Symmetry

CHAPTER

8.1 INTRODUCTION: A REALLY BIG IDEA

The concept of symmetry plays a strong role today in many of the exact
sciences. Thus, for example, theoretical physicists, in searching for a uni-
fied field theory, have been led to the notion of supersymmetry, applied
to the (super)strings, which, as some believe, are the fundamental build-
ing blocks of the universe. Perhaps the foremost exponent of this position
is the American physicist Edward Witten, of the Princeton Institute for
Advanced Study, who, a few years ago, won a Fields Medal — the most
prestigious award that can be given to a mathematician® — for his funda-
mental theoretical contributions to superstring theory. Even more recently
(August 1998, at the International Congress of Mathematicians held in
Berlin), the Cambridge mathematician Richard Borcherds was awarded a
Fields Medal for his contribution to the devel opment of symmetry theory,
especially with respect to Witten theory and its relation to the advanced
mathematical theory of sporadic finite groups.

What, then, is symmetry? In this chapter we attempt to make the idea
precise, keeping our applications of the concept at a level where, as we
hope, they will be appreciated by our readers. Nevertheless, there is much

it isacurious fact that the only mathematician to receive a Nobel Prize for mathematical work was
John Nash, whose work on equilibrium had highly significant consequencesin the study of economics.
So John Nash was awarded a Nobel Prize as an economist; thereis no Nobel Prize for mathematics.
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intrinsic difficulty in the mathematics of this chapter, so do not expect to
be able to understand it without careful attention to the arguments and the
examples.?

We will confine ourselves to the use of the symmetry concept within
mathematics; and we must first of all emphasize that notions of symmetry,
while fundamental to geometry, are certainly, and importantly, to be found
in mathematics outside geometry. Thus, for example, any function of two
variables f (X, y) may be described as symmetric if f(x,y) = f(y, X);
for example, f(x,y) = x2+y? or f(x,y) = 5xy. Similarly, any func-
tion of three variables f(x,y, z) may be described as symmetric if its
value remains unchanged under any permutation (there are 6 if one in-
cludes the identity permutation) of the variables x, y, z; for example,
f(x,y,2) = x*+ y*+ z* — 3xyz. As you will have seen in Chapter 6,
the binomial coefficient (?) becomes a symmetric function if one regards
itasafunction of r and s, wherer +s = n. Thustherelation () = ("))

takes the symmetric form "
ny _ (n
rs/ \sr

if onewrites (" ), withr + s = n, instead of the (apparently) simpler (7).
Similarly, the trinomial coefficient (r ';t) r+s+t =n, isasymmetric
function of the variables®r, s, t.

As another example, symmetric functions of the roots of polynomial
equations

X" +ax" P+ +a, 1X+a,=0

play an essential role in the algebra of polynomials. We know that a
polynomial equation of degree n over the complex numbers has n roots.
A crucia theorem states that if oy, ay, - -, @, are the roots, then any
symmetric polynomial in oy, «p, - - -, a0y, With integer coefficients may
be expressed, uniquely, as a polynomia in aj, a,, - - -, &, with integer
coefficients. Thus, for example, with n = 3, we have

o+ oy t+az=—aq

2\We advise you to read Chapter 4 before studying this chapter systematically. We havefound that many
students — but not all — understand the arguments about symmetry much better when they have a
concrete geometrical model actually in their hands.

3In order to stress the symmetry, the eminent French mathematician Henri Cartan employsthesimple,
but revealing, notation (r s), (r s t) for binomial and trinomial coefficients, respectively. Herethen
is suppressed. Why is this legitimate?
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2 +ai+al=a’-2a
Olf+0(:23+0(§: —af+3alaz—3a3

e e ¢ BREAK 1
(1) Check the above formulae, using the identity
X3+ ayx® + apX +ag = (X — a1) (X — 02) (X — ag)

(You may liketo check them first in asimple particular case like
o1 = 1, O[2=2,0l3:3.)

(2) Continuethe sequence above by expressing o; + a3+ a3 interms
of ay, ay, ag; remember that n = 3.

(3) Use the crucial theorem quoted to prove that, if F, is the nth
Fibonacci number, then F.,|F, if m|n; and that, if L, isthe nth

Lucas number, then L, |L, if m|n with odd quotient (we say that
m|n oddly). [Hint: Recall the Binet formulae from Chapter 3,

_Oln—,Bn
= o[—IB

where o, g aretherootsof x> — x — 1 = 0.]

Fa , Lo=ao"+p"

However, while symmetry is valuable outside geometry, our main pur-
pose in this chapter will, in fact, be to explain the nature and role of
symmetry within geometry. It is our belief that its role in other parts of
mathematics will then become easier to understand. Interestingly, it turns
out that, in order to describe the nature of symmetry in geometry, it is nec-
essary to introduce some basic conceptsin avery important part of algebra
known as group theory. Thus, in Section 2, we describe these concepts and
explain how they enable us to define the key notion of the symmetry group
of a geometric configuration A. Let us add that it is not at all surprising
that we need basic concepts from group theory in geometry. For the distin-
guished German mathematician Felix Klein (1849-1925), in his famous
manifesto, called (in German) the Klein Erlanger Programm, defined ge-
ometry in terms of the group of allowed transformations of a given set of
points. We will be adopting Klein's point of view. For example, from this
point of view, the Euclidean Geometry of the plane R? is to be understood
asthe set of properties of configurationsin R? invariant under the group of
transformations of R? generated by transations, rotations, and reflections.

In Section 3, we use the group theory presented in Section 2 to introduce
the concept of homologue, due to the great mathematician and expositor
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George Polya (1887-1985). Pblya never wrote this idea down, but asked
two of us (PH and JP), near the end of his life, to do so on his behalf,
so we take this chance to do so. In fact, our interpretation of Polya's idea
makes that idea applicable in a more general situation, namely, whenever
one considers groups acting on sets— though the most vivid examples are
going to come from geometry.

The precise detail s of our presentation of homologues are to be found at
the end of Section 4, where we describe a very important theorem of com-
binatorics, the Polya Enumeration Theorem. This theorem is described,
with judtification, in the Handbook of Applicable Mathematics [3] as the
Redfield—Polya Theorem.? It is very often applied in a geometric context
(our own applications will be geometric); however, once again, itisnot in
essenceatheorem of geometry at all, but restson thefoundations of theidea
of a(finite) group acting on afinite set— a basic idea of combinatorics.

