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7
Velocity-Pressure Equations

The solution of the Navier-Stokes equations in velocity-pressure variables is
the subject of this chapter. This set of equations is of broader application
than the vorticity-streamfunction equations which are restricted to two-
dimensional flows. First, the Fourier method for computing fully periodic
flows is discussed. Then the major part of the chapter is devoted to the
case of one or more nonperiodic directions. In such a situation, the clas-
sical difficulty is the determination of the pressure field ensuring that the
velocity field is solenoidal. This problem is discussed according to the kind
of method used for the advancement in time. Time-discretization methods
leading, at each time-cycle, either to a Stokes problem or to a combina-
tion of Helmholtz and Darcy problems will be considered. Various solution
methods will be discussed and compared in typical examples. Finally, an
application to the calculation of a three-dimensional rotating flow will be
presented.

7.1 Introduction

This chapter is devoted to the solution of the Navier-Stokes equations in
the primitive variable formulation. These equations (see Chapter 5) are

∂tV +A (V,V) +∇p− ν∇2V = f (7.1)

∇ ·V = 0 , (7.2)
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where V = (u, v, w) is the velocity vector and p is the pressure. The initial
condition associated with Eqs.(7.1) and (7.2) is

V = V0 = (u0, v0, w0) (7.3)

and typical boundary conditions have been discussed in Chapter 5. Several
configurations will be considered in the present chapter : (1) fully peri-
odic three-dimensional flows, (2) flow in a two-dimensional channel with a
periodic direction, (3) flow in a two-dimensional square domain.

7.2 Fourier-Fourier-Fourier method

In this section we present the Fourier method for the calculation of the
three-dimensional spatially periodic solutions. This kind of solution is ada-
pted to the study of homogeneous turbulence. The application of truncated
Fourier series expansion to the direct numerical simulation (DNS) of tur-
bulence has been initiated by the works by Orszag (1969, 1971, 1972) and
Orszag and Patterson (1972). The success of these pioneering works was
due to a clever combination of the efficiency of the FFT and of high-speed
computing facilities.
Two points are important in the design of an efficient method : (1) the

time-discretization scheme, and (2) the form and treatment of the nonlinear
term. These questions are addressed now.
We assume that the forcing term f in Eq.(7.1) and the initial velocity

field V0 are 2π-periodic in the three spatial directions. The velocity vector
V (x, t) and the pressure p (x, t) with x = (x1, x2, x3) are approximated
according to

V (x, t) ∼= VK (x, t) =
∑
k

V̂k (t) ei k·x , (7.4)

p (x, t) ∼= pK (x, t) =
∑
k

p̂k (t) ei k·x . (7.5)

In these expressions, k = (k1, k2, k3) is the wavenumber vector, and the
sums are taken over k1, k2 and k3 such that −Kj ≤ kj ≤ Kj , j = 1, 2, 3.
Therefore, the notation φ̂k means φ̂k1,k2,k3 , and we set k

2 = |k|2 = k2
1 +

k2
2 + k3

3.
Now we apply the Fourier Galerkin method to the Navier-Stokes equa-

tions (7.1) and (7.2) with the approximation (7.4)-(7.5). We get a set of
differential equations for determining the Fourier coefficients V̂k and p̂k :

dtV̂k + Âk + ik p̂k + ν k2 V̂k = f̂k (7.6)

ik · V̂k = 0 , (7.7)
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to be solved for t > 0, with the initial condition

V̂k (0) = V̂0,k . (7.8)

In Eqs.(7.6) and (7.8), Âk, f̂k, and V̂0,k are the Fourier coefficients of
A, f , and V0, respectively. The pressure is eliminated by applying the
divergence operator in the Fourier space to Eq.(7.6), that is, by taking the
scalar product of Eq.(7.6) with ik, and using Eq.(7.7). We obtain

−k2 p̂k = ik · f̂k − ik · Âk

and Eq.(7.6) becomes

dtV̂k + ν k2 V̂k = ĝk − Ĉk (7.9)

with

ĝk = f̂k − k · f̂k
k2

k , (7.10)

Ĉk = Âk − k · Âk

k2
k . (7.11)

It is assumed that k2 �= 0. If k = 0, Eq.(7.7) is automatically satisfied
and Eq.(7.6) determines completely the velocity V̂0. The pressure p̂0 is
arbitrary in agreement with the property of the Navier-Stokes equations.
We may simply set p̂0 = 0, implying that the mean value of the pressure
is zero.

7.2.1 Time-discretization schemes

In the commonly used time-discretization schemes the nonlinear term Ĉk

is treated in an explicit way. For example, Orszag and Patterson (1972)
used the second-order Leap-Frog/Crank-Nicolson scheme (4.50). The ad-
vantage of this scheme is that it does not introduce numerical dissipation.
On the other hand, the leap-frog time-stepping slightly uncouples even and
odd time-cycles, thus producing oscillations. This is generally avoided by
averaging the numerical solution periodically every few time-cycles by a
procedure that conserves the second-order accuracy (see Peyret and Tay-
lor, 1983). Moreover, the Crank-Nicolson scheme presents the drawback of
not damping sufficiently the high-frequency modes. Higher-order methods
can be used like the Runge-Kutta method (Rogallo, 1977). We describe
now a “semi-exact” scheme proposed by Basdevant (1982) and used in
some studies of homogeneous turbulence (Roy, 1982, 1986 ; Vincent and
Meneguzzi, 1991).
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The semi-exact scheme consists of integrating formally Eq.(7.9) between
t� = (n+ 1−m)∆t and tn+1 = (n+ 1) ∆t. Then the integrals involving
the right-hand side of Eq.(7.9) are approximated by means of classical
integration formulas. More precisely, the integration of Eq.(7.9) gives

V̂n+1
k = V̂n+1−m

k e−ν k2 m ∆t + e−ν k2 (n+1) ∆t [I1 (tn+1, t�)− I2 (tn+1, t�)] ,

where

I1 (tn+1, t�) =
∫ tn+1

t�

eν k2 τ ĝk (τ) dτ ,

I2 (tn+1, t�) =
∫ tn+1

t�

eν k2 τ Ĉk (τ) dτ .

The choice of m, namely, t�, and that of the integration formula define
the scheme. For m = 2, I1 and I2, evaluated with the midpoint rule, give
the second-order scheme of leap-frog type :

V̂n+1
k = V̂n−1

k e−2 ν k2 ∆t − 2∆t e−ν k2 ∆t
(
Ĉn

k − ĝn
k

)
. (7.12)

Another choice, considered by Vincent and Meneguzzi (1991), consists of
setting m = 1, namely, t� = tn. Then, I1 (tn+1, tn) is evaluated with the
trapezoidal rule. The integral I2 (tn+1, tn) is written as

I2 (tn+1, tn) = I2 (tn+1, tn−1)− I2 (tn, tn−1) ,

then I2 (tn+1, tn−1) is evaluated with the midpoint rule and I2 (tn, tn−1)
with the trapezoidal rule. Finally we get the second-order scheme of Adams-
Bashforth type

V̂n+1
k = V̂n

k e
−ν k2 ∆t − ∆t

2

(
3 e−ν k2 ∆t Ĉn

k − e−2 ν k2 ∆t Ĉn−1
k

)

+
∆t
2

(
ĝn+1
k + e−ν k2 ∆tĝn

k

)
.

(7.13)

7.2.2 The nonlinear term

The form and numerical treatment of the nonlinear term Ĉk play a funda-
mental part in the stability of the scheme and in the quality of the numerical
results. As mentioned in Chapter 5, the nonlinear term in the Navier-Stokes
equations characterizing the convection of momentum can be considered in
any equivalent form : convective, conservative, skew-symmetric, or rota-
tional. This latter form is, however, somewhat different because the term
|V|2 /2 is included in the pressure term. In the discrete problem, the equiv-
alence may be lost so that different behaviours can be expected. This ques-
tion has been discussed by Canuto et al. (1988), Zang (1991), Blaisdell et
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al. (1996), and by Kravchenko and Moin (1997). We resume here the main
results of these investigations.
In case of zero viscosity (ν = 0) and without the forcing term (f = 0), the

resulting Euler equations conserve momentum Q and energy E, namely,

Q =
∫

Ω

V dΩ , E =
1
2

∫
Ω

|V|2 dΩ , Ω = [0, 2π]3 . (7.14)

It is highly desirable that these conservation properties be preserved in
the discrete framework. The conservation of energy is especially important
because it controls the stability of the numerical approximations (when
ν = 0). These properties are denominated “semiconservation properties”
when the Navier-Stokes equations are considered.
If the nonlinear term Ĉk was approximated by the Galerkin method,

the various form would be equivalent and the semiconservation proper-
ties would be satisfied. In practical calculations, however, the nonlinear
term Ĉk at time-levels n or n − 1 is evaluated through the pseudospec-
tral technique (Section 2.8). Due to aliasing errors, the resulting discrete
term is different according to the form of the nonlinear term, thus imply-
ing different properties. More precisely, it is found that the momentum
Q and energy E are semiconserved by the skew-symmetric and rotational
forms. On the other hand, only Q is semiconserved by the conservative
form and neither Q nor E is semiconserved by the convective form. Con-
sequently, we may expect these last two forms to be unstable for low
viscosity, while the first two forms are stable. This has effectively been
observed in the numerical calculations reported in the above-referenced
works.
It is interesting to compare the discrete version of the conservative and

convective forms with a simple one-dimensional example (Blaisdell et al.,
1996 ; Kravchenko and Moin, 1997). Let us consider u (x) and v (x), and
the equivalent two quantities

C(1) = (u v)′ , C(2) = u v′ + v u′ .

When determined with the pseudospectral technique, the Fourier coeffi-
cients Ĉ(1)

k and Ĉ(2)
k are, respectively, [see Eq.(2.56)] :

Ĉ
(1)
k = i k

∑
p+q=k

p,q

ûp v̂q + i

[ ∑
p+q=k+N

p,q

(p+ q) ûp v̂q

+
∑

p+q=k−N
p,q

(p+ q) ûp v̂q

] (7.15)
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and

Ĉ
(2)
k = i k

∑
p+q=k

p,q

ûp v̂q + i

[ ∑
p+q=k+N

p,q

(p+ q −N) ûp v̂q

+
∑

p+q=k−N
p,q

(p+ q +N) ûp v̂q

]
,

(7.16)

where the sums are taken over p = −K, . . . ,K, q = −K, . . . ,K, and
N = 2K + 1. In each of these expressions, the first sum is exactly the
Fourier coefficient which would be obtained with the Galerkin method.
The other sums in square brackets are aliasing terms. Moreover, it is easy
to see that the aliasing terms in Ĉ(1)

k and Ĉ(2)
k have opposite signs. Indeed,

the first sums in the square brackets are taken for 0 ≤ p + q ≤ 2K so
that − (2K + 1) ≤ p + q − N ≤ −1 and the second sums are taken for
−2K ≤ p+ q ≤ 0 so that 1 ≤ p+ q+N ≤ 2K + 1. Therefore, the aliasing
error associated with the skew-symmetric form

(
Ĉ

(1)
k + Ĉ

(2)
k

)
/2 is much

reduced, although not completely removed. This explains why the skew-
symmetric form, even without aliasing removal, generally gives stable and
accurate results and is recommended.
Concerning the rotational form, it has been observed (Zang, 1991 ;

Kravchenko and Moin, 1997) that, even with aliasing errors, the numerical
integration is stable but the results show an inability to maintain the tur-
bulence at the proper level. Nevertheless, Vincent and Meneguzzi (1991),
using a high spatial resolution, have obtained satisfactory results which
did not significantly differ from those obtained after removing the aliasing
errors.
When aliasing is removed using the 3/2 rule, for example (or other tech-

niques as discussed by Canuto et al., 1988), the discrete version of any
form of the nonlinear term is equivalent to the Galerkin approximation
and, consequently, is stable.

7.3 Fourier-Chebyshev method

The present section is devoted to the solution of the Navier-Stokes equa-
tions in a two-dimensional channel with one periodic direction. Besides its
intrinsic physical interest, such a configuration allows us to discuss the fun-
damentals of the numerical methods in a simple case where the necessary
algebra remains simple.
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7.3.1 Flow in a plane channel

In this section, we consider the flow in an infinite channel in the x-direction
with 2π-periodicity in this direction. Thus, the domain Ω in which Eqs. (7.1)
and (7.2) are solved is defined by 0 ≤ x ≤ 2π, −1 ≤ y ≤ 1. The forcing
term f = (fu, fv) and the initial velocity field

V = V0 (7.17)

are assumed to be 2π-periodic with respect to x. The boundary conditions
are

V (x,±1, t) = V±
Γ (x, t) =

(
u±Γ , v

±
Γ

)
, (7.18)

where V±
Γ is also 2π-periodic. The conservation of the total flow rate de-

mands ∫ 2π

0

(
v+
Γ − v−Γ

)
dy = 0 , (7.19)

that is, the mean values of v+
Γ and v−Γ must be equal. Note that in the case

of no-slip, impermeable walls, we have simply

V (x,±1, t) = 0 . (7.20)

Also, the case of a shear-stress-free wall may be considered, as defined by
Eq.(6.14).
Now the solution of the problem is such that the velocity V and the

pressure gradient ∇p are 2π-periodic. Under this circumstance, the mean
pressure gradient γ is assumed to be known (see Section 6.3.4).

