4
Realizing and Omitting Types

4.1 Types

Suppose that M is an L-structure and A C M. Let £4 be the language
obtained by adding to £ constant symbols for each a € A. We can naturally
view M as an L 4-structure by interpreting the new symbols in the obvious
way. Let Tha(M) be the set of all £4-sentences true in M. Note that
Th4 (M) C Diagg, (M).

Definition 4.1.1 Let p be the set of La-formulas in free variables
V1, ...,Un. We call p an n-type if p U Tha(M) is satisfiable. We say that
p is a complete n-type if ¢ € p or =¢ € p for all L4-formulas ¢ with free
variables from v1, ..., v,. We let S2*'(A) be the set of all complete n-types.

We sometimes refer to incomplete types as partial types. Also, we often
write p(v1,...,v,) to stress that p is an n-type.

By the Compactness Theorem, we could replace “satisfiable” by “finitely
satisfiable” in Definition 4.1.1.

Consider the example M = (Q, <) where A is the set of natural numbers.
Let p(v) be the set of formulas {v > 1,v > 2,v > 3,...}. If A is a finite
subset of p(v) U Tha (M), then we see that A is satisfiable by interpreting
v as a sufficiently large element of Q. By the Compactness Theorem, p(v)U
Thy (M) is satisfiable and p(v) is a 1-type.

For the same structure, let g(v) = {¢(v) € L4 : M |= ¢(%)}. For example
the formula v < 3 is in ¢(v), whereas v > 2 is not. For any £ 4-formula
¥(v), either M |= (%) or M |= —4(%). Thus, ¢(v) is a complete 1-type.
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116 4. Realizing and Omitting Types

The latter example can be generalized to produce complete types in arbi-
trary structures. If M is any L-structure, A C M, and @ = (ay,...,a,) €
M", let tpM(a/A) = {p(v1,...,vn) € La : M | ¢(a1,...,a,)}. Then,
tpM(a/A) is a complete n-type. We write tp™(a) for tp™ (@/0).

Definition 4.1.2 If p is an n-type over A, we say that @ € M™ realizes p if
M = ¢(a) for all ¢ € p. If p is not realized in M we say that M omits p.

In the examples given above, p(v) is not realized in M = (Q, <), whereas
clearly 1/2 realizes q(v). In fact, there are many realizations of ¢(v) in M.
Suppose that r is any rational number with 0 < r < 1. We can construct
an automorphism o of M that fixes every natural number but o(1/2) =
r. Because o fixes all elements of A, o is also an L s-automorphism. By
Theorem 1.1.10,

ME6(1/2) & M = (r).
Thus, r also realizes q(v).

In fact, the elements of Q that realize g(v) are exactly the rational num-
bers s such that 0 < s < 1. If s <0, then the formula 0 < v is in ¢(v) but
M E =(0 < s). Thus, s does not realize ¢(v). Similarly, no s > 1 realizes
q(v).

The Compactness Theorem tells us that every type can be realized in an
elementary extension.

Proposition 4.1.3 Let M be an L-structure, A C M, and p an n-type
over A. There is N an elementary extension of M such that p is realized

in N.

Proof Let I' = p U Diag, (M). We claim that I is satisfiable.
Suppose that A is a finite subset of I'. Without loss of generality, A is
the single formula

D(V1y -y Uy @1y ey am) AY(a1, ..oy am, b1, ..., b)),

where a1,...,a,m € A, by,....bp € M\ A, ¢(T,@) € p, and M = (a,b).
Let Ay be a model of the satisfiable set of sentences p U Th 4 (M). Because
Jw ¢ (a,w) € Tha(M),

Mo | ¢(w,a@) A Fw ¢(a,w).

By interpreting by,...,b; as witnesses to 3w (a1, ..., am, W), we make
No = A. Thus, A is satisfiable.

By the Compactness Theorem, T' is satisfiable. Let A/ = I'. Because
N [ Diag, (M), the map that sends m € M to the interpretation of the
constant symbol m in N is an elementary embedding. Let ¢; € N be the
interpretations of v;. Then, (c1,...,¢,) is a realization of p.

It is worth noting that if A is an elementary extension of M, then
Tha(M) = Tha(N). Thus S;M(A) = S (A). This observation and Propo-
sition 4.1.3 yield a characterization of complete types.
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Corollary 4.1.4 p € SM(A) if and only if there is an elementary exten-
sion N of M and @ € N" such that p = tp" (a/A).

Proof Ifac N™, then tpV(a/A) € SN (A) = SM(A). On the other hand
if p € SM(A), then, by Proposition 4.1.3, there is an elementary extension
N of M and @ € M realizing p. Because p is complete, if ¢(v) € L 4, then
exactly one of ¢(T) and —¢(7) is in p. Thus, ¢(7) € tp (@/A) if and only
if $(T) € p and p = tp™ (a/A).

Complete types tell us what possible first-order properties elements can
have in an elementary extension. What does it mean if two elements of a
structure M realize the same complete type over A7 Let us return to the
example where M = (Q, <) and A is the natural numbers. We showed that
a,b € Q realize the same complete 1-type over A if and only if there is an
automorphism o of M fixing A such that a(a) = b. Although this is not
true in general (see, for example, Exercises 4.5.1 and 4.5.9), it is if we allow
passage to an elementary extension.

Proposition 4.1.5 Suppose that M is an L-structure and A C M. Let
@,b € M"™ such that tp™(a/A) = tp™(b/A). Then, there is N an elemen-
tary extension of M and o an automorphism of N fizring all elements of A
such that (@) = b.

If M and N are L-structures and B C M, we say that f: B — N is a
partial elementary map if and only if

M E ¢(b) & N = ¢(f(b))

for all £L-formulas ¢ and all finite sequences b from B. We will prove Propo-
sition 4.1.5 by carefully iterating the following lemma and its corollary.

Lemma 4.1.6 Let M,N,B be as above and let f : B — N be partial
elementary. If b € M, there is an elementary extension N1 of N and g :
BU{b} — Ni a partial elementary map extending f.

Proof Let ' = {¢(v, f(a1),..., f(an)) : M = ¢(b,a1,...,an),a1,...,an €
B} U Diag,(N).

Suppose that we find a structure A7 and an element ¢ € N satisfying
all of the formulas in I'. Because N7 = Diag,(N), N is an elementary
extension of A/. It is also easy to see that we can extend f to a partial
elementary map by b+ c.

Thus, it suffices to show that T is satisfiable. By the Compactness Theo-
rem it suffices to show that every finite subset of I is satisfiable in A/. Taking
conjunctions, it is enough to show that if M = ¢(b,a,...,a,), then N |=
v ¢(v, f(ar),..., f(an)). But this is clear because M = Jv ¢(v,aq,...,a,)
and f is partial elementary.
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Corollary 4.1.7 If M and N are L-structures, BC M and f: B — N
is a partial elementary map, then there is N’ an elementary extension of
N and g : M — N’ an elementary embedding.

Proof Let k = |M]|, and let {an : @ < Kk} be an enumeration of M.
Let No = N, By = B, and g9 = f. Let B, = BU{ag : 8 < a}. We
inductively build an elementary chain (N, : @ < k) and g4 : Bo — Ny
partial elementary such that gg C g, for 8 < a.

If o = B+1, and gg : Bg — Ng is partial elementary, then, by Proposition
4.1.3, we can find Ng < N, and g, : B, — N, extending gg.

If o is a limit ordinal, let No = Js_,, Ng and go = Uﬁ<a gs- By Lemma
2.3.11, N, is an elementary extension of Ng for 5 < a and f, is a partial
elementary map.

Let NV = Uyeu Na and g = U, go- Again by Lemma 2.3.11, N <
N’ and g is partial elementary. But dom(g) = M, so g is an elementary
embedding of M into A,

Proof of 4.1.5 Let f : AU {a} — AU {b} such that f|A is the identity
and f(a) = b. Because tp™(a/A) = tp™(b/A), f is a partial elementary
map. By Corollary 4.1.7 there is Ny an elementary extension of M and
fo : M — Ny an elementary embedding extending f. We will build a
sequence of elementary extensions

M=M0-<./\/’o-<./\/l1 -<N1-<M2-<N2...

and elementary embeddings f; : M; — N; such that fo C f1 C fo... and
N; is contained in the image of f;11. Having done this, let

NZUMZUMi

i<w <w

and ¢ = |J f;- By Lemma 2.3.11, A is an elementary extension of M and
o : N ' — N is an elementary map such that o|A is the identity and o(a) = b.
By construction o is surjective. Thus, o is the desired automorphism.

We now describe the construction. Given f; : M; — N;, we can view
f[l as a partial elementary map from the image of f; into M; < N;.
By Corollary 4.1.7, we can find M;;1 an elementary extension of A; and
extend fi_1 to an elementary embedding g; : N; — M;;1. We can view gi_1
as a partial elementary map from the image of g into N; < M;;1. Again
by Corollary 4.1.7, we can find N;;1 an elementary extension of M;;; and
an elementary embedding f;11 : M;11 — N;y1 extending g; 1 Because
fit1 2 gi_1 and g; O fi_l, fi+1 2 fi. Because N; is the domain of g;, N; is
in the range of f;11.
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Stone Spaces

There is a natural topology on the space of complete n-types S;*(A). For
¢ an L 4-formula with free variables from vy, ..., v,, let

[¢] = {p € SM(A) : ¢ € p}.

If p is a complete type and ¢V ¢ € p, then ¢ € p or ¥ € p. Thus [¢ V ] =
[6] U 4] Similaly, [6 A ] = [6 9]

The Stone topology on S{(A) is the topology generated by taking the
sets [¢] as basic open sets. For complete types p, exactly one of ¢ and —¢
is in p. Thus, [¢] = SM(A) \ [~¢] is also closed. We refer to sets that are
both closed and open as clopen.

The topology of the type spaces will eventually play an important role.
The next lemmas summarize some of the basic topological properties.

Lemma 4.1.8 i) SM(A) is compact.
ii) SM(A) is totally disconnected, that is if p,q € SH(A) and p # q,
then there is a clopen set X such thatp € X and ¢ & X.

Proof

i) It suffices to show that every cover of S{*'(A) by basic open sets has a
finite subcover. Suppose not. Let C = {[¢;(7)] : i € I} be a cover of S (A)
by basic open sets with no finite subcover. Let

I = {~¢:(7):i eI}

We claim that I' U Th 4 (M) is satisfiable. If Ij is a finite subset of I, then
because there is no finite subcover of C| there is a type p such that

pé U [i]-
i€l
Let N be an elementary extension of M containing a realization @ of p.
Then
N ETha(M)u A —¢:(@).
i€ly
We have shown that I' is finitely satisfiable and hence, by the Compactness
Theorem, satisfiable.
Let NV be an elementary extension of M, and let @ € N realize I. Then

tp(@/A) € S A\ |Jles (@),
iel
a contradiction.

ii) If p # ¢, there is a formula ¢ such that ¢ € p and —¢ € ¢. Thus, [¢)
is a basic clopen set separating p and q.

Natural operations on types often give rise to continuous operations on
the type space.
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Lemma 4.1.9 i) If AC B C M and p € S} (B), let p|A be the set of
L a-formulas in p. Then, p|A € SM(A) and p — p|A is a continuous map
from SM(B) onto SM(A).

i) If f: M — N is an elementary embedding and p € S (A), let

f(p) ={¢(@, f(a)) : ¢(v,a) € p}.

Then, f(p) € SN(f(A)) and p— f(p) is continuous.
i) If f : A — N is partial elementary, then S (A) is homeomorphic
to SN (f(A)).

Proof

i) Because p|A U Tha(M) C pU Thg(M), p|AU Tha(M) is satisfiable.
Because p|A is the set of all £4-formulas in p, p|A is complete. If ¢ is an
L g-formula, then

{peSM(B): ¢ cp} =g

Thus, ¢ is continuous.

If ¢ € S)M(A), there is an elementary extension NV of M and @ € N real-
izing q. Then, p = tp™N(a/B) € SM(B) and p|A = ¢. Thus, the restriction
map is surjective.

ii) Suppose that A is a finite subset of f(p). Say

where ¢1(7,a),...,0m(7,a) € p. Because p U Thy (M) is consistent,
Mo N ¢i(m,3).
i=1

Because f is elementary,
NET N 6:(, £(@)
i=1

and f(p) UThya)(N) is consistent. It is easy to see that f(p) is complete.
Because

{pe S (A): 6@, f(@) € f(p)} = [¢(T,a)],
p+— f(p) is continuous.
iii) Exercise 4.5.12.

Definition 4.1.10 We say that p € SM(A) is isolated if {p} is an open
subset of SM(A).

Isolated points will play an important role in Section 4.2.
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Proposition 4.1.11 Let p € S}M(A). The following are equivalent.
1) p is isolated.
ii) {p} = [p(V)] for some La-formula ¢(T). We say that ¢(T) isolates p.
iii) There is an L a-formula ¢(T) € p such that for all L s-formulas (7T),
»(0) € p if and only if

Tha(M) = ¢(v) — ¢(v).

Proof
i) = ii) If X is open, then

X = Jlgl

el

for some collection of formulas (¢; : ¢ € I). If {p} is open, then {p} = [¢]
for some formula ¢.

ii) = iii) Suppose that {p} = [¢(7)]. Suppose that ¥(v) € p. We claim
that Th4(M) = ¢(¥) — (7). If not, then there is an elementary extension
N of M and @ € N such that NV |= ¢(@) A —(@). Let ¢ = tpN(a/A) €
SM(A). Because ¢(v) € q, ¢ = p. But —1)(7) € g, a contradiction.

If, on the other hand, ¥ (7) ¢ p, then —(T) € p and, by the argument
above, Tha(M) E ¢(@) — = (D). Because Th4(M)U{¢(D)} is satisfiable,
Tha(M) = 6(v) — ¢ ().

iii) = i) We claim that [¢(7)] = {p}. Clearly, p € [¢(7)]. Suppose that
q € [¢p()] and ¥ (V) is an L 4-formula. If 1(v) € p, then Tha(M) | ¢(v) —
¥(0) and ¥(T) € ¢. On the other hand, if ¥(v) € p, then —)(v) € p and,
by the argument above, ¥ (v) ¢ ¢q. Thus p = q.

Examples

We conclude this section by giving concrete descriptions of SM(A) for
several important examples.

Example 4.1.12 Dense Linear Orders

Let £ = {<}. Let M = (M, <) be a dense linear order without endpoints
and let A C M. Let p € S{'(A). If a € A, then, because p is a complete
type, exactly one of the formulas v = a, v < a, or v > a is in p.

case 1: p is realized in A.
In other words, the formula v = a € p for some a € A. In this case,
p={¢Y(v): M= ¢(a)} and p is isolated by the formula v = a.

case 2: Otherwise.
Let Ly ={a€ A:a<veptand U, ={a€ A: v <ace€p}If
a < v,v < b € p, then, because p U Th4(M) is satisfiable, a < b. Thus,
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a<bforae L,andbe U, and L, and U, determine a cut in the ordering
(A, <).

Also note that if A is the disjoint union of L and U where a < b for
a€LandbeU, then Thy(M)U{a<v:a€L}and {v<b:beU}is
satisfiable. Thus, there is a type p with L, = L and U, =U.

We claim that the cut completely determines p; that is,

{pt=(Nla<vln () [v<b].

a€Ly, a€lUy

Suppose that ¢ # p, L, = Ly and U, = U,. Because the only atomic
formulas are u = v and v < v, p and ¢ determine the same cut in A, and
they contain the same atomic formulas. Because quantifier-free formulas
are Boolean combinations of atomic formulas, p and ¢ contain the same
quantifier-free formulas. Because every formula is equivalent to a quantifier-
free formula, p = q.

Using the identification between types and cuts, we can give a complete
description of all types in S?(Q).

For a € Q, let p, be the unique type containing v = a.

Let ptoo be the unique type p with L, = Q and U, = 0, and let p_
be the unique type p with L, = 0 and U, = Q. For r € R\ Q, let p, be
the unique type p with L, ={a € Q:a <r} and U, ={b € Q: r < b}.
Finally, for ¢ € Q, let p.+ be the unique type p with L, = {a € Q: a < ¢}
and Uy, = {b € Q: c < b}, and let p.— be the unique type p with L, = {a €
Q:a<cland U, ={b€ Q:c<b}. These are all possible types. Note in
particular that |SZ(Q)| = 2%,

We return to the general case where M |= DLO and A C M is nonempty.
Aside from the types realized by elements of A, what types in S{*'(A) are
isolated? Suppose that L, has a largest element a and U, has a smallest
element b. Then p € [a < v < b]. Moreover, Tha(M) Fa<v<b—c<
v <dforall ce L, and d € U, Thus, a < v < b isolates p. Similarly, if
Up = 0 and L, has a greatest element a, then a < v isolates p, and if U,
has a smallest element b and L, = ), then v < b isolates p.

We claim that these are the only possibilities. For example, suppose that
Up # 0 and has no least element. Suppose that ¢(v) isolates p. Because U,
and L, determine p,

ThaM)U{a<v:ae LyfU{v<b:veUy} = ov).
Thus, we can find a € L, U {—oo} and b € U, such that
Tha(M) = {a <v < b} — ¢(v).