Section 5isatreatment of theidea of odd and even permutations. Those
who would have preferred to get their group theory in one piecerather than
two may, of course, read this section immediately after they have studied

4To see why, consult the article by E. Keith Lloyd, J. Howard Redfield 1879-1944, J. Graph The-
ory, 8 (1984), 195-203. Thereis a poem “Enumerational” in C. Berge's Principles of Combinatorics
(Academic Press, 1971) that, somewhat amusingly, refers to the history of this part of mathematics.

Polya had a theorem

(Which Redfield proved of old).
What Secrets sought by graphmen
Whereby the theorem told!

So Polya counted finite trees
(As Redfield did before).
Their number is exactly such,
And not a seedling more.

Harary counted finite graphs
(Like Redfield, long ago).

And pointed out how very much
To Polya’s work we owe.

And Read piled graph on graph on graph
(Which iswhat Redfield did).

So numbering the graphic world

That nothing could be hid.

Then hail, Harary, Polya, Read,
Who taught us graphic lore,

And spare a thought for Redfield too,
Who went too long before.

Blanche Descartes
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Section 2; but we thought that, though the basic idea of the section plays
an important role in the study of polyhedral symmetry, it might be rather
indigestible if offered to the reader before much of the geometry had been
treated.

82 SYMMETRY IN GEOMETRY

Although, as we have said, the concept of symmetry may be found in all
parts of mathematics, and in all those areas of science to which mathe-
matics makes an essential contribution, it remains true that its best known
applications are in geometry. One finds the idea of symmetry frequently
referred to in good elementary treatments of geometry (e.g., [8]), and also
in good treatments of geometry suitable for those making aserious study of
mathematics at the university level (e.g., [7]). But many elementary treat-
ments of the symmetry of geometric figures are confusing and mis eading,
largely because those treatments never make it clear what geometry is (nor
what symmetry is).

Sowewant to give apreci se definition of geometry. Of course, wearenot
advocating that thisbe donetheway we aredoing it hereif you areteaching
elementary students, but it does seem to us appropriate to introduce these
fundamental mathematical ideas to the readers of our book. We maintain,
with Klein, that no treatment of geometry is complete without the idea of
symmetry; and that no clear ideaof symmetry is possible without the basic
notion of agroup.

Thus we start this section with the definition of a group.

Definition 1 Let G beaset and let x be abinary operation on G; that is,
giventwo elements g, h of G, then g * h isitself an element of G. Wethen
say that (G, *) isagroup (often abbreviated to “ G isagroup” if * may be
understood) if it satisfies the following 3 axioms:

| (associative law) for al g, h,kin G, (g * h) xk = g * (h x k);
Il (existence of two-sided identity) there exists an element e in G such
that

gxe=exg=g, fordlginG;

Il (existenceof two-sidedinverses) thereexists, toeach gin G, anelement
gin G such that

gxg=gxg=e
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Let usimmediately give two examples.

Example2 Let G betheset of integers (positive, negative, and zero) and
let g x h mean g + h, the ordinary addition of integers. Then G isagroup,
withe = 0andg = —g. Noticethat the set of integersdoesnot form agroup
under multiplication, sincethere are, in general, no multiplicative inverses,
hence the introduction of rational numbers, represented by fractions.

Example3 Consider the set S of permutations of the set {1, 2, 3}. There
are 6 such permutations; we specify each permutation s by saying where s
sends 1, 2, 3. Thus

$:1-1,2—-23—-3 $:1—-1 2—3 3— 2
$%$:1-22—-13—->3 :1—-2 2—3 3—1,
$:1—-3,2—-13—-2 %:1—-3 2—2 3—1

The binary operation s * 5;(1 < i, j < 6) smply produces the permu-
tation s followed by the permutation s;. It is obvious that the associative
law is satisfied.® The identity permutation iss;. Finaly, theinverses are as
follows:

Theinverseof s; iss;
Theinverseof s, is s,
Theinverseof s;iss;
Theinverseof s, isss
Theinverseof s5issy
Theinverseof s5isss

It is customary to write, eg., (;53), (553 for the permutations s, ss.
There is also a convenient shorthand notation for a cycle like (;23), in
whichl — 2,2 — 3,3 — 1. (Wefedl sure you will understand why it's
called a cycle.) This shorthand notation is simply (1 2 3); of course, this
isthe same permutationas (23 1) or (31 2).

If it is clear from the context that our permutation is operating on the
set {1, 2, 3}, itis convenient to write (1 2) for the permutation sz, which is
acycle of length 2. Of course, very strictly speaking— and sometimes we
have to speak strictly — s; is the composition of a cycle of length 2 and a
cycleof length 1.

SWhen the binary operation g h says, “Do g, thendo h,” itisaways associative. (Do you understand?)
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Notice what these two exampl es have in common, and where they differ.
Example 2 is an infinite group, and the group operation is commutative,
thatis,

gxh=hxg, foralg hinG.

Example 3 is a finite group, and the group operation is not commutative,
thus

$S*HF =&, B*H=F

In both cases, the group has only one identity element, and each element
has only oneinverse; moreover, if gistheinverseof g, then g istheinverse
of .

e e ¢ BREAK 2

(1) Provethat in both of the above examples

(@) Thereisonly oneidentity element.

(b) Each element has only oneinverse.

(c) If gistheinverse of g, then g istheinverse of g.
(2) Try to prove(a), (b), (c) for any group G.

Where the group is finite, we can display the entire group law by a
square group table. Thus, for our second example, the group tableis

*

S 2 S8 % S 0%

LY Y
QL & &0 Q@
RN RO O
L v 9 Y
$ L LYK

$ & LY L ©
$ L Y L p

S S 0S S

(We read off 5 * s by looking in row i and column j.) Notice that
each row and each column is a permutation of the list of group elements.
Thisis so for any finite group (sometimes this information can be used to
compl ete a table without working out al the individual cases). The order
of agroup is the number of elementsin the group, so the order isinfinite
(Example 2) or some finite number (in the case of Example 3 the order
iS6).
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Just sothat youwill feel reassured that we have not forgotten our purpose
in introducing you to the idea of a group, let us tell you that the group of
Example 3 is called the symmetric group on 3 symbols, and written S;.
It will certainly reappear — for example, you will later recognize it as the
group of symmetries of an equilateral triangle.

But before we turn to geometry, we require one more result from group
theory. This result, due to the great French mathematician Joseph-Louis
Lagrange (1736-1813), relates the order of afinite group G and the order
of asubgroup H of G.