7.3.2 Time-dependent Stokes equations

For a presentation of the basic properties of the solution methods, we begin
with the time-dependent Stokes equations

∂tV − ν∇2V +∇p = f , −1 < y < 1 (7.21)

∇ ·V = 0 , −1 < y < 1 (7.22)

to be solved with the initial condition (7.17) and the boundary conditions
(7.18). The solution (V, p) is sought in the form of truncated Fourier series
with respect to x :

VK (x, y, t) =
K∑

k=−K

V̂k (y, t) eikx ,

pK (x, y, t) = γx+
K∑

k=−K

p̂k (y, t) eikx .
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The Fourier Galerkin equations (see Section 2.6.1), satisfied by
(
V̂k, p̂k

)
,

k = −K, . . . ,K, with V̂k = (ûk, v̂k), are

∂tûk − ν
(
∂yy − k2

)
ûk + ikp̂k = f̂u,k (7.23)

∂tv̂k − ν
(
∂yy − k2

)
v̂k + ∂yp̂k = f̂v,k (7.24)

ikûk + ∂y v̂k = 0 , (7.25)

where γ has been included in f̂u,k. These equations are solved in−1 < y < 1
and t > 0 with the boundary conditions

ûk (±1, t) = û±Γ,k (t) , v̂k (±1, t) = v̂±Γ,k (t) (7.26)

and the initial conditions

ûk (y, 0) = û0,k (y) , v̂k (y, 0) = v̂0,k (y) (7.27)

satisfying the incompressibility condition

ikû0,k + ∂y v̂0,k = 0 . (7.28)

The usual time-discretization schemes for the Stokes (or Navier-Stokes)
equations can be classified into two categories according to the type of el-
liptic problem which has to be solved at each time-cycle. The first category
leads to the solution of a Stokes problem and the second one to the solution
of Helmholtz and Darcy problems. These two types of time-discretizations
and the associated solution methods are now discussed. The discussion will
concern, more precisely, the following points : (1) the formulation of the
discrete problem, (2) the resolvability of the resulting algebraic system, (3)
the stability of the time-scheme and (4) the algorithm for solving the alge-
braic system.

(a) Time-schemes leading to the Stokes problem
We consider the general three-level scheme presented in Section 4.4.1 and
already discussed (Section 6.3.1.b) in the case of the vorticity-streamfunc-
tion equations. Among the schemes (4.46) we select the subclass defined
by θ1 = θ = 1− θ2, so that the family of schemes depends only on the two
parameters ε and θ when applied to the time-dependent Stokes equations.
The semidiscrete equations are then

(1 + ε) ûn+1
k − 2εûn

k − (1− ε) ûn−1
k

2∆t
− ν
(
∂yy − k2

) [
θûn+1

k + (1− θ) ûn
k

]
+ ikp̂n+τ

k = θf̂n+1
u,k + (1− θ) f̂n

u,k

(7.29)
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(1 + ε) v̂n+1
k − 2εv̂n

k − (1− ε) v̂n−1
k

2∆t
− ν
(
∂yy − k2

) [
θv̂n+1

k + (1− θ) v̂n
k

]
+ ∂yp̂

n+τ
k = θf̂n+1

v,k + (1− θ) f̂n
v,k

(7.30)
ikûn+1

k + ∂y v̂
n+1
k = 0 (7.31)

ûn+1
k (±1) =

(
û±Γ,k

)n+1

(7.32)

v̂n+1
k (±1) =

(
v̂±Γ,k

)n+1

, (7.33)

where ûn
k
∼= ûk (y, n∆t), v̂n

k
∼= v̂k (y, n∆t), and p̂n+τ

k
∼= p̂k [y, (n+ τ)∆t].

The number τ which characterizes the time (n+ τ)∆t with τ > 0 is arbi-
trary and must be chosen in order to ensure the better truncation error.
This is due to the fact that no time derivative of the pressure appears in
the equations so that the pressure is defined within an arbitrary function of
time. As a matter of fact, it is the pressure gradient ∇p itself which should
be fixed at the time-level n+τ . In the above equations, the truncation error
analysis shows that τ can be taken equal to θ, except in the case θ = 0
(first-order scheme) where τ is arbitrary (τ > 0) and, generally, is taken
equal to 1. It must be noted that for k = 0, the pressure term disappears
from Eq.(7.29) and the mode p̂0 appears only through its y-derivative in
Eq.(7.30).
Therefore, the equations for determining the unknowns (ûn+1

k , v̂n+1
k , p̂n+1

k )
constitute a Stokes-type problem, also called a “generalized Stokes-prob-
lem”. The classical Stokes problem corresponds to σ = 0. We use the sim-
pler nomenclature “Stokes problem” even if σ �= 0.
Now the discretization of Eqs.(7.29)-(7.33) with respect to y makes use

of the Chebyshev collocation approximation. Therefore, the Fourier coef-
ficients of u, v, and p at time n∆t are approximated with polynomials of
degree at most N (namely, ûn

kN , v̂
n
kN , and p̂

n
kN ), and Eqs. (7.29)-(7.33) are

discretized using the collocation method (see Section 3.4.2) based on the
Gauss-Lobatto points yj [Eq.(6.26)]. The derivatives at each collocation
point yj are expressed in terms of the grid values by the usual expressions
developed in Section 3.3.4.
By prescribing the equations (7.29)-(7.31) to be satisfied at all inner

points yj , j = 1, . . . , N , and adding the boundary conditions, we get a
system of 3N + 1 complex equations for the 3 (N + 1) complex unknowns
(including the boundary values of the velocity). Hence, two equations must
be added. One possibility is to add the normal momentum equation written
for j = 0 and j = N . But, as shown by Orszag et al. (1986), such a
technique may be subject to instabilities which might be avoided by using
a special form of the diffusive term (see Section 7.4.2.c). Another way to
close the system is to add the incompressibility equation (7.31) prescribed
at the boundaries j = 0 and j = N . We consider here this second option
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which is in common use. Therefore, we get an algebraic system of 3 (N + 1)
equations for the 3 (N + 1) unknowns ûn+1

kN (yj), v̂n+1
kN (yj), and p̂n+1

kN (yj),
j = 0, . . . , N .
For k �= 0, it can be shown theoretically (Bernardi and Maday, 1992) and

numerically (Bwemba, 1994) that the algebraic system admits a unique
solution. For k = 0, the matrix of the system has two eigenvalues equal
to zero. One corresponds to the fact that the pressure is defined up to a
constant, but the other zero eigenvalue corresponds to a spurious pressure
mode. This issue will be addressed at the end of the section, and up to that
point we assume that k �= 0.
The stability has been numerically studied by Bwemba (1994) in the

case of the two-level scheme (θ-scheme) defined by ε = 1. By considering
the homogeneous problem (û±Γ,k = v̂±Γ,k = f̂u,k = f̂v,k = 0), the algebraic
system has the form

A1Φn+1 +A0Φn = 0 (7.34)

where Φn+1 is the (3N − 1)-vector defined by

Φn+1 =
(
ûn+1

kN (y1) , . . . , ûn+1
kN (yN−1) , v̂n+1

kN (y1) ,

. . . , v̂n+1
kN (yN−1) , p̂n+τ

kN (y0) , . . . , p̂n+τ
kN (yN )

)T
.

The expression for the (3N − 1) × (3N − 1) matrices A0 and A1 is easily
obtained from the Chebyshev differentiation matrix D. A necessary con-
dition for stability is that the spectral radius of E = A−1

1 A0 is not larger
than 1. The eigenvalues µ of the matrix E are the roots of the equation

det (A0 + µA1) = 0 (7.35)

numerically calculated by means of a computer routine for generalized
eigenvalue problems. Because the pressure appears only in A1 Φn+1 (i.e.,
not in A0 Φn) and the divergence equation only at level n+1, the equation
(7.35) admits only N − 3 nonzero roots. It is found that ρ (E) ≤ 1 for any
∆t if θ ≥ 1/2. For θ < 1/2, there exists a critical time-step ∆t� such that
ρ (E) ≤ 1 if ∆t ≤ ∆t�. This result is in agreement with the usual result
concerning the stability of the θ-scheme applied to the diffusion equation
(Section 4.3.2), contrary to the case of the vorticity-streamfunction equa-
tions (Section 6.3.2.e).
For several reasons already discussed (Sections 4.4.2.a, 4.5.1.b), the three-

level scheme defined by ε = 2 and θ = τ = 1 is preferred to the two-level
Crank-Nicolson scheme defined by ε = 1 and θ = τ = 1/2. The apparent
advantage of the Crank-Nicolson scheme concerning the number of time-
levels involved disappears when considering the Navier-Stokes equations,
since both schemes use a three-level Adams-Bashforth extrapolation for the
nonlinear convective term. The solution of the algebraic system is addressed
in the next section.
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(b) Solution of the Stokes problem by the Uzawa method
As indicated, the implicit discretization of the time-dependent Stokes equa-
tions leads to the solution of a Stokes problem at each time-cycle. In this
section, we discuss the solution of the discrete Stokes problem by means of
the Uzawa method.
Let us consider Eqs. (7.29)-(7.33) in the case ε = 2 and θ = τ = 1. Then,

for the sake of simplification, we set

iûn+1
k = u , v̂n+1

k = v , p̂n+1
k = p ,

3
2 ν∆t

+ k2 = σ ,

− i

ν
f̂n+1

u,k − i
4ûn

k − 3ûn−1
k

2∆t
= fu , −1

ν
f̂n+1

v,k − i
4v̂n

k − 3v̂n−1
k

2∆t
= fv ,

i
(
û±Γ,k

)n+1

= γ± ,
(
v̂±Γ,k

)n+1

= g± .

Hence, the Stokes problem to be solved for each Fourier mode and at each
time-cycle is

u′′ − σ u+ k p = fu , −1 < y < 1 (7.36)

v′′ − σ v − p′ = fv , −1 < y < 1 (7.37)

k u+ v′ = 0 , −1 < y < 1 (7.38)

u (−1) = γ− , u (1) = γ+ (7.39)

v (−1) = g− , v (1) = g+ . (7.40)

In the Chebyshev collocation method considered here, the momentum
equations (7.36) and (7.37) are enforced at the inner collocation points yj ,
j = 1, . . . , N−1 [see Eq.(6.26)], while the incompressibility equation (7.38)
is enforced at all collocation points, including the boundaries y0 = 1 and
yN = −1. The velocity (u, v) and the pressure p are approximated with
polynomials of degree at most N , namely, u ∼= uN ∈ IPN , v ∼= vN ∈ IPN ,
and p ∼= pN ∈ IPN . Such an approximation, where velocity and pressure
are both approximated in IPN , is usually denoted by IPN − IPN , in contrast
with the method where the pressure is approximated with a polynomial of
degree N − 2 (IPN − IPN−2 approximation). This point will be discussed
below and especially in Section 7.4.2.b.
We set uj = uN (yj), vj = vN (yj), pj = pN (yj), and we introduce the

notations

Dφj =
N∑

l=0

d
(1)
j,l φl , D2φj =

N∑
l=0

d
(2)
j,l φl . (7.41)

The system (7.36)-(7.40) is discretized according to(
D2 − σ

)
uj + k pj = fu,j , j = 1, . . . , N − 1 , (7.42)(

D2 − σ
)
vj −Dpj = fv,j , j = 1, . . . , N − 1 , (7.43)
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k uj +Dvj = 0 , j = 0, . . . , N , (7.44)

u0 = γ+ , uN = γ− , (7.45)

v0 = g+ , vN = g− . (7.46)

It is convenient to write these equations in vector form. We introduce
the vectors of the unknowns

U� =




u1

...
uN−1


 , V� =




v1

...
vN−1


 , P =




p0

...
pN




such that Eqs (7.42)-(7.44) become

HU� + k I1 P = S�
u (7.47)

H V� −D5 P = S�
v (7.48)

k I3 U� +D6 V� = SQ , (7.49)

with H defined by
H = D2 − σ I ,

where D2 is the (N − 1)× (N − 1) matrix defined in Section 4.4.2, namely,

D2 =
[
d
(2)
i,j

]
, i = 1, . . . , N − 1 , j = 1, . . . , N − 1 . (7.50)

The (N − 1)× (N + 1) matrix D5 is defined by

D5 =
[
d
(1)
i,j

]
, i = 1, . . . , N − 1 , j = 0, . . . , N , (7.51)

and the (N + 1)× (N − 1) matrix D6 by

D6 =
[
d
(1)
i,j

]
, i = 0, . . . , N , j = 1, . . . , N − 1 . (7.52)

Then I is the (N −1)× (N −1) identity matrix, I1 is the (N −1)× (N +1)
matrix defined in Section 6.3.2.b [Eq.(6.33)], and I3 is the (N+1)×(N−1)
matrix defined by

I3 = [δi−1,j ] , i = 0, . . . , N , j = 1, . . . , N − 1 , (7.53)

where δi,j is the Kronecker delta.
Lastly, the (N −1)-vectors, S�

u = [su,j ] and S�
v = [sv,j ], j = 1, . . . , N −1,

are, respectively, defined by

su,j = fu,j − d
(2)
j,0 γ+ − d

(2)
j,N γ− ,

sv,j = fv,j − d
(2)
j,0 g+ − d

(2)
j,N g− ,
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while the (N + 1)-vector SQ = [sQ,j ], j = 0, . . . , N , is defined by

sQ,0 = −k γ+ − d
(1)
0,0 g+ − d

(1)
0,N g− ,

sQ,j = −d(1)
j,0 g+ − d

(1)
j,N g− , j = 1, . . . , N − 1 ,

sQ,N = −k γ− − d
(1)
N,0 g+ − d

(1)
N,N g− .

