FUNDAMENTAL ONE-DIMENSIONAL
VARIABLES

A. Gaussian

The PDF, CDF, and CF of a Gaussian RV X e N,,<i,02) are given in

(1.1), (1.2), and (1.5) respectively with o, replaced by o. For X =0,
the even moments of the components of X are given by

— 1 k
E{x*}=X*= %(%o‘z) , k integer (2.1)

All odd moments are equal to zero.

B. Rayleigh
1. n=1

Since the square root always yields a positive quantity, then by

definition R=+X* =|X|, i.e., a single-sided Gaussian RV with PDF
and CDF given by

p(r) = \/E%GXP(——;&;), r20 (2.2)
r
P(r)= I—ZQ(;), r=0 (2.3)

Also, the moments of R are given by
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E{Rk} = <2T/E) I“(k;r 1), k integer (2.4)

2. n=2

Here R corresponds to a conventional Rayleigh RV with PDF and
CDF

r r’
pR(r)=—636xp(—2o_2} r=0 (2.5)

rZ
PR(r):l—exp(—2o_2],r20 (2.6)

Also, the moments of R are given by

, k
E{R*}=(20" ‘”F(H—),k‘ t 2.7
{ } ( ) 5 integer (2.7)
3. n=2m
2r2m 1 r2
pe(r)= — exp| — ,r20 2.8)
) (20%)"(m-1) p( 262J (
1 ]. J
(r)=1- exp( )Z;—'( ) >0 (2.9)
)
E{R*}=(20°)" o )2 , kinteger (2.10)
4, n=2m+1
2r2m r2
r)= — exp| — ,rz0 211
pR( ) (20_2) 1/21_,(”1+1/2) p( 20_2) ( )

P(r)=———=—- (2.12)
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F(er k+1)
k2 2

E{R'}=(207) [(m+1/2)

, k integer (2.13)

C. Rician

1. n=1

1 rr+a ar ar
r)= exp| — exp| — |+exp| ——= |, r=0 (2.14
pR( ) \/27_[0_2 p( 252 J': P( 0_2) p( 0_2):1 ( )

PR(r)zQ(a;r)—Q(a;r),rZO (2.15)

k+1
k2 a’ r 2 k+1 1 4o
E{R*} =(207) "expl — F e ,kinteger (2.16
i~} ( ) p( 202) N “( 2 72 202) ger (2.16)

where lE(oc; B;}/) is the confluent hypergeometric function [2] and
a=|R|
2. n=2

Here R corresponds to a conventional Rician RV with parameter
a=|X].

r r+a’ ra
pR(I"):'S:Z—eXp(—‘—E&Z—)IO(E?), r=0 (217)
a r
P(r)= l—Ql(g,g), r=0 (2.18)

E{R‘}=(20°)" exp - @ r(1+5) 1451292 ) kinteger
Pl 7207 2)VN 2720 5

(2.19)

where
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0,(ce.B)= j;xexp(_ x

2+a2

)Io(ax)dx (2.20)

is the first-order Marcum Q-function [8].2

3. n=2m
_r r+a’ ra S
PR(r)—;;a::eXP ———2‘&7- I ?‘—2— ,rz20 (2.21)
PR(r)=1—Q,,,(—q~,—r~),r20 (2.22)
fojle]

k12 2 F(m+—) k &
E{R*}=(20?) exp(— 2"0 }__#L F(m+—2—;m;—2—5_~2—),kinteger (2.23)

1 oo 2 2
Q.(.B)= —Tf,; x" CXP(” =S

o

jlm (ox)dx (2.24)

is the generalized (mth-order) Marcum Q-function [8].