If (G, %) isagroup and H isasubset of G, we say that H isasubgroup
of Gif g;+ g, belongsto H whenever gy, g, belongto H, and if theinduced
binary operation on H isagroup operation. For thislast requirement to be
satisfied, it is necessary and sufficient for the identity element to belong
to H, and for the inverse of any element in H to belong to H.

Example 2 (revisited) We have the additive group Z of integers. The
subset consisting of even integers is a subgroup, usually written 27. The
subset consisting of non-negative integers is closed under addition, but is
not asubgroup because the additiveinverse of apositiveinteger isnegative.

Before stating Lagrange’s Theorem, we introduce some important stan-
dard notation. Itiscustomary towriteagroup G multiplicatively, especialy
if it is not commutative. That is, we write the group operation as multipli-
cation and even (as in ordinary algebra) suppress the product symbol, so
that g, * g, issSimply written as g;g,. Sometimes we may even go further
and write the identity element as 1 instead of e; but we will not adopt
this notation unless we judge thereis no risk at all of confusion. We will,
however, always write g~ for the inverse of g. Notice that, since the asso-
ciative law holds, the positive powers of g, that is, g, g%, @°, - - -, have an
unambiguous meaning, and so, indeed, do the negative powersif we define

g "= (g™t forn positive (1)

Of course, (1) then aso holds for n negative (just asin ordinary algebra).
Notice, too, that the inverse satisfies the basic law

@y t=h'gh g,hinG 2

Herein (2) we have been careful to state the law so that we do not require
commutativity.
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Now let G be afinite group of order n and let H be a subgroup of G.
Of course, H is also afinite group; let its order be m. Then Lagrange's
Theorem isthis:

Theorem 4 Theorder of H dividesthe order of G, that is, m|n.

Proof® Let g be an element of G (we write g € G), and let gH be the
set of all elements gh, as h ranges over the elements of H. We call
the set gH a (left) coset of H in G, and g a representative of the
coset gH.

We now prove that, if g;H, g,H are two (left) cosets, then either
they are digoint or they coincide. For if g € g;H, then g = g;h, for
somehg € H, so, foral h e H,

gh = glhoh, with hoh e H

sogh € guH, andthusgH < g;H. But g, = ghy*, withhy* € H,
S0 we may repeat the argument with the roles of g and g, exchanged
(and hy* replacing hy), concluding that g;H € gH, so that, finally,’
ogiH = gH. Thusif g € g:H N g,H, then gyH = gH = g,H,
establishing that g;H and g,H coincide if they are not digoint.

We have next to prove that every coset gH has exactly the
same number of elements as H itself. For consider the function
¢ from H to gH that sends h to gh. Thisfunction certainly maps H
onto gH; for the elements of gH are exactly the elements gh,
as h ranges over H. Moreover, ¢ is one-to-one; for if gh; = gh,,
then h; = g~1(gh;) = g~*(gh,) = h,. Thus ¢ sets up a one-to-one
correspondence® between H and gH.

Now suppose that H has m elements. Then every (left) coset has
m elements, and G, asa set, isthe digjoint union of acertain number
of cosets. If, then, G isthe disjoint union of k cosets, we have proved
that

n =km 3
establishing Lagrange’s Theorem. O
6\We advise you to read this argument carefully. It isreally subtle.

"We have given you here an argument that does not depend on G or H being finite.
8See previous footnote.
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Remarks

(i) Thenumber k that appearsin (3) is called theindex of H in G.

(if) Notice that we could have argued with right cosets Hg. Obvi-
ously, we would have arrived at the same relationship (3), so the
index is aso the number of digoint right cosets. Thisis signifi-
cant because it is by no means true in general that aleft coset is
aright coset.

e ¢ ¢ BREAK 3

(1) Let G be the additive group of remainders modulo 12 (think of
a12-hour clock). What isthe order of G? Find all the subgroups
of G and list their orders.

(2) Set up aone-to-one correspondence between the set of |eft cosets
of H in G and the set of right cosets of H in G. (Be careful —
there is no well-defined function sending the coset gH to the
coset Hg.)

Thisis asfar as we need to take the group theory in order to be precise
asto what we mean by ageometry on aconfiguration A, and the symmetry
of the resulting geometric figure. However, some further (and obviously
relevant) group theory will be found in Section 5.

We have been guided in our definitions by the approach of the Ger-
man mathematician Felix Klein (1849-1925) to explaining the nature of
geometry. Consider, for example, the usual plane Euclidean geometry, in
which we study the properties of planar figures that are invariant under
certain Euclidean motions. These motions certainly include translation
and rotation in the plane of the figure, but it is a matter of choice whether
they include reflection. For example, the elaborate 7-gon® of Figure 1(a) is
invariant under rotations through % about its center, but, unlike the ordi-
nary regular 7-gon, not under reflection about any axis through its center.
Thus, to define our geometry, we must decide whether we allow Euclidean
motions that reverse orientation. Of course, if we allow certain Euclidean
motions, we must also alow compositions and inverses of such motions,
so we postulate acertain group G of allowed motions of theambient plane,
the plane containing our planar figure. If A is such a planar figure, then,

9Those of you who are interested in knowing how to construct this figure (by simply folding paper)
may wish to consult Chapter 4.
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A A
may be transformed by a
(}l rotation in 3 dimensions into R)
B C C’ B’
reversing the orientation of the triangle.

(b)

FIGURE 1

for any g € G, Ag is again a planar figure.’° In the G-geometry of A,
we study the properties of the figure A that it shares with all the figures
Ag as g varies over G. Such properties are caled the G-invariants of A,
abbreviated to invariants if, but only if, the group G may be understood.
It isthusthe group G that, according to Klein, determines the geometrical
nature of A.

Example 5 Let G be the group of motions of the plane generated by
tranglations, rotations, and reflections (in aline); we call thisthe Euclidean

10w prefer to write Ag for theimage of A under the motion g, rather than gA. Thisis because, in the
group G, gh means “first g, then h.”
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groupin 2 dimensionsand writeit E,. Then the Euclidean geometry of the
planeisthe study of the properties of subsets of the plane that are invariant
under the mationsin E,. For example, the property of being a polygon is
a Euclidean property; the number of vertices and sides of a polygon is a
Euclidean invariant. On the other hand, as we have hinted, orientation is
not invariant with respect to thisgroup, though it would beif we disallowed
reflections. Thus, by means of a motion in E, the triangle ABC may be
turned over (flipped) to form the triangle AB'C’ as shown in Figure 1(b).
But the orientation ABC is counterclockwise, while the orientation AB'C’
is clockwise.