There is ¢ € U, such that ¢ < b. Because a < ¢ < b, M |= ¢(c). But then
the type containing v = ¢ is in [¢(v)] contradicting the fact that [¢(v)]
isolates p. Other cases are similar. We summarize as follows.
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Proposition 4.1.13 Let M =DLO and let A C M be nonempty. Types in
SM(A) not realized by elements of A correspond to cuts in the ordering of
A. A nonrealized type p is nonisolated if either U, # () has no least element
or L, # 0 has no greatest element.

Example 4.1.14 Algebraically Closed Fields

Let K = ACF, and let A C K. We first argue that, without loss of general-
ity, we may assume that A is a field. Let k be the subfield of K generated by
A.TIf p € SE(k), then p|A € SK(A). We claim that the restriction map is
a bijection. By Lemma 4.1.9, we know that it is surjective, so we need only
show that it is one-to-one. Suppose that ¢ € SX(A). For by, ..., b € k, there
are ay,...,a, € A such that for each i there is ¢;(X) € Z(X1,..., Xm)
such that b; = ¢;(@). Thus, for any f(Xi,...,X;) € Z[X1,...,X;,Y]
there is g € Z[X1,..., Xm, Y] such that f(by,...,b;,y) = 0 if and only
if g(a1,...,am,y) = 0 for any g. Thus, by quantifier elimination, for any
formula ¢(v,b) with b € k, there is a formula (v, @) with @ € A such that

K ¢(3,5) < ¢(7,7).

Thus, if p,q € Sf(k) and p # g, then p|A # q|A.
Let k be a subfield of K. We will show that n-types over k are determined
by prime ideals in k[X1, ..., X,]. For p € SX(k), let

L, ={f(X) € k[X1,...,X,] : f(¥) =0 € p}.
If f,g € I, then f +g € I,, and if f € I, and g € k[X], then fg € I,.
Thus, I, is an ideal. If f,g € k[X], then

K 5 f(0)g(v) = 0 — (f(8) =0V g(v) = 0).

Thus, if fg € I,, then either f € I, or g € I,,. Hence, I, is a prime ideal.

On the other hand, suppose that P C_k[X] is a prime ideal. There is a
prime ideal Q C K[X] such that @ N k[X] = P.! Let F be the algebraic

closure of the fraction field of K[X]|/Q. By model-completeness, F' is an

elementary extension of K. Let x; = X;/Q for i =1,...,n. For f € K[X],
f(@) = 0if and only if f € Q. Thus, if p = tp” (F/k), then I, = P. Thus,
p — I, is a surjective map from SX (k) onto the prime ideals of k[X]. We
claim that p — I, is one-to-one. Suppose that p,q € SX (k) and p # q.

IThis follows, for example, from [68] 7.5, because K[X] is a faithfully flat k[X]-
algebra, but we sketch a more elementary proof. If K[X|P is the K[X| ideal generated
by P, we first claim that K[X]P N k[X] = P. Let B be a basis for K as a k-vector
space with 1 € B. B is also a basis for K[X] as a free k[X]-module. If f € K[X], then
f = 2 pep fvb, where each f, € k[X] and all but finitely many f, = 0. If f € K[X]P,
then each f, € P. If f € K[X]P Nk[X], then f = f; € P. Let S be the multiplicatively
closed set k[X]\ P. Let Q@ C K[X] be maximal among the ideals containing P and

avoiding S. Then, Q is a prime ideal and Q N k[X] = P.
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There is a formula ¢ € p such that —¢ € ¢. By quantifier elimination, we
may assume that ¢ is

m k s
V fii®) =0 N gia(@) #0] ,
=1 | j=1 =1

where f; ;, gi1 € k[X]. If I, = I, then

fiyj(ﬁ) =0eps& f@j(ﬂ) =0€gq
and

9i10)=0€p<yg;(T)=0€q.
Thus, ¢ € p if and only if ¢ € q.

Definition 4.1.15 For A a ring, the Zariski spectrum of A is the set
of all prime ideals of A. We denote the Zariski Spectrum by Spec(A4) and
topologize Spec(A) by taking basic closed sets { P € Spec(A) : a1,...,am €
P} for ay,...,anm € A. This is called the Zariski topology on Spec(A).

Proposition 4.1.16 The map p — I, is a continuous bijection from
SK (k) to Spec(k[X1,. .., X,]).

Proof We have shown that the map is one-to-one so we need only show
that it is continuous. Suppose that f1,..., fm € k[X1,..., X,]. Then, the

inverse image of { P € Spec(k[X]) : f1,..., fm € P}is{p € SK(k): fi(v) =
OA...A fm(7) =0 € p}, a clopen set. Thus, p — I, is continuous.

Although p — I, is continuous, it is not a homeomorphism. In particular,
for f € kK[X]\ k, {p € SK(k) : f(v) = 0} is clopen in SX(k), whereas the
image in Spec(A) is closed but not open. Although the Stone topology is
finer than the Zariski topology, we can use it when studying the Zariski
topology.

Corollary 4.1.17 The Zariski topology on Spec(k[X]) is compact.
Proof This is clear because S (k) is compact and p — I, is continuous.

Proposition 4.1.16 also allows us to count types.

Corollary 4.1.18 Suppose that K |= ACF and k is a subfield of K. Then
S5 (k)| = [k| +Ro.

Proof By Hilbert’s Basis Theorem, all ideals in k[X] are finitely generated.
Thus, there are only |k| + X prime ideals.
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4.2 Omitting Types and Prime Models

The Compactness Theorem allows us to build models realizing types. It
is often also useful to build models that omit certain types. Let £ be a
language and T an L-theory. For p an n-type consistent with 7', we would
like to know whether there is M = T omitting p. It is not hard to give a
necessary topological condition.

For T an L-theory, we let S, (T) be the set of all complete n-types p such
that pUT is satisfiable. If T is complete and M |= T, then S,,(T') = S (0).
In particular, S, (T') is a totally disconnected compact topological space
with basic open sets

(9] ={p: o €p}.

For p a complete type, p is isolated in S, (T) if and only if {p} = [¢] for
some ¢. We can extend this notion to possibly incomplete types.

Definition 4.2.1 Let ¢(v1,...,v,) be an L-formula such that T'U {¢(7)}
is satisfiable, and let p be an n-type. We say that ¢ isolates p if

T = vo(¢(v) — ¢(v))

for all ¥ € p.
Note that if p is a complete type and ¢(v) isolates p, then

Tk ¢@) -9y < Y@ ep

for all formulas (7). In particular, for all formulas (7) exactly one of
T+ ¢(0) AN(©) and T + ¢(v) A () is satisfiable.

We can only omit an isolated type if we do not witness the isolating
formula.

Proposition 4.2.2 If ¢(v) isolates p, then p is realized in any model of
T U{3v ¢(v)}. In particular, if T is complete, then every isolated type is
realized.

Proof If M =T and M = ¢(a), then @ realizes p. If T is complete and
T U{¢(v)} is satisfiable, then T = Jv ¢ ().

For countable languages, this is also a sufficient condition.

Theorem 4.2.3 (Omitting Types Theorem) Let L be a countable lan-
guage, T an L-theory, and p a (possibly incomplete) nonisolated n-type over
(. Then, there is a countable M =T omitting p.

Proof We will prove this by a modification of the Henkin construction
used to prove the Compactness Theorem. Let C = {¢o, 1, . . .} be countably
many new constant symbols, and let £* = £L U C. As in the proof of the
Compactness Theorem, we will build T* O T, a complete L*-theory with
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the witness property, and build M | T* as in Lemma 2.1.7. We will
arrange the construction such that, for all dy, ..., d, € C, there is a formula
#(v) € p such that T* = —¢(dy, .. .,d,). This will ensure that d2", ..., dM
does not realize p. Because every element of M is the interpretation of a
constant symbol in C; M omits p.

We will construct a sequence 6g, 61,0, ... of L*-sentences such that
): 9t — 98
fort >sand T* =TU{0; : i =0,1,...} is a satisfiable extension of T.
Let ¢g, ¢1, d2, ... list all L*-sentences. To ensure that T is complete, we

will either have
= 03i11 — &i
or
= 03i41 — ;.
If ¢; is Fv P (v) and | O5;41 — ¢;, then

= 03542 — ¥(c)

for some ¢ € C. This will ensure that T has the witness property. Let
do,dy, ... list all n-tuples from C. We will choose 03;,3 to ensure that d;
does not realize p in the canonical model of T*.
stage 0: Let 6y be Vo =z = =x.

Suppose that we have constructed 6, such that T'U#y is satisfiable. There
are three cases to consider.

stage s+ 1 = 3i 4+ 1: (completeness) If T'U {6, ¢;} is satisfiable then 6541
is 05 A\ ¢;; otherwise, 0541 is 05 A =¢;. In either case T'U 6441 is satisfiable.

stage s + 1 = 3i 4 2: (witness property) Suppose that ¢; is Jv ¥ (v) for some
formula ¢ and T | 05 — ¢;. In this case, we want to find a witness for
¥. Let ¢ € C be a constant that does not occur in T'U {65 }. Because only
finitely many constants from C' have been used so far, we can always find
such a c. Let 0541 = 05 Ap(c). If N =T U {6}, then there is a € N such
that A |= t(a). By letting ¢V = a, we have N |= 65, 1. Thus, in this case
T U {041} is satisfiable.

If ¢; is not of the correct form or T }= 05, — ¢;, then let 0511 be 0.
stage s + 1 = 3i + 3: (omitting p) Let d; = (e1,...,e,). Let ¥(v1,...,v,)
be the L-formula obtained from 65 by replacing each occurrence of e; by
v; and then replacing every other constant symbol ¢ € C\ {eg,...,en}
occurring in #s by the variable v. and putting a Jv. quantifier in front. In
particular, we get rid of all of the constants in 8, from C' either by replacing
them by variables or by quantifying over them. For example, if 6, is

Vedy cx + erjeq = y2 + dea,
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where ¢, d, e, e5 are distinct constants in C, then t(vy,v2) would be the
formula
Fv.FvgVaeIy vex + vivg = y2 + vqva.

Because p is nonisolated, there is a formula ¢(v) € p such that
T = Vo (4(v) — ¢(9)). (%)

Let 04,1 be 05 A —~¢(d;). We must argue that T'U 6, is satisfiable. By (x)
there is N' = T with @ € N such that

N (@) A —¢(@).
We can make A into a model of 6,1 by interpreting the constants ¢ €
C\{e1,...,en} as the witnesses to v. and e; as a;.

This completes the construction. Let T* = T U {6,601, ...}. Because
T U {6;} is satisfiable for each s, T™ is satisfiable. If ¢ is any L-sentence,
then ¢ = ¢; for some i, and at stage 3¢ + 1 we ensure that T* = ¢ or
T* = —¢. Thus, T* is complete.

If ¢(v) is an L-formula and T* = Jv ¢ (v), then there is an i such that
¢; is Fv ¥ (v) and at stage 3i + 2 we ensure that T* |= ¢(c) for some ¢ € C.
Thus, T* has the witness property.

If M is the canonical model of T constructed as in Lemma 2.1.7, we
claim that M omits p. Suppose that @ € M". Because every element of M

is the interpretation of a constant symbol, there is d; such that E?A = a.
At stage 3i 4+ 3, we ensure that M | —¢;(d) for some ¢; € p. Thus @ does
not realize p.

The proof of the Omitting Types Theorem can be generalized to omit
countably many types at once.

Theorem 4.2.4 Let L be a countable language, and let T be an L-theory.
Let X be a countable collection of nonisolated types over 0. There is a
countable M =T that omits all of the types p € X.

Proof (Sketch) Let pg,p1,... list X. Let C be as in the proof of Theorem
4.2.3, and let dy, d; ... list all finite sequences from C. Fix 7 : N x N — N,
a bijection.

We do a Henkin-style argument as in the proof of Theorem 4.2.3. If s = 0,
3i+ 1, or 3i + 2, we proceed exactly as above. If i = w(m,n), then at stage
s = 3i + 3 we proceed as above to ensure that d,, does not realize p,.

If M is the canonical model, we eventually ensure that no finite sequence
from M realizes any of the types p;.

The assumption of countability of £ is necessary in the Omitting Types
Theorem. Suppose that £ is the language with two disjoint sets of constant
symbols C' and D, where C is uncountable and |D| = Ng. Let T be the
theory {a #b:a,b € C,a # b} and p be the type {v # d : d € D}. Because
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every model of T is uncountable, there is always an element that is not the
interpretation of a constant in D. Thus, every model of T realizes p. On the
other hand, if ¢(v) is any L-formula, then, because only countably many
constants from D occur in T'U {¢p(v)}, there is d € D such that TU {¢(d)}
is satisfiable. Thus, p is nonisolated.

The necessity of X being countable in Theorem 4.2.4 is more problematic.
For example, if Rg < A < 280, we could ask whether for a countable T" we
can omit a family of A nonisolated types. This turns out to depend on set
theoretic assumptions (see Exercise 4.5.14).

We give one concrete application of the Omitting Types Theorem. Let
L ={+,-,<,0,1}, and let PA be the axioms for Peano arithmetic. Suppose
that M, N |= PA. We say that N is an end extension of M if N D M and
a<bforallae M andbe N\ M.

Theorem 4.2.5 If M is a countable model of PA, then there is M < N
such that N is a proper end extension of M.

Proof Consider the language £* where we have constant symbols for all
elements of M and a new constant symbol ¢. Let T' = Diagg,(M)U{c > m :
m € M}, and for a € M \ N let p, be the type {v < a,v #m:m € M}.
Any N = T is a proper elementary extension of M. If A/ omits each p,,
then A is an end extension of M. By Theorem 4.2.4, it suffices to show
that each p, is nonisolated.
Suppose that ¢(v) is an L* formula isolating p,. Let ¢(v) = 6(v, ¢), where
0 is an Lys-formula. Then
TUO(v,c) Ev <a.
Because T'U {0(v, )} is satisfiable,
M EVzdy > 23v < a 0(v,y).
The Pigeonhole Principle is provable in Peano arithmetic. Thus
M E Vzdy > z3v < a 0(v,y)] — Fv < aVaTy > z 6(v,y). (%)
Thus, there is m < a such that
M EVzIy >z 0(m,y).
We claim that T'U {6(m, c)} is satisfiable. If not, there is n € M such that
Diag, (M) +c>n = —0(m,c)

contradicting (xx*). Thus, ¢(v) does not isolate p,, a contradiction.
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Prime and Atomic Models

We use the Omitting Types Theorem to study small models of a com-
plete theory. For the remainder of this section, we will assume that £ is a
countable language and T is a complete L£-theory with infinite models.

Definition 4.2.6 We say that M =T is a prime model of T if whenever
N T there is an elementary embedding of M into N.

For example, let T =ACFy. If K EACFy, and F is the algebraic closure
of Q, then there is an embedding of F' into K. Because ACF is model
complete this embedding is elementary. Thus, F' is a prime model of ACFy.
Similarly, RCF has a prime model, the real closure of Q.

For a third example, consider £ = {+,-,<,0,1} and let T be Th(N),
true arithmetic. If M = T, then we can view N as an initial segment
of M. We claim that this embedding is elementary. We use the Tarski-
Vaught test (Proposition 2.3.5). Let ¢(v, w1, ..., w,,) be an L-formula and
let n1,...,nm € N such that M = Jv ¢(v, 7). Let ¢ be the L-sentence

v P, 14+...4+1,...;1+...4+1).

n1—times Ny —times

Then, M = and N = ¢ because M = N. But then, for some s € N,
NEOs,1+...+1,...,14+...+1)

ni1—times N —times

and
NE+...+1,1+...41,....,14+...41).

s—times ni1—times Ny —times

Because the latter statement is an L-sentence,

MES+... +1L,1+...+1,...,14+...4+1)

s—times ni1—times Nm —times

and M | é(s,n1,...,nm). By the Tarski-Vaught test, N < M. Thus, N
is a prime model of T

Suppose M is a prime model of T. Suppose that 5 : M — A is an
elementary embedding. If @ € M™ realizes p € S, (T), then so does j(a). If
p € S,(T) is nonisolated, there is A/ such that N omits p. If M realizes p,
then we can not elementarily embed M into N thus, M must also omit
p. In particular, if @ € M", then tp™ (@) must be isolated. This leads us to
the following definition.

Definition 4.2.7 We say that M |= T is atomic if tp™ (@) is isolated for
alla e M™.

We have just argued that prime models are atomic. For countable models,
the converse is also true.
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Theorem 4.2.8 Let L be a countable language and let T be a complete
L-theory with infinite models. Then, M |= T is prime if and only if it is
countable and atomic.

Proof

(=) We have argued that prime models are atomic. Because £ is count-
able, T" has a countable model. Thus, the prime model must be countable.

(<) Let M be countable and atomic. Let N = T'. We must construct an
elementary embedding of M into N. Let mg, m1, ..., My, ... be an enumer-
ation of M. For each i, let 0;(vo,...,v;) isolate the type of (mg,...,m;).
We will build fy C fi; C ... a sequence of partial elementary maps from M
into N where the domain of f; is {mo,...,m;—1}. Then, f =J:°, fi is an
elementary embedding of M into N.

Let fo = 0. Because M = N/, fy is partial elementary.

Given fs, let n; = f(m;) for i < s. Because 05(myg,...,ms) and fs is
partial elementary,

N E Fv b5(ng, ..., ns—1,v).
Let ns € N such that N | 6s(ng,...,ns). Because 6, isolates
tp™M(mo, ..., ms),

tpM(mOa s ams) = tpN(TLOv cee 7ns)'

Thus, fsr1 = fs U{(ms,ns)} is a partial elementary map.
Theorem 4.2.8 will lead to a criterion for the existence of prime models.