4. n=2m+1

(e e iy
Pe(r) = 27r0_2(a) e"p( 207 ){CXP(UZ),Z; i(m-i-1) \2ra
m ra « (m+i_1)! 0-2 i
+(=1)" exp| —— | }r20
=D p( o’z);i!(m—i—l)! 2ra) [

PR (r) - - (226)

(2.25)

? More often than not in the literature, the subscript “1” identifying
the order of the first-order Marcum Q-function is dropped from the
notation. We shall maintain its identity in this text to avoid possible
ambiguity with the two-dimensional Gaussian Q-function defined in
Eq. (A.37) of Appendix A.
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F(m N k+ 1)
2 A 2
E{R"}:(zo'z)m exp(— = 2) % lFl(m~l~—k+l;m+l; a 2),
20 F(m +5) 2 2°20% ) (2.27)
k integer
D. Central Chi-Square
1. n=1
Py(y) = ——ex (— yz),y (2.28)
N2moly 2
B(y)=--=—-- (2.29)
1 1/2
¥ ()= (W} (2.30)
E{r'}=(20%) 5%_@ k integer (2.31)
/2
2. n=2m
1 y m—1 y
Py()’) = m(z&—z) GXp(—- o7 ), y=20 (2.32)
mi—1 1 i
ool Sl o
i=0
1 m
¥, (w)= [mj (2.34)

Since the kth moment of a central chi-square RV with 2m degrees of
freedom is equal to the 2kth moment of a Rayleigh RV of order 2m,
then it is straight-forward to obtain the moments of ¥ from (2.10) as
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E{Y"} = (20-2)’< %, k integer (2.35)
3. n=2m+1
1 y m-1/2 y
p{y)= 20‘2F(m+1/2)(2o-2) exp(— 20_2), yz0 (2.36)
B(y)=------ (2.37)
1 m+1/2
Y(s)=| ———= 2.38
0] 239
F(m+k+l)
E{Y*}=(20")' =32, kinteger (2.39)
F(m+—)
2
E. Noncentral Chi-Square
1. n=1
1 y+a’ a’y aty S
= - - L y=0  (2.40
Py (¥) N exp( oy ){exp{ S| rexp by (2.40)
B(y)=-~---~ (2.41)
1 1/2 jwa2
¥ () =]~ — 2.42
/@) [I—ijaz) eXp[l—ijazJ (242)
E{r*}=(20")"exp| - @l (\L(RA172) ol L L @) teger (243)
Al 725 oo U 2727207 ) ger e
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1 y (m—1)/2 y + a2 azy
pY(y) = 20_2 (?) exp - 20_2 Im—l _OT ’ y Z 0 (2'44)

P(y)= l—Q,,,(g,g}yZO (2.45)
- 1 jwa’
¥, (w) = ( 2 wGZJ CXP(——————I — 2jmzj (2.46)

Since the kth moment of a noncentral chi-square RV with 2m degrees
of freedom is equal to the 2kth moment of a Rician RV of order 2m,
then it is straightforward to obtain the moments of Y from (2.23) as

2

2 —1)
E{Y"}:(Zaz)kexp(~ 4 )(m+k 1)'KE(m+k;m;—2%),kinteger (2.47)

20%) (m-1) :
3. n=2m+1
1 y (m-1/2)12 y+a2 azy

p(y)= = (a_z) CXp| =TT L ey ,y20  (248)
R(y)===mmm- (249)

1 m+1/2 Ja)az
Y (w)=| ————— —_— 2.50
/(@) (1—2ja)o'2J exP(l—ijaz) (2.50)

. 2 I“(m+k+l) | | 2
E{y*}=(207) exp(— 2] 12 lFl(m+k+—;m+—;—2),
20 F(m +5) 2 2’20 (2.51)

k integer

F. Log-Normal

Let X € NI(Y,OJ). Then the PDF of y =10 is given by
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—\2
10log, v - X
p,(v)= —————Tfm_y exp{—( 2‘;2 ) } ¥ =0 (2.52)
Iay(y)zl_th%#Y—X}yzo (2.53)

where £=10/1n10 and X (dB) and o’ (dB) correspond to the mean
and variance of 10log,y. The CF of y is not obtainable in closed
form but can be approximated by a Gauss-Hermite expansion as

¥ () ZH exp(lo(“* X0 ja)) (2.54)

V n=1

where x, are the zeros and H, are the weight factors of the N, -order

Hermite polynomial and can be found in Table 25.10 of [2]. In
addition, the moments of y are given by

E{y"} = exp{—g— X+ —;—[g) 0'2:', k integer (2.55)
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