Example 6 We may step up a dimension, passing to the group E; of
Euclidean motionsin 3-dimensional space. Noticethat it isnatural to think
of reflectionsin aline (of aplanar figure) asamotion in space, sinceit can
be achieved by a rotation in some suitable ambient 3-dimensiona space
containing the plane figure— you will surely see this by looking again at
Figure 1(b). However, it requires a greater intellectual effort to think of
reflection in a plane (of a spatia figure) as a motion in some ambient 4-
dimensional space! Who would think of turning the golden dodecahedron'*
(see Figure 2(c)) inside out? Thusit is common not to include such reflec-
tions in defining 3-dimensional geometry. This preference is, of course,
a conseguence of our experience of living in a 3-dimensional world and
has no mathematical basis. However, whenever we are highlighting the
construction of actual physical models of geometrical configurations, it is
entirely reasonable to omit motionsto which the model sthemsel ves cannot
be subjected.

We now move to a precise definition of symmetry. Let a geometry be
defined on the ambient space of a configuration A by means of the group
of motions G. Then the symmetry group of A, relative to the geometry
defined by G, isthe subgroup G, of G consisting of those motionsg € G
such that Ag = A, that is, those motions that map A onto itself, or, as
we say, under which A isinvariant. Thus, for example, if our geometry is
defined by rotations and tranglations in the plane, and if A isan equilateral
triangle, then its symmetry group G, consists of rotations about its center
through 0°, 120°, and 240°; if, in our geometry, we also allow reflections,
then the symmetry group has 6 elements instead of 3, and is, in fact, the

We have included Figures 2(a), 2(b) as well for the benefit of those readers who might wish to
construct the golden dodecahedron. See Figure 33 of Chapter 4.
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FIGURE 2 The golden dodecahedron. This extraordinarily beautiful model may be made by braiding together six
colored stripslike the one shown in Figure 2(a). Begin by laying out five of the strips as shown in Figure 2(b) and then
attach paper clipsat the places marked by the arrows. Next continueto braid these stripstogether, remembering what
thefinished model will look like (attaching paper clips, in themiddle of the faces—not at the vertices—wherever needed
to hold everything in position). At a certain stage you will need to insert the sixth strip about the “ equator.” When you
arefinished, every strip should go over and under the stripsit meetsall the way around the model, and there should be
no loose ends sticking out. For more detailed information about how to preparethe strips, consult Chapter 4.

very well-known group S; (recall Example 3), called the symmetric group
on 3 symbols— the symbols may be thought of in this case as the vertices
of the triangle. We repeat, for emphasis, that the symmetry group Ga
of the configuration A is a relative notion, depending on the choice of
geometry G.

It is plain that no compact (bounded) configuration can possibly be
invariant under a non-zero trandation. Thus when we are considering the
symmetry group of such a figure we may suppose G to be generated by
rotations and, perhaps, reflections. Moreover, any such motion in the plane
is determined by its effect on 3 independent points, and any such motion
in 3-dimensional spaceisdetermined by its effect on 4 independent points.
Since a(plane) polygon has at least 3 vertices and a polyhedron has at least
4 vertices, and since any element of the symmetry group of a polygon or
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a polyhedron must map vertices to vertices, it follows that the symmetry
group of apolygon or apolyhedron isfinite (compare the symmetry groups
of acircle or asphere).

The symmetry group of any polygon with n sides is, by the argument
above, asubgroup of S,, thegroup of permutationsof n symbols, also called
thesymmetric group onn symbols. If G isgenerated by rotationsa one, and
the polygon isregular, its symmetry group isthe cyclic group*? of order n,
often written C,,, generated by a rotation through an angle of % radians
about the center of the polygonal region. If G also includes reflections,
then the symmetry group has 2n elements and includes n reflections; this
group is called the dihedral group of order 2n and is usually written D,,.

In discussing the symmetry groups of polyhedra, however, we will, as
indicated earlier, dways assume that the geometry is given by the group G
generated by rotations in 3-dimensional space. Then the symmetry group
of theregular tetrahedron isthe so-called alternating group A,. In general,
A, isthesubgroup of S, consisting of the even permutations' of n symbols;
itisof index 2in S,, whose order isn!, so that its order is %(n!). Thusthe
order of A,is12.

The cube and the regular octahedron have the same symmetry group,
namely S,. It is easy to see why the symmetry groups are the same; for
the centers of the faces of a cube are the vertices of a regular inscribed
octahedron, and the centers of the faces of a regular octahedron are the
verticesof aninscribed cube. Likewise, and for the samereason, the regular
dodecahedron and the regular i cosahedron have the same symmetry group,
whichis As. Itisamatter of interest and rel evance here that the elements of
the symmetry group of the diagonal cube (Figure 3, which is Figure 27 of
Chapter 4) permute the four braided strips from which the model is made,
and thus the symmetry group is S;. (We'll have you study this closer in
Break 6.)

We are now in a position to give at least one possible precise meaning
to the statement “Figure A is more symmetric than Figure B.” We assume
that A and B are defined as geometric figures by the same group of mo-
tions G. If it happens that the symmetry group G4 of A strictly contains
the symmetry group Gy of B, then we are surely entitled to say that A is
“more symmetric” than B. Notice that the situation described may, in fact,
occur because B is obtained from A by adding features that destroy some

127 cyclic group of order nisagroup of order n, all of whose elements are powers of agiven element
g, called agenerator of the group.

135ee Section 5 of this chapter for a careful treatment of even and odd permutations.
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@

FIGURE 3 To construct thismodel, begin with four strips, each one consisting of 7 isoscelesright triangles as shown
in Figure 3(a). Each strip should be of a different color. Then fold the strips so that there are “mountain” folds on the
colored side of the paper. With the mountain folds down, lay the stripsout as shown in Figure 3(b). Securethe center of
the configuration with a small piece of tape and then continueto “braid” the stripstogether to form the diagonal cube
shown in Figure 3(c). Every face should have four colorsvisible, and every strip should go over and under the stripsit
meetsasit goes around the cube. Finally, all the ends should be tucked in.

of the symmetry of A. For example, Figure 4(a) shows atypical strip that
may be used to braid each of the Platonic solids. (Precise details about the
construction of these models appear in Chapter 4.) However, the resulting
braided Platonic solids of Figure 4(b) will all have their symmetry reduced
if we braid them from strips of different colors (or different patterns). It is
natural to ask whether it is possible to braid the tetrahedron, octahedron,
and icosahedron in such away asto retain all the symmetry of the origina
polyhedron.’* We will address this question in the next break.