We need one preparatory lemma.

Lemma 4.2.9 Suppose that (@,b) € M™™ realizes an isolated type in
Sman(T). Then @ realizes an isolated type in Sy, (T). Indeed if A C M
and (a,b) € M™™ realizes an isolated type in Si'.,(A), then tp™(a/A)
1s isolated.

Proof Let ¢(v,w) isolate tp™(a,b/A). We claim that Jw ¢(v,w) isolates
tpM(a/A). Let 1() be any La-formula such that M | +(a@). We must
show that

Tha(M) = TFw (6(v, @) — (D).

Suppose not. Then, there is ¢ € M™ such that
M = 3w (¢(e, W) A —(C)).

Let d € M™ such that M = é(¢,d) A =(¢). Because ¢(7,w) isolates
tp™ (@, b/A),
Tha(M) = ¢(v,w) — ¥(0).

This is a contradiction because

(@) € tpM(a/A) c tp™M(a,b/A).
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An extension of this lemma is proved in Exercise 4.5.11.

Theorem 4.2.10 Let £ be a countable language and let T be a complete
L-theory with infinite models. Then, the following are equivalent:

i) T has a prime model;

it) T has an atomic model M;

iii) the isolated types in Sy, (T) are dense for all n.

Proof We have already shown i) < ii).

ii) = iii) Let ¢(7) be an L-formula such that [¢(7)] is a nonempty open
set in S, (T). We must show that [¢(7)] contains an isolated type.

Let M = T be atomic. Because T is complete and T U {¢(7)} is satis-
fiable, T' = 30 ¢(v). Thus, there is @ € M™ such that M | ¢(@). Then,
tpM (@) € [¢] and, because M is atomic, tp™ (@) is isolated. Therefore, the
isolated types are dense.

iii) = ii) Suppose that the isolated types in T' are dense. We will build

an atomic model of T by a Henkin argument. Let C = {co,...,¢pn,...}
be a new set of constant symbols, and let £* = £ U C. Let ¢g, ¢1,...
list all L£L*-sentences. We build 6y, 61, ... a sequence of L*-sentences such

that T* = {6, : i = 0,1,...} UT is a complete satisfiable theory with the
witness property. We do this so that the canonical model of T is atomic.
We assume inductively that T'U {05} is satisfiable and 0511 = 6;.

stage 0: g =z = = z.

stage s + 1 = 3i + 1: (completeness) If T + 05 A ¢; is satisfiable, let 6541 =
0s N\ ¢;; otherwise, 6511 = 05 A —¢;.

stage s + 1 = 3i + 2: (witness property) If ¢; is Jv (v) and 0, | ¢;, let
¢ € C be a constant symbol not occurring in 6y, and let 511 = 05 A 1(c).
Otherwise, let 8541 = 05. As in Theorem 4.2.3, T'U {641} is satisfiable.

stage s + 1 = 3i + 3: Let n be minimal such that all of the constants in C'
occurring in 65 are from {co,...,c,}. Let 9(vg,...,v,) be an L-formula
such that 85 = ¥(co,...,cn). Clearly, T U {¢(vo,...,v,)} is satisfiable.
Because the isolated types in S, (T) are dense, there is an isolated type
p € [(7)]. Let x() be an L-formula isolating p; in particular, [x(v)] = {p}
and TU{x(7)} is satisfiable. Let 0511 = x(¢). Then, TU{0541} is satisfiable.
Because 9(7) € p, 0541 = 0s.

As in Theorem 4.2.3, the theory T* = T U {61,6,,...} is a complete
theory with the witness property. Let M be the canonical model of T*. We
must show M is atomic. Let d € M. We can find an n and an s = 3; + 2
such that each d; is in {co, ..., c,} and n is minimal such that {co, ..., ¢y}
contains all the constants occuring in 0. At stage s+ 1 we make sure that

(e}, ..., cM) realizes an isolated type. By 4.2.9, d realizes an isolated type.

r n
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In Exercise 4.5.16 we use Theorem 4.2.10 to give an example of a theory
with no prime models. We now give one important case where the iso-
lated types are dense. Note that if £ is countable and A is countable, then
|SM(A)| < 280 because there are only 2%0 sets of L 4-formulas. We will
show that if there are fewer than the maximal possible number of types,
then there are prime models.

Theorem 4.2.11 Suppose that T is a complete theory in a countable lan-
guage and A C M |= T is countable. If |[SM(A)| < 2%, then

i) the isolated types in SM(A) are dense and

i) | (A)] < Ro.

In particular, if |S,(T)| < 2%, then T has a prime model.

Proof

i) We first prove that the isolated types are dense. Suppose that there is
a formula ¢ such that [¢] contains no isolated types. Because ¢ does not
isolate a type, we can find v such that [¢pAv] # 0 and [pA—1)] # 0. Because
[¢] does not contain an isolated type, neither does [¢ A +¢].

We build a binary tree of formulas (¢, : o € 2<%) such that:

i) each [¢,] is nonempty but contains no isolated types;

ii) if o C 7, then ¢, | ¢

i) ¢oi = Po1—i-

Let ¢y = ¢ for some formula ¢ where [¢] contains no isolated types.
Suppose that [¢,] is nonempty but contains no isolated types. As above,
we can find ¢ such that [¢, A ¢] and [¢, A —)] are both nonempty and
neither contains an isolated type. Let ¢, 0 = ¢ A ¢ and ¢51 = ¢ A ™.

Let f:w — 2. Because

[@710] 2 [o(FI)] 2 [o(f12)] 2 ...

and SM(A) is compact, there is

pr € Josml.
n=0

If g # f, we can find m such that flm = glm but f(m) # g(m). By
construction, ¢¢jmi1 [ @gim41; thus py # py. Because f +— py is a
one-to-one function from 2 into SM(A), |SM(A)| = 2%,

ii) Suppose that [S(A4)| > Ro. We claim that [S{(A4)| = 2%°. Because
|SM(A)| > Rg and there are only countably many £ -formulas, there is a
formula ¢ such that |[¢]| > Ro.

Claim If |[¢]| > o, there is an £ 4-formula ¢ such that |[¢ A¢]| > Rg and

|[p A =] > Ro.
Suppose not. Let p = {¢(7) : |[¢ A ]| > Ro}. Clearly, for each 9 either
1 € p or =) € p but not both. We claim that p is satisfiable. Suppose that
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1, ..., m € p. Either ¢y A ... Ay, € p, in which case {¢1,..., U} U
Th4 (M) is satisfiable, or =t V...V =), € p. Because

[ﬁ@/’l V...V ﬁ'@ZJm] = [ﬁwl] u...u [ﬁwm]a

we must have |[-);]| > Rg for some R, a contradiction. Thus p € S (A).
Moreover, if ¢ & p, then |[¢ A ¥]] < Ng. But

6] = Jlerylu{p}.

YEp

Because [¢)] is the union of at most Rg sets each of size at most R, we have
[[#]] < Ro, a contradiction.

We build a binary tree of formulas (¢, : o € 2<%) such that:

i) if o C 7 then ¢ = ¢o;

ii) ¢oi F ~ha1-is

iii) [[¢]| > No.

Let ¢y = ¢ for some formula ¢ with [[¢]| > Rg. Given ¢, where |[¢5]| >
No, by the claim we can find ¢ such that |[¢ps AY]| > Rg and |[ps A—9]| > No.
Let d)o,O = ¢o N9 and ¢U,1 = ¢ N Y.

As in i), for each f € 2¢ there is a

m=0

and if f # g, then py # py. Thus |SM(A)| = 2%o.

We note that it is possible for there to be prime models even if |S,,(T)| =
2% For example, Th(N, +, -, <,0,1) and RCF have prime models.

Countable Homogeneous Models

Our next goal is to show that prime models are unique up to isomorphism.
This will follow from work on homogeneous models.

Definition 4.2.12 Let k be an infinite cardinal. We say that M = T is
k-homogeneous if whenever A C M with |A| < k, f : A — M is a partial
elementary map, and a € M, there is f* O f such that f*: AU {a} - M
is partial elementary.

We say that M is homogeneous if it is | M |-homogeneous.

In homogeneous models, partial elementary maps are just restrictions of
automorphisms.

Proposition 4.2.13 Suppose that M is homogeneous, A C M, |A| < | M|,
and f : A — M is a partial elementary map. Then, there is an automor-
phism o of M with ¢ D f.

In particular, if M is homogeneous and @,b € M™ realize the same n-
type, then there is an automorphism o of M with o(a@) = b.
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Proof Let |M| = &, and let (an : o < k) be an enumeration of M. We
build a sequence of partial elementary maps (f, : @ < k) extending f with
fa C fg for o < B such that a, is in the domain and image of f,41 and
|fot+1] < |fal +2 < k. Then, o = fa is the desired automorphism.
Let fo = f

If @ is a limit ordinal and fg is partial elementary with

a<k

Ifol < TA[+ 8] +Ro <k
for all B < a, let fo =g, fg- Then, f, is partial elementary and
[fal < la|(JA] + o] +Ro) < |A] + |a] + Ro < &.

Given f, with |f4| < &, because M is homogeneous, there is b € M such
that if go = fo U {(aa,b)}, then g, is partial elementary. Note that g, ! is
also partial elementary. Thus, because M is homogeneous there is ¢ € M
such that g, ' U{(aa,c)} is partial elementary. Thus, fot+1 = ga U{(c,aq)}
is partial elementary, |fot1| < |fo|l +2 < |A] + |a| + R, and a, is in the
domain and range of fq41.

If M is homogeneous and tp™ (@) = tp™(b), then @ — b is a partial
elementary map that must extend to an automorphism.

Lemma 4.2.14 If M is atomic, then M 1is Rg-homogeneous. In particular,
countable atomic models are homogeneous.

Proof Suppose that @+ b is elementary and ¢ € M. Let ¢(T,w) isolate
tpM(@,c). Because M = Jw ¢(@,w) and @ — b is elementary, M =
Jw ¢(b,w). Suppose that M = ¢(b,d). Because ¢(7,w) isolates a type,
tp™M (@, c) = tp™(b,d). Thus, @,c +— b,d is elementary.

For countable homogeneous models, there is a simple test for isomor-
phism. Clearly, if M = N, then M and N realize the same types from
Sy (T). For countable homogeneous models, this condition is also sufficient.

Theorem 4.2.15 Let T be a complete theory in a countable language. Sup-
pose that M and N are countable homogeneous models of T and M and
N realize the same types in Sy, (T) forn > 1. Then M =N

Proof We build an isomorphism f : M — N by a back-and-forth ar-

gument. We will build fo C fi C ..., a sequence of partial elementary
maps with finite domain, and let f = [J;2, fi. Let ag, a1, ... enumerate M
and by, by, ... enumerate N. We will ensure that a; € dom(fa;41) and b; €

img( f2i+2). Thus, we will have dom(f)=M and f : M — N, a surjective
elementary map, as desired.

stage 0: Let fo = (0. Because T is complete fq is partial elementary.

We inductively assume that f; is partial elementary. Let @ be the domain
of fs and b = f,(a).
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stage s + 1 =2i 4+ 1: Let p = tp™ (@, a;). Because M and N realize the
same types, we can find ¢,d € N such that tp"(¢,d) = p. Note that
tpV (€) = tp™ (@), by choice of ¢, and tpM (@) = tp™ (b) because f, is partial
elementary. Thus, tp?V(2) = tp™(b). Because A is homogeneous, there is
e € N such that tp"V(b,e) = tpN(¢,d) = p. Thus, fer1 = fs U {(ai,e)} is
partial elementary with a; in the domain.

stage s +1 = 2i + 2: As in the previous case, we can find ¢,d € M such
that tpM(¢,d) = tp™ (b, b;). Because M is homogeneous, there is e € M
such that tp™ (¢, d) = tp™ (@, e). Then, fs11 = fs U{(e,b;)} with b; in the
range.

Corollary 4.2.16 Let T be a complete theory in a countable language. If
M and N are prime models of T, then M = N

Proof By Theorem 4.2.8, M and A are atomic. Because the types in
Sp(T) realized in an atomic model are exactly the isolated types, M and
N realize the same types. By Lemma 4.2.14, countable atomic models are
homogeneous. Thus, by Theorem 4.2.15, M = N.

Prime Model Eztensions of w-Stable Theories

We conclude this section by looking at a relative notion of prime models.
Suppose that M = T and A C M. We say that M is prime over A
if whenever NV = T and f : A — N is partial elementary, there is an
elementary f* : M — A extending f.

We give three examples. Let L be any linear order. We build L* = DLO
prime over L as follows. If L has a least element a, add a copy of Q below a.
If L has a greatest element b, add a copy of Q above b. If ¢,d € L with ¢ < d
but there are no elements of L between ¢ and d, add a copy of Q between
¢ and d. We add no other new elements. It is easy to see that L* = DLO
and that if f: L — M = DLO, then f extends to f*: L* — M. Because
DLO has quantifier elimination, it is model-complete and f* is elementary.

For ACF, if R is any integral domain and F' is the algebraic closure of the
fraction field of R, then F'is prime over R and any embedding of R into an
algebraically closed field K extends to F. Because ACF is model-complete,
this map is elementary. Similarly, if R is an ordered integral domain, then
the real closure of the fraction field of R is a model of RCF prime over R.
In Exercise 4.5.26, we will give examples of theories without prime model
extensions.

There is one very natural class of theories with prime model extensions.
This class will play a very important role later in the book.

Definition 4.2.17 Let T be a complete theory in a countable language,
and let x be an infinite cardinal. We say that T is k-stable if whenever
MET, AC M, and |A| = &, then |[SM(A)| = k.
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We say that M is s-stable if Th(M) is k-stable.

For historical reasons, we will refer to Ng-stable theories as being “w-
stable.” By Corollary 4.1.18, ACF is w-stable. On the other hand,
1S2(Q)| = 2% so DLO is not w-stable.

We will show that w-stable theories have prime model extensions. An
important first step is to show that if there are few types over countable
sets, then there are few types over arbitrary sets.

Theorem 4.2.18 Let T be a complete theory in a countable language. If
T is w-stable, then T is k-stable for all infinite cardinals k.

Proof Suppose that M =T, A C M, |A| = k and |SM(A)| > k. Because
there are only x formulas with parameters from A, there is some £ 4-formula
¢¢(T) such that |[¢y]] > . The argument from Theorem 4.2.11 ii) can be
extended to show that if |[¢]] > & there is an L4-formula ¢ such that
16 A ]| > r and |[é A ]| > k.

As in Theorem 4.2.11 ii), we build a binary tree of formulas (¢, : o €
2<¢) such that:

i) if o C 7, then ¢, = ¢o;

i) ¢oi E "0g1-i

i) [[60]] > &

Let Ap be the set of all parameters from A occurring in any formula ¢, .
Clearly Ag is a countable set. Arguing as in Theorem 4.2.11 ii), |SM(Ag)| =
280 contradicting the w-stability of T

Proposition 4.2.19 Let T be a complete theory in a countable language.
If T is w-stable, then for all M |E T and A C M, the isolated types in
SM(A) are dense.

Proof Suppose not. We can build a binary tree of formulas as in Theorem
4.2.11 i). As in Theorem 4.2.18, we can find a countable Ay C A such that
all parameters come from Ag. But then [SM(Ag)| = 2%0, contradicting the
w-stability of T.

Theorem 4.2.20 Suppose that T is w-stable. Let M = T and A C M.
There is My < M, a prime model extension of A. Moreover, we can choose
My such that every element of My realizes an isolated type over A.

Proof We will find an ordinal 6 and build a sequence of sets (A4 : @ < 0)
where A, C M and

ii) if o is a limit ordinal, then Ao = s, Ap;

iii) if no element of M \ A, realizes an isolated type over A,, we stop
and let § = «; otherwise, pick a, realizing an isolated type over A,, and
let Aqtr1 = Aa U {an}. Let Mg be the substructure of M with universe

As.
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Claim 1 Mgy < M.

We apply the Tarski-Vaught test. Suppose that M & ¢(v,a), where
@ € As. By Proposition 4.2.19, the isolated types in SM(As) are dense.
Thus, there is b € M such that M = ¢(b,a) and tp™ (b/As) is isolated. By
choice of §, b € As. Thus, by Proposition 2.3.5, My < M.

Claim 2 Mg is a prime model extension of A.

Suppose that N =T and f: A — N is partial elementary. We show by
induction that there are f = fo C ... C fo C ... C fs,where fo : Ay — N
is elementary.

If o is a limit ordinal, we let fo =z, f5-

Given f, : A, — N partial elementary, 1 ¢(v,a) isolate tp™°(a,/Aq).
Because f, is partial elementary, by Lemma 4.1.9 iii), ¢(v, fo(@)) isolates
fa(tp™M(an/Ay)) in SP(fa(A)). Also, because f, is partial elementary,
there is b € N with N |= ¢(b, fo(@)). Thus, fat1 = fo U{(aa,b)} is elemen-
tary.

In particular,fs : Mg — N is elementary. Thus, Mg is a prime model
extension of A.

To see that every element of My realizes an isolated type over A, we
must show that @ realizes an isolated type over A for alla € A,, a < §. We
argue by induction on a. For « a limit ordinal,this is clear. For successor
ordinals,it follows from the following lemma.

Lemma 4.2.21 Suppose that AC B C M =T and every b € B™ realizes
an isolated type in S (A). Suppose that @ € M™ realizes an isolated type
in SM(B). Then, @ realizes an isolated type in S (A).