The solution of (7.47)-(7.49) is obtained by the Uzawa method. The
method consists of formally solving (7.47) and (7.48) with respect to U�

and V� :
U� = H−1 (S�

u − k I1 P )

V� = H−1 (S�
v +D5 P ) ,

which are then brought into Eq.(7.49) to give the equation

U P = G , (7.54)

where U is the Uzawa operator defined by

U = D6 H−1 D5 − k2 I3 H−1 I1 (7.55)

and
G = SQ − k I3 H−1 S�

u −D6 H−1 S�
v .

Therefore, the direct Uzawa algorithm is as follows :

1. Calculate P by solving Eq.(7.54).
2. Calculate U� and V� by, respectively, solving Eqs.(7.47) and (7.48).

The implementation of the algorithm involves the solution of two alge-
braic systems with matrices U and H, respectively. The eigenvalues of H
are real and negative since this matrix is the discrete approximation to
the Helmholtz equations with Dirichlet conditions (see Section 3.7.1). The
matrix U has real positive eigenvalues except for k = 0, in which case two
eigenvalues are zero (the case k = 0 is discussed below). For fixed N and
k (�= 0), the condition number κ(σ) of U is a slowly varying function of
σ. For example, for N = 16, k = 1, we find κ (10) = 1.77 × 10−3 and
κ
(
104
)
= 2.54× 10−4.

In the present one-dimensional case, the matrices U and H can be in-
verted and their inverse stored. Thus, at each time-step the above algorithm
reduces to three matrix-vector products. On the other hand, in the multidi-
mensional case, the inversions cannot be considered and the solution must
be iterative. The crude iterative Uzawa procedure for solving the system
(7.47)-(7.49) is the following :

Pm+1 − Pm = −α (k I3 U
m
� +D6 V

m
� − SQ) (7.56)
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HUm+1
� = S�

u − k I1 P
m+1 (7.57)

H V m+1
� = S�

v +D5 P
m+1 , (7.58)

where m refers to the iteration and α is a relaxation parameter. The con-
vergence of such an iterative procedure is very poor and must be improved
by applying a preconditioning operator A0 to Pm+1 − Pm and calculating
the relaxation parameter α in a dynamic way as described in Section 3.8.
The choice of the preconditioner A0 is crucial and difficult. To our knowl-
edge, the ideal preconditioner does not exist yet, mainly because of the
poor properties of the Chebyshev collocation Uzawa operator.
Le Marec et al. (1996) have applied the preconditioner, originally pro-

posed by Cahouet and Chabard (1988) for a finite-element method, to the
Chebyshev collocation method. The idea is to examine what the Uzawa op-
erator would be if the problem were also approximated in the y-direction
by the Fourier rather than the Chebyshev method. For this it is convenient
to come back to the continuous equations (7.36)-(7.3.21) and to consider
their expressions in the Fourier space (with frequency λ) corresponding to
y. We recall that σ = k2 + σ0 where k refers to the Fourier approximation
in the x-direction and σ0 = 2/(3ν∆t). Thus, the expression of the Uzawa
operator in the (k, λ) Fourier space is

k2 + λ2

σ0 + k2 + λ2

which may be considered as the Fourier approximation to the operator A
such that

A0 =
[
I − σ0 (∂xx + ∂yy)

−1
]−1

.

This operator, supplemented with homogeneous Neumann boundary con-
ditions, is proposed as a preconditioner by Cahouet and Chabard (1988).
In the present case, the discrete form of A is the matrix

A0 =
[
I0 − σ0

(
D7 − k2 I0

)−1
]−1

,

where I0 is the (N +1)× (N +1) identity matrix and D7 is the (N +1)×
(N +1) matrix approximating the second-order y-derivative operator with
Neumann boundary conditions, that is,

D7 =


 d

(1)
0,0 · · · d

(1)
0,N

[ D4 ]
d
(1)
N,0 · · · d

(1)
N,N


 , (7.59)

where D4 is the (N − 1)× (N + 1) matrix defined in Eq.(6.36). Therefore,
Eq.(7.56) is replaced by

A0

(
Pm+1 − Pm

)
= −αm (k I3 U

m
� +D6 V

m
� − SQ) , (7.60)
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where αm is the relaxation parameter whose expression is specified below.
The system consisting of Eqs.(7.57), (7.58) and (7.60) is solved iteratively
according to the following algorithm :

1. Initialization
P 0 is given,

HU0
� = S�

u − k I1 P
0

H V 0
� = S�

v +D5 P
0

R0 = k I3 U
0
� +D6 V

0
� − SQ ,

and
−
(
D7 − k2 I0

)
Φ0 = R0

W 0 = R0 + σ0 Φ0 .

2. Current iteration (m ≥ 0)
Pm, Um

� , V
m
� , Rm, and Wm are known,

HU
m

� = −k I1 W
m

H V
m

� = D5 W
m

R
m

= k I3 U
m

� +D6 V
m

�

then

Pm+1 = Pm − αm Wm

Um+1
� = Um

� − αm U
m

�

V m+1
� = V m

� − αm V
m

�

Rm+1 = Rm − αm R
m
,

and
−
(
D7 − k2 I0

)
Φ

m
= R

m

Wm+1 = Wm − αm

(
R

m
+ σ0Φ

m
)
.

The algorithm is stopped when the divergence measured by Rm is suffi-
ciently small, as well as U

m

� and V
m

� .
Le Marec et al. (1996) have tested two types of relaxation parameters.

The parameter associated with the steepest descent method

αm =
(Rm,Wm)(
R

m
,Wm

)
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and the one corresponding to the minimal residual method

αm =

(
Rm, R

m
)

(
R

m
, R

m
) ,

where (·, ·) designates the Euclidian scalar product. Both parameters give
roughly the same rate of convergence τ . This rate of convergence is defined
as

τ =

(
‖∇ · �V m‖
‖∇ · �V 0‖

)1/m

,

where ‖ · ‖ is the discrete L∞-norm. Numerical experiments performed by
Le Marec et al. (1996) show that τ � 0.52 − 0.68 for two- and three-
dimensional Cartesian computations. On the other hand, the rate deteri-
orates for three-dimensional axisymmetric computations since it is about
0.69−0.75 according to the values of σ0. These results show that, at least in
the Cartesian case, the number of iterations needed to reach a reasonable
convergence may be relatively small if the initial field is not too far from
solenoidal. This happens in a time-integration process when the iterative
Uzawa procedure is initialized with the solution at the previous time-cycle.
The above Uzawa algorithm needs only the solution of Helmholtz or Pois-

son problems with Dirichlet or Neumann conditions. In the multidimen-
sional case, the algebraic systems can be solved by the matrix-diagonaliza-
tion method described in Section 3.7.
Now we consider the special case k = 0. For k = 0, the matrix U is

found to have two eigenvalues equal to zero. This behaviour was already
mentioned. One of the zero eigenvalues expresses the fact that the pressure
is defined up to a constant. The second null eigenvalue corresponds to
the so-called spurious mode of pressure associated with the collocation
discretization. This comes from the fact that, when k = 0, the pressure
appears in Eqs.(7.36)-(7.40) only through its derivative p′(y) and that it is
the same in the approximate problem. More precisely, let us consider the
Chebyshev approximation pN (y) to the pressure p(y), namely,

pN (y) = p̂0 T0 + p̂N TN (y) +
N−1∑
k=1

p̂k Tk (y)

with T0 = 1. Then, by differentiation, we get

p′N (y) = p̂N T ′
N (y) +

N−1∑
k=1

p̂k T
′
k (y) .

Therefore, the mode p̂0 does not appear in the discrete derivative. This
mode is not spurious since it has a physical meaning. On the other hand,
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since T ′
N (yj) = 0 for j = 1, . . . , N − 1, the mode p̂N does not also appear

in the discrete Stokes problem, which does not involve the pressure nor the
boundary values of its derivative since the discrete system is closed by pre-
scribing the incompressibility equation (7.39) at the boundaries. Therefore,
the mode p̂N , which is not controlled by the problem is spurious, its value
remains undetermined. If we assume the algebraic system to be solved by
a special technique (Section 7.4.1.b), the resulting pressure remains con-
taminated by the spurious mode and may exhibit oscillations. The velocity
field, however, is not contaminated and is correctly computed. Hence, if the
pressure field is not of physical interest, the presence of spurious modes is
unimportant. If not, the possible remedies are :
(i) filter the spurious mode,
(ii) calculate the correct pressure from the Poisson equation,
(iii) use a staggered mesh,
(iv) use the single-grid IPN − IPN−2 approximation.

This question of spurious modes will again be discussed in the two-
dimensional case (Section 7.4) where the problem is more delicate than
here. In fact, for k = 0, the Stokes problem (7.36)-(7.40) considerably sim-
plifies and becomes

u′′ − σ u = fu , −1 < y < 1 (7.61)

u (−1) = γ− , u (1) = γ+ , (7.62)

and
v′′ − σ v − p′ = fv , −1 < y < 1 (7.63)

v′ = 0 , −1 < y < 1 (7.64)

v (−1) = g− , v (1) = g+ . (7.65)

This problem is easily solved. The first two equations give u. The conser-
vation of the total flow rate imposes g+ = g− = g, so that v (y) = g ; then
the v-equation gives, up to a constant,

p = −σ g y −
∫ y

fv (η) dη .

Note that, for k = 0, the stability of the time-discretization scheme
(7.29)-(7.33) reduces to the stability of the diffusion equation for ûn+1

k and
v̂n+1

k .
To close this section, we mention that the consideration of the stress-

free boundary conditions (6.14) does not change the algorithm described
above. As done in Section 3.7.1, the value of the tangential velocity at the
boundary y = 1, namely, u0, is eliminated thanks to the boundary con-
dition Du0 = 0. In this way, we again obtain Eqs. (7.47)-(7.49) with a
redefinition of H, I3, S�

u and SQ.
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(c) Solution of the Stokes problem by the influence matrix
method
The Uzawa method, just described, losses some efficiency in the multidi-
mensional case because of the necessity to employ an iterative procedure
whose convergence may be slow. In the context of direct method, an al-
ternative is constituted by the influence matrix method. The method is
commonly used in two-dimensional problems, but its application to the
three-dimensional case cannot be considered due to the huge size of the
influence matrix, whose order is determined by the number of collocation
points belonging to the domain boundary.
The influence matrix method for solving the Stokes problem in primitive

variables has been introduced by Kleiser and Schumann (1980). They were
interested in the calculation of three-dimensional channel flows with two
periodic directions. In the third direction, associated with no-slip boundary
conditions, Kleiser and Schumann derive a Poisson equation for the pressure
and determine the boundary values of the pressure ensuring that the veloc-
ity divergence is zero. This problem is solved by means of the Chebyshev
tau method. This method extended to the two-dimensional configuration
has been developed by Le Quéré and Alziary de Roquefort (1985), then
it was improved by Tuckerman (1989). This improvement ensures that the
polynomial approximating the divergence of the velocity is identically zero,
as obtained, in the one-dimensional case, by Kleiser and Schumann (1980).
The extension of the method to the Chebyshev collocation approximation
was proposed by Canuto et al. (1988) in the one-dimensional case and by
Madabhushi et al. (1993) in the two-dimensional case. The mathematical
analysis of the influence matrix technique associated with the tau method
has been done by Canuto and Sacchi-Landriani (1986) for the Legendre
polynomial approximation and by Sacchi-Landriani (1986) in the Cheby-
shev polynomial case.
To begin with, we present the influence matrix method in its simplified

version, which does not ensure the velocity divergence to be exactly zero.
The reason for this deficiency will be discussed, and the remedy resulting
from this discussion will be presented.

c1. The “simplified” influence matrix method
As commonly done when dealing with the Stokes or Navier-Stokes equa-
tions, we begin to construct a Poisson equation for the pressure. As a matter
of fact, in Fourier space, as considered in Eqs.(7.36)-(7.40), the pressure is
a solution of a Helmholtz equation. This equation is obtained by consid-
ering the linear combination of Eq.(7.36) multiplied by k, and Eq.(7.37)
differentiated with respect to y, in order to make apparent the divergence
of the velocity Q = k u+ v′. We obtain

(Q′′ − σQ)−
(
p′′ − k2 p

)
= k fu + f ′

v .
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Then, from Eq.(7.38), we have simply

p′′ − k2 p = fp , (7.66)

where
fp = −k fu − f ′

v . (7.67)