Meanwhile, returning to the discussion of symmetry, we note that the
notion “more symmetric” above is really too redtrictive. For we would
like to be able to say that the regular n-gon becomes more symmetric as
n increases. We are thus led to a weaker notion that will be useful if we

14Notice that we already know how to do this for the cube (Figure 3) and the dodecahedron (Figure 2).
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Tetrahedron N N
(2 strips) .

Hexahedron (Cube)
(3 strips)

Octahedron N WV "
(4 strips)

|cosahedron
(6 strips)

Dodecahedron
(6 strips, 3 of each kind)

FIGURE 4 (a) Pattern piecesfor constructing the Platonic solids.
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0

VEOA

FIGURE 4 (b) The completed Platonic solids.

are dealing with figures with finite symmetry groups (e.g., polygons and
polyhedra). We could then say — and do say — that A is more symmetric
than B if G, has more elements than Gg. Thus we have, in fact, two
notions whereby we may compare symmetry — and they have the merit of
being consistent. Indeed, if A is more symmetric than B in the first sense,
it is more symmetric than B in the second sense— but not conversely.

Notice that we deliberately avoid the statement — often to be found in
popular writing— “A is a symmetric figure.” We regard this statement as
having no precise meaning!

e ¢ ¢ BREAK 4

(1) Why should we wish to say that the regular n-gon becomes more
symmetric as n increases? What happens to the regular n-gon as
n increases indefinitely?

(2) Figure5(b) showsatypical straight strip of 5 equilateral triangles
with adlit in each triangle from the top (or bottom) edge to (just
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(b)

FIGURE 5

past) the center.”® A tetrahedron with symmetry group A, may
be constructed out of three of these strips. Figure 5(a) shows how
the three strips are interlaced initially. We |eave the completion
of the model as a challenge to you.

BTheoretically, the slit could go just to the center, but the model is then impossible to assemble. You
need to have some leeway for the pieces to be free to move during the process of construction —
athough they will finally land in a symmetric position, so that it |ooks as though the dlit need not have
gone past the center.
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(3) Harder. Figure 6(a) shows the layout of three strips for the
beginning of the construction of an octahedron with symmetry
group . Can you build it? We'll give you one more hint. When
you use the layout of Figure 6(a) remember that the strip shown
below it in Figure 6(b) has to be braided into the figure above it.

(4) Much harder. Anicosahedronwith symmetry group As may be
constructed from 6 strips of the type shown in Figures 5 and 6,
where each strip has 11 equilateral triangles. Over to you! But

(b)

FIGURE 6
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FIGURE6 (c)

take heart — these models take several hours to construct. Just
to prove that they really do exist we show a photo of them in
Figure 6(c).

83 HOMOLOGUES

George Polya, who made great contributionsnot only to mathematicsitself,
but aso to the understanding of how and why we do mathematics— or
perhaps one should say, “how and why we should do mathematics’ — was
particularly fascinated by the Platonic solids and first introduced his notion
of homologues (orally) in connection with the study of their symmetry. We
know that the idea of homologues played a key role in his thinking about
one of his greatest contributions to the branch of mathematics known
as combinatorics, namely, the Polya Enumeration Theorem (see [5] for
an intuitive account and [3] for a detailed account). Let us describe this
notion of homologues in terms of symmetry groups. We believe that we
are thereby increasing the scope of the notion while entirely maintaining
the spirit of Polya's original idea.l®

Let A beageometrical configurationin ageometry given by agroup I,
and let the symmetry group of A with respect to this geometry be I' ; and

16We will ourselves be discussing the Polya Enumeration Theorem in the next section.
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let B be asubset of A. Thus, for example, A may be a polyhedron and B
aface of that polyhedron. We consider the subgroup I'ag Of I cOnsisting
of those motions in the symmetry group ', of A that map B to itself. We
consider aright coset of I'ag iNT 5, thatis, aset T"'ag0, g € I'a. (Besureyou
understand what I" a5 and I' g mean before you read on.) Every element
in T g0 Sends B to the same subset Bg of A. The collection of these
subsets is what Polya called the collection of homologues of B in A. We
see that the set of homologues of B in A isin one-to-one correspondence
with the set of right cosets of I'ag in Ta.

Example 7 Consider the pentagonal dipyramid A of Figure 7(b). We
may specify any motion in the symmetry group of A by the resulting
permutation of its vertices 1, 2, 3, 4, 5, 6, 7; note that the polar vertices
are6 and 7. Infact, ' isthe dihedral group Ds, with 10 elements, given
by the following permutations:

— (1234567) (identity)

— (2345167) (rotation through 2 about axis 67)
— (3451267 (rotation through % about axis 67)
> (4512367 e

— (5123467) e

(1234567)1— (5432176) (interchanging the poles)

— (4321576) (interchange plusrotation
through &)

— (83215476) (interchange plusrotation
through 4¢)

— (2154376) e

— (1543276) e

First, let B be the edge 16. Then I'ng = {ld}, since only the identity
sends the subset (1, 6) to itself. Thus the index of T'ag in 'y is ten, and
there are ten homologues of the edge 16; these are the ten “ spines’ of the
dipyramid (i.e., we exclude the edges around the equator). Second, let B
be the edge 12. Then I" .5 has two elements, since there are two elements
of I' s, Nnamely the identity and (123456 7) — (2154 37 6), which
send the subset {1, 2} to itself. Thus the index of T'ag in ', is five, and
there are five homologues of the edge 12; these are the five edges around
the equator.
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Left hand end of pattern piece

@)

5

7
1 4 1 3

6

4

Pentagonal dipyramid Triangular dipyramid
(b) (©

FIGURE 7 The pentagonal dipyramid may be made from a strip of 31 eguilateral triangles.
You begin the constructions by placing the first triangle over the eighth triangle as shown in
Figure 7(a). At that point just let therest of the strip fall around the model, remembering what
it should look like when you are finished. The last triangle will tuck into a slot produced by an
edge of thetapefrom a previouscrossing of thelast face. A similar construction of thetriangular
dipyramid exists, beginning with a strip of 19 equilateral triangles. More detailed instructions
for preparing the strips may befound in Chapter 4.