Proof Let ¢(7,w) be an L-formula and b € B™ such that ¢(7,b) isolates
tpM(a/B). Let 0(w) be an L 4-formula isolating tp™ (b/A). We first claim
that ¢(T,w) A 0(W) isolates tp™ (@, b/A).

Suppose that M = 1(a, b). Because ¢(, b) isolates tp™ (a/B),

Tha(M) E ¢(v, E) — (v, I_))
Thus, because (W) isolates tp™ (b/A),
Tha(M) | 6(w) — (¢(v,w) — ¢ (v, w))

and
ThA(M) ': (9(@) A ¢(ﬁ7 U)) - w(a m)7

as desired. _
Because tp™ (@, b/A) is isolated, so is tp™(@/A) by Lemma 4.2.9.

For w-stable theories (indeed, for theories that are k-stable for some k),
prime model extensions are unique, although we postpone the proof to
Chapter 6.
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Theorem 4.2.22 Let T be w-stable. Suppose that M =T and N E T
are prime model extensions of A and Tha(M) = Tha(N). Then, there is
f: M — N, an isomorphism fizing A.

4.3 Saturated and Homogeneous Models

In Section 4.2 we concentrated on models that realize very few types. In
this section, we will study models realizing many types. Throughout this
section, we will assume that T is a complete theory with infinite models in
a countable language L.

Definition 4.3.1 Let s be an infinite cardinal. We say that M |= T is
K-saturated if, for all A C M, if |A| < k and p € S"(A), then p is realized
in M.

We say that M is saturated if it is |M|-saturated.

Proposition 4.3.2 Let k > Rg. The following are equivalent:

i) M is k-saturated.

i) If A C M with |A| < k and p is a (possibly incomplete) n-type over
A, then p is realized in M.

i) If A C M with |A| < k and p € SM(A), then p is realized in M.

Proof

i)= ii) If M is k-saturated and p is an incomplete n-type over A where
|A| < k, then there is a complete type p* € S (A) with p* D p. Because
p* is realized in M so is p.

ii) = iii) Clear.

iii) = i) We prove this by induction on n. Let p € SM(A). Let ¢ €
SM | be the type {¢(v1,...,v,—1) : ¢ € p}. By induction, ¢ is realized
by some @ in M. Let r € S{'(AU{a1,...,a,-1}) be the type {¢(@,w) :
Y(v1,...,v,) € p}. By iiil), we can realize r by some b in M. Then, (@, b)
realizes p.

Homogeneity is a weak form of saturation.
Proposition 4.3.3 If M is k-saturated, then M is k-homogeneous.
Proof Suppose that A C M, |A| < k, and f: A — M is partial elemen-
tary. Let b€ M\ A. Let
I'={¢(v,f(@):ae A™ and M = ¢(b,a)}.

If ¢(v, f(@)) € T, then M = Jv ¢(v,@) and hence, because f is partial
elementary, M = Jv ¢(v, f(a)). Thus, because I is closed under conjunc-
tions, I' is satisfiable. Because M is saturated, there is ¢ € M realizing I'.
Thus, f U {(b,c)} is elementary and M is k-homogeneous.
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Countably Saturated Models

We will begin by examining Ng-saturated models. If M is Ng-saturated,
then M realizes every type in S, (T'). We will show that for Xg-homogeneous
models this condition is also sufficient.

Proposition 4.3.4 If M =T, then M is Ng-saturated if and only if M
is Rg-homogeneous and M realizes all types in S, (T).

Proof

(=) Clear.

(<) Let @ € M™ and let p € S2M(a). Let ¢ € Spim(T) be the type
{¢(v,W) : $(v,@) € p}. By assumption, there is (b,¢) € M"*™ realizing q.
Because tpM(¢) = tp™ (@) and M is Rg-homogeneous, there is d € M such
that tp™(a, d) = tp™(, b). Hence, d realizes p and M is Rg-saturated.

Countable saturated models are unique up to isomorphism.

Corollary 4.3.5 If M,N | T are countable saturated models, then M =
N.

Proof Because M and N are Rp-homogeneous and both realize all types
in S, (T) for all n < w, by Theorem 4.2.15, M = N.

The mnext proposition shows that we can extend models to
No-homogeneous models without increasing the cardinality.

Proposition 4.3.6 Let M = T. There is M < N such that N is No-
homogeneous and |N| = |M].

Proof We first argue that we can find M < Nj such that |M| = |Ny|,
and if @,b,c € M and tp™ (@) = tp™(b), then there is d € Ny such that
tpM1 (@, ¢) = tp™1 (b, d).

Let ((@a,basCa) : @ < |M]) list all tuples (@, b, c) where @,b,c € M and
tpM(a@) = tp™(b). We build an elementary chain Mg < Mj... < M, <
... for a < |M].

Let My = M.

If o is a limit ordinal, let My =g, Mp.

Given M,, let M, < Mqyy1 with |[M,| = |May1| such that there is
d € M, with tpMe+1(b,d) = tpMe+1(a,c). Let N7 = Ua<|ar| Ma- Because
N1 is a union of |M| models of size |[M|, |[N1| = |M]|.

We now build Ny < N1 < Nz... such that [N;| = [M] and if @,b,c e N;
and tpVi(@) = tp™i(b), then there is d € N;i; such that tp’iti(a,c) =
tpNit1 (b, d).

Let N =J,_, N;. Clearly, |IN| = [M]| and N is Rg-homogeneous.

i<w
Propositions 4.3.5 and 4.3.6 allow us to characterize theories with count-
able saturated models.
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Theorem 4.3.7 T has a countable saturated model if and only if |Sp(T)| <
N for all n.

Proof We need only show that if |S,(T")| < Ng for all n then T has a
countable saturated model. Let po,p1,... list all elements of (J,,,, Sn(T).
Let Mg = T. Tterating Lemma 4.1.3, we build My < M; < ... such that
M is countable and M realizes p;. Thus, M = |J,.,, M is countable
and contains realizations of all types in S, (T") for n < w. By Proposition
4.3.6, there is M < N such that N is countable and Rg-homogeneous. By
Corollary 4.3.5, N is Ng-saturated.

Curiously, theories with large countable models also have small countable
models.

Corollary 4.3.8 i) If T has a countable saturated model, then T has a
prime model.

i) If T has fewer than 2%° countable models, then T has a countable
saturated model and a prime model.

Proof

i) If T has a saturated model, then |S,(T)| is countable for all n. By
Theorem 4.2.11, the isolated types are dense in S, (T) for all n. Thus, by
Theorem 4.2.10, T has a prime model.

ii) It suffices to show that S,(T") is countable for all n < w. Suppose
not. By Theorem 4.2.11, if |S,,(T)| > No, then |S,,(T)| = 2. Each n-type
must be realized in some countable model. Because each countable model
realizes only countably many n-types, if there are 2% n-types, then there
must be 2% nonisomorphic countable models.

We consider several examples.
Example 4.3.9 Dense Linear Orders

We will show that (Q, <) is saturated. Suppose A C Q is finite. Suppose
that A = {a1,...,am} where a1 < ... < a;,. By the analysis of types in
DLO given in Section 4.1, there are exactly 2m+1 types in S1(A). Each
type is isolated by one of the formulas v = a;, v < ag, a; < v < a;41, Or
am < v. Clearly, all of these types are realized in Q. Note that in this case
Q is both saturated and prime! In Section 4.4, we will see that this always
happens in Ny-categorical theories.

Example 4.3.10 Algebraically Closed Fields

Fix p prime or 0. Let k be F), if p > 0 and Q if p = 0. Because S, (ACF,,) is in
bijection with Spec(k[X1,...,X,]), by Corollary 4.1.18, |S,,(ACF))| = X,.
Thus, there is a countable saturated model of ACF,,.

Let ¢, be the type corresponding to the 0 ideal in k[X7,...,X,]. If
ai,...,a, realizes ¢, then ai,...,a, are algebraically independent over
k. Thus, any saturated model has infinite transcendence degree. It follows
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that the countable saturated model of ACF,, is the unique algebraically
closed field of characteristic p and transcendence degree N.

Example 4.3.11 Real Closed Fields

Let r € R\ Q. Let p, be the set of formulas {v—l—...—|—v< 1+...4+1:
m—times n—times
n n

m,n € N,7r < —}U {v+...+v >1+...4+41:mn € N,r > —}.
m m

m—times n—times
Clearly, p, is satisfiable. Let p* € S1(RCF) with pf D p,. If r # s, then
pt # pt. Thus, |S1(RCF)| = 2% and RCF has no saturated model.

FExistence of Saturated Models
Next we think about the existence of k-saturated models for k > Ng.

Theorem 4.3.12 For all M, there is a k™ -saturated M < N with |N| <
| M.

Proof

Claim For any M there is M < M’ such that |[M'| < |[M|*, andif A C M,
|A] < Kk and p € S{(A), then p is realized in M.
We first note that

HAC M : A <k} < |M["

because for each such A there is f mapping x onto A. Also, for each such
A, [SM(A)] < 2% Let (po : a < |M|*) list all types in S{M(A) for n < w,
A C M with |A| < k. We build an elementary chain (M, : o < |M|%) as
follows:

i) ./\/lo = M;

ii) Mo =Ug., Mg for a a limit ordinal;

iil) My < Mgy1 with |[My41| = M|, and M 41 realizes p,. By induc-
tion, we see that [Ma[ < [M][" for all . Let M" = U, pr» Ma. Then,
|M'| < |M|*® and M’ is the desired model. This proves the claim.

We build an elementary chain (N, : @ < kT) such that each | N, | < |M|*
and

1) N() = M;

ii) No = Ugo Np for a a limit ordinal;

i) My < Nay1, Nl < |M|%, and if A C N, with |[A] < k and p €
SNa(A), then p is realized in N 1. This is possible by the claim because,
by induction,

[Na|™ < (IM|7)" = [M]".

Let N = Uycp+ No- Because k™ < [M|®, N is the union of at most
|M|" sets of size |[M|" so |[N| < |M|". Suppose that |[A|] C N, |A| < k, and
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p € SN(A). Because xt is a regular cardinal, there is o < xT such that
A C N, and p is realized in N1 < N. Thus, N is kT -saturated.

Theorem 4.3.12 guarantees the existence of saturated models under suit-
able set-theoretic assumptions.

Corollary 4.3.13 Suppose that 2% = k+. Then, there is a saturated model
of T of size k™. In particular, if the Generalized Continuum Hypothesis is
true, there are saturated models of size k™ for all k.

For arbitrary T', some set-theoretic assumption is necessary. For example,
if |S,,(T)| = 2%, then any Rop-saturated model has size 2%0. If ¥y < 280,
then there is no saturated model of size N;.

We can extend this a bit further.

Corollary 4.3.14 Suppose that k > Ry is reqular and 2* < k for A < k.
Then, there is a saturated model of size k. In particular, if kK > Ny is
strongly inaccessible, then there is a saturated model of size k.

Proof Let M =T with |M| = k. If K = AT for A\ < k, then the corollary
follows from Corollary 4.3.13. Thus, we may assume that x is a limit car-
dinal. We build an elementary chain (M : A < k, A a cardinal). Each M
will have cardinality x. Let My = M.

Let M) = UH</\ M,, for X a limit cardinal. Because M, is the union of
fewer than x models of size k, | M| = k.

Given My, by Theorem 4.3.12 there is M) < M+ such that M is
Af-saturated and |My+| < k* = & (see Corollary A.17).

Let N = UM,. Because k is a regular limit cardinal, K = R, (see
Proposition A.13). Thus, because « is regular, if A C N and |A| < k, then
there is A < & such that A C M. Thus, if p € SV (A), then p is realized in
M A+ = N.

The assumption of regularity is necessary for some T'. For example, sup-
pose that M = DLO with |M| = R,,. We claim that M is not saturated.
Let M = U,,., Mn where |M,| = R,. If M is saturated, then for each
n < w we can find a, € M such that a,, > b for all b € M,,. One more use
of saturation allows us to find ¢ € M such that ¢ > a, for n < w. This is
impossible. Similar arguments show that all saturated dense linear orders
must have regular cardinality.

If T is k-stable, then we can eliminate all assumptions about cardinal
exponentiation.

Theorem 4.3.15 Let k be a reqular cardinal. If T is k-stable, then there
is a saturated M |= T with |M| = k. Indeed, if Mo |E T with |My| = &,
then there is a saturated elementary extension M of Mo with |M| = k.

In particular, if T is w-stable, then there are saturated models of size k
for all regular cardinals k.
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Proof We build an elementary chain (M, : o < k) where |M,| = k such
that:

i) Mo =T with |[Mg| = &;

ii) Mo =Ug., Mg for a a limit ordinal;

iil) My < Myyq1 and if p € waa (M), then p is realized in My41.

Because T is k-stable, if [My| = &, then [SMe=(M,)| = . Thus, as in
Theorem 4.3.12, we can find M, < M1 such that |My4+1| =  and
M 41 realizes all types in waa (M,,).

Let M = |J M. Because M is the union of £ models of size , |[M| = k.
We claim that M is saturated. Let A C M with |A| < k. Because k is
regular, there is an o <  such that A C M, If p € S{*'(A), then there is
q € SM(M,) = SMe(M,) with p C ¢. Because g is realized in Mqy1, p is
realized in M. Thus, M is saturated.

Saturated models of singular cardinality exist for w-stable theories, but
the proof is much more subtle. We prove this in Theorem 6.5.4.

Homogeneous and Universal Models

Although prime models elementarily embed into all models of T', saturated
models embed all small models.

Definition 4.3.16 We say that M | T is s-universal if for al N = T
with |N| < k there is an elementary embedding of A into M.
We say that M is universal if it is |M|*-universal.

Lemma 4.3.17 Let k > Rg. If M is k-saturated, then M is kT -universal.

Proof Let N T with |[N| < k. Let (no : @ < k) enumerate N. Let
Ay = {ng : B < a}. We build a sequence of partial elementary maps
foCfiC...CfaC...for a <k with fo: Ay — M.

Let fo =0 and, if o is a limit ordinal, let fo =4, /5

Given f, : A, — M partial elementary, let

I'(w) ={¢(v, fa(@)) : M |= d(na,a)}.

Because f, is partial elementary and |A,| < k, ' is satisfiable and, by
k-saturation, realized by some b in M. The foy1 = fo U {(n4,b)} is the
desired partial elementary map.

We have constructed f = ] fa, an elementary embedding of A into M.

Theorem 4.3.18 Let k > Xg. The following are equivalent.
i) M is k-saturated.
ii) M is k-homogeneous and k™t -universal.

If Kk > Ry i) and ii) are also equivalent to:
iii) M is k-homogeneous and k-universal.
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Proof By Proposition 4.3.2 and Lemma 4.3.17, i) = ii). Clearly, ii) =
iii). We argue that ii) = i) and, if x is uncountable, iii) = i).

Let A C M with |A] < k, and let p € S{'(A). We can find N |= Th 4 (M)
such that A C N and there is a € N realizing p. If kK = N, then we can
choose N with |N| = Rq. If K > Ry, then we can choose N with |N| < .
By assumption, there is an elementary embedding f : N' — M. Because
f]A is partial elementary, by xk-homogeneity, there is b € M such that

™ (b/A) = tp™(f((a)/ f(A)) = " (a/A) = p.
Thus, M is k-saturated.

Corollary 4.3.19 M s saturated if and only if it is homogeneous and
universal.

Similar arguments can be used to show that there is at most one satu-
rated model of any particular cardinality.

Theorem 4.3.20 If M and N are saturated models of T of cardinality ,
then M = N

Proof By Corollary 4.3.5, we may assume that k > R;. Let (mq : @ < k)
enumerate M and (n, : @ < k) enumerate N'. We build a sequence of
partial embeddings fo C ... C fo... for @ < & such that m, € dom(fa41)
and n, € img(fa+1). Let A, denote the domain of f,. We will have |4, | <
|a] + Rg < & for all a.

Let fo =0, and let fo = ;- fs for B a limit ordinal.

Suppose that f, is partial elementary. By saturation, we can find b € N
such that

N | 6(b, fo(@)) & M = ¢(ma,a)

for all ¢ and all @ € A,. Then g4 = fo U {(ma,b)} is partial elementary.
Again by saturation, we can find a € M such that

N | é(na, 9(@)) & M= ¢(a,a)

for all ¢ and all @ € A, U {mqy}. Then, foyr1 = go U {(a,n4)} is partial
elementary and f = |J f, is an isomorphism from M to N.

Lemma 4.3.17 and Theorem 4.3.20 are special cases of embedding and
uniqueness results on homogeneous models generalizing Theorem 4.2.15.

Lemma 4.3.21 Suppose that N' |= T is k-homogeneous where k < |N|
and M = N such that every type in Sy, (T) realized in M is realized in N
forn <w. If AC M and |A| < K, then there is a partial elementary map

f:A—=N.

Proof We prove the claim by induction on |A|. Suppose that | 4| is finite.
Let A = {a1,...,a,}. Because every type realized in M is realized in
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N, there is b € N such that tp™(@) = tp™(b). Then, @ — b is partial
elementary.

Suppose that |A] = A < & and the claim is true for sets of size u < A.
Let (aq : @ < A) enumerate A. For a < A, let Ay = {ag : § < a}. We build
a sequence of partial elementary maps fo C ... C fo C ... where A, is the
domain of f, for a < A.