Therefore, if p satisfies Eq.(7.66) and if u and v are, respectively, determined
by Eq.(7.36) and (7.37), the divergence Q satisfies the Helmholtz equation

Q′′ − σQ = 0 , −1 < y < 1 . (7.68)

Consequently Q = 0 everywhere in −1 ≤ y ≤ 1 if Q satisfies the conditions

Q (−1) = 0 , Q (1) = 0 . (7.69)

Therefore, the P-Problem to be solved is decomposed into two problems.
The first one determines p and v :

p′′ − k2 p = fp , −1 < y < 1 (7.70)

v′′ − σ v − p′ = fv , −1 < y < 1 (7.71)

v (±1) = g± , (7.72)

v′ (±1) = −k g± = h± , (7.73)

and the second one determines u once p is known

u′′ − σ u = fu − k p , −1 < y < 1 , (7.74)

u (±1) = γ± . (7.75)

This simple Helmholtz problem is easily solved.
One may observe that the problem for p and v is similar to the one

previously encountered for ω and ψ in Section 6.3, so that the solution
algorithm for calculating (p, v) will follow the same outlines. This leads to
inevitable repetitions, but is necessary for an understanding of the devel-
opments which follow.
The Chebyshev collocation method, applied to the solution of the two

problems above, leads to algebraic systems determining the unknowns

u (yj) ∼= uN (yj) = uj , v (yj) ∼= vN (yj) = vj , p (yj) ∼= pN (yj) = pj ,

where uN , vN , and pN are polynomials of degree at most N , and yj , j =
0, . . . , N , are the Gauss-Lobatto points (6.26).
The system determining (pj , vj), j = 0, . . . , N , is

Lp,j ≡
(
D2 − k2

)
pj − fp,j = 0 , j = 1, . . . , N − 1 (7.76)
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Lv,j ≡
(
D2 − σ

)
vj −Dpj − fv,j = 0 , j = 1, . . . , N − 1 (7.77)

v0 = g+ (7.78)

vN = g− (7.79)

Dv0 = h+ (7.80)

DvN = h− , (7.81)

and the system determining uj , j = 0, . . . , N , is

Lu,j ≡
(
D2 − σ

)
uj + k pj − fu,j = 0 , j = 1, . . . , N − 1 (7.82)

u0 = γ+ (7.83)

uN = γ− . (7.84)

This last system is easily solved once as pj is known from the first system.
It is convenient to write this first system in vector form. Let us consider
the vectors P and V containing the unknowns, and the 2(N +1)-vector Φ,
respectively, defined by

P =




p0

...
pN


 , V =




v0

...
vN


 , Φ =

(
P
V

)
,

then the vector form of the system (7.76)-(7.81) is

AΦ = S . (7.85)

The 2(N + 1)× 2(N + 1) matrix A is

A =




B2 O1

−D5 B1

O2 I2

O2 D3


 ,

where B1 and B2 are (N − 1)× (N + 1) matrices such that

B1 = D4 − σ I1 , B2 = D4 − k2 I1

with D4 and I1 defined in Section 6.3.2.b by Eqs.(6.36) and (6.33), respec-
tively. The matrices O1, O2, and I2 were also defined in the same section.
The matrix D5 is defined by Eq.(7.51). Finally, the 2(N + 1)-vector S is

S = (fp,1 , . . . , fp,N−1 , fv,1 , . . . , fv,N−1 , g+ , g− , h+ , h−)
T
.

As for the ω-ψ problem, the large 2(N + 1) × 2(N + 1) system (7.85)
is solved by an algorithm leading to the solution of six smaller (N + 1) ×
(N+1) systems. This algorithm is the discrete form of the influence matrix
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technique usually presented on the continuous problem, and which will be
described later.
The solution of (7.85) is sought in the form

Φ = Φ̃ + ξ1 Φ+ ξ2 Φ2 , (7.86)

where ξ1 and ξ2 are scalars and Φ̃, Φ1 and Φ2 are respectively the vector
solution of

Â Φ̃ = S̃ (7.87)

ÂΦ1 = S1 (7.88)

ÂΦ2 = S2 , (7.89)

where

Â =




B2 O1

−D5 B1

O2 I2

I2 O2


 .

Therefore, Â is the matrix which would result from the discrete problem
(7.76)-(7.81) if the Neumann conditions on v [Eqs.(7.80) and (7.81)] were
replaced by Dirichlet conditions on p. These Dirichlet conditions are ho-
mogeneous so that the vector S̃ has the form

S̃ = (fp,1 , . . . , fp,N−1 , fv,1 , . . . , fv,N−1 , g+ , g− , 0 , 0)T .

Then, the vectors S1 and S2 are

S1 = (0 , . . . , 0 , 0 , 1)
T
, S2 = (0 , . . . , 0 , 1 , 1)

T
.

From this it results that Φ, as defined by Eq.(7.86), is the solution to

ÂΦ = S� (7.90)

with

S� = (fp,1 , . . . , fp,N−1 , fv,1 , . . . , fv,N−1 , g+ , g− , ξ2 , ξ1)
T
.

Now it is easy to check that the first 2N equations of system (7.90) coincide
with the 2N equations (7.76)-(7.79). In other words, the vector Φ defined
by Eq.(7.86) satisfies these 2N equations whatever the constants ξ1 and ξ2.
These constants are then determined such that the last two equations (7.80)
and (7.81), namely, the Neumann conditions on v, are satisfied. Thus, we
impose

C
(
Φ̃ + ξ1 Φ1 + ξ2 Φ2

)
= E (7.91)

where the 2×2(N +1) matrix C and the vector E are, respectively, defined
by

C = [O2 D3] , E = (h+ , h−)
T
.
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Now we consider the vectors Ṽ , V 1, and V 2 such that

Φ̃ =
(

P̃

Ṽ

)
, Φl =

(
P l

V l

)
, l = 1, 2

with

P̃ = (p̃0 , . . . , p̃N )
T
, P l =

(
pl,0 , . . . , pl,N

)T
, l = 1, 2

Ṽ = (ṽ0 , . . . , ṽN )
T
, V l = (vl,0 , . . . , vl,N )

T
, l = 1, 2 .

Because of the special structure of C, the 2× 2 system (7.91) reduces to

ξ1 D3 V 1 + ξ2 D3 V 2 = Ẽ

where
Ẽ = E −D3 Ṽ . (7.92)

This system is written as
MΞ = Ẽ (7.93)

where Ξ = (ξ1, ξ2)
T and the influence (or “capacitance”) matrix M is the

2× 2 matrix

M =
[
D3 V 1 D3 V 2

]
= [mi,j ] , i = 0, N , j = 1, 2

such that

mi,j =
N∑

l=0

d
(1)
i,l vj,l .

The solution of the system (7.93) gives the constants ξ1 and ξ2, so that
the solution Φ is completely determined. The matrix M is invertible (as
discussed later) except for k = 0. For this value of k, the matrix M has a
null eigenvalue. This corresponds to the fact that the pressure is determined
up to a constant. In the present one-dimensional case, the mode k = 0 is
easily calculated as explained in the preceding section.
Now the important point is that the decomposition described above al-

lows us to replace the solution of the large initial 2(N + 1) × 2(N + 1)
system by that of the smaller (N + 1)× (N + 1) systems. This is obtained
thanks to the special structure of the matrix Â. Thus, the system (7.87) is
split into the following two systems. The first one determines P̃ :

Â1 P̃ = S̃1 (7.94)

where

Â1 =
(

B2

I2

)
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and
S̃1 = (fp,1 , . . . , fp,N−1 , 0 , 0)

T
.

Then P̃ having been calculated, the second system determines Ṽ , namely

Â2 Ṽ = S̃2 + Â3 P̃ (7.95)

with

Â2 =
(

B1

I2

)
, Â3 =

(
D5

O2

)

and
S̃2 = (fv,1 , . . . , fv,N−1 , g+ , g−)

T
.

In the same way, each of the systems (7.88) and (7.89) is split into two
smaller systems. The first system determines P l, l = 1, 2 :

Â1 P l = Sl,1 , l = 1, 2 (7.96)

with
S1,1 = (0 , . . . , 0 , 0 , 1)

T
, S2,1 = (0 , . . . , 0 , 1 , 0)

T

and the second system determines V l, l = 1, 2, namely

Â2 V l = Â3 P l , l = 1, 2 . (7.97)

The dimension of each of these smaller systems is (N +1)× (N +1). The
matrices Âl, l = 1, 2, are inverted once and for all before the start of the
time-integration and their inverses are stored. In the same way, the elemen-
tary solutions P l and V l, l = 1, 2, are calculated in the preprocessing stage,
as well as the matrix M and its inverse M−1. The elementary solutions
and the matrix M−1 are stored, so that the solution at each time-cycle is
obtained through Algorithm A :

1. Calculate P̃ and Ṽ by

P̃ = Â−1
1 S̃1 , Ṽ = Ã−1

2

(
S̃2 + Ã3 P̃

)
.

2. Calculate Ẽ by Eq.(7.92).
3. Calculate Ξ by Ξ =M−1 Ẽ.
4. Calculate P and V by Eq.(7.86).
5. Calculate U = (u0, . . . , uN )

T by solving the system (7.82)-(7.84).

We point out that the resolvability of the initial system (7.85) (for k �= 0)
is a consequence of the resolvability of the various systems (7.94)-(7.97)
corresponding to Dirichlet problems for Helmholtz equations and the re-
solvability of the system (7.93).
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As for the vorticity-streamfunction equations, the algorithm just de-
scribed for solving the discrete system (7.76)-(7.81) can also be obtained
from the Chebyshev collocation approximation of a set of differential prob-
lems derived from Eqs.(7.70)-(7.73). As a matter of fact, this is the usual
way to introduce the influence matrix method, as done by Kleiser and Schu-
mann (1980). This method consists of searching the boundary values of the
pressure ensuring that the divergence of the velocity at the boundary is
zero. From a more general point of view, the advantage of the influence
matrix method has already been discussed in Sections 3.7.2 (Remark 1)
and 6.3.2.c.
Returning to problem (7.70)-(7.73), we look for its solution according to

the decomposition
p = p̃+ p , v = ṽ + v . (7.98)

The pair (p̃, ṽ) is the solution of the P̃-Problem defined by

p̃′′ − k2 p̃ = fp , −1 < y < 1

p̃ (−1) = 0 , p̃ (1) = 0 ,

and
ṽ′′ − σ ṽ = fv + p̃′ , −1 < y < 1

ṽ (−1) = g− , ṽ (1) = g+ .

Thus, the determination of (p̃, ṽ) reduces to the successive solution of two
Helmholtz equations with Dirichlet conditions.
Then the pair (p, v) is the solution of the P-Problem :

p′′ − k2 p = 0 , −1 < y < 1 (7.99)

v′′ − σ v − p′ = 0 , −1 < y < 1 (7.100)

v (−1) = 0 , v (1) = 0 (7.101)

v′ (−1) = h− − ṽ′ (−1) , v′ (1) = h+ − ṽ′ (1) . (7.102)

Now this problem coupling p and v is transformed into a problem in which
the boundary values p (±1) must be determined such that the Neumann
condition on v is satisfied. This defines the P0-Problem :

p′′ − k2 p = 0 , −1 < y < 1

v′′ − σ v − p′ = 0 , −1 < y < 1

p (−1) = ξ1 , p (1) = ξ2

v (−1) = 0 , v (1) = 0 ,
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where the unknown quantities ξ1 and ξ2 are determined such that the
boundary conditions on v′ (±1) are satisfied. Now we take advantage of the
linearity of the P0-problem to express its solution as the linear combination

p = ξ1 p1 + ξ2 p2 , v = ξ1 v1 + ξ2 v2 , (7.103)

where the elementary solutions (pl, vl), l = 1, 2, satisfy the P l-Problems,
namely,
P1-Problem :

p′′1 − k2 p1 = 0 , −1 < y < 1

p1 (−1) = 1 , p1 (1) = 0 ,

and
v′′1 − σ v1 = p′1 , −1 < y < 1

v1 (−1) = 0 , v1 (1) = 0 .

P2-Problem :
p′′2 − k2 p2 = 0 , −1 < y < 1

p2 (−1) = 0 , p2 (1) = 1 ,

and
v′′2 − σ v2 = p′2 , −1 < y < 1

v2 (−1) = 0 , v2 (1) = 0 .

Therefore, the linear combination (7.103) satisfies the equations (7.99),
(7.100), and the boundary conditions (7.101) whatever ξ1 and ξ2. These
quantities are then determined by imposing the conditions (7.102), namely,

v′1 (−1) ξ1 + v′2 (−1) ξ2 = h− − ṽ′ (−1)

v′1 (1) ξ1 + v′2 (1) ξ2 = h+ − ṽ′ (1) .