Third, let B betheface 126. ThenT 5z = {Id}, sothat, asinthefirst case,
there are 10 homol ogues of the face 126; in other words, all the (triangular)
faces are homologues of each other.

e ¢ ¢ BREAK S

(1) Consider thetriangular dipyramid P of Figure 7(b). Specify the
motions of the symmetry group by writing down the resulting
permutations of its vertices 1, 2, 3, 4, 5; note that the polar
verticesare 4 and 5. In fact, I'p is the dihedral group Ds,with 6
elements.
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(2) How many homologues does the edge 12 have? How many ho-
mologues does the vertex 4 have? How many homologues does
the face 124 have?

Let us now explain the Polya Enumeration Theorem — actualy, there
are two theorems— and see how the notion of homologue fits into the
story.

84 THE POLYA ENUMERATION THEOREM

Let S be a finite set; the reader might like to keep in mind the set of
vertices (or edges, or faces) of a polygon or polyhedron. Let G be afinite
(symmetry) group acting on S. Suppose S has n elements, and that G
has m elements; we write |S| = n, |G| = m. We may represent the
elements of the set S by the integers 1,2, ---,n. If g € G, then g acts
as a permutation of {1,2,---,n}. Now every permutation is uniquely
expressible as a composition of cyclic permutations on mutually exclusive
subsets of the elements of S. For example, the permutation

123456 7891011 @)
247131156810 9

of the set Sof integers {1, 2, - - -, 11} isthe composite
(124)(375)(61198)(10)

where, e.g., (1 2 4) denotes the cyclic permutation

124
(241)
Thus the permutation (4) is the composite of one cyclic permutation of
length 1, two cyclic permutations of length 3, and one cyclic permuta-
tion of length 4, the cyclic permutations acting on digjoint subsets of the
set S. In general, apermutation of Shasthetype {a;, a,, - - -, a,} if it con-
sists of a; permutations of length 1, a, permutations of length 2, - - -, a,
permutations of length n, the permutations having digoint domains of ac-
tion; noticethat Y_" , ia; = n. For example, the permutation (4) has type
{1,0,2,1,0,0,0,0,0,0,0}. If g hastype {a;, a, - - -, &,}, we define the
cycleindex of g to be the monomial
Z(9) = Z(9: X1, Xa, ++ > Xn) = XP'X57 - X

n

Thecycleindex of G is Z(G) = Z(G; X4, Xz, -+, Xn) = 1 D _gec 2(0).
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FIGURE 8 We denotethislabeling of the vertices of the square by Jm2.

We give an example that we will revisit periodicaly throughout this
section.

Example8 We consider the symmetries’ of the square that is shown in
Figure 8.

The group G of symmetriesisthe group D, of order 8, which we here
describe as a group of permutations of the set S of vertices {1, 2, 3, 4}.
Thusn = 4, m = 8, and the elements of G are

g: (identity) (1)(2)(3)(4) cycleindex x{

(8] (12349 cycleindex x4
O3 (13)(24) cycleindex x5
g4 1432 cycleindex X4
Os (13)(2(4 cycleindex x2x,
% 24H(1)(3) cycleindex xix,
O (12(34)  cycleindex xZ
Os (14(23) cycleindex x5

Thusthe cycleindex of G, obtained from the calculations above, is

(X7 + 2X2% + 3X5 + 2Xy)

(e

We leave the example temporarily and return to the general case. Sup-
pose we want to color the elements of S. That is, we have a finite set Y
of colors, |Y| = r, and then a coloring of Sisafunction® f : S — Y.
For any g € G, weregard the colorings f and fg as indistinguishable or

17Recall that, in considering the symmetries of a polygon, we permit reflections in three-dimensional
space about aline.

18\We speak of acoloring of S; this may be literally true, or it may merely be ametaphor for arule for
dividing the elements of Sinto disjoint classes.
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equivalent; and a patternisan equivalence class of colorings. Then Polya's
first theoremis asfollows.

Theorem9 For agivengroup of symmetries G and agiven set of colorsY
with |Y| = r, the number of patternsis Z(G;r,r, ---,r).

Example8 (continued) Suppose the vertices of the square are to be col-
oredusingr colors. Thenthenumber of patternsis 2 (r* 4 2r® + 3r? + 2r).
If, in particular, the vertices are to be colored red or blue, thenr = 2, and
the number of patterns is (16 + 16 + 12+ 4) = 6. In fact, the patterns
are represented by the 6 colorings

R.R BoR BgB BuR RuB B.B
RER RER RER REp pEp gEp

Notice that we regard the colorings mR and mg, for example, asindistin-
guishable or equivalent; we are sure you see why.

We now describe Polya’ s second theorem. Thisisreally the big theorem,
and the first theorem is, in fact, deducible from it. Let us enumerate the
elementsof Y (thecolors) asyi, Vo, -« -, V.

Theorem 10 (The Polya Enumeration Theorem) Evaluate the cycle
index

r
Z(G: Xy, Xoy ..., Xy)  at x-=Zy}, i=12....n
=1

Ny

Then the coefficient of yi*y,? - - - y™ isthe number of patterns assign-
ing the color y; to n; elements™ of S.

Example 8 (continued) For the symmetries of the square we know that
1
Z(G) = é(x;‘ + 2X2X; + 3%3 + 2Xy)

LetY = {R, B}; thentheevaluationof Z(G)atx, = R +B',i = 1, 2, 3, 4,
yields

%((R—I— B)* + 2(R+ B)*(R? + B?) + 3(R* 4+ B%)? + 2(R* + BY))

= R*+ R°B + 2R?°B? + RB® + B*

190f course, Y _y nj =n.
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(It is, of course, no coincidence that this polynomial is homogeneous, of
degree | S|, and symmetric; and has integer coefficients.)

Thus the Polya Enumeration Theorem tells us that there is one pattern
with 4 red vertices (obvious); one pattern with 3 red vertices and 1 blue
vertex (represented by thecoloring EmR); 2 patternswith 2 red verticesand 2
bluevertices (represented by the colorings ZmE and Emg); and theremaining
possibilities are most easily analyzed by considering the symmetric roles
of Rand B.

Consider the various coloring functions S — Y representing a given
pattern. These functions al have the form fg : S — Y, where f isa
fixed coloring and g ranges over the elements of G. It will turn out that the
colorings fg are essentially the homologues of f. Let usfirst revert to our
example.

Example8 (continued) Aswe have seen, there is one coloring in which
al vertices of the square are colored red. There is only one homologue,
namely, RmF.
Thereisone coloring in which 3 vertices are colored red and one blue.
There are 4 homologues, namely,
BgR RgB RgR RgR
RER R"R RUB BER
There are two colorings in which 2 vertices are colored red and 2 blue.
In the first there are 4 homol ogues, namely,
BgB RgB RgR BgR
R'R R¥B B¥B BUR
In the second there are 2 homologues, namely,
BgR RgB
R¥B BER
You may complete the analysis by considerations of symmetry.

Let us now show how this concept of homologues agrees with our
earlier definition. We are given the group G of permutations® of S. Given
acoloring f : S — Y, we consider the subset G, of G consisting of
those g such that fg = f, that is, those movements of Sthat preserve the
coloring. It is easy to see (just as easy asin our earlier, smpler situation)
that Gq is a subgroup of G. Corresponding to each coset Gog of G in G
we have a coloring fg of S, and these colorings run through the pattern
determined by f. We describe the set of colorings { fg} in this pattern as
the set of homologues of the coloring f; just asin our geometric definition

2Recall, from Section 3, the group I' o of symmetries of the configuration A.
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in Section 3, they are in one-to-one correspondence with the set of right
cosetsof Gy in G.
e ¢ ¢ BREAK 6

(1) Construct the diagonal cube?* shown in Figure 3.
(2) Usethiscubetofill inthe following table:

Description of rotation The number of
about the axisthrough | Theamount | rotations of
the centers of of rotation thistype
Opposite faces +3 turn 6
Opposite faces S turn
Opposite vertices +turn
Opposite edges 2 turn
| dentity 0
Total number
of rotations

(3) Fill inthefollowing table about the permutations of four objects,
and make the obvious comparison of the two tables.

The number of
permutations of this
Description of the type of permutation | type

one cycle of
(———f)(lengthél) 6
two cycles, each
() (")
one cycle of length 3
(7 _ f)(—) (andonecycleoflengthl)

(77)(7)(7)( one cycle of length 2 )

and two cycles of length 1

() (fourcyclesof Iengthl,)

i.e., theidentity

Total
number of =
permutations

2INotice that the diagonal cube is so-called because of the appearance of the diagonals on each of its
faces. We are not referring to the interior diagonals of the cube.
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(4) Notice anything? (Hint: Think of the strips of your cube as being
numbered 1, 2, 3, 4 and observe what happensto the strips when
you perform the rotations in part (2). Thisis one very vivid way
to see why the symmetry group of the cube is S;. Of course,
there are other ways, too. For example, the interior diagonals of
the cube might be labeled 1, 2, 3, 4, and you would see that the
rotations of the cube simply permute these diagonals. It is just
alittle harder to “see” the interior diagonals than it is to see the
strips of the diagonal cube.

(5) Writethe cycleindex for the 4 strips of the diagonal cube.

(6) Use the Pblya Enumeration Theorem to determine how many
different diagonal cubes can be made with four stripsif you may
choose any one of four colors for each strip.

(7) Writethecycleindex for the6 stripsof the Golden Dodecahedron.

(8) Use the Pblya Enumeration Theorem to determine how many
different Golden Dodecahedra can be made with six strips, each
adifferent color.

*  Wearenow prepared to offer our general definition of ahomologue. To

help you to follow this, we first repeat briefly the two contexts in which
this notion has already arisen in this chapter.

First, consider a geometric configuration Z with respect to a geometry
givenby thegroup I'. Let G bethe subgroup of I' consisting of thoseg € T’
suchthat Zg = Z. So G isthe symmetry group of Z in the geometry given
by I'; G actson Z.

Set X = 2% = set of subsets of Z.

Now G actson X. Then x € X isasubset of Z, and G isthe subgroup
of G consisting of those g that map x to itself.22 Hence we obtain the set of
homologues of x; and the homologues are in one-to-one correspondence
with the cosets of G, in G.

Second, recall that, in this section, we have discussed the set of functions
f :S— Y, orcoloringsof S, andagroup G acting on S.

Let X = YS=setof coloringsof S, i.e., functionsfrom Sto Y
Then G actson X by therule
fg(s) = f(sg), geG, f:S—Y, seS

22|n Section3wehad Z = A, G =T'a, X = B, Gy = pg.
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Now, forany f,G; = {g|fg = f}, and weget aone-to-one correspon-
dence between the homologues of f,as described in this section, and the
cosetsof Gy in G. Thehomologuesof f arethe coloringsof Sdetermining
the same pattern as f .

Thus the common description, covering both applications, is this. A
group G actson aset S. Let Y be afixed set and consider the induced
actionof GonYS.If f € YS, thatis, if f isafunctionfrom StoY, let G¢
be the subgroup of G consisting of thoseg € G that fix f, that is, such that
fg = f. Thenthe homologues of f (with respect to G) are the functions
fg, as g ranges over G; and they are in one-to-one correspondence with
the cosets of G in G, under therule Geg «<— fg. In our first example
above, wehad S= Z, Y = {0, 1} (so that YS isthe set of subsets of Z),
and f = x.

Thisfulfills our promise to George Polyato write up his idea of homo-
logues.

We will give you a further example of homologues in Break 10; but
before we can make that example clear we need to describe even and odd

* permutations and the alternating group.

85 EVEN AND ODD PERMUTATIONS

We described the symmetry group of aregular tetrahedron asthealternating
group A4 consisting of even permutations of the set (1, 2, 3, 4). We owe
you at the very least a definition of this concept! The reason we postponed
giving you thisis that the precise definition is difficult to understand. See
if you agree with us.

Let A bethealternating formin n variables, that is, the expression

A= l_[ (Xi — X]) (5)
1<i<j<n
Then any permutation p in §, acts on A by permuting the suffixesi, j, - - -
appearing in (5) by means of p; thus

Ao= [T 04 —x,) (6)
1<i<j=<n
We claim that Ap is either A or —A. For, given any factor x; — x; of Ap,
theni = hp, | = kp, for some (unique) h, k between 1 and n, and either
Xn — Xk OF X, — X, occurred in A. Thus we are led to the following crucia
definition:
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Definition 11 The permutation p is even if Ap = A; it is odd if
Ap = —A

We call the evenness or oddness of a permutation its parity.

Example 12 Consider the cyclic permutation (1 2 3), that is, p(1) = 2,
p(2) =3, p(3) = L Thenif A= (X — X2)(X1 — X3) (X2 — X3),

Ap = (Xg — Xz) (X — X)) (Xg — X) = A

Thus p is even. On the other hand, if o is the permutation (1 3), that is,
0(1)=3,0(2) =2,06(3) =1, then

Ao = (X3 — X2)(Xzg — X)) (X2 — Xp) = —A,

S0 o isodd.

Now in the next break you will see that every permutation may be
expressed as a composition of transpositions, that is, of cycles that (like
(1 3) above) merely interchange two numbers. Granted this, one may show
the following:

Theorem 13 A permutation iseven if and only if it may be expressed as
a composition of an even number of transpositions.

You may ask—why don’'t we simply define an even permutation as
one that may be expressed as a composition of an even number of trans-
positions? For that is surely the reason for the use of the name “even.”
The answer isthat it is by no means obvious that, if a permutation can be
expressed as a composition of an even number of transpositions, it cannot
also be expressed as a composition of an odd number of transpositions. It
is, indeed, Theorem 13 that makes that fact clear.

However, before we prove Theorem 13, we'll take the promised break
and put you to work seeing why every permutation may be expressed as a
composition of transpositions.?®

e ¢ ¢ BREAK 7

(1) Satisfy yourselves, by looking at aparticular but not special case,
that every permutation of a set of numbers may be expressed as
a composition of cycles acting on digjoint sets of numbers. (See
our example (4).)

2\We adopt the usual convention that the identity permutation is the empty composition of
transpositions.
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(2) Wenow needto show that every cycle(q i - - - 1, ) isacomposition
of transpositions. Of course, thisholdsif r = 2. Now, if r > 3,
show that

(tatg - ) =1tz -+ tr—)(a ty)

(recall that fg means “do f, then do g”) and hence deduce, by
induction on r, that the cycle (11 t, --- /) isacomposition of
transpositions.

(3) Find an explicit expression for (¢4 t> --- ;) asacomposition of
transpositions.

Now we return to the proof of Theorem 13. It is obvious that even and
odd permutations under composition * act like ordinary integers under
addition, that is,

even x even = even,

odd x odd = even,
even x odd = odd,
odd x even = odd.

It therefore follows immediately that, if we can show that every transpo-
sition is odd, then it must be true that any permutation expressible as a
composition of an even number of transpositions is even, and any permu-
tation expressible as a composition of an odd number of transpositionsis
odd— and thiswill prove Theorem 13. Thuswe are | eft to prove that every
transposition is odd.

First, weclaimthat thetransposition (1 2) isodd. For if weapply (1 2) to
theform A = [, _;_, (X — X;), then the factor (X, — X,) is transformed
into its negative, while all the other factors are merely permuted among
themselves with no change of sign. Thus (1 2) is an odd permutation.
Second, consider the transposition (i j),i < j. Weclaim that

@2pa22p=aqjp, j=3
ApA2ApHh=@2jp, j=3
AHE@pa2aanep=ajp, i=3 j=3

Thus, since (1 2) isodd, soisevery (i j), and Theorem 13 is completely
proved.?

2Notice that the parity of a permutation is unaffected by the choice of n in Definition 11.
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e ¢ ¢ BREAK 8

Leto beanarbitrary element of §, andlet p bethecycle (i1 o - -+ )
in S,. Show that o ~*po isthecycle (1,0 1,0 --- o), where mo is
the effect of the permutation o on m.

Now itisplainthat the set of even permutationsof n objectsisasubgroup
of §; it is caled the alternating group on n objects and written A,,.
Moreover, if n > 2 and p is any odd permutation, then A,p is the set of
all odd permutations. For certainly every permutation in A,p is odd; and,
conversely, if o isodd, thenop~tiseven,op~t € A,, ando = (op1)p.
Thus §, is the digoint union of the two cosets A, and A, p, consisting of
the even and odd permutations, respectively, and hence A, is a subgroup
of §, of index 2, as claimed in Section 2.

Notice that we could have argued above using p A, instead of A,p;
indeed, and remarkably, p A, = Anp. It isa specia, and very important,
property of some subgroups H of a group G that gH = Hg for al
g € G. Wecall such subgroups normal. Our argument above can easily be
generalized to show that every subgroup of index 2 of an arbitrary group G
isnormal.

e ¢ ¢ BREAK 9

(1) Let P beasubgroup of S, andlet Q bethe subset of P consisting
of the even permutations in P. Show that Q is a subgroup of P
of index 1 or 2. Give an example of each possibility.

(2) Show that, if H is a subgroup of G of index 2, then, for any
g¢ H,wehavegH = Hg.

Finally, let us remark here that the reason that even permutations figure
so prominently in the discussion of symmetry in geometry is this: any
symmetry of a polyhedron, and any orientation-preserving symmetry of a
polygon, will induce an even permutation of the vertices. Try it and see!

e e ¢ BREAK 10

(D Itisafact that the regular tetrahedron (T) may beinscribedinthe
regular hexahedron or cube (H), as shown in Figure 9. Look at
the rotations of the cube (from Break 6) that leave T occupying
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T H O D I
F 4 6 8 12 20
\% 4 8 6 20 12
E 6 12 12 30 30
Axes | Z | ? 6 ?
of %” ? 4 ?
sym- | = 3
metry | Z ?
Planes of 6 ?
[ Ssymmetry 3
: 14 Faceangles | ? 24 ?
! | Diagonals 4 3 60 2
= (interior) 30 7
y 10
FIGURE 9 FIGURE 10 HereT is“tetrahedron,” H is“hexahedron” (or
“cube’), etc.

its original position within the cube. You should see that these
rotations are simply the even permutations of the four strips of
the diagonal cube (and that all the odd permutations move the
tetrahedron from its original position to the same new position).
Thus you have a dramatic confirmation that the symmetry group
of T is A4, the aternating subgroup of S, the symmetry group
of H.

(2) Figures 10 and 11, which are about the Platonic solids (see Fig-
ure 4), were copied by JP from Pélya’'s personal notebook. Fig-
ure 11 iseven in Polya's own handwriting. Seeif you can fill in
the blanksin Figure 10; and try to work out what Pblyameansin
Figure 11.
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Page from Polya's notebook

FIGURE 11 Asbefore, T is“tetrahedron,” H is*hexahedron” (or “cube”), etc.
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