Let fo = 0. If o is a limit ordinal, let fo =, fs-

Suppose that we are given f,. Because |A,41| < A, by the induction
assumption, there is a partial elementary g : Ao11 — N. Let B be the
image of A, under f, and let C' be the image of A, under g. Let h =
faog ' :C — B. Because f, and g are partial elementary, h : C — B
is partial elementary. Because N is homogeneous, we can extend h to a
partial elementary h* : C U {g(an)} — N. Let b = h*(g(as)), and let
fat+1 = fa U{(aa,b)}. Then, foi1 = h* o g is partial elementary.

Clearly, f = Uycy fa : A — N is partial elementary.

Corollary 4.3.22 If M = T is k-homogeneous and realizes all types in
Sp(T) for all n < w, then M is k-saturated.

Proof By Lemma 4.3.21, M is x*-universal. Thus, by Theorem 4.3.18,
M is saturated.

Theorem 4.3.23 If M = N are homogeneous models of T of the same
cardinality realizing the same types in Sy (T) for alln < w, then M =N,

Proof If M and N are countable, this is Theorem 4.2.15 so we assume
that k = |M| = |N| is uncountable. We build an isomorphism f : M —
N by a back-and-forth argument. Let (aq : o < k) enumerate M. Let
(ba : a < k) enumerate N. We build a sequence of partial elementary maps
fo C ... C foa C ... such that the domain of f, has cardinality at most
|a] + Vg < K, aq is in the domain of f,41, and b, is in the image of fqo11.
Then, f = J,<, fa is the desired isomorphism.

Let fo = 0. If v is a limit ordinal, then fo = Uz, f5. Let A be the
domain of f,, and let B be its image. By Lemma 4.3.21, there is a partial
elementary h : AU {an} — N. Let C be the image of A under h, and
let ¢ = h(a,). As in the proof of Lemma 4.3.21, fooh™! : C — B is
partial elementary and, because A is homogeneous, we can extend this
map to C U {c}. Let b be the image of ¢ under this extension. Then, g, =
fa U{(aq,b)} is partial elementary and a, is in the domain.

Let D be the image of g,. Then, g;! : D — M is partial elementary.
By a symmetric argument, we can find a € M such that g5 U {(by,a)} is
partial elementary. Let fo1+1 = go U {(a,ba)}-

Corollary 4.3.24 i) The number of nonisomorphic homogeneous models
of T of size Kk is at most 22",

ii) If T has a countable saturated model, then the number of homogeneous
models of T of size K is at most 270,



146 4. Realizing and Omitting Types

Proof Homogeneous models of cardinality x are determined by the set
of types realized. Because |S,(T)| < 2%, the number of possible sets of

types realized in a model is at most 22" If T has a saturated model, then
1S, (T)| < R for all n < w and there are at most 2% possible sets of types.

Applications of Saturated Models

We conclude this section with several applications of saturated and homo-
geneous models. Saturated models are useful because we can do things in
the model that we usually could only do in an elementary extension.

Proposition 4.3.25 Let M be saturated. Let A C M with |A| < |M]|. Let
X C M™ be definable with parameters from M. Then, X is A-definable if
and only if every automorphism of M that fizes A pointwise fixes the X
setwise.

Proof B _
(=)lfac A X={be M": M| ¢b,a)} and o is an automorphism
of M, then

o(X) = {ce M": M (o7 (c),a)}
= {ceM": ME ¢ o(a))} because o is an automorphism
= {ceM" : ME¢(Ca)} because o(a) =a
= X.

(<) Let ¢(v,7m) define X, where m € M*. Consider the type I'(7, W) =
{Y(@,m), p(w,m)} U{p(v) < ¢(W) : ¢ an L4-formula}.

Suppose that I"'UDiag,, (M) is satisfiable. Then, by saturation, we can find
(@,b) realizing I' in M. Let f be the map that is the identity on A and
sends @ to b. By choice of T', f is elementary. Because M is homogeneous,
f extends to an automorphism o of M. But M = (@, ™) A—)(b, ™), thus
@€ X and 0(@) = b ¢ X, a contradiction. Thus, ' U Diag, (M) is not
satisfiable.

Therefore, there are £ 4-formulas ¢1, . .. ¢, such that

M = Vovw </\(¢i(5) = ¢i(w)) = (Y(v,m) < zb(wﬁ))) - ()

=1

For 7:{1,...,n} — 2, let 6,(7) be the formula

N @A N\ —¢:@).

T(1)=1 7(3)=0
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If 0. (a@) and 0, (b), then, by (x), @ € X if and only if b € X. Let S = {7 :
{1,...,m} = 2: M [ 0.(a) for some @ in M"}. Then,

acX if andonly if M \/ 0-(7).
TES

Hence, X is definable with parameters from A.

Recall that b € M is definable from A if {b} is A-definable. The next
corollary is a simple consequence of Proposition 4.3.25.

Corollary 4.3.26 Let M be saturated, and let A C M with |A| < |M].
Then, b is definable from A if and only if b is fized by all automorphisms
of M that fix A pointwise.

Proof By Proposition 4.3.25, {b} is A-definable if and only if every auto-
morphism that fixes A pointwise fixes the set {b}.

Recall that b is algebraic over A if there is a finite A-definable set X such
that b € X.

Proposition 4.3.27 Let M be saturated. Let A C M with |A| < |M| and
be M. The following are equivalent:

i) b is algebraic over A;

ii) b has only finitely many images under automorphisms of M fizing A
pointwise;

iii) tp™ (b/A) has finitely many realizations.
Proof

i)= ii) Let X be a finite A-definable set with b € A. By Proposition

4.3.25, any automorphism of M that fixes A pointwise permutes the ele-
ments of the finite set X.

ii)= iii) If ¢ realizes tp™(b/A), then, because M is homogeneous, there
is an automorphism of M fixing A pointwise and mapping b to c¢. Thus,
if b has only finitely many images under automorphisms fixing A, then
tp™(b/A) has only finitely many realizations.

iii) = i) Suppose that p = tp™(b/A) has exactly n realizations. Let
I'=ThaM)U{d(v;): ¢ €p,i=0,...,n}U{ /\ v; # v}
0<i<j<n

Because p has only n realizations in M and M is saturated, I'" is not
satisfiable. Thus there are ¢1, ..., ¢m € p such that

M ': (/\ /\¢k(vi)> — \/Ui = Vj.
k=11i=0 i#j

In particular {¢ € M : M |= AJL, ¢;(c)} is an A-definable set of size n
containing b, so b is algebraic over A.
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Saturated models can be used to give a new test for quantifier elimina-
tion.

Proposition 4.3.28 If L is a language containing a constant symbol and
T is an L-theory, then T has quantifier elimination if and only if whenever
MET, ACM, N ET is |M|"-saturated, and f : A — N is a partial
embedding, f extends to an embedding of M into N.

Proof
(=) By quantifier elimination f is a partial elementary embedding. As in
the proof of Lemma 4.3.17, we can extend f to an elementary embedding

of M into N.

(<) We use the quantifier elimination criterion from Corollary 3.1.6.
Suppose that M,\N E T, A C M NN, and M E ¢(b,a), where ¢ is
quantifier-free, @ € A, and b € M. Let N' < N’ be an |M|"-saturated
model of T'. By assumption the identity map on A extends to an embedding
f: M — N'. Because f is the identity on A, N’ | ¢(f(b),a). Because
N <N, N E v ¢(v,a), as desired.

Quantifier Elimination for Differentially Closed Fields

We will show how to apply Proposition 4.3.28 in one very interesting case.
A derivation on a commutative ring R is a map 6 : R — R such that

§(z +y) =d(x) +(y)

and
S(zy) = wd(y) + yo(x).
We often write a’,a”,...,a™ for §(a),d(5(a)),. . ..

If (R, 0) is a differential ring, we form the ring of differential polynomials
R{X} = R[X,X’,X",...,X™ . ]. There is a natural extension of the
derivation § to R{X} where 6(X(™) = X+ For f in R{X}\ R, the
order of f is the least n such that f € R[X,..., X ()], whereas if f € R we
say that f has order —oo.

We will consider differential fields, which we always assume have charac-
teristic zero.

Definition 4.3.29 We say that K is a differentially closed field if K is a
differential field of characteristic zero such that if f,g € K{X}\ {0} and
the order of f is less than the order of g, then there is x € K such that
f(z) =0 and g(x) # 0.

In particular, if f has order 0, there is z € K with f(z) =0, so K is al-
gebraically closed. We can give axioms for DCF, the theory of differentially
closed fields, in the language £ = {4, —,-,0,0,1}, where ¢ is a unary func-
tion symbol for the derivation. Our goal is to show that DCF has quantifier
elimination.
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Let £ C K be differential fields, we say that a € K is differentially
algebraic over k if f(a) = 0 for some nonzero f € k{X}. Otherwise, we say
that a is differentially transcendental over k.

The next proposition summarizes some basic algebra of differential fields
that we will need. We assume that all of our fields have characteristic zero.
If k C K are differential fields and a € K, we let k{a) be the differential
subfield of K generated by a over k.

Proposition 4.3.30 Let k C K be differential fields of characteristic zero.

i) Suppose that f(X,X',...,.X™) € k{X}\ 0 and ab € K such
that f(a) = f(b) =0, a,...,a™ Y are algebraically independent over k,
b,...,b"=Y are algebraically independent over k, and g(a) # 0, g(b) # 0
for any g of order n of lower degree in X™. Then, k(a) and k(b) are
isomorphic over k.

it) If a € K is differentially algebraic over k, then there is f € k{X}\{0}
such that f(a) =0 and if g € k{X} \ {0} has lower order, then g(a) # 0.
Moreover, we can choose f such that if f(b) =0 and g(b) # 0 for any lower
order g, then k{a) and k(b) are isomorphic over k.

iii) If f € k{X}, there is a differential field F D k and a € F such that
f(a) =0 and g(a) # 0 for all g € k{X} \ {0} where the order of g is less
than the order of f.

Proof

i) Certainly, k(a, ...,a™) and k(b,...,b™) are isomorphic as fields. We
need only show that the isomorphism preserves the derivation. For ¢ < n
we have §(a?) = a1 and §(b() = b1 Because f(a,...,a") =0, we
must have §(f(a,...,a™)) =0, but an easy calculation shows that

n

5(f(a....a™) = fla,....a) + Y
=0

8 n 7
. aa),

where f? is the polynomial obtained by differentiating the coefficients of f.

Because f(a,...,a 1Y) is irreducible,
of "
X (a,...,a™) #0.

Thus

(ay = =@ 0a™) - Yy 525 (a, . a™)5(a)

% (a,...,a™)

Similarly,

5(5) —fo(b, .. bM) = 3 SB (b, b)) §(bD)

25 (b, )



150 4. Realizing and Omitting Types

Thus, the natural field isomorphism is a differential field isomorphism.

ii) Let n be minimal such that a,d’, . .. ,a'™ are algebraically dependent
over k and let f(X,...,X™) € k[X,..., X™)] be of minimal degree such
that f(a,d’,...,a™) = 0. Clearly, g(a) # 0 for any g € k{X}\ {0} of order
less than n.

Suppose that f(b) = 0 and ¢g(b) # 0 for any lower order g. Then,
b,...,b("=V are algebraically independent over k and b,, is a solution to
the irreducible polynomial f(b,...,b,—1,Y). Thus, by i), k(a) and k(b) are
isomorphic over k.

iii) Let n be the order of f. By taking an irreducible factor of f of maximal
order, we may assume that f is irreducible. Let K be the field obtained
from k by first adding elements a,d/, ..., a1 algebraically independent
over k. Let K be the algebraic extension of K obtained by adding a solution
a™ to the irreducible algebraic equation f(a,da’,...,a” 1Y) = 0. We
must extend the derivation ¢ from k to K. For i < n, let §(a®) = a(+1),
As in i), we let

a0y = B (a, . al™)5(aD)

5(a(n)) £i=0 9X T
9,
—ax{m (a,...,a™)
Because a, . ..,a" 1 are algebraically independent over k, a satisfies no

differential polynomial over k of order less than n.

Corollary 4.3.31 If k is a differential field of characteristic zero, then
there is K 2 k with K = DCF.

Proof If f, g € k{X}\{0} with g of lower order than f, then by Proposition
4.3.30 iii) we can find k; D k with a € k; where f(a) = 0 and g(a) # 0.
Iterating this process, we build K D k differentially closed.

We can now prove quantifier elimination.
Theorem 4.3.32 DCF has quantifier elimination.

Proof Let K, L be differential closed fields where L is |K|T-saturated. Let
R be a differential subring of K, and let f : R — L be a differential ring
embedding. We must show that f extends to an embedding of K into L.
Because there is a unique extension of the derivation from R to its fraction
field k, we may as well assume that R = k is a field. By induction, it
suffices to show that if f : k — L is a differential field embedding and
a € K\ k, there is a differential field embedding of k(a) into L extending
f. Identifying k with f(k), we may assume that k¥ C L and f is the identity
on k. There are two cases to consider.

case 1: a is differentially algebraic over k.
Let f be as in Proposition 4.3.30 ii). Let n be the order of f. Let p be
the type {f(v) = 0} U {g(v) # 0 : g is nonzero of order less than n}. If
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g1, ---,9m are nonzero differential polynomials of order less than n, then
there is ¢ € L such that f(z) =0 and [] g;(z) # 0. Thus p is satisfiable. If
b € L realizes p, then b,b',...,b(,,_1) are algebraically independent over k;
thus, by i), we can extend the embedding by sending a to b.

case 2: a is differentially transcendental over k.

We claim that there is b € L differentially transcendental over k. Let p
be the type {f(v) # 0: f € B{X}\ 0}. Let f1,...,fn € k{X}\ {0}. Let
N be greater than the order of f; for ¢ = 1,..., N. Because L is differen-
tially closed, there is # € L such that ") = 0 and [] fi(z) # 0. Thus
p is consistent and must be realized in L by some element b differentially
transcendental over k. Because a and b are differentially transcendental
over k, k{a) and k(b) are isomorphic to the fraction field of the differential
polynomial ring k{X} over k. In particular, we can extend the embedding
by sending a to b.

Vaught’s Two-Cardinal Theorem

We conclude this section with an application of homogeneous models that
will be useful in Chapter 6. If M is an L-structure and ¢(v1,...,v,) is an

L-formula, we let ¢(M) ={T € M" : M = ¢(T)}.

Definition 4.3.33 Let kK > A\ > Ny. We say that an L-theory T has a
(k, A)-model if there is M |= T and ¢(v) an L-formula such that [M| = k
and |¢(M)| = A

(k, A)-models are an obstruction to k-categoricity. If T is a theory in a
countable language with infinite models, then an easy compactness argu-
ment shows that there is M = T of cardinality x where every (-definable
subset of M has cardinality . If T also has a (k, A)-model, then T is not
k-categorical. Our main goal is the following theorem of Vaught.

Theorem 4.3.34 If T has a (k, A)-model where k > XA > Vg, then T has
an (N1, Rg)-model.

We will prove Theorem 4.3.34 by first showing that the existence of a
(k, A)-model has interesting implications for the countable models of T'.

Definition 4.3.35 We say that (M, M) is a Vaughtian pair of models of
Tif M <N, M # N, and there is an £y;-formula ¢ such that ¢(M) is
infinite and if ¢(M) = ¢(N).

For example, if M and N are nonstandard models of Peano arithmetic
and N is a proper elementary end extension of M, then (N, M) is a
Vaughtian pair. If a is any infinite element of M, then the formula v < a
defines an infinite set containing no elements of N \ M.

Lemma 4.3.36 If T has a (k,A)-model where k > X > N, then there is
(N, M) a Vaughtian pair of models of T.
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Proof Let N be a (k,A)-model. Suppose that X = ¢(N) has cardinality
. By the Lowenheim—Skolem Theorem, there is M < N such that X C M
and |M| = \. Because X C M, (N, M) is a Vaughtian pair.

We would like to show that if there is a Vaughtian pair, then there is a
Vaughtian pair of countable models. In the right context, this is a simple
Léwenheim—Skolem argument.

Let £* = LU{U}, where U is a unary predicate symbol. If M C A are £-
structures, we consider the pair (N, M) as an L*-structure by interpreting
Uas M.

If ¢(v1,...,v,) is an L-formula, we define ¢V (D), the restriction of ¢ to
U, inductively as follows:

i) if ¢ is atomic, then ¢V is U(vi) A... AU (vy) A ¢

ii) if ¢ is =, then ¢V is —pY;

iii) if ¢ is 1 A 0, then ¢V is U A OY;

iv) if ¢ is Jv 9, then ¢V is Jv U(v) A Y.

An easy induction shows that if M C N, @ € M* and we view (N, M)
as an L*-structure, then M = ¢(@) if and only if (N, M) E ¢V (a).

Lemma 4.3.37 If (N, M) is a Vaughtian pair for T, then there is a
Vaughtian pair (No, Mo) where Ny is countable.

Proof Let ¢ be an Lps-formula such that ¢(M) is infinite and ¢p(M) =
d(N). Let T be the parameters from M occurring in ¢. By the Lowenheim—
Skolem Theorem, there is (Ny, M) a countable L£*-structure such that
m € My and (No, Mo) < (N, M). Because M < N, for any formula
P(v1,. .., 0%)

k
(N, M) = Vo <</\ (v) ANY(T >—>¢U(@)>.

Because (Mg, M) < (N, M), these sentences are also true in (Ny, My),
so Ny < M.

Let ¢(T) be an Ljs-formula with infinitely many realizations in M and
none in N\ M, witnessing that (N, M) is a Vaughtian pair. For each k,
the sentences

Joy ... 30y, /\Ul;«févj/\/\¢vZ

i<j

hold in (N, M), as do the sentences 3z =U(z) and

~ AU@)

Because these sentences also hold in (Np, My), this structure is also a
Vaughtian pair.

We need one more lemma before proving Vaught’s Theorem.
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Lemma 4.3.38 Suppose that My < Ny are countable models of T. We can
find (No, M) < (N, M) such that N and M are countable, homogeneous,
and realize the same types in Sy (T). By Theorem 4.2.15 M = N

Proof

Claim 1 If @ € My and p € S,(@) is realized in Np, then there is
(No, Mg) < (N, M) such that p is realized in M.

Let T'(v) = {¢Y(v,a) : ¢(v,a) € p} UDiagy (No, Mo). If ¢1,...,¢m € p,
then Ny = Jo A ¢i(v,a), thus Mo = FoA¢i(7,a) and (Ny, Mo)
Fo \ ¢Y (v,@). Thus, I'(D) is satisfiable. Let (N’, M’) be a countable el-
ementary extension realizing I'.

By iterating Claim 1, we can find (Ny, Mp) < (N*, M*) countable such
that if @ € My and p € S,,(@) is realized in N, then p is realized in M*.
Claim 2 If b € Ny and p € S, (b), then there is (Mg, Ny) < (N, M)
such that p is realized in A”.

Let I'(m) = p U Diagy,(No, Mo). If ¢1,...,¢m € p, then Ny E
3o A #i(7,b); thus, we can find a countable elementary extension of
(No, M) realizing p.

We build an elementary chain of countable models
(NQ,MQ) < (Nl,./\/ll) < ...

such that

i) if p € S, (T) is realized in N3;, then p is realized in Mas;y1;

ii) if @, b,c € Mz;41 and tp™si+1(@) = tpMsi+1(b), then there is d €
M, 9 such that tp™ei+2(a@, ¢) = tp™Msi+2 (b, d);

iii) if @, b, ¢ € N3i4 0 and tpMsi+2 (@) = tpsi+2(D), then there is d € Naji3
such that tp™si+3(a@, ¢) = tp™si+3(b, d).

i) and ii) are done by using the first claim to build elementary chains,
iii) is done by using the second claim to build an elementary chain.

Let (M, M) = U;.,(Ni, M;). Then, (N, M) is a countable Vaughtian
pair. By i), M and N realize the same types. By ii) and iii), M and N are
homogeneous and hence isomorphic by Theorem 4.2.15.

Proof of 4.3.34 Suppose that T" has a (k, A)-model. By the lemmas above,
we can find (N, M) a countable Vaughtian pair such that M and A are
homogeneous models realizing the same types. Let ¢(v) be an £ /-formula
with infinitely many realizations in M and none in N \ M.

We build an elementary chain (N, : a < w;), each N, is isomorphic
to N, and (Nys1,Na) =2 (N, M). In particular, No11 \ N, contains no
elements satisfying ¢.

Let My = N. For « a limit ordinal, let NV, = Uﬁ<a Nj3. Because N, is
a union of models isomorphic to A/, N, is homogeneous and realizes the
same types as N so N, 2 N by Theorem 4.2.15.

Given NV, 2 N, because N' =2 M there is N,11 an elementary extension

of N, such that (M, M) = (Ny11,Na). Clearly, Ny 2 N.



154 4. Realizing and Omitting Types

Let N* = U, <., Na- Then, [N*| = X; and if N* |= ¢(@), then @ € M;
thus, N* is an (Nq, Rp)-model.

Corollary 4.3.39 If T is Ny-categorical, then T has mo Vaughtian pairs
and hence no (K, \) models for kK > A > V.

If T is w-stable, we can prove a partial converse to Vaught’s Theorem.

Lemma 4.3.40 Suppose that T is w-stable, M =T, and |M| > Nq. There
is a proper elementary extension N of M such that if T(w) is a countable
type over M realized in N, then T'(w) is realized in M.

Proof

Claim There is an Lp-formula ¢(v) such that |[¢(v)]]
$(v) € Loy either [[B(0) A B(w)]] < Ro or [[6(0) A ~(0)]] < X

Suppose not. Then for any £y/-formula ¢(v) with |[¢(v)]| > Ry, there
is a formula v (v) such that [¢(v) A ¥(v)] and [p(v) A —p(v)] are both
uncountable. Let ¢y be the formula v = v. Then [¢pg] = |[M| > Ry. We can
build an infinite tree of formulas (¢, : 0 € 2<¢) such that for all o € 2<¢:

i) [[6o]l > N

i) [do0) 1 [Bo1] = 0.

As in Theorem 4.2.18 we can find a countable A C M such that
|SM(A)| = 280, contradicting w-stability.

Let ¢(v) be as above. We construct the type p of formulas that are true
for “almost all” elements satisfying ¢(v). Let p = {¢(v) : ¢ an Lys-formula
and |[$(v) A D(0)]| > R1}. IF ...t € p, then |[B(v) A~ ()] < Ro.
Thus, A;~, ¥(v) € p and p is finitely satisfiable. Because |[¢(v)]] > Ry, for
each Ljys-formula ¢(v) exactly one of ¢(v) and —)(v) is in p. Thus, p is a
complete type over M.

Let M’ be an elementary extension of M containing ¢, a realization of p.
By Theorem 4.2.20, there is N < M’ prime over M U {c} such that every
@ € N realizes an isolated type over M U {c}.

Let I'(w) be a countable type over M realized by b € N. There is an
Las-formula 6(w, v) such that 6(w, ¢) isolates tp? (b/M U {c}). Note that
Jw 6(w,v) € p and

> N; and for all
< No.

vw (0(w,v) — ~(w)) € p
for all v(w) € T'. Let
A = {3w 6(w,v)} U{vw (A(w,v) — v(w)) : v € T'}.
Then, A C p is countable and, if ¢’ realizes A, then 3w 6(w, '), and if
9(5/, '), then b’ realizes T
Let 6o(v), 01(v), ... enumerate A. By choice of p, [{z € M : ¢(x)}| > ¥y

and [{z € M : ¢(z) A =(do(x) A ... Adp(z))} < Vg for all n < w. Thus
[{z € M : ¢(z) and x realizes A}| > Ry. Let ¢/ € M realize A and choose

b such that M = 0(1_)/, c'). Then, b’ is a realization of T in M.
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Theorem 4.3.41 Suppose that T is w-stable and there is an (N1, Ro)-model
of T. If k > Ny, then there is a (k,Ng)-model of T.

Proof Let M =T with |M| > Xy such that |¢(M)| = Rg and let M < N
be as in Lemma 4.3.40. The type I'(v) = {¢p(v)} U{v # m : m € M and
M E ¢(m)} is a countable type omitted in M and hence in A. Thus
N) = ¢(M).

Iterating this construction, we build an elementary chain (M, : @ < K)
such that My = M and My411 # Mg, but ¢(M,) = ¢(Myp). It N =
Uacr Ma, then N is a (x,Rg)-model of T'.

Without the assumption of w-stability, Theorem 4.3.41 is false (see Ex-
ercise 5.5.7).

4.4 The Number of Countable Models

Throughout this section, 7" will be a complete theory in a countable lan-
guage with infinite models.

For any infinite cardinal x, we let I(T, k) be the number of nonisomorphic
models of T of cardinality k. In this section, we will look at the possible
values of I(T,Xg). We have already considered a number of examples.

e [(DLO,Xg) = 1.

e In Exercise 2.5.28, we gave examples of T,, where I(T},,Ry) = n for
n=34,...,

o I(ACF,,%g) = No.

e I(RCF, Xg) = I(Th(N), Rg) = 2%o.

Because there are at most 28¢ nonisomorphic countable models of T
there are two natural questions:

Can we have I(T,Xg) = 27

Can we have Ry < I(T,Rg) < 2%0?

Surprisingly, Vaught answered the first question negatively. If the Con-
tinuum Hypothesis is true, then the second question has a trivial negative
answer. Vaught conjectured that the answer is negative even when the
Continuum Hypothesis fails. This remains one of the deep open questions
of model theory. Although Vaught’s Conjecture has been proved for some
special classes of theories (for example, Shelah [93] proved Vaught’s Con-
jecture for w-stable theories), the best general result is Morley’s theorem
that if I(T,R) > Ny, then I(T,Rg) = 2%0,

No-categorical Theories

We begin by taking a closer look at Ngp-categorical theories. In particular,
we show how to recognize Ng-categoricity by looking at the type space.
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Theorem 4.4.1 The following are equivalent:
1) T is No-categorical.
i) Every type in Sy (T) is isolated for n < w.
iii) |Sn(T)] < Ng for alln < w.
w) For each n < w, there is a finite list of formulas

(bl(vla"'avn)a"'a¢m(vlv"'7vn)

such that for every formula (v1,...,vy,)

T | ¢:i(v) < ¢(0)
for some i < m.

Proof

i) = ii) If p € S,,(T) is nonisolated, then there is a countable M = T
omitting p. There is also a countable N |= T realizing p. Clearly, M %2 N
so T is not Np-categorical.

ii) = iii) Suppose that S, (7T') is infinite. For each p € S,(T), let ¢,
isolate p. Because U,cg, (r)[¢p] = Sn(T") and S, (T') is compact, there are
D1, -, Dm such that [¢,, |U...U[pp,.] = Sn(T). Because [¢,] = {p}, Sn(T)
is finite.

iii) = iv) For each ¢, we can find a formula 6; such that 6; € p; and
-0, € p; for i # j. Then, 6; isolates p;. For any formula 1(vy,...,vy),

TEy@) < \/ 0.

YED;
Thus, each ¢ with free variables vy, ..., v, is equivalent to \/ 0; for some
€S
S C{1,...,m}. There are at most 2™ such formulas.

iv) = i) Let M be a countable model of T. If @ € M™, let Sz = {i < m :
M = ¢i(@)}. Then, tp™M (@) is isolated by

A @A N\ —6(0).

i€Sy i¢Se

Thus, M is atomic and hence, by Theorem 4.2.8, prime. Because there is
a unique prime model, T' is Ny-categorical.

Theorem 4.4.1 tells us a great deal about definability in Ny-categorical
theories. Recall that b is algebraic over A if there is a formula ¢(v, W) and
a € A such that M | ¢(b,a) and {x € M : M = ¢(z,a)} is finite. Also,
acl(A) = {b € A : b is algebraic over A}.

Corollary 4.4.2 Suppose that T is Rg-categorical. There is a function f :
N — N such that if M ET, AC M, and |A| < n, then |acl(A)| < f(n).
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Proof By Theorem 4.4.1, |S,4+1(T)| is finite. Let ¢1, ..., ¢ list all n 4 1-
types. Let X = {i : ¢; contains a formula ¢(v,w) such that M |
Y, ..., UN /\fio¢(vi,ﬁ) — Vicjen Vi = v; for some N}. For i € X,
let N; be the least IV such that some formula ¢,

N
Yug, ..., UN /\ o(v;, W) — \/vi = vj,
i=0 i<j
is in g;. _ _
If a,b1,...,b, € M and a is algebraic over b, then (a,b) realizes some
¢; € X and [{x : (z,0) realizes ¢;}| < N;. Thus,

lacl(by, ..., by)| < > Ni.

ieX
Let

ieX

Corollary 4.4.2 is very useful in understanding algebraic examples.

Corollary 4.4.3 If F is an infinite field, then the theory of F is not Ng-
categorical.

Proof By compactness, we can find an elementary extension K of F' such
that K contains a transcendental element ¢. Because ¢, t2, 3, . . . are distinct,
acl(t) is infinite. Thus, by Corollary 4.4.2, Th(F’) is not Ro-categorical.

For groups, the situation is more interesting. We study groups in the
multiplicative language £ = {-,1}. We say that a group G is locally finite
if, for any finite X C G, the subgroup generated by X is finite.

Corollary 4.4.4 Let G be an infinite group.

i) If Th(QG) is Rg-categorical, then G is locally finite. Moreover, there is
a number b such that if g € G, then g™ =1 for some n < b (we say that G
has bounded exponent ).

it) If G is an infinite Abelian group of bounded exponent, then Th(G) is
No-categorical.

Proof

i) By Corollary 4.4.2, there is a function f : N — N such that if | X| < n,
the group generated by X has size at most f(n). In particular, if g € G,
then g™ = 1 for some n < f(1).

ii) Suppose that G is a countable abelian group of bounded exponent.
Then, there are q1, ..., q,, distinct prime powers such that

G2 (Z/@gZ)" ®...®(Z/@wZ)™ & @Z/qurlZ ..o @Z/qu
i=1

i=1
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where n; € N for ¢ < k. Because G is infinite, we must have k < m.

Let ¢; = pﬁi, where p; is a prime. The group (Z/q;Z)"™ has p;”“ —p;”(“_l)
elements of order exactly ¢;. If g € (Z/¢;Z)™ has order less than g;, then
there is h € (Z/q;Z)™ with p;h = g (i.e., g is p;-divisible).

Let T be the theory with the following axioms:

i) the axioms for Abelian groups;

i) Vo oIl = 1;

iii) there are p;”li —p
pi-divisible for i < k;

iv) there are infinitely many elements of order exactly ¢; that are not
p;-divisible for i > k.

By the remarks above G = T. If H is a countable model of T, then
H = G. Thus, T is Ng-categorical.

We now move on to Vaught’s result that I(T,Rg) # 2. We will use the
next lemma, although we leave the proof for the exercises.

;”(“_1) elements of order exactly ¢; that are not

Lemma 4.4.5 Let k > Ng. Let A C M with |A| < k. Let M 4 be the L -
structure obtained from M by interpreting the new constant symbols in the
natural way. If M is k-saturated, then so is M 4.

Theorem 4.4.6 I(T,Ng) # 2.

Proof Suppose that I(T,Rg) = 2. By Corollary 4.3.8 ii), there is A/ a prime
model of T and M a countable saturated model of T'. Because T is not
No-categorical, by Theorem 4.4.1, there is a nonisolated type p € S,,(T) for
some n. The type p is realized in M and omitted in N. Let @ € M realize
p. Let T* be the Lz-theory of Mz (in the notation of the previous lemma).
By Theorem 4.4.1, there are infinitely many T-inequivalent formulas in
the free variables vy,...,v,. As they are still T*-inequivalent, T™* is not
No-categorical. By Lemma 4.4.5, Mgz is a saturated Lg-structure. Thus, by
Corollary 4.3.8 i), T* has a countable atomic model A. Let B denote the
L-reduct of B. Because A = T*, B contains a realization of p, thus B 2 N.
Because T is not RNg-categorical, there is a nonisolated Lg-type. This type
is not realized in A. Thus A is not saturated. If B were saturated, then, by
Lemma 4.4.5, A would be saturated. Thus, B % M and I(T,Ry) > 3.

Morley’s Analysis of Countable Models

Next we prove Morley’s theorem that if I(T,Rg) > Ry, then I(T,Rg) = 2%0.
As in the proof of Theorem 2.4.15 , we will use infinitary logic to analyze
countable models.

Definition 4.4.7 A fragment of L, ., is a set of L, ,-formulas contain-
ing all first-order formulas and closed under subformulas, finite Boolean
combinations, quantification, and change of free variables.



4.4 The Number of Countable Models 159

If F is a fragment of L, ., we say that M = N if
ME ¢ if and only if NV | ¢

for all sentences ¢ € F.

If F is a fragment of L,, ., we say that p C F is an F-type if
there is a countable L-structure M and ai,...,a, € M such that p =
{d(v1,...,v,) € F: M E ¢(a)}. Let S,(F,T) be the set of all F-types
realized by some n-tuple in some countable model of T

We will count models by counting types for various fragments. If
|Sn(F,T)| = 2% for some countable fragment F, then, because a countable
model can realize only countably many types, we must have I(T,Rg) = 2%0,

Next, we look at a case where we have the minimal number of types for
all countable fragments.

Definition 4.4.8 We say that an L-theory T is scattered if |S,(F,T)| is
countable for all countable fragments F' of £, ., and all n < w.

In particular, if T is scattered, then for countable fragments F', there are
only countably many =pg-classes of countable models of T'. We will show
that if T is scattered, then I(T,Rg) < N;.

Suppose that T is scattered. We build a sequence of countable fragments
(Lo : v < wy) as follows. Let Lo be all first-order £-formulas. If « is a limit
ordinal, then Lo = Ug_,, Ls-

Suppose that L, is a countable fragment. For p € S, (La,T), let
®p(v1,...,vn) be the Ly, ,formula /\ ¢. This is an £, ,-formula be-

€
cause L, is countable. Let L,4+1 be tqilep smallest fragment containing @,
for p € S, (Lo, T), n < w. Because T is scattered, L,y1 is a countable
fragment.

If M is a countable model of T and ay,...,a, € M, let tpA(a) €
Sn(La,T) be the L,-type realized by @ in M.

Lemma 4.4.9 For each countable M |= T, there is an ordinal v < wy
such that if a,b € M™ and tp}'(a) = tpJ"'(b), then tp)'(a) = tpA'(b) for
all o < wy.

We call the least such v the height of M.

Proof Note first that if tp* (@) # tpM(b), then tpé/‘ (@) # thﬁVl (b) for all
B> . For @,bin M", let

f@b) = —1 tpM(@) = tpM(b) for all a <wi
’ a if a is least tp'(@) # tpA(b).