This system is written
MΞ = Ẽ (7.104)

where Ξ = (ξ1, ξ2)
T , Ẽ = (h− − ṽ′ (−1) , h+ − ṽ′ (1))T , and

M =
(

v′1 (−1) v′2 (−1)
v′1 (1) v′2 (1)

)
(7.105)

is the influence (or “capacitance”) matrix. Thus, the knowledge of ξ1 and
ξ2 determines the solution p, v and, finally, the determination of u by
Eqs.(7.74)-(7.75) achieves the solution of the Stokes problem.
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The various Dirichlet (P̃, P1, and P2) problems are solved using the
Chebyshev (collocation or tau) method. Considering the collocation ap-
proximation, it is easy to see that the present method is identical to the
algorithm above for solving the algebraic system. More precisely, the dis-
cretized P̃-problem identifies with systems (7.94) and (7.95) ; then the
discretized P l-problems, l = 1, 2, identify with systems (7.96) and (7.97).
Finally, the system (7.104) identifies with (7.93). The continuous formula-
tion of the influence matrix method, as just described, is much easier to
conceive than the preceding algebraic algorithm and, in fact, it constitutes
the guide to construct this algorithm.
The P l-problems, l = 1, 2, are time-independent and can be solved once

and for all at a stage performed before the start of the time-integration.
Moreover, the elementary solutions possess the symmetry properties

p2 (y) = p1 (−y) , v2 (y) = −v1 (−y) ,
so that only the P1-problem has to be solved, and only the elementary so-
lution (p1, v1) is stored. Also the influence matrixM is calculated, inverted
and stored. Hence, at each time-cycle, the solution of the Stokes problem
(7.70)-(7.75) is obtained through Algorithm B :

1. Solve the P̃-problem.
2. Calculate Ẽ.
3. Calculate Ξ by Ξ =M−1 Ẽ.
4. Calculate (p, v) by Eq.(7.98).
5. Calculate u by solving Eqs.(7.74)-(7.75).

Since the P1-problem is time-independent and very simple, one may be
tempted to solve it analytically. This is not recommended and leads to a
serious loss of accuracy. The reason is that, in such a situation, the equiv-
alence between the Chebyshev collocation approximation to the sets of
differential P̃- and P-problems and the algebraic system (7.85) is lost. As
a matter of fact, the exact solution of the P l-problems exhibits a boundary
layer behaviour when σ and k are large, so that the polynomial approxima-
tion to (pl, vl) is very far from the exact solution, unless N is sufficiently
large. However, the accuracy of the polynomial representation of (pl, vl) is
unnecessary, since it constitutes only an intermediate step in the procedure,
and the real accuracy [that of the algebraic system (7.85)] is recovered when
the final combination (7.98) is reconstituted. Note that the error obtained
by the use of the analytical solution of P l is diminished if N is sufficiently
large to represent correctly the boundary layer behaviour of (pl, vl). How-
ever, this could necessitate a much larger value of N than effectively needed
to represent the final solution.
Thanks to the property v2 (y) = −v1 (−y), the matrix M can be ex-

pressed in terms of v′1 (±1) only, and its eigenvalues are λ± = v′1 (−1) ±
v′1 (1). From the exact calculation of v1, it is found that these eigenvalues
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are nonzero except for the case k = 0 where λ+ = 0. This is a consequence of
the property of the pressure which is determined to within a constant. This
result, concerning the invertibility of M, however, does not apply to the
approximate problem for any value of N . As explained above, whatever the
Chebyshev method, collocation or tau, as discussed above, the accuracy of
the polynomial approximation to the elementary solutions (pl, vl), l = 1, 2,
is very poor, except if N is very large. Therefore, the reasoning based on
the continuous differential problem gives information only for large N . An
analysis of the eigenvalues ofM, in the Chebyshev tau approximation, was
done by Sacchi-Landriani (1986).
Finally, taking into account that ξ1 and ξ2 are the boundary values en-

suring that the Neumann condition is satisfied, we may avoid the storage
of the K solutions (p1, v1), where K is the cut-off frequency of the Fourier
series. This is obtained by replacing step 4 of Algorithm B by the successive
solution of the following problems, deduced from the P0-Problem :

p′′ − k2 p = fp , −1 < y < 1

p (−1) = ξ1 , p (1) = ξ2 ,

and
v′′ − σ v = fv + p′ , −1 < y < 1

v (−1) = g− , v (1) = g+ ,

which determines the final solution (p, v). This variant is not really neces-
sary in the one-dimensional case, but is currently used in two-dimensional
problems because of memory requirement.
Of course, this variant has its counterpart in the algorithm developed ear-

lier for the solution of the full algebraic system. Hence, step 4 of Algorithm
A is replaced by

Â1 P = G ,

where
G = (fp,1 , . . . , fp,N−1 , ξ2 , ξ1)

T

and
Â1 V = H

with
H = (fv,1 , . . . , fv,N−1 , g+ , g−)

T
.

Now we discuss the important point concerning the constraint on the di-
vergence of the velocity. From the continuous point of view, the divergence
Q = k u+v′ is identically zero since it satisfies the homogeneous Helmholtz
equation (7.68) with the homogeneous Dirichlet conditions (7.69). But, in
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the discrete case, the fact that the momentum equation (7.71) is not satis-
fied at the boundaries y = ±1 prevents the grid values of the approximate
divergence

Qj = k uj +Dvj (7.106)

to be exactly zero at the inner collocation points (it is prescribed zero at
the boundaries). This can be seen in the following two equivalent ways.
First, consider the equations (7.70)-(7.75) approximated with the Cheby-

shev collocation method. It has been shown (Section 3.4.3) that the polyno-
mial approximation to the solution of a differential problem satisfies, in fact,
a modified equation called the “error equation” with the same boundary
conditions. More precisely, the polynomials uN , vN , and pN are solutions
to

u′′N − σ uN + k pN = fuN + euN , −1 < y < 1

v′′N − σ vN − k p′N = fvN + evN , −1 < y < 1

p′′N − k2 pN = fpN + epN , −1 < y < 1

u (±1) = γ± , v (±1) = g± , v′ (±1) = −k g± = h± ,

where fuN , fvN , and fpN are the polynomials interpolating, respectively,
fu, fv, and fp at the collocation points. The polynomials (of degree N at
most) euN , evN , and epN are of the general form

eN = (λ y + µ) T ′
N (y) ,

where λ and µ are directly connected to the residuals of the corresponding
equation at the boundaries [see Eqs.(3.93) and (3.94)]. Now, if we con-
struct, from the above equations, the Helmholtz equation satisfied by the
polynomial QN approximating the divergence Q we obtain the problem

Q′′
N − σQN = k euN + e′vN − epN ≡ EN (7.107)

QN (−1) = 0 , QN (1) = 0 . (7.108)

Taking the expressions of euN , evN , and epN into account, it is easy to see
that the polynomial EN at the inner collocation points

EN (yj) = e′vN (yj) = (λv yj + µv) T ′′
N (yj)

is not zero since T ′′
N (yj) = (−1)j+1

N2/
(
1− y2

j

)
�= 0 for j = 1, . . . , N − 1.

Thus, the Helmholtz equation satisfied by QN is not homogeneous and,
consequently, QN cannot be zero, even at the collocation points. From
Eqs.(3.93) and (3.94), the magnitude of λv and µv and, consequently of
QN (yj) depend on the way in which the v-equation is satisfied at the
boundaries y = ±1. Thus, QN (yj)→ 0 when N → ∞ but is not identically
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zero for arbitrary N . Similar behaviour exists in the case of the Chebyshev
tau method (Kleiser and Schumann, 1980), the error coming from the last
two Galerkin equations that are not satisfied (Section 3.4.3.a).
The second way consists of directly analyzing the discrete problem (7.76)-

(7.84). We construct the algebraic system satisfied by the grid values Qj =
QN (yj) of the velocity divergence defined by Eq.(7.106). For that we com-
bine Eqs.(7.82) and (7.77) according to

k Lu,j +
N−1∑
l=1

d
(1)
j,l Lv,l = 0 , j = 1, . . . , N − 1 . (7.109)

To make apparent the velocity divergence Qj in this equation, we must
commute the summations in the second term. This necessitates having the
same summation limits, namely, l = 0 to l = N , in both sums. Conse-
quently, we add and subtract the terms corresponding to l = 0 and l = N
in the second term of Eq.(7.109). We get
(
D2 − σ

)
Qj − d

(1)
j,0Lv,0 − d

(1)
j,NLv,N −

[(
D2 − k2

)
pj + kfu,j +Dfv,j

]
= 0

j = 1, . . . , N − 1 .
(7.110)

Now, taking into account Eq.(7.67) expressing that

k fu,j +Dfv,j = −fp,j ,

we observe that the term in square brackets is nothing other than Lp,j

which is zero as prescribed by Eq.(7.76). Therefore, the algebraic system
satisfied by Qj is(

D2 − σ
)
Qj = d

(1)
j,0 Lv,0 + d

(1)
j,N Lv,N , j = 1, . . . , N − 1 (7.111)

Q0 = 0 , QN = 0 . (7.112)

Since Lv,0 and Lv,N are not zero, the above system is not homogeneous
and its solution is not identically zero. It is easy to check that the right-
hand-side of Eq.(7.111) coincides with EN (yj) determined above.
From the analysis above, it can be deduced that the divergence Qj could

be made equal to zero for j = 0, . . . , N if the pressure equation

Lp,j = 0 , j = 1, . . . , N − 1

was replaced by the corrected equation

Lp,j = −
(
d
(1)
j,0 Lv,0 + d

(1)
j,N Lv,N

)
, j = 1, . . . , N − 1 (7.113)

so that Eq. (7.111) becomes an homogeneous equation ensuring, with the
boundary conditions (7.112), that Qj = 0 for j = 0, . . . , N .
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Since the correction term in Eq.(7.113) depends on the solution itself, it
remains unknown and must be determined as part of the global solution.
This may be obtained through a correction method which is now described.

c2. The “rigorous” influence matrix method
This method is presented by Canuto et al. (1988) for the one-dimensional
collocation approximation. Its application to the two-dimensional case has
been developed by Madabhushi et al. (1993) and by Sabbah and Pasquetti
(1998). The method is called the “extended influence matrix method” in
the last two works. We prefer the designation “rigorous influence matrix
method,” or simply “influence matrix method,” because it constitutes the
correct way to understand and apply the method, as was done originally
by Kleiser and Schumann (1980) in the case of the tau method.
Since the source of the difficulty is of a discrete nature, it is advisable to

discuss the correction method in the discrete framework.
By introducing the notations

A = D2 − k2 , B = D2 − σ2 ,

we write the discrete P-Problem to be solved as

Apj = fp,j −D bj , j = 1, . . . , N − 1 (7.114)

B vj −Dpj = fv,j + bj , j = 0, . . . , N (7.115)

v0 = g+ , vN = g− (7.116)

Dv0 = h+ , D vN = h− , (7.117)

where the correction term bj (which is determined as a part of the solution)
is zero except at the boundaries y = ±1, namely ,

bj = 0 , j = 1, . . . , N − 1 .

It is clear that the correction term −D bj in the pressure equation (7.114)
is nothing other than the right-hand side of Eq.(7.113).
As previously, the solution is decomposed according to

pj = p̃j + pj , vj = ṽj + vj . (7.118)

The couple (p̃j , ṽj), j = 0, . . . , N , is determined as previously by the P̃-
Problem defined by

A p̃j = fp,j , j = 1, . . . , N − 1

p̃0 = 0 , p̃N = 0 ,

and
B ṽj = fv,j +D p̃j , j = 1, . . . , N − 1

ṽ0 = g+ , ṽN = g− .
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l bl,0 bl,N ql,0 ql,N

1 0 0 0 1
2 0 0 1 0
3 0 1 0 0
4 1 0 0 0

Table 7.1. Boundary values bl,j and ql,j .

When p̃j and ṽj have been calculated, the residual of the ṽ-equation at the
boundaries may be determined, that is,

b̃j = B ṽj −D p̃j − fv,j , j = 0, N .

Then the couple (pj , vj), j = 0, . . . , N , together with b0 and bN , are
determined by the P-Problem :

Apj = −D bj , j = 1, . . . , N − 1 (7.119)

B vj −Dpj = 0 , j = 1, . . . , N − 1 (7.120)

v0 = 0 , vN = 0 (7.121)

Dv0 = h+ −D ṽ0 , D vN = h− −D ṽN (7.122)

b0 = b̃0 + b0 , bN = b̃N + bN , (7.123)

where
bj = B vj −Dpj , j = 0, N .

Now the P-problem is solved by means of the superposition of elementary
solutions of the form

φj =
4∑

l=1

ξl φl,j (7.124)

with φj = pj , vj , bj , bj . Therefore, we begin by solving the P l-Problems,
l = 1, . . . , 4, defined by

Apl,j = −D bl,j , j = 1, . . . , N − 1

pl,0 = ql,0 , pl,N = ql,N

and
B vl,j = Dpl,j , j = 1, . . . , N − 1

vl,0 = 0 , vl,N = 0 ,

where again bj,l = 0 for j = 1, . . . , N −1, and every l. The boundary values
bl,j and ql,j , for j = 0, N , required for the solution of the P l-problems, are
given in Table 7.1.
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After (pl,j , vl,j), l = 1, . . . , 4, j = 0, . . . , N , have been calculated, the
residuals bl,0 and bl,N are determined by

bl,j = Avl,j −Dpl,j , l = 1, . . . , 4 , j = 0, N .

It is easy to see that the combination (7.124) satisfies the first three
equations (7.119)-(7.121) of the P-problem, whatever the constants ξl, l =
1, . . . , 4. Therefore, these constants are determined by requiring the last
equations (7.122) and (7.123) to be satisfied by the combination (7.124),
that is

4∑
l=1

ξl Dvl,0 = γ+ −D ṽ0

4∑
l=1

ξl Dvl,N = γ− −D ṽN

4∑
l=1

ξl

(
bl,0 − bl,0

)
= b̃0

4∑
l=1

ξl

(
bl,N − bl,N

)
= b̃N .

The 4× 4 matrix M of this system is the “extended influence matrix”. It
is invertible except for k = 0 (Madabhushi et al., 1993). For k = 0, the
matrix M has two eigenvalues equal to zero. This behaviour is identical
to that encountered previously for the Uzawa operator U . This result is
easily understood since the addition of the correction term b, to ensure the
solenoidal character of the approximate velocity field, effectively recovers
the original algebraic system (7.42)-(7.46). Note that, for k = 0, the solution
of the Stokes problem is easily calculated, as shown at the end of Section
7.3.2.b.
The P l-problems are time-independent. Hence, they can be solved once

and for all in the preprocessing stage of the time-integration process, and
their solutions are stored. Also, the matrixM is calculated and inverted at
this stage and its inverse is stored. Therefore, the solution of the P-problem
[Eqs.(7.114)-(7.117)] at each time-cycle is obtained through an algorithm
similar to the above Algorithm B.

c3. Shear-stress-free boundary
We close this section by considering the case where the no-slip condition
at y = 1 is replaced by the stress-free boundary condition (6.14). In this
case, the unknowns p and v are coupled to u through the incompressibility
equation at y = 1, since Eq.(7.75) is replaced by

u (−1) = 0 , u′ (1) = 0
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and Eq.(7.73) by

v′ (−1) = 0 , k u (1) + v′ (1) = 0 .

The influence matrix method applies with a small change due to this cou-
pling. The decomposition (7.98) is also done for u, namely,

u = ũ+ u .

In the P̃-problem the velocity ũ is calculated from the knowledge of p̃ as
it is for ṽ. On the other hand, the P-Problem in the simplified version of
the method is now

u′′ − σ u+ k p = 0 , −1 < y < 1

v′′ − σ v − p′ = 0 , −1 < y < 1

p′′ − k2 p = 0 , −1 < y < 1

u (−1) = 0 , u′ (1) = 0 ,

v (−1) = 0 , v (1) = 0 ,

v′ (−1) = −ṽ′ (−1) , k u (1) + v′ (1) = −k ũ (1)− ṽ′ (1) .

Then the algorithm follows the same lines, except that u is also de-
composed according to Eq.(7.103) and u1 and u2 have to be determined
in order to construct the influence matrix on the same principles as that
above. Note that such changes in the algorithm also apply for the rigorous
influence matrix method.

(d) Time-schemes leading to the Darcy problem
The time-discretization considered here belongs to the general class of split-
ting (or fractional step) methods. At the first step, a provisional value Ṽn+1

of the velocity V, that does not satisfy the incompressibility equation, is
calculated. Then, at the second step, this velocity Ṽn+1 is corrected in such
a way that the final velocity Vn+1 and the pressure pn+1 satisfy the com-
plete Navier-Stokes equations. This is the basic principle of the projection
method introduced by Chorin (1968) and Temam (1969). Since then, the
method has largely been used in association with various spatial approx-
imations. At the same time, some improvements have been introduced in
order to increase the accuracy of the method.
To introduce time-splitting in a general way it is convenient to consider

the time-dependent Stokes equations written in vector form

∂tV − ν∇2V +∇p = f in Ω (7.125)
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∇ ·V = 0 in Ω , (7.126)

associated with the initial condition V = V0 and the boundary condition

V = VΓ on Γ = ∂Ω . (7.127)

In the first step (“diffusion step”), the provisional velocity Ṽn+1 is cal-
culated according to the three-level scheme :

(1 + ε) Ṽn+1 − 2 εVn − (1− ε)Vn−1

2∆t
− ν∇2

[
θ Ṽn+1 + (1− θ)Vn

]
+ ∇ (λ1 p

n) = θ fn+1 + (1− θ) fn in Ω .
(7.128)

The associated boundary condition is generally

Ṽn+1 = Vn+1
Γ on Γ (7.129)

since Ṽn+1, as given by Eq.(7.128) with λ1 = 1, may be seen as an approx-
imation to Vn+1. However, if λ1 = 0, as it was in the original projection
method, the equation (7.128) is no longer consistent with (7.125) and one
may question the best boundary value of Ṽn+1 to improve the accuracy
(see, e.g., Fortin et al., 1971 ; Kim and Moin, 1985).
The second step (“projection step”) determines the solution (Vn+1, pn+1)

by

(1 + ε)
Vn+1 − Ṽn+1

2∆t
+∇

(
λ2 p

n+1 + λ3 p
n
)
= 0 in Ω (7.130)

∇ ·Vn+1 = 0 in Ω (7.131)

Vn+1 · n = Vn+1
Γ · n on Γ . (7.132)

The parameters ε, θ, λ1, λ2, and λ3 characterize the scheme and determine
its accuracy. Note that λ2 �= 0 is required to ensure the presence of the pres-
sure at level n+1. The elimination of Ṽn+1 from (7.128) and (7.130) gives
the semidiscrete equation actually approximating the momentum equation
(7.125), that is,

(1 + ε)Vn+1 − 2 εVn − (1− ε)Vn−1

2∆t
− ν∇2

[
θVn+1 + (1− θ)Vn

]

+∇
[
λ2 p

n+1 + (λ1 + λ3) pn
]
− 2 θ∆t
1 + ε

ν∇2
[
∇
(
λ2 p

n+1 + λ3 p
n
)]

= θ fn+1 + (1− θ) fn .
(7.133)
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As usual, the consistency and accuracy are analyzed by Taylor’s expansion
with respect to time. The scheme (7.133) is consistent with the momentum
equation (7.125) and is accurate to O (∆t) if the condition

λ1 + λ2 + λ3 = 1

is satisfied. It is accurate to second order O
(
∆t2
)
if, moreover, the following

conditions are satisfied
ε

2
= θ = 1− (λ1 + λ3) ,

θ

1 + ε
(λ2 + λ3) = 0 .

In the original projection method (Chorin, 1968 ; Temam, 1969) the pres-
sure pn does not appear in the first step, namely, λ1 = 0. From the above
conditions, we easily see that such a splitting scheme cannot be O

(
∆t2
)
.

The first-order explicit scheme (ε = 1, θ = 0, λ1 = 0, λ2 = 1, λ3 = 0)
associated with the spatial approximation, referred to as Option (2) below,
has been studied and applied to flow computations by Phillips and Roberts
(1993), who examined the constraint on the time-step required for stability.
In the incremental projection method (Goda, 1979 ; Van Kan, 1986) the

pressure pn is involved in the first step, namely, λ1 = 1. The resulting
second-order schemes are then defined by λ3 = −λ2 and ε/2 = θ = λ2.
The Crank-Nicolson (CN) scheme corresponds to ε = 1, θ = 1/2, and
λ2 = −λ3 = 1/2. The Backward-Differentiation BDI2 scheme (see Section
4.4) is defined by ε = 2, θ = 1, and λ2 = −λ3 = 1. As discussed several
times, the BDI2 scheme is preferred to the CN scheme. Therefore, the BDI2
scheme is considered in the sequel.
The determination of Ṽn+1 at the first step requires the solution of two

non coupled Helmholtz equations with Dirichlet conditions for the compo-
nents ũ and ṽ of Ṽn+1. This is done by using the Chebyshev collocation
method based on Gauss-Lobatto points (Sections 3.4. and 3.7).
The second step (7.130)-(7.132) corresponds to the Darcy problem, also

called the “div-grad problem”. Note that this problem is well-posed (see,
e.g., Azaiez et al., 1994a) if the normal velocity only is prescribed at the
boundary Γ. The tangential velocity is then determined from the global
solution. The effective approximate solution of problem (7.130)-(7.132)
strongly depends on the closure of the discrete problem. This will be made
more precise later.
Up to now, we have discussed the accuracy of the splitting method by

considering only the discretization with respect to time of the equations
of motion. As a matter of fact, the spatial approximation technique and
especially the treatment of boundary conditions play a fundamental role in
the overall accuracy of the discrete method. Therefore, we are discussing
now the full discrete problem by returning to the one-dimensional equations



242 7. Velocity-Pressure Equations

(7.23)-(7.25) satisfied by the Fourier components ûk, v̂k, p̂k of the solution.
By setting

i ûk = u , v̂k = v , p̂k = p , i f̂u,k = fu , f̂v,k = fv ,

equations (7.23)-(7.25) are

∂tu− ν
(
∂yy − k2

)
u− k p = fu , (7.134)

∂tv − ν
(
∂yy − k2

)
v + ∂yp = fv , (7.135)

k u+ ∂yv = 0 , (7.136)

to be solved in −1 < y < 1 with the initial condition

u (y, 0) = u0 (y) , v (y, 0) = v0 (y) , (7.137)

and the boundary conditions

u (±1, t) = γ± , v (±1, t) = g± . (7.138)

Then we introduce the time-discretization and polynomial approximation
so that

u (yj , n∆t) ∼= un
N (yj) = un

j ,

v (yj , n∆t) ∼= vn
N (yj) = vn

j ,

p (yj , n∆t) ∼= pn
N (yj) = pn

j

where yj are the collocation points defined by Eq.(6.26). The y-derivatives
are defined by Eq.(7.41). With these notations, the splitting scheme ap-
proximating the above equations is

Step 1

1
2∆t

(
3 ũn+1

j − 4un
j + un−1

j

)
− ν
(
D2 − k2

)
ũn+1

j − k pn
j = fn+1

u,j ,

j = 1, . . . , N − 1
(7.139)

ũn+1
0 = γn+1

+ , ũn+1
N = γn+1

− , (7.140)

1
2∆t

(
3 ṽn+1

j − 4 vn
j + vn−1

j

)
− ν
(
D2 − k2

)
ṽn+1

j +Dpn
j = fn+1

v,j ,

j = 1, . . . , N − 1
(7.141)

ṽn+1
0 = gn+1

+ , ṽn+1
N = gn+1

− . (7.142)

Each of the above systems is easily solved using classical algorithms. The
start of the time-integration (n = 0) requires the knowledge of u−1

j , v−1
j
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and p0
j . Starting schemes for multistep methods have been discussed in Sec-

tion 4.5.1.d and will again be considered for the Navier-Stokes equations
in Section 7.4.3, in which the determination of the initial pressure p0

j will
also be addressed.

Step 2

3
2∆t

(
un+1

j − ũn+1
j

)
− k
(
pn+1

j − pn
j

)
= 0 , j = 1, . . . , N − 1 (7.143)

3
2∆t

(
vn+1

j − ṽn+1
j

)
+D

(
pn+1

j − pn
j

)
= 0 , j = 1, . . . , N − 1 (7.144)

k un+1
j +Dvn+1

j = 0 , j = 1, . . . , N − 1 (7.145)

vn+1
0 = gn+1

+ , vn+1
N = gn+1

− . (7.146)

Note that the above equations have been collocated only at the inner
points, j = 1, . . . , N − 1. This furnishes [with Eq.(7.3.124)] 3N − 1 equa-
tions for the 3N + 3 unknowns un+1

j , vn+1
j , and pn+1

j , j = 0, . . . , N . Con-
sequently, four equations have to be added. We obtain two more equations
by prescribing either Eq.(7.145) or Eq.(7.144) at the boundaries j = 0 and
j = N . As will be seen below, the first choice leads to an Uzawa opera-
tor to calculate the pressure, while the second choice leads to a Helmholtz
operator. This being done, we need two more equations. One possibility
is to prescribe Eq.(7.143) at j = 0, N . This choice is in agreement with
the mathematical properties of the Darcy problem but introduces an error
in the tangential velocity at the boundaries. However, if we consider that
the above Darcy problem is not isolated, but results from the splitting of
unsteady equations with given boundary conditions, we may contemplate
the possibility of adding the exact boundary conditions

un+1
0 = γn+1

+ , un+1
N = γn+1

− , (7.147)

instead of Eq.(7.143) at j = 0, N .
To summarize, we have the choice between four options to close the

system (7.143)-(7.146) :
Option (1) : Use Eq.(7.145) and Eq.(7.143) at j = 0, N .
Option (2) : Use Eq.(7.145) at j = 0, N and Eq.(7.147).
Option (3) : Use Eq.(7.144) and Eq.(7.143) at j = 0, N .
Option (4) : Use Eq.(7.144) at j = 0, N and Eq.(7.147).

Now, we analyze the truncation error associated with each of these op-
tions. For this purpose, we eliminate the intermediate quantities ũn+1

j

and ṽn+1
j , in order to derive the discrete equations effectively solved by(

un+1, vn+1, pn+1
)
. We successively consider the four options.
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Option (1). We get the system

1
2∆t

(
3un+1

j − 4un
j + un−1

j

)
−ν
(
D2 − k2

)
un+1

j − k pn+1
j +∆t En+1

u,j = fn+1
u,j , j = 1, . . . , N − 1

(7.148)
1
2∆t

(
3 vn+1

j − 4 vn
j + vn−1

j

)
−ν
(
D2 − k2

)
vn+1

j +Dpn+1
j +∆t En+1

v,j = fn+1
v,j , j = 1, . . . , N − 1

(7.149)
k un+1

j +Dvn+1
j = 0 , j = 0, . . . , N (7.150)

un+1
0 − 2∆t

3
k
(
pn+1
0 − pn

0

)
= γn+1

+ , un+1
N − 2∆t

3
k
(
pn+1

N − pn
N

)
= γn+1

−
(7.151)

vn+1
0 = gn+1

+ , vn+1
N = gn+1

− , (7.152)

where

En+1
u,j =

2
3
ν k

[
N∑

l=0

d
(2)
j,l

(
pn+1

l − pn
l

)
− k2

(
pn+1

j − pn
j

)]
, (7.153)

En+1
v,j = −2

3
ν

[
N−1∑
l=1

d
(2)
j,l D

(
pn+1

l − pn
l

)
− k2 D

(
pn+1

j − pn
j

)]
. (7.154)

The terms ∆t En+1
u,j and ∆t En+1

v,j in Eqs.(7.148) and (7.149), respectively,
are error terms due to splitting. With Taylor’s expansion in time around
(n+1)∆t, we evaluate these terms to be O

(
∆t2
)
, that is, the same order of

the whole discrete equations. Note that these splitting error terms vanish
at steady state. The incompressibility equation (7.150) is obviously free of
any temporal truncation error. On the other hand, the boundary equations
(7.151) exhibit an error O

(
∆t2
)
for the tangential velocity at the boundary

since, by Taylor’s expansion, we get

un+1
0,N = γn+1

± +
2∆t2

3
k (∂tp)

n+1
0,N + . . . . (7.155)

The error term in ∆t2 is the “slip velocity” associated with the splitting
method.
The pressure solution of Eqs.(7.148)-(7.152) is exempt from spurious

modes when k �= 0, since the pressure appears in nondifferentiated form.
On the other hand, for k = 0, the resulting system admits the spurious
pressure mode TN (y) (we recall that the constant mode T0 is physical and
not spurious) and this for the same reason that was explained in Section
7.3.2.b. As a matter of fact, it is easy to see that the above system is similar
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(except the error terms ∆t En+1
u,j and ∆t En+1

v,j ) to the system (7.42)-(7.46).

Option (2). We get the same equations (7.148)-(7.150) with

En+1
u,j =

2 ν
3
k

[
N−1∑
l=1

d
(2)
j,l

(
pn+1

l − pn
l

)
− k2

(
pn+1

j − pn
j

)]
(7.156)

and En+1
v,j is again given by Eq.(7.154), that is, the inner truncation error of

the momentum equations is again O
(
∆t2
)
. On the other hand, the presence

of the slip velocity in Eq.(7.155) is now avoided since Eq.(7.151) is replaced
by Eq.(7.147). Finally, for k = 0, the system suffers from the same spurious
mode as Option (1).
As already mentioned, a possible way to avoid the presence of spurious

pressure modes is constituted by the IPN − IPN−2 approximation method
which, moreover, simplifies the question associated with the closure of the
algebraic system. This method, of special interest to multidimensional prob-
lems, is described in Section 7.4.2.

Option (3). We get Eqs. (7.148) and (7.149) withEn+1
u,j given by Eq.(7.153)

and En+1
v,j by

En+1
v,j = −2 ν

3

[
N∑

l=0

d
(2)
j,l D

(
pn+1

l − pl

)
− k2 D

(
pn+1

j − pn
j

)]
. (7.157)

Therefore, the inner truncation error is O
(
∆t2
)
. Of course, Eq.(7.150) is

restricted to inner collocation points j = 1, . . . , N − 1. Therefore the diver-
gence of the approximate velocity is not the null polynomial as in Options
(1) and (2). It is zero at the inner collocation points only. Equation (7.151)
is considered in Option (3) as in Option (1), so that the tangential velocity
at the boundaries is again subject to an erroneous slip velocity as shown
by Eq.(7.155). The system is closed by the boundary equations (7.152) and
the equations (7.144) prescribed at j = 0, N , that is,

vn+1
0 +

2∆t
3

D
(
pn+1
0 − pn

0

)
= ṽn+1

0 , vn+1
N +

2∆t
3

D
(
pn+1

N − pn
N

)
= ṽn+1

N .

(7.158)
Since ṽn+1

0 = vn+1
0 = gn+1

+ and ṽn+1
N = vn+1

N = gn+1
− , these equations

reduce to
D
(
pn+1

j − pn
j

)
= 0 , j = 0, N . (7.159)

The Chebyshev collocation solution obtained in this Option (3) is free
from spurious modes whatever k (the constant mode T0 is not considered as
spurious). The reason lies in the fact that Eq. (7.159) involves the derivative
T ′

N (±1) which is not zero, while T ′
N (yj) = 0 for j = 1, . . . , N − 1 (see the

discussion on spurious modes in Section 7.3.2.b).
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Equation (7.159) means that

Dpn+1
j = Dpn

j = . . . = Dp0
j , j = 0, N .

Thus, the normal pressure gradient at the boundary retains its initial value.
Obviously, except for very special cases, this is not correct. Numerical ex-
periments (Hugues and Randriamampianina, 1998 ; Raspo et al., 2002) on
the Chebyshev collocation approximation to the Navier-Stokes equations
show that the errors on the pressure, as well as the velocity, are quite
large (see Section 7.4.4). These errors prevent the use of such a strong
formulation of this projection method as pointed out by Guermond and
Quartapelle (1998) who recommend implementing the method in a weak
framework.
Note that, in the original projection method (λ1 = 0), equation (7.159)

is replaced by
Dpn+1

j = 0 , j = 0, N (7.160)

which has no physical meaning either (see, e.g., Fortin et al., 1971 ; Peyret
and Taylor, 1983 ; Temam, 1991) and is subject to the same conclusion as
above concerning its use in a strong framework. For theoretical results con-
cerning the convergence of the projection method and its implementation
we refer to Guermond (1996, 1999).
Hugues and Randriamampianina (1998) have proposed a Chebyshev col-

location projection method that removes the drawback concerning the “in-
correct” Neumann condition on the pressure. This method considers, as a
first step, instead of pn, a predicted pressure pn+1 suitably defined. The
method, which has been found very accurate, is described in Section 7.4.

Option (4). Equations (7.148) and (7.149) are again valid with En+1
u,j

given by Eq.(7.156) and En+1
v,j given by Eq.(7.157). Therefore, the inner

truncation error associated with the momentum equations is againO
(
∆t2
)
.

Equation (7.150) is restricted to the inner collocation points j = 1, . . . , N
as in Option (3), therefore with the same result on the velocity diver-
gence. Equation (7.151) is replaced by Eq.(7.147), so that the slip velocity
is avoided. Lastly, the boundary equations (7.158) have to be added to
Eq.(7.152) to close the system. Therefore, as for Option (3), the normal
pressure gradient satisfies Eq.(7.159). Here also, the solution is free of spu-
rious modes.
To close this section, we have to address the question of stability. There

does not exist a complete stability analysis of the discrete problems repre-
sented by the various options considered above. For Option (1), Heinrichs
(1998) checks numerically the stability of the method. However, he uses
relatively small time-steps so that he does not verify if the stability is un-
conditional or not. Hugues and Randriamampianinia (1998), and Raspo et
al. (2002) have tested the incremental projection method [Options (3) and
(4)] applied to the Navier-Stokes equations. They found that the critical
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time-step is of the magnitude usually associated with the AB/BDI2 scheme.
They did not consider, however, the possible unconditional stability of the
discrete time-dependent Stokes equations.

(e) Solution of the Darcy problem
In this section, we describe the algorithms for solving the algebraic sys-
tem derived in the previous section. We remind ourselves that the calcula-
tion of the provisional velocity is the same for all four options considered
above. The determination of (ũn+1, ṽn+1) reduces to the solution of the
algebraic system resulting from the Chebyshev collocation approximation
to the Dirichlet problem for the Helmholtz equation. This has been largely
discussed in Chapter 3.
Therefore, the task here is to solve the algebraic system (7.143)-(7.146)

supplemented with four boundary equations which differ according to the
considered option. In a general way, the technique is to eliminate the ve-
locity in order to obtain a system determining the pressure. With Options
(1) and (2) this system is of Uzawa type while it is of Helmholtz type in
the case of Options (3) and (4).
To simplify the notations we set

un+1
j = uj , vn+1

j = vj , pn+1
j = pj , σ = 3/ (2∆t) ,

such that Eqs. (7.143)-(7.145) simply become

σ uj − k pj = ϕu,j (7.161)

σ vj +Dpj = ϕv,j (7.162)

k uj +Dvj = 0 (7.163)

v0 = g+ , vN = g− , (7.164)

where
ϕu,j = σ ũn+1

j − k pn
j , ϕv,j = σ ṽn+1

j +Dpn
j .

We define the following vectors containing the unknowns

U =




u0

...
uN


 , V =




v0

...
vN


 , P =




p0

...
pN


 ,

and

U� =




u1

...
uN−1


 , V� =




v1

...
vN−1


 .

Note that U� = I1 U and V� = I1 V where I1 is the (N − 1) × (N + 1)
matrix defined in Section 6.3.2.b [Eq.(6.33)].



248 7. Velocity-Pressure Equations

Now, we consider successively the four options defined in the previous
section.

Option (1). The system is constituted by Eq.(7.161) for j = 0, . . . , N ,
Eq.(7.162) for j = 1, . . . , N−1, Eq.(7.163) for j = 0, . . . , N , and Eq.(7.164).
Therefore, the vectors of unknowns are U , V�, and P , they are determined
by

σ U − k P = Su (7.165)

σ V� +D5 P = S�
v (7.166)

k U +D6 V� = SQ . (7.167)

The (N − 1)× (N +1) matrix D5 and the (N +1)× (N − 1) matrix D6 are
defined, respectively, by Eqs.(7.51) and (7.52). The vectors Su, S�

v , and SQ

are, respectively, defined by

Su = (ϕu,0 , . . . , ϕu,N )
T
, S�

v = (ϕv,1 , . . . , ϕv,N−1)
T
,

SQ = (ϕQ,0 , . . . , ϕQ,N )
T
, ϕQ,j = −

(
d
(1)
j,0 g+ + d

(1)
j,N g−

)
, j = 0, . . . , N .

By eliminating U and V� from Eqs.(7.165)-(7.167) we obtain the system
determining P :(

D6 D5 − k2 I0

)
P = −σ SQ + k Su +D6 Sv , (7.168)

where I0 is the (N + 1) × (N + 1) identity matrix. The operator U1 =
D6 D5 − k2 I0 is an Uzawa operator where D6 D5 could be qualified as
“pseudo-discrete-Laplacian” since the jth element of the vector D6 D5 P is

N∑
l=0

[
d
(2)
j,l −

(
d
(1)
j,0 d

(1)
0,l + d

(1)
j,N d

(1)
N,l

)]
pl ,

making apparent the second-order derivative
∑N

l=0 d
(2)
j,l pl.

After P has been calculated as the solution of (7.168), U and V� are de-
termined by (7.165) and (7.166), respectively. For k �= 0, the matrix U1 is
invertible. On the other hand, for k = 0, the matrix U1 has two eigenvalues
equal to zero. One of these corresponds to the fact that pressure is defined
up to a constant. The second null eigenvalue corresponds to the spurious
mode TN (y) as discussed several times. In the present one-dimensional
case, the solution of (7.161)-(7.164) for k = 0 is easily calculated (see Sec-
tion 7.3.2.b). In the two-dimensional problem approximated by Chebyshev
collocation in both directions, the corresponding Uzawa matrix has four
eigenvalues equal to zero. In this situation, it is possible to avoid these
spurious modes by considering the so-called IPN − IPN−2 approximation
(Maday et al., 1987 ; Heinrichs, 1993 ; Azaiez et al., 1994b ; Botella, 1997)
in which the pressure is approximated with a polynomial of degree N − 2
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while the velocity is approximated with a polynomial of degree N . Such an
approximation will be discussed in detail in Section 7.4.2.b.

Option (2). The system is made with Eqs.(7.161) and (7.162) for j =
1, . . . , N − 1, Eq.(7.163) for j = 0, . . . , N , Eq.(7.164), and the boundary
conditions u0 = γ+, u− = γ−. The system determining the unknown vec-
tors U�, V�, and P is

σ U� − k I1 P = S�
u (7.169)

σ V� +D5 P = S�
v (7.170)

k I3 U� +D6 V� = S′
Q , (7.171)

where I3 is the (N+1)×(N−1) matrix defined by Eq.(7.53) and S�
u = I1 Su.

Finally, the vector S′
Q is defined by

S′
Q = (−k γ+ + ϕQ,0 , ϕQ,1 , . . . , ϕQ,N−1 , −k γ− + ϕQ,N )

T
.

The elimination of U� and V� gives the system determining P , that is,(
D6 D5 − k2 I3 I1

)
P = −σ S′

Q + k I3 S
�
u +D6 S

�
v . (7.172)

The Uzawa operator U2 = D6 D5 − k2 I3 I1 has the same properties as U1.
When P is calculated, Eq.(7.169) and (7.170) give, respectively, U� and V�.

Option (3). The system is made with Eqs.(7.161) and (7.162) for j =
0, . . . , N , Eq.(7.163) for j = 1, . . . , N − 1, and Eq.(7.164). Therefore, the
unknowns vectors are U , V�, and P , that are determined by the equations

σ U − k P = Su (7.173)

σ I3 V� +D P = S′
v (7.174)

k I1 U +D1 V� = S�
Q , (7.175)

where D is the (N +1)× (N +1) matrix defined by Eq.(3.51) and D1 is the
(N − 1)× (N − 1) matrix defined by Eq.(4.66). The vector S′

v is defined by

S′
v = (−σ g+ + ϕv,0 , ϕv,1 , . . . , ϕv,N−1 , −σ g− + ϕv,N )

T

and S�
Q = I1 SQ.

To derive the system determining P we have to make a combination of
Eqs.(7.173) and (7.174) in order to exhibit the left-hand side of Eq.(7.175).
This technique is similar to the one developed previously for the first two
options, but it has to take into account the fact that the incompressibil-
ity equation (7.175) contains only N − 1 equations. Thus, Eq.(7.173) is
multiplied by k I1 and Eq.(7.174) is multiplied by D5, in order to extract
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(N − 1) equations from the (N + 1)-equation systems (7.173) and (7.174),
respectively,

σ k I1 U − k I1 P = k I1 Su = k S�
u

σD1 V� +D4 P = D5 S
′
v ,

where we have taken into account that D5 I3 = D1 and D5 D = D4 with
D4 defined by Eq.(6.36). Now, by adding these two equations and using
Eq.(7.175), we get the system(

D4 − k2 I1

)
P = −σ S�

Q + k S�
u +D5 S

′
v ≡ SP . (7.176)

This system contains (N − 1) equations. It is completed with the first and
last equations of the system (7.174), that is, Eq.(7.162) for j = 0 and
j = N , so that (

D7 − k2 I4

)
P = S′

P , (7.177)

where the (N +1)× (N +1) matrix D7 has been defined in Eq.(7.59). The
(N + 1)-element vector S′

P is such that

S′
P =

(
ϕv,0 , S

T
P , ϕv,N

)T
and I4 is the (N + 1)× (N + 1) matrix deduced from the identity matrix
I0 by setting to zero the first and last elements of the main diagonal.
When P is known, U and V� are calculated from Eqs.(7.173) and (7.174),
respectively.
It is easy to see that Eq.(7.177) represents the discrete approximation

to a Helmholtz equation with Neumann boundary conditions. Obviously,
this is nothing but the discrete counterpart of the projection method com-
monly presented in continuous form. To be more precise, let us consider
the differential problem (7.134)-(7.138). The splitting scheme based on the
BDI2 scheme for the predictor step leads to the following equations :
Step 1

ũ′′ −
(
σ1 + k2

)
ũ = f̃u , −1 < y < 1

ṽ′′ −
(
σ1 + k2

)
ṽ = f̃v , −1 < y < 1

ũ (±1) = γ± , ṽ (±1) = g± .

Step 2
σ u− k q = σ ũ , −1 < y < 1

σ v + q′ = σ ṽ , −1 < y < 1

k u+ v′ = 0 , −1 < y < 1

v (±1) = g± ,

where ũ = ũn+1, ṽ = ṽn+1, u = un+1, v = vn+1, q = pn+1 − pn, σ =
2/(3∆t) and σ1 = σ/ν. Now, considering Step 2, we obtain the equation
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for q by adding the first equation multiplied by k and the second one after
differentiation, namely,

σ (k u+ v′) +
(
q′′ − k2 q

)
= σ (k ũ+ ṽ′) .

Then, taking into account the incompressibility equation, we finally obtain

q′′ − k2 q = σ (k ũ+ ṽ′) , −1 < y < 1 , (7.178)

to be solved with the boundary conditions deduced from the second equa-
tion evaluated at y = ±1, namely,

q′ (±1) = σ [ṽ (±1)− v (±1)] = 0 . (7.179)

When q is calculated, the two first equations of the above system give,
respectively, u and v.
The Chebyshev collocation solution to the above Neumann problem for

q coincides with the system (7.177) with only the (formal) difference of
unknown : q instead of pn+1. For k = 0, Eq.(7.178) becomes a Poisson
equation and it is easy to verify that the compatibility condition is auto-
matically satisfied since the Poisson equation and the Neumann condition
come both from the same set of differential equations. It was obviously
the same in the discrete presentation of the projection method described
previously.

Option (4). The system is constituted by Eq.(7.161) for j = 1, . . . , N−1,
Eq.(7.162) for j = 0, . . . , N , Eq.(7.163) for j = 1, . . . , N − 1, Eq.(7.164),
and the boundary conditions u0 = γ+ and uN = γ−. The unknown vectors
are U�, V�, and P . They are determined by the system

σ U� − k I1 P = S�
u (7.180)

σ I3 V� +D P = S′
v (7.181)

k U� +D1 V� = S�
Q . (7.182)

Proceeding as in Option (3), we again get the system (7.177) for deter-
mining P . Then Eqs.(7.180) and (7.181) give U� and V�, respectively. The
only difference with Option (3) lies in the determination of un+1

j at the
boundaries.

7.3.3 Navier-Stokes equations

In this section, we consider the solution of the Navier-Stokes equations
(7.1)-(7.2) in the domain {0 ≤ x ≤ 2π , −1 ≤ y ≤ 1}, assuming the so-
lution to be 2π-periodic in x and verifying the boundary conditions (7.18)
and the initial condition (7.17). The difference with the time-dependent
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Stokes equations considered in the previous section lies in the presence of
the nonlinear convective term A (V,V). Generally, this term is treated
explicitly in order to avoid costly iterative procedures. However, it may
happen, in some circumstances, that such an implicit treatment induces
too strong a constraint on the size of the time-step. In this case, it may be
preferable to consider an implicit treatment of the term A (V,V). These
two types of time-discretization will now be addressed, in a way similar to
that developed in Chapter 6 for the vorticity-streamfunction equations.

(a) Semi-implicit scheme
Whatever the time-discretization scheme considered in Section 7.3.2, the
termA (V,V) is evaluated in an explicit way through the Adams-Bashforth
extrapolation. Thus, for the three-level BDI2 scheme defined by ε = 2 and
θ = 1, the approximation to A (V,V) is

An+1 ∼= 2An −An−1 , (7.183)

where An = A (Vn,Vn). This term is included either in Eqs.(7.29)-(7.30)
or in Eq.(7.128) according to the considered time-scheme. The evaluation
of An follows the development in Section 6.3.3 for the analogous term Bn,
making use of the pseudospectral technique (Sections 2.8, 3.5.2, and 6.5.3)
for the calculation of the Fourier coefficients of the various products at
the collocation points yj . The influence of the form of the nonlinear term
A (V,V) on the stability will be analyzed in Section 7.4.5.
For some types of flows, the convective term A can be treated partly

implicitly, while avoiding the need for an iterative solution procedure, in
a way similar to that mentioned for the Burgers equation in Section 3.5.2.
More precisely, let us assume the existence of a constant velocity U such
that V = U+W where W is sufficiently “small” with respect to U. The
unknown vector in Eqs.(7.29)-(7.32) is then Wn+1 and the approximation
(7.183) is replaced by

An+1 =
(
Vn+1 · ∇

)
Vn+1

∼= (U · ∇)Wn+1 + 2 (Wn · ∇)Wn −
(
Wn−1 · ∇

)
Wn−1 .

Of course, such a decomposition also applies to the splitting scheme (7.122).
Therefore, for both time-discretization schemes, we are led to the solu-
tion, at each time-cycle, of advection-diffusion-type equations instead of
Helmholtz equations. In the multi-dimensional case, the algebraic system
resulting from the Chebyshev collocation approximation can be solved by
the Schur decomposition technique described in Section 3.7. This semi-
implicit time-scheme has been used by Forestier et al. (2000a,b) for the
calculation of two- and three-dimensional wake flows.
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(b) Fully implicit scheme
The fully implicit BDI2 scheme applied to the Navier-Stokes equations
(7.1)-(7.2) leads to the following nonlinear problem, to be solved at each
time-cycle

L
(
Vn+1

)
+A

(
Vn+1,Vn+1

)
+∇pn+1 = Gn+1 in Ω (7.184)

∇ ·Vn+1 = 0 in Ω (7.185)

Vn+1 (x,±1) =
(
V±

Γ

)n+1
, (7.186)

where L is the linear operator defined by

L
(
Vn+1

)
=
(
σ I − ν∇2

)
Vn+1 (7.187)

with σ = 3/ (2∆t). The forcing term Gn+1 is defined by

Gn+1 = fn+1 −
(
4Vn −Vn−1

)
/ (2∆t) .

The nonlinear problem (7.184)-(7.186) is solved iteratively by using, for
example, the preconditioned relaxation procedure (characterized by the
superscript m) considered by Fröhlich et al. (1991) :

L
(
V

m+1
)
+∇pn+1,m+1 = Gn+1−A

(
Vn+1,m,Vn+1,m

)
−L
(
Vn+1,m

)
in Ω

(7.188)
∇ ·Vm+1

= 0 in Ω (7.189)

V
m+1

(x,±1) =
(
V±

Γ

)n+1 −Vn+1,m (x,±1) , (7.190)

and
Vn+1,m+1 = Vn+1,m + αV

m+1
. (7.191)

Therefore, at each iteration, we are faced with the solution of a Stokes
problem. This is done by using one of the Chebyshev collocation (Uzawa
or influence matrix) methods described in Sections 7.3.3.b and 7.3.3.c. The
iterative procedure is started with

Vn+1,0 = Vn .

The relaxation parameter α was taken to be constant by Fröhlich et al.
(1991), but improvement of the convergence could be obtained by using a
dynamic procedure (at the price of the calculation of norms) as indicated
in Section 3.8. The efficiency of the method has been estimated by Fröhlich
et al. (1991) for the steady Rayleigh-Bénard problem considered in Section
6.5.1. The spatial approximation makes use of the Chebyshev collocation
method based on a staggered mesh. The unknowns are the values of the
velocity at the Gauss-Lobatto points. The momentum equation and incom-
pressibility equation are enforced at, respectively, the Gauss-Lobatto points
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and at the Gauss points. This type of approximation leads to an Uzawa
equation determining the pressure in a way similar to the one described
in Section 7.3.2.b. The Uzawa operator is inverted once and for all in a
preprocessing stage. The conclusions concerning the properties of the iter-
ative method, in comparison with the semi-implicit AB/BDI2 method, are
quite similar to the ones drawn for the vorticity-streamfunction equations
in Section 6.5.1.a.
In the case of the splitting method discussed in Section 7.3.3.d, the non-

linear term A
(
Ṽn+1, Ṽn+1

)
is included in the first step of the scheme

[Eq.(7.128) with ε = 2, θ = 1]. The second step remains unchanged. Thus,
the iterative procedure has to be applied to the calculation of the pro-
visional velocity Ṽn+1 only, that is, to the solution of two-dimensional
Burgers equations. This can be done by using a preconditioned relaxation
procedure similar to the one described above.

7.4 Chebyshev-Chebyshev method

In this section we address the solution of the two-dimensional Navier-Stokes
equations (7.1)-(7.2) in a square domain using a Chebyshev collocation ap-
proximation in both directions. The time-discretization schemes are similar
to those discussed in the preceding section, except that higher-order accu-
racy is considered, thanks to the multistep AB/BDIk scheme.
First we consider time-schemes leading to the Stokes problem, and we

discuss its solution using the influence matrix method. Then we consider
the time-splitting schemes of projection-type leading to the solution of the
Darcy problem. For this solution, we describe two methods, each of which
corresponds to a special type of spatial approximation, namely, IPN − IPN

and IPN − IPN−2 approximations.
Every method discussed in this section has been applied to the computa-

tion of complex, unsteady, two- or three-dimensional flows. An application
of the IPN − IPN projection method is described in Section 7.5. Examples
of the application of the IPN − IPN−2 projection method and the influence
matrix method are given in Sections 8.4.2.b and 9.6.3, respectively.
The methods are described in the two-dimensional case only for the sake

of simplicity. There is no fundamental obstacle to their three-dimensional
extension. The use of the influence matrix method is, however, restricted to
two Chebyshev directions (and, possibly, periodic in the third one) because
of the huge size of the influence matrix whose order is equal to the number
of collocation points belonging to the boundary.
Therefore, the Navier-Stokes equations (7.1)-(7.3) are solved in the do-

main Ω = (−1, 1)2, with the boundary condition

V = VΓ on Γ = ∂Ω (7.192)
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and the initial condition

V = V0 = (u0, v0) at t = 0 , (7.193)

where VΓ and V0 are assumed to satