{a - at)1 + At;B},

i=1

is precisely the polynomial p,,(B) of (5.21).

2. Let A= D~ E—F be an n X n matrix where D is a positive diagonal
matrix and E and F are respectively strictly lower and strictly upper
triangular matrices. For the splittings

M1:D7 N1=E+F,
My;=D-E, Ny =F,

1-—
M3:%(D—wE),N3:£w—w)D+F, w#0,

let C; := M;,i = 1,2,3, and consider respectively the Padé matrix
approximation Eg1(AtC;A) for exp(—AtC;!A). Show for At =1
that these Padé approximations exactly correspond to the point Ja-
cobi, point Gauss-Seidel,and point successive overrelaxation iterative
methods, respectively.

3. Verify that the matrices T;(At),2 < ¢ < 5, of (8.58), (8.67), (8.71),
and (8.72) are each consistent approximations of exp(—AtS). Next, for
small At show that the expansion of T3(At) in (8.67) agrees through
quadratic terms of exp(—AtA) without assuming that H; and V; com-
mute.
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4. Let A:=1 - B, where

O|H
= [37fo]
is convergent, and set C := I. Show that the optimum value of t/2 = w
which minimizes the spectral radius of T5(t) of (8.72) is w = 1 (Kahan

(1958)).

*x5.  Consider two iterative methods for solving the matrix problem Ax =
k, where A := I — B and B is the convergent matrix of the pre-
vious Exer. 4. The first iterative method is defined by applying the
Chebyshev semi-iterative method of Sect. 5.1 to the optimized basic
iteration matrix T5(t) of (8.72) with ¢/2 = w = 1 and C := I. The
second iterative method is defined by applying the Chebyshev semi-
iterative method to the basic cyclic reduction iterative method of Sect.
5.4. Show that the second method is iteratively faster for m iterations
than the first method, for every m > 1.

*6. Let A= D — E — E* and D be n x n Hermitian and positive definite
matrices. Prove that the eigenvalues \A; of T5(t) of (8.72) satisfy 0 <
A < 1foralll<i<nwhenO<t/2<2. (Hint: Apply Stein’s result
of Exer. 6, Sect. 1.3) (Habetler and Wachspress (1961)).

8.5 Chebyshev Rational Approximations for exp(—tS)

The Padé rational approximations of e~ %, which led to Padé rational matrix
approximations of exp(—tS) in Section 8.3, are defined as best local rational
approximations of e~* at z = 0, i.e. (cf. (8.46)),

(5.78) e = T2alE) _ o(paprer), as el -0,

dp,q(2)
for each pair (p, ¢) of nonnegative integers. But, results from complex approx-
imation theory provide us with a different rational approximation which also
has applications to the numerical solution of semi-discrete parabolic matrix
equations.

Specifically, consider the following problem of Chebyshev rational approx-
imations to e~* on the infinite interval [0, +00). For a nonnegative integer
m, let m,, denote the set of all real polynomials of degree at most m, and,
for a pair (n, m) of nonnegative integers, let 7, ,, analogously denote the set
of all real rational functions

(8.79) Tn,m(Z) = p(z)/q(z), where p € m, and ¢ € 7p,.
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We then define

(8.80) Anm = inf |le™® - 'rn,m(x)”Lw[O,+oo),

Tn,m€ENn,m

where A, m, is called the constant of best uniform rational Chebyshev approx-
imation of e~ on [0, 4+00). It is obvious from (8.80) that Ay, », is finite if and
only if 0 < n < m, so we assume, henceforth, that 0 < n < m. With the
usual compactness considerations, it can then be shown (cf. Achieser (1956),
p. 55) that, after dividing out possible common factors, there is a unique
Fr,m(T) = Pr,m(Z)/Gn,m(Z) in Tr,m Where §n m(z) > 0 on [0, +00), such that

(8'81) >\n,m = “e—z - f'n,m(x)||Lw[0,+oo)~
It is evident from the definition in (8.80) that

(8.82) 0 < Am,m < Am—1,m < -+ < Ao,m for any nonnegative integer m.

To give some history for this problem, Cody, Meinardus and Varga (1969)
showed that for sm(z) := Y e, z¥/k!, the familiar m-th partial sum of €%,
there holds

(8.83) lim {”e" —1/sm(z)|| Lm[o,m)}l/m < -;-

m—00

i.e., geometric convergence is obtained. But as 1/s,,(z) is an element of
T0,m, and not necessarily the best element 7o () in this case from (8.81), it
follows from (8.82) that, for any sequence {n(m)}3_, of nonnegative integers
with 0 < n(m) < m, there holds

—_ 1/m 1
(8'84) m}gnoo ()‘n(m),m) / < 5

The result of (8.84), on the geometric convergence of the Chebyshev con-
stants for e on [0, +00), gave rise to further interesting numerical and theo-
retical results. As will be indicated later, work considerations, in applications
of the Chebyshev rational approximations of e ™% on [0, +00) to the numerical
solution of the semi-discrete matrix approximations of parabolic partial dif-
ferential equations in Section 8.1, always lead to the choice n(m) = m for all
m, so that interest then focused on the specific Chebyshev constants Ay, .
From (8.82), this is the smallest such constant from the set {A;m}7%o. (The
numerical and theoretical work on the behavior of {Am.m }5o—, is covered in
detail in Varga (1990), Chap. 2.)

Based on numerical and theoretical results up to that time, the following
conjecture was made in Saff and Varga (1977):

(8.85) Conjecture : lim AM™ 1

m—0o0

Ol
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It turns out that the above conjecture is false; the correct result, due to
Gonchar and Rakhmanov (1987), is

(8.86) lim AYm = A
where

1
(8.87) A _ W.

Hence, their constant is actually smaller than the conjectured constant 1/9
of (8.85), so that the geometric convergence is faster than was conjectured.
It is interesting to briefly describe the analytical result of Gonchar and
Rakhmanov (1987). Using deep potential-theoretic techniques in complex ap-
proximation theory, they established the following beautiful result.

Theorem 8.13. The number A of (8.86) can be characterized in the follow-
ing number-theoretic way. Define

(8.88) f(z):= Zajzj,
j=1
where
(889) a; = Z(hl)dd (.7 = 1’ 2, ot ');
dlj

so that f(z) is a real analytic function in |z| < 1, which is strictly increasing
on the interval [0,1). Then, A is the unique positive root of the equation

(8.90) f(4) = %_

It is interesting to mention A. P. Magnus wrote in late 1986 to A. A.
Gonchar that the constant A of (8.87) is also the unique solution (less than
unity) of the equation

Y (@2n+ 1)} (A tD/2 = g,

n=0

and that this same constant A appeared ezactly one hundred years earlier
in Halphen (1886), who had computed A to six significant digits. Halphen
had arrived at the above equation in his studies of theta functions. It seems
appropriate to call A the “Halphen constant”!

In calculations carried out in Carpenter, Ruttan, and Varga (1984), us-
ing the second Remez algorithm, the numbers {An, ., }3% , of (8.80) were
determined to approximately 200 decimal digits, along with explicit deter-
minations of the associated rational functions {fm,m(-’v)}:?:o of (8.81). For
example, these calculations give that
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Ag4 = 8.652406- 1075, X5 5 = 9.345713 - 107°, and Ag 6 = 1.008454 - 107¢,

so that, in particular from (8.81), we have

le™® — #4,4(z)| < 8.652407-107° for all z > 0.

For applications of the above approximation theoretic results, from (8.32),
consider the simplified matrix problem

dv(t)
Tdt
where we assume A is a real symmetric and positive definite n X n matrix,
and that s is a vector, independent of t. The solution of (8.91) is then

(8.91) = —Av(t) +s, for t > 0, with v(0) =g,

(8.92) v(t) = A7 's + exp(—tA) - {g — A7's} (t >0).

Choosing the rational approximation #m () of e~ in (8.81), and replacing
the variable z by the matrix tA, our vector approximation for v(t) is then
defined as

(8.93) Win(t) = A7ls + Fru m(tA) - {g — A7's} (> 0),

i.e., with fr m(2) = Pm,m(€)/Gm,m (), this becomes
(8.94) Win(t) = A7's + (Gm,m(t4) ™' (Bmm(t4) - {g — A7's} (t20),

which defines the m-th matrix Chebyshev rational approximation of
the solution of (8.91). (At this point, we could have chosen 7, ;(z), with
0 < n < m. But as the work of inverting the matrix g, m(tA), a polynomial of
degree m in A, is dominant and far exceeds the work in multiplying the vector
{g — A~ !s} by the matrix pn m(tA), and as Ap,m < Apm from (8.82), then
choosing n = m is indicated.) Applying norms to the difference v(t) — wy,(t),
from (8.92) and (8.94), we have

(8.95) [v(t) = wm ()| < [l exp(~tA) — Pmm(tA)| - lg - A7's|l (¢ >0).

Because A is a real symmetric and positive definite matrix, it follows from
Corollary 1.8 that, with 0(A) denoting the spectrum of A,

” exp(—tA) - TAm,m(tA)“ = A%%A) le_tki - f'm,m(t)\i)l < Amyms

the last inequality following from (8.81) and the fact that 0 < tA; < oo for
all eigenvalues \; of A, all t > 0. Hence, from (8.95), we have

(8.96) v(t) = Win ()| < Amym - lg — A7's||  for all t > 0.
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Because the above uniform error bound involves these small constants A, m,
these Chebyshev rational approximations were used in Reusch, et. al (1988)
and Gallopoulos and Saad (1992) in numerically solving discretizations of
time-dependent parabolic problems. It should be pointed out that these ma-
trix Chebyshev rational approximations do not directly apply to nonlinear
forms of the parabolic equation (8.1), i.e., when the coefficients K;, G;, o,
and S depend nonlinearly on the sought-solution u(x, t).
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Bibliography and Discussion

8:1

It is interesting that various forms of semi-discrete approximations
have been considered independently by several authors. Perhaps the
latest comprehensive use of such semi-discrete approximations appears
in the excellent book of Thomée (1997), while the first such approach
was taken by Hartree and Womersley (1937), who, in numerically ap-
proximating the solution of the one-dimensional heat equation (8.6),
discretized the time variable but left the space variable continuous.
The main reason for this approach was to solve the resulting system
of ordinary differential equations by means of a differential analyzer.
This general semi-discrete approach, of course, is closely related to
the Russian “method of lines,” where an elliptic partial differential
equation in two space variables is approximated by a system of ordi-
nary differential equations. See Faddeeva (1949) and Kantorovich and
Krylov (1958), p. 321. Franklin (1959b), Lees (1961), and Varga (1961)
all consider approximations to parabolic partial differential equations
in which the spatial variables are discretized but the time variable is
kept continuous.

The explicit representation of the solution (8.15) of the particular or-
dinary matrix differential equation of (8.13), using exponentials of a
square matrix, is a special case of results to be found in Bellman (1953),
p- 12, and is further connected to the abstract theory of semigroups of
operators, as the matrix A is the infinitesimal generator for the semi-
group of matrix operators exp(tA). For the theory of semigroups, see
Phillips (1961) and Hille and Phillips (1957). Bellman (1953) also gives
explicit representations for the solution of the more general differential
equation

dv(t)

Tdt
where the matrix A(t) has time-dependent entries. Because of this, a
corresponding discussion of semi-discrete approximations to the par-
tial differential equation (8.1) in which the coefficients ¢(x;t), K;(x;t),
etc., are functions of time can also be given.

= —A(t)v(t) +s(t),

Results similar to those of Exers. 5 and 6, in which bounds for the
norm of the approximate solution v(t) as well as bounds for the norm
of (u(t)—v(t)) are obtained, are sometimes derived from the mazimum
principle for such parabolic problems. See Douglas (1961b), Keller
(1960b), and Lees (1960).
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8.3
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The terms essentially positive, subcritical, critical, and supercritical
were introduced by Birkhoff and Varga (1958) in the study of the nu-
merical solution of the time-dependent multigroup diffusion equations
of reactor physics, and the results of this section are largely drawn
from this reference. For generalizations to more general operators, see
Birkhoff (1961) and Habetler and Martino (1961), and references given
therein.

Essentially positive matrices, as defined in this section, are also called
input-output matrices and Leontieff matrices in problems arising from
economic considerations. For a detailed discussion of such matrices
and their economic applications, see Karlin (1959b), and references
cited there. See also Beckenbach and Bellman (1961), (pp. 83 and 94),
where the result of Theorem 8.3, for example, is given in a slightly
weaker form.

From Theorem 8.5, we deduce that the norms || exp(tQ)|| of a subcrit-
ical essentially positive matrix are uniformly bounded for all £ > 0.
More generally, one can deduce, from Lemma 8.4, necessary and suffi-
cient conditions that || exp(¢Q)|| be bounded for all t > 0 for a general
n X n complex matrix. For such extensions, see Bellman (1953), p. 25,
and Kreiss (1959a), as well as Exers. 5 and 9. It should also be stated
that the result of Exer. 9 is clearly related to the Hille-Yosida theorem
of semigroup theory. See Phillips (1961).

The analyses of the forward difference, backward difference, and
Crank-Nicolson methods for numerically approximating the solution
of parabolic partial differential equations have received a great deal
of attention. For excellent bibliographical coverage, see Todd (1956),
Richtmyer (1957), Young (1961), and Douglas (1961b).

The initial works of Courant, Friedrichs, and Lewy (1928), von Neu-
mann (see O’Brien, Hyman, and Kaplan (1951)), Laasonen, P. (1949),
Crank and Nicolson (1947), and many subsequent articles, give anal-
yses of these finite difference methods for uniform mesh spacings, and
generally one finds in the literature that Fourier series methods are
a commonly used tool. Although the goal in this section, following
Varga (1961), has been to show the relevance of these basic numeri-
cal methods to particular Padé matrix approximations of exp(—tA),
the stability analysis of these Padé approximations in Theorem 8.10
for M-matrices is applicable under fairly wide circumstances, since
non-homogeneous, nonrectanglar problems with internal interfaces and
non-uniform spatial meshes do not require special treatment. See also
Householder (1958) for a related use of norms in studying stability
criteria.
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Not all known methods for approximating solutions of parabolic par-
tial differential equations can be obtained from Padé matrix approxi-
mations of exp(—tA). For example, multilevel approximations such as
the unconditionally stable method of DuFort and Frankel (1953) and
the unconditionally unstable method of Richardson (1910) require spe-
cial treatment. See, for example, Douglas (1961b), Todd (1956), and
Richtmyer (1957).

Padé rational approximations are only a particular type of rational
approximation of exp(—tA). Franklin (1959b) considers consistent ex-
plicit polynomial approximations of high order in order to maximize
the stability interval in At. Varga (1961) considers Chebyshev rational
approximations of exp(—tA) that are aimed at obtaining useful vector
approximations in just one time step.

It is interesting to note that several definitions of stability exist in the
literature. For example, O’Brien, Hyman, and Kaplan (1951) relate
stability to growth of rounding errors, where Lax and Richtmyer (1956)
define an operator C(At) to be stable if for some 7 > 0, the set of
norms ||C™(At)|| is uniformly bounded for 0 < At < 7,0 <mAt <T.
However, if the size of mAt is unrestricted, a supposition of interest
in problems admitting a finite steady-state solution, this definition of
Lax and Richtmyer reduces to that given in Definition 8.9. See also
Richtmyer (1957) and Esch (1960).

Because we have omitted the entire topic of convergence of the differ-
ence approximations to the solution of the differential equation, the
basic results of Lax and Richtmyer (1956) and Douglas (1956), which
in essence show the equivalence of the concepts of stability and conver-
gence, are not discussed here. These analyses consider the combined
errors due to spatial as well as time discretizations. In this regard, the
article of John (1952) is basic. See also Lees (1959), Strang (1960),
and Kreiss (1959b).

The matrix result of Theorem 8.12, linking the Perron-Frobenius the-
ory of nonnegative matrices to the solutions of discrete approximations
to certain parabolic partial differential equations, is apparently new.

It must also be mentioned that our treatment in Sect. 8.3 does not
cover the parabolic partial differential equations for which the coeffi-
cients of the differential equation are functions of time, or functions of
the unknown solution, nor does it cover coupled systems of parabolic
partial differential equations. For the numerical solution of such prob-
lems, we recommend the survey article by Douglas (1961b).
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8.4 Many authors, including Frankel (1950) and Garabedian (1956), have

8.5

either indicated or made use of the heuristic analogy between iter-
ative methods for solving elliptic differential equations and numeri-
cal methods for solving parabolic partial differential equations. For
the alternating-direction implicit iterative methods of Peaceman and
Rachford (1955) and Douglas and Rachford (1956), this association
is quite clear. The conclusion in this section that all such iterative
methods can be obtained as consistent approximations of exponential
matrices seems to be new, but other approaches have also produced
interesting results. Notably, Garabedian (1956) has linked the succes-
sive overrelaxation iterative method with hyperbolic partial differential
equations, and this will be described in Chap. 9.

The application of the results of Theorem 8.12, further tying in the
Perron-Frobenius theory of nonnegative primitive matrices, also ap-
pears to be new.

The symmetric successive overrelaxation iterative method is compared
with the successive overrelaxation iterative method by Habetler and
Wachspress (1961), where it is shown that the symmetric successive
overrelaxation iterative method is superior in problems with limited
application.

The excursion in this section into Chebyshev rational approximations
of e™® on [0,+00) is perhaps of interest in that it couples results
from complex approximation theory to the numerical solution of cer-
tain parabolic problems. But, this investigation has also opened up re-
lated research in complex approximation theory. For example, are there
real continuous functions, other than f(z) = €®, defined on [0, +00),
such that 1/f(z) admits geometric convergence by reciprocals of poly-
nomials on [0,+00), i.e., there exist polynomials {pm(z)}32_,, with
Pm € Ty, for all m > 0, and a real number ¢ > 1, such that

1/m 1
<-<1?
Loo[0,400) q

This has been studied in Meinardus, Reddy, Taylor and Varga (1972),
where necessary and nearly equivalent sufficient conditions for this
have been found. (See also Andrievskii, Blatt and Kovacheva (1997).)
It turns out that if (8.97) is valid, then f(z), defined on [0, +00), has
an extension to an entire function F(z), where F(z) = f(z) for all
z > 0, with F(z) having finite exponential growth. See also Varga
(1990), Chap. 2.

S 1 1
8.97 lim,,_, —_——=
( ) moee {l m f
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