Because M is countable, we can find v < w; such that v > f(a, b) for all
a,be M™ and n < w.
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Lemma 4.4.10 Suppose that M and N are countable models of T' such
that M has height v and M =p_,, N. Ifa,b € N™ and tp/f(a) = tpﬂy\/(b),
then tpﬂy\/ﬂ(ﬁ) = tpﬂy\/ﬂ(b).

Proof Letp= tpfyv(ﬁ) = tpfyv(g) and let ¢)(v) be an L4 -formula. Let ©
be the £,41-formula

Vovw ((2,(7) A @p(w)) — ($(0) < P(w))).

Because 7 is the height of M, M |= ©. Because N' =1 ., M, N |= ©.
Thus tpﬂy\/_‘_l(a) = tpﬂy\/_‘_l(b).

Lemma 4.4.11 If M and N are countable models of T such that M has
height v and M =p_,, N, then M = N.

Proof Let ag,a1,...list M and let by, by, ... list N. We build a sequence
of finite partial embeddings fo C f1 C ... such that if @ is the domain of f,,
then tp}(a) = tp{y(fn (@)). We will ensure that a,, is in the domain of f,, 41
and by, is in the image of f,,11. Then f = f, is the desired isomorphism.
Let fo = 0. Suppose that @ is the domain of f, and f,(@) = b. Let
p= tpfy‘/‘ (@, a,). We must find e € N such that tp’v\/(g, e) = p. Because

M To3w )\ ¢(@,w)

PEP

and this is an L, -sentence,

NETTw  ¢@ w).

¢EP

Let (¢,d) € N realize p. Because @ and € realize the same L.-type, ¢ and
b realize the same L.-type. By Lemma 4.4.10, ¢ and b realize the same
L. 11-type. Because

NEw ) ¢@w)

pep
and this is an L,-formula,

N EJuw /\ o(b,w).

PEP

Thus, there is e € N such that p = tpﬁ}/(l_), e).
By a symmetric argument, we can find s € M such that tpy (@, an,s) =

tpjy\[(ga e, bn). Let frny1 = fnU {(anv 6)7 (s, bn)}

Theorem 4.4.12 If T is scattered, then I(T,Ry) < N;.
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Proof For each countable M |= T, let i(M) = (v, tp}1,(0)), where v is
the height of M. Note that M =, N if and only if tpM(B) = tp ().
By Lemma 4.4.11, if M and A are countable models of T', then M = N
if and only i(M) = i(N). There are only N; possible heights and, for any
given «, there are only Ny possibilities for tpA*(0). Thus I(T,Rg) < 8.

To finish the proof of Morley’s theorem, we will show that if T is not
scattered, then |S,,(F,T)| = 2% for some countable fragment F. Although
this is a generalization of Theorem 4.2.11 i), complications arise because we
do not have the Compactness Theorem in L, .,. The proof requires some
ideas from descriptive set theory.

Suppose F' is a fragment of L, ,,. We will consider L-structures where
the universe of the models is w. If M = (w,...) is an L-structure, the
F-diagram of M is {¢(vo,...,vn) € F: M = ¢(0,1,...,n)}.

We consider D(F,T) the set of all possible F-diagrams of models of T'.
There is a natural bijection between the power set P(F) and 2F, the set
of all functions from F to {0,1} (identifying a set with its characteristic
function). Because D(F, T) is a set of subsets of F', we can view D(F,T) as a
subset of 2%, If we think of {0, 1} as the two-element space with the discrete
topology, then we can give 27 the product topology. The topology on 2
has a basis of clopen sets of the form {f € 2" : Vz € Fy f(z) = o(x)} where
F, C Fis finite and o : Fy — 2. If F is countable, then 2" is homeomorphic
to 2¢.

Lemma 4.4.13 If F is a countable fragment of L, o, then D(F,T) is a
Borel subset of 2F.2

Proof Let
Ey = {fe2:f(¢)=1s f(-¢)=0forall p € F}
= ({fe2": (f(9) =0Af(=) =1) V (f(¢) = 1A f(=¢) = 0)}.
PEF

Because Ej is an intersection of clopen sets, Ey is closed.
Let By = {f € 2 : f(Jvg(v)) = 1 if and only if f(¢(v;)) =1 for some i
for all ¢ € F with one free variable}. If

Bf,={fe2": f(o(v)) = 1}n [ J{f €2": f(g(v:)) =1}

i=0

and

By, ={f€2": f(Ao(v)) =0} n("{f €2 : f(o(v:)) = 0},

i=0

2Recall that the collection of Borel subsets of 2F is the smallest collection of sets
containing the open sets and closed under complement and countable unions and inter-
sections.



162 4. Realizing and Omitting Types

then

By = (] (B, VEL,)
PEF

and F is Borel.
If = A\ ¢iand ¢ € F, let

el
By ={f€2": f(¥) =1if and only if f(¢;) =1 for all i € I}.

Because I is countable, we argue as above that Es , is Borel. Thus

Egzﬂ{EQ,w;@b:/\qsi andzpeF}

icl

is Borel. Similarly the following sets are Borel:

Es={fe2F: f(v;=v;) =0 for all i # j},

E,={fe€2F: f(vi=v;) =1 for all i},

Es={fe€2f: flvi=v; - v; =v;) =1 for all i,j},

Es ={f €2 : f((vi=v; ANvj =) — v; = v) = 1 for all 4, j, k}, and

E;={fe2F: f(¢)=1forall ¢ € T}

Let D = EgN...N E;. Clearly, D is Borel. We claim that D = D(F,T).
It is easy to see that if M | T with universe w, then the F-diagram of M
isin D.

Suppose that f € D. We build an L-structure M with universe w. If
R is an n-ary relation symbol of £, then (iy,...,4,) € R/ if and only if
f(R(viy,...,v;,)) = 1. Let g be an n-ary function symbol of £. Because f €
E7, f(Fvg(viy,...,v;,) =v) = 1. Because f € Eq, f(g(viy,...,4,) =v;) =
1 for some j. Let g™ (i1,...,4,) = j. Because f € D, f(g(vi,,...,is,) =
v) = 0 for j # k and g™/ is well-defined. Now, using the fact that f € D,
we can do an induction on formulas to show that

My = oliv, - in) & f(0(viy, -5 vi,)) =1
for all ¢ € F. Thus, f isin D(F,T).

We may also view S,,(F,T) as a subset of 2f". Although this set may not
be Borel, it is not much more complicated.

We construct a continuous map ¥ such that S, (F,T) is the image of
D(F,T) under this map. For f € 2 let W(f) € 2 where

_ J 1 ¢ has free variable vy, ...,v,—1 and f(¢) =1
U —
(£)(9) { 0 otherwise.

Because ¥(f)(¢) = Y(g)(¢) if f(¢) = g(¢), ¥ is continuous. If p €
Sy (F,T), then there is M = T with universe w such that (0,1,...,n —1)
realizes p in M. Thus, the space of F-types S, (F,T) is the image of D(F,T)
under .
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We now need a classical result from descriptive set theory.

Definition 4.4.14 If | X| = X, we say that Y C 2% is analytic if there is
a continuous map 7 : 2% — 2% and a Borel set B C 2% such that Y is the
image of B under 7.

By the remarks above S,,(F,T) is an analytic subset of 2" for any count-
able fragment F'.

Theorem 4.4.15 Suppose that X is countable and Y C 2% is analytic. If
[Y| > R, then |Y| = 2%0,

Proof See [52] 14.13.

Theorem 4.4.16 Let T be a complete theory in a countable language. If
I(T, No) > Ny, then I(T, No) = 2o,

Proof For any countable fragment F', S, (F,T) is analytic. Thus, by The-
orem 4.4.15, we either have |S,,(F,T)| < Rq or |S,,(F,T)| = 2%0. If there is
any countable fragment F, where |S,,(F,T)| = 2%, then I(T,R,) = 2% If
not, then T is scattered and, by Theorem 4.4.12, I(T,Rg) < N;.

4.5 Exercises and Remarks

We assume throughout that £ is a countable language and that 7" is an
L-theory with only infinite models.

Exercise 4.5.1 a) Let M = (X, <) be a dense linear order, let A C M and
b, € M" with by < ... <b, and ¢; < ... < ¢,. Show that tp™(@/A) =
tpM(b/A) if and only if b; < a < ¢; < a and b; > a < ¢; < a for all
i =1,...,n and a € A. In particular, show that any two elements of X
realize the same 1-type over (.

b) If a,b € Q, then tp®(a/N) = tp@(b/N) if and only if there is an
automorphism o of Q fixing N pointwise with o(a) = b.

oLt A={1-1:n=12_..3u{2+1:n=12..} Show that
1 and 2 realize the same type over A, but there is no automorphism of Q
fixing A pointwise sending 1 to 2.

Exercise 4.5.2 Let T be the theory of (Z, s) where s(x) = x+1. Determine
the types in S, (T") for each n. Which types are isolated? Do the same for
(Z,<,s).

Exercise 4.5.3 Recall that for A C M, dcl(A) denotes the definable
closure of A (see Exercise 1.4.10). Show that if @,b € M™ and tpM(@/A) =
tpM(b/A), then tpM(a/dcl(A)) = tp™(b/dcl(A)).

Exercise 4.5.4 Suppose that M is an L-structure, A C M, b€ M, and b
is algebraic over A (see Exercise 1.4.11). Show that tp™(b/A) is isolated.
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Exercise 4.5.5 Let K be an algebraically closed field and k be a subfield
of K. What are the isolated types in Sf(k)?

Exercise 4.5.6 Let R be a real closed field. Show that 1-types over R
correspond to cuts in the ordering (R, <).

Exercise 4.5.7 Let T be a complete extension of Peano arithmetic. Show
that |S1(T)| = 2%°. [Hint: Let p,, be the nth prime number. For X C N, let
I'x(v) = {pn divides v: n € X} U {p,, does not divide v:n ¢ X}.]

Exercise 4.5.8 T If A is a commutative ring, then an ideal P C A is real
if whenever a? + ...+ a2 € P, then ay,...,a, € P.

a) Show that a prime ideal P is real if and only if A/P is orderable.

Let Spec,(A) = {(P,<) : P C A is a real prime ideal and < is an
ordering of A/P}. We call Spec,.(A) the real spectrum of A. If a € A, let
X, ={(P,<) € Spec,(A) : a/P > 0 in A/P}. We topologize Spec, (A4) by
taking the weakest topology in which the sets X, are open.

If R is a real closed field, k is a subfield of R, and p € SE(k), let P, =
{fek[X,....,Xn]: f(v1,...,0,) =0€Ep}.

b) Show that P, is a real prime ideal.

¢) Show that we can order k[X|/P, by f(X)/P, <p g(X)/P, if and only
if f(v) < g(v) € p. Thus (P,, <p) € Spec,(k[X]).

d) Show that p — (P,, <,) is a continuous bijection between SZ(k) and
Spec,.(k[X]).

e) Show that Spec,.(k[X]) is compact.

f) What are the isolated types in S¥(k)?

Exercise 4.5.9 Let x and y be algebraically independent over R. Order
R(x,y) such that x > r for all » € R and y > z™ for all n > 0. Let F'
be the real closure of R(x,%). Show that tp'(z) = tp(y), but there is no
automorphism of F' sending z to y.

Exercise 4.5.10 Suppose that A C B, 6(v) is a formula with parameters
from A, and 6 isolates tp™ (@/B). Then, 6 isolates tp™(@/A).

Exercise 4.5.11 Suppose that A C M, @,b € M such that tp™ (@, b/A) is
isolated. Show that tp™(@/A,b) is isolated.

Combining this with Lemma s4.2.9 and 4.2.21, we have shown that
tpM(@,b/A) is isolated if and only if tp™(@/A, b) is isolated and tp™ (b/A)
is isolated.

Exercise 4.5.12 Prove Lemma 4.1.9 iii).

Exercise 4.5.13 Let A be a set of L-formulas closed under A,V,— and
let M be an L-structure. Let S2(T) = {¥ C A : X UT is satisfiable and
p€Xor¢eXforall p € A}

a) Show that for all p € S5 (T) there is q € S, (T) with p C q.

b) Suppose that for each n and each p € S5(T) there is a unique ¢ €
Sp(T) with p C ¢. Show that for every L-formula ¢(7) there is ¥(v) € A
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such that T = ¢(T) <« ¢(v). In particular, if every quantifier-free type has
a unique extension to a complete type, then T has quantifier elimination.

Exercise 4.5.14 T We continue with the notation from Exercise 2.5.24.
Suppose that p is a non-isolated n-type over () and cy, ..., ¢, are constants
in £*. Let D, - ={¥ € P: —¢(¢) € ¥ for some ¢(v1,...,v,) € p}.

a) Show that Dy, . is dense.

b) Use a) and Exercise 2.5.24 to give another proof of Theorem 4.2.4.

¢) Assume that Martin’s Axiom is true (see Appendix A). Suppose that
L is a countable language, T  is an L-theory, and X is a collection of noniso-
lated types over () with |X| < 2%°. Show that there is a countable M | T
that omits all of the types p € X.

Exercise 4.5.15 We say that a linear order (X, <) is Ny-like if | X| = ¥4
but {y:y <} <N forall z € X.
Show that there is an Ni-like model of Peano arithmetic.

Exercise 4.5.16 Let £, = {Uy,Ui,...,U,}, where Uy, Uy,...,U, are
unary predicates. Let T, be the L,-theory that asserts that for each
X C {0,...,n} there are infinitely many x such that U;(z) for i € X
and —U;(x) for i ¢ X.

a) For which « is T,, k-categorical?

b) Show that T}, is complete.

¢) Show that T,, has quantifier elimination. [Remark: It is probably eas-
iest to do this explicitly.]

Let £L =|JL,. For X and Y finite subsets of N, let ® x y be the sentence

Jz /\ Ui(z) A /\ Ui (z).
ieX i€y

Let T be the L-theory {®x,y : X,Y disjoint finite subsets of N}.

d) Suppose that M |= T. Show that M = T, for all n.

e) Show that T is complete and has quantifier elimination.

f) For X C N, let 'y = {U;(v) : i € X} U{=U;(v) : i ¢ X}. Show that
there is a unique 1-type px over @) with px D I'y.

g) Show that X + px is a bijection between 2¢ and S{M ().

h) Show that S{(()) has no isolated points and hence has no prime
model.

i) If 2 is given the product topology, then X — px is a homeomorphism
between 2 and S{M(0).

j) Describe all 2-types over §).

k) Show that T is k-stable for all k > 2Ro

Exercise 4.5.17 Show that every algebraically closed field is homoge-
neous. Show that any uncountable algebraically closed field is saturated.

Exercise 4.5.18 Suppose that M = (R,+,-,<,0,1) is a real closed
field. Show that M is k-saturated if and only if the ordering (R, <) is
k-saturated.
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Exercise 4.5.19 a) Show that the theory of Z-groups is k-stable for all
K > 2o,
b) Does the theory of Z-groups have prime models over sets?

Exercise 4.5.20 Let £ = {E} be the language with a single binary
relation symbol. Let T be the theory of an equivalence relation where for
each n € w there is a unique equivalence class of size n.

a) Show that T' is w-stable but not X;-categorical.

b) Exhibit a Vaughtian pair of models of T'.

Exercise 4.5.21 Show that DLO is not k-stable for any infinite .

Exercise 4.5.22 Let £ = {F1, E3, E3, ...}, and let T be the theory assert-
ing that:

i) each E, is an equivalence relation where every equivalence class is
infinite;

i) if E; 41y, then xE;y.

We say that Eq, Es,... is a family of refining equivalence relations.

Let T? O T be the theory that asserts that E; has two classes and each
FE; class is the union of two infinite E;;1 classes.

Let T°° D T be the theory that asserts that E; has infinitely many classes
and each F; class is the union of infinitely many infinite F; 1 classes.

For example, if E,, is the equivalence relation fln = g|n on w*, then
(w¥,B1,Es,...) = T and (2%, F1,Es,...) = T2 Both T? and T are
complete theories with quantifier elimination.

a) Show that T2 is k-stable for all x > 2%o.

b) Show that T is s-stable if and only if & such that k™0 = .

Exercise 4.5.23 Suppose that M is interpretable in N and s > No.
a) Show that if M is k-stable, then A is k-stable.
b) Show that if M is k-stable, then M°®? is k-stable.
c¢) Show that if M is k-saturated, then N is s-saturated.

Exercise 4.5.24 We say that M |= T is minimal if M has no proper
elementary submodels.
a) Show that the field of algebraic numbers is a minimal model of ACF
and that the field of real algebraic numbers is a minimal model of RCF.
b) Give an example of a theory with a prime model that is not minimal.

Exercise 4.5.25 Suppose that T is a theory in a countable language with
a prime model M that is not minimal. We will show that 7" has an atomic
model of size Nj.

a) Show that there is an elementary embedding j : M — M such that
J(M) # M.

b) Use a) to show that there is M < N, M 2N and M # N.

¢) Show that if Mg < My < Ms... and each M; = M, then [JM; =
M. [Hint: Use the uniqueness of atomic models.]
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d) Use b) and c¢) to construct an elementary chain (M, : @ < w;) such
that each M, = M and M, # My11. Let M' = M. Show that
M’ is atomic and |M’| = N;.

e) Show that if T is not Rg-categorical, then T has a nonatomic model
of size N;. Conclude that if T is Nj-categorical, but not Ng-categorical,
then any prime model is minimal. (We will prove in Corollary 5.2.10 that
Ny -categorical theories are w-stable, thus there always is a prime model.)

f) Give an example of a theory that is Nj-categorical and Rg-categorical
but has a prime model that is not minimal.

a<wi

Exercise 4.5.26 Let £ = {U, <}, where U is a unary predicate and < is
a binary relation symbol. Let T be the L-theory extending DLO where U
picks out a subset that is dense and has a dense complement. Let M T
and let A = UM. Show that there is no prime model over A.

Exercise 4.5.27 Suppose that A C M, |[A] < Ry, My, and M; are
elementary submodels of M with A C My N M;, and Mg and M; are
prime model extensions of A. Then, My and M; are isomorphic over A
(i.e., there is an isomorphism f : My — M; that fixes A pointwise).

Exercise 4.5.28 Suppose that T is an o-minimal theory, M = T, and
A C M. Show that the isolated types in A C M are dense. Conclude that
o-minimal theories have prime models over sets.

Exercise 4.5.29 Show that the union of an elementary chain of Ng-
homogeneous structures is Ng-homogeneous.

Exercise 4.5.30 Show that if T" is Ny-categorical, then any homogeneous
model is saturated. In particular, a dense linear order is saturated if and
only if it is homogeneous.

Exercise 4.5.31 Show that if M is k-saturated, then every infinite defin-
able subset of M* has cardinality at least k.

Exercise 4.5.32 Prove Lemma 4.4.5.

Exercise 4.5.33 Suppose that M is k-saturated, A C M, and |A| < k. If
p € SM(A) has only finitely many realizations in M and @ realizes p, then
a € acl(p).

Exercise 4.5.34 Suppose that M is k-saturated, and (¢;(7) : i € I) and
(0;(v) : j € J) are sequences of L£-formulas such that |I],|J| < x and

MEV 6@ ==\ 4,
i€l jeJ
Show that there are finite sets Iy C I and Jy C J such that

ME\ 6:@) = \/ ¢:(D).

i€l i€lo
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Exercise 4.5.35 (Expandability of Saturated Models) Suppose that x >
Ny and M is a saturated L-structure of cardinality . Let £* D £ with
|£*| < k. Suppose that T is an L*-theory consistent with Th(M). We
show that we can interpret the symbols in £* \ £ to obtain an expansion
M* of M with M* ET.

Let L3}, be the language obtained by adding to £* constants for every
element of M. Let (¢q : @ < k) enumerate all £},-sentences. We build an
increasing sequence of L£*-theories (T, : o < k) such that T,,UTUDiag,; (M)
is satisfiable and |T,| < & for all o < & (indeed |To+1] < |Tw| + 2).

Let Ty = (0. For a a limit ordinal, let T\, = J,.,, 7. Suppose that we
have T, such that |T,,| < x and T, UT U Diag, (M) is satisfiable.

a) Show that either T, U {¢,} U T U Diag, (M) is satisfiable or T, U
{—¢q} UT UDiag, (M) is satisfiable.

b) Show that if ¢, is Fv ¥ (v) and T, U{¢p, }UT UDiag, (M) is satisfiable,
then for some a € M, T, U{¢q, ¥(a)} UT UDiag, (M) is satisfiable. [Hint:
Let A C M be all parameters from M occurring in formulas in T U {¢q }
Let I'(v) be all of the £ 4-consequences of Ty, U{¢q, 1 (v)} UT UDiag,(M).
Show that I'(v) is satisfiable and hence, by saturation, must be realized by
some a in M. Show that Ty, U {¢q4, ¥ (a)} UT U Diag, (M) is satisfiable.]

¢) Show that we can always choose T,+1 such that

i) To41 UT U Diag, (M) is satisfiable;

ii) either ¢ € Toy1 OF =g € Toiy1;

i) if ¢, € Tot1 and ¢4 is v ¥ (v), then ¥(a) € Ty41 for some a € M;
i) |Tag1] < |Tol +2 < k.

Let T* = U, _, Ta-

d) Show that T is a complete £},-theory with the witness property and
T* > T U Diag,(M). Let N be the canonical model of T*. Show that as
an L-structure N is exactly M. Thus, N is the desired expansion of M to
a model of T'.

Exercise 4.5.36 Let £ = {Uy,Uy,...} U{so, $1,...}. We describe an L-
structure M with universe N x Z. Let UM = {i} x Z and

. jox ifi
s:((J2)) = { Ej,z)+ 1) ifi=j.
Let T be the full theory of M. Basically, T is the theory of countably many
copies of (Z, s).
a) Show that |S, (T")| = Yo for all n. (Either show or assume that 7" has
quantifier elimination.)
b) Show that I(T,Rq) = 2%0.

Exercise 4.5.37 (XN;-saturation of Ultraproducts) Suppose that U is a non
principal ultrafilter on w. Let (Mg, My, ...) be a sequence of L-structures,
and let M* = [[M;/U. We will show that M* is R;-saturated.
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Let A C M* be countable. For each a € A, choose f, € [[ M; such that
a = fo/ ~. Let T'(v) = {¢:(v) : i <w} be a set of L£4-formulas such that
I'(v) U Tha(M*) is satisfiable. By taking conjunctions, we may, without
loss of generality, assume that ¢;11(v) — ¢;(v) for i < w. Let ¢;(v) be
0;(v,a;1,-..,aim,), where 6; is an L-formula.

a) Let D; = {n <w: M, = F0;(v, fa,, (1), -, fa; ., (n))}. Show that
D, eU.

b) Find g € [] M; such that if i <n and n € D;, then

M, ': el(g(n)ﬂ fai,l(n)7 SRR flli,mi (n))

¢) Show that g realizes I'(v). Where do you use the fact that U is non-
principal? Conclude that M* is Nj-saturated. Show that if the Continuum
Hypothesis holds, then M* is saturated.

Exercise 4.5.38 (Recursively Saturated Models) Let £ be a recursive
language. We say that M is recursively saturated if whenever A C M is
finite and T is a recursive (possibly incomplete) n-type over A, then T is
realized in M. In particular, every Ng-saturated structure is recursively
saturated.

a) Suppose that A is a countable model of T. Show that there is a
countable recursively saturated M with N' < M.

b) Show that if M is recursively saturated, then M is Rg-homogeneous.
[Hint: If tp(@) = tp(b), consider the set of formulas {¢(v,b) < é(c,a) : ¢
an L-formula}.]

¢) Show that if My < My < ... is an elementary chain of recursively
saturated models, then M =, .., M,, is recursively saturated.

d) Suppose M, N = T and such that (M, N) is a countable recursively
saturated model of the theory of pairs of models of T (as in our proof of
Vaught’s Two-Cardinal Theorem). Show M = N. [Hint: Recall that count-
able Xyp-homogeneous models are isomorphic if and only if they realize the
same types.] Use this to give a simplified proof of Vaught’s Two-Cardinal
Theorem.

e) Let M be a recursively saturated L-structure. Suppose that £* D L
is recursive and T is a recursive L*-theory such that Diag, (M) U T is
satisfiable. Show that there is an expansion of M* of M such that M* |=T.
[Hint: Follow the proof of expandability of saturated models.] Show that
we can make M™* recursively saturated.

Exercise 4.5.39 (Robinson’s Consistency Theorem) Let £y and £; be
languages, and let £ = £4 N Lo9. Let T be a complete L-theory and let
T; O T be a satisfiable £;-theory for ¢ = 1, 2.

a) Show that there is a recursively saturated structure (Mi, Mz) where
M, BT, fori=1,2.

b) Let N; be the L-reduct of M;. Show that (N1, N>) is still recursively
saturated and that N7 = Ns.
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¢) Conclude that we can view M; and My as expansions of a single
L-structure and that 77 U Ts is satisfiable.

Exercise 4.5.40 T Let M be a nonstandard model of Peano arithmetic.
a) Let A be a finite subset of M, and let T be a recursive type over A
of bounded quantifier complexity (i.e., there is n such that all formulas in
I' have at most n-quantifiers). Show that I' is realized in M. [Hint: (see
[51] §9). There is a formula S(v,w) that is a truth definition for formulas
with at most n quantifiers. In other words if [¢] is the Godel code for a
formula ¢(vy,...,v,) and [b] codes a sequence b = (by,...,b,) € M", then
M E S([¢],b) < ¢(b1,...,by). Because T is recursive, there is a formula
G([¢]) if and only if ¢(v,a) € T'. Because I is satisfiable for all n < w

M E WVYm < n G(m) — S(m, [(b,a)])].

Apply overspill (Exercise 2.5.7).]
b) Let (G, +, <,0) be the ordered additive group of M. Use a) to show
that G is a recursively saturated model of Presburger arithmetic.

Exercise 4.5.41 T (Tennenbaum’s Theorem) If M is a nonstandard model
of Peano arithmetic and a € M, let r(a) = {n € N : p,, divides a}, where p,
is the nth prime number. Let SS(M) = {r(a) : a € M}. We call SS(M)
the Scott set of M.

a) Suppose that X € SS(M) and Y is recursive in X, then Y € SS(M).
[Hint: use Exercise 4.5.40.]

b) We say that T C 2<% is a tree if whenever ¢ € T and 7 C o, then
T € T. We say that f € 2¥ is an infinite path through T if f|n € T for all
n < w. Show that if X € SS(M) and T is an infinite tree recursive in X,
then there is Y € SS(M) and f an infinite path through T recursive in Y.
[Hint: use Exercise 4.5.40.]

c) Let ¢g,¢1,... be a list of all partial recursive functions. We write
@i(n) |= j if on input n Turing machine ¢ halts with output j. Let A = {i :
@i(i) |=0} and B = {i : ¢;(i) |=1}. Show that there is no recursive set C
such that A C C and BN C = ). We call A and B recursively inseparable.
[Hint: Suppose that ¢; is the characteristic function of C' and ask whether
ieC]

d) There is a recursive infinite tree T C 2<% with no recursive infinite
paths. [Hint: Let T' = {0 € 2<% : if i < |o| and Turing machine ¢ on input
i halts by stage |o| with output j € {0, 1}, then (i) = j}. Show that if f
is a recursive infinite path through T', then C = {i : f(i) = 0} contradicts
c).]

e) We can find an isomorphic copy of M with universe w. Thus, we may
assume that M = (w, ®, ®). Show that r(a) is recursive in @ for all a € M.
Conclude that 6 is not recursive.

Exercise 4.5.42 Show that there is no Vaughtian pair of real closed fields.
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Exercise 4.5.43 Let k be a differential field, K = DCF, and k C K. The
ring of differential polynomials in X = (X7,...,X,,) is the ring

B{X1, . Xy =KXy, X, XX XM X

We extend the derivation from k to k{X} by letting 5(X™) = X\,
An ideal I C k{X} is called a differential ideal if §(f) € I whenever f € I.

a) For p € SK(k), let I, = {f € kK{X} : f(v1,...,vn) = 0 € p}. Show
that I, is a differential prime ideal.

b) Show that if I C k{X} is a differential prime ideal, then I = I, for
some p € SK(k). Thus, p — I, is a bijection between complete n-types
over k and differential prime ideals in k{X}.

¢) The Ritt—Raudenbusch Basis Theorem (see [50]) asserts that every
differential prime ideal in k{X} is finitely generated. Use this to show that
DCF is w-stable.

d) If K | DCF, we say that X C K™ is Kolchin closed if X is a finite
union of sets of the form {Z € K" : f1(Z) = ... = f(T) = 0} where
fi,- -, fm € K{X}. Prove that there are no infinite descending chains of
Kolchin closed sets.

e) (Differential Nullstellensatz) Suppose that K | DCF, P C
K{Xi,...,X,} is a differential prime ideal and g € K{X} \ P. Show that
there is @ € K™ such that f(a) =0 for all f € P but g(a) # 0.

f) (Existence of Differential Closures) Suppose that k is a differentially
closed field and k C K = DCF. We say that K is a differential closure of
k if whenever k C L and L = DCF there is a differential field embedding
of K into L fixing k. Show that every field has a differential closure. [Hint:
Show that differential closures are prime model extensions.]

Exercise 4.5.44 Suppose that £ is a countable language and T is an £-
theory. Let C = {T' D T : T’ a complete L-theory}. Show that if |C| > Ny,
then |C| = 2%, Argue that if Vaught’s Conjecture is true for complete
theories, then it is also true for incomplete theories.

Exercise 4.5.45 Suppose L is a finite language with no function sym-
bols and T is an L-theory with quantifier elimination. Prove that T is
Ny-categorical.

Exercise 4.5.46 Describe all Xy-categorical linear orders.

Remarks

The Omitting Types Theorem is due to Henkin and Orey , each of whom
used it to prove the Completeness Theorem for w-logic. Theorem 4.2.5
is due to MacDowell and Specker. Their proof uses an ultraproduct con-
struction and works for uncountable models as well. See [51] §8.2 for further
results on end extensions of models of arithmetic.
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The results on prime models, atomic models, and countable saturated
models are due to Vaught and appear in [99], one of the most elegant
papers in model theory. Theorem 4.3.23 is due to Keisler, and the other
basic results on saturated and homogeneous models are due to Morley and
Vaught.

Recursively saturated models were introduced by Barwise and Schlipf.
Many results that can be proved using saturated models have elegant proofs
using recursively saturated models (see [22] §2.4 or [53]). Friedman showed
the weak recursive saturation of nonstandard models of arithmetic and used
it to prove the following result (see [51] §12.1).

Theorem 4.5.47 If M is a countable nonstandard model of Peano arith-
metic, then there is T a proper initial segment of M with T = M.

The Nj-saturation of ultraproducts is due to Keisler (see [22] §6.1 for
generalizations).

Morley introduced w-stable theories in his proof of Theorem 6.1.1. He
also proved that w-stable theories have prime model extensions. Shelah
showed that there are three possibilities for {x > ¢ : T' is k-stable}.

Theorem 4.5.48 If T is a complete theory in a countable language, then
one of the following holds:

i) there are no cardinals k such that T is k-stable,

ii) T is k-stable for all k > 280,

iii) T is k-stable if and only if KN = k.

A proof of this theorem can be found in [7], [18] or [76]. If i) holds, we
say that T is unstable; otherwise, we say that T is stable. If ii) holds,
we say that T is superstable. By Theorem 4.2.18, every w-stable theory is
superstable. In Exercise 4.5.22, we gave an example of a superstable theory
that is not w-stable and a stable theory that is not superstable.

The saturated model test for quantifier elimination is due to Blum, who
also axiomatized the theory of DCF, proved that DCF is w-stable, and
deduced from that the existence of differential closures.

In Theorem 5.2.15, we will examine another two-cardinal result. There
are many interesting two cardinal questions, but most can not be answered
in ZFC. The following Theorem gives several interesting examples.

Theorem 4.5.49 Let L be a countable language and T an L-theory.

i) Assume that V. = L3 If k > A\ > Ry and T has a (k,\)-model, then T
has a (u*, u)-model for all infinite cardinals p.

ii) Assume that V. = L. If T has a (kTT,k)-model for some infinite
cardinal &, then T has a (AT, X)-model for all infinite cardinals .

3V = L is Gédel’s Axiom of Constructibility asserting that all sets are constructible
(see [57] or [47]).
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wi) If ZFC is consistent, then it is consistent with ZF'C that there is a
countable theory with an (N1, Rg)-model but no (N, Ny)-model.

The first result was proved by Chang (see [22] 7.2.7) for regular 1 under
the weaker assumption that the Generalized Continuum Hypothesis holds.
The general case is due to Jensen who also proved the second result (see
[27] §VIII). The third result is due to Mitchell and Silver (see [47] §29).

The characterization of Rg-categorical theories was proved independently
by Ryll-Nardzewski, Engler, and Svenonius.

Although Vaught’s Conjecture is open for arbitrary theories, we do know
that it holds for several interesting classes of theories.

Theorem 4.5.50 Vaught’s Conjecture holds for:
i) (Shelah [93]) w-stable theories;
ii) (Buechler [19]) superstable theories of finite U-rank;
iii) (Mayer [69]) o-minimal theories;
i) (Miller) theories of linear orders with unary predicates;
v) (Steel [98]) theories of trees.

See [100] for more on iv) and v).

Theorem 4.4.16 also follows from another powerful theorem in descriptive
set theory. Consider the equivalence relation on D(L,T) given by fEg if
and only if My = M,. It is easy to argue that I is an analytic subset of
D(L,T)xD(L,T). Burgess (see, for example, [98]) proved that any analytic
equivalence relation on a Borel subset of 2¢ with at least Ry classes has 280
classes.

If ¢ is an L,,, ,-sentence, we can ask about the number of nonisomorphic
countable models of ¢. Burgess’” Theorem shows that if there are at least
N, nonisomorphic models, then there are 2%, but it is unknown whether
there can be an L,,, ,-sentence with exactly 8; < 2% models.

Questions around Vaught’s Conjecture can be reformulated in a way
that does not involve any model theory. We say that a topological space
X is Polish if it is a complete separable metric space. Suppose that G is
a Polish topological group and G acts continuously on a Borel subset X
of a Polish space X. For example, X could be D(L,T) and G could be
the group of permutations of w topologized by taking subbasic open sets
Nym = {f : f(n) = m}. The Topological Vaught Conjecture asserts that
if G has uncountably many orbits on X, then G has 2% orbits. See [9] for
more on this topic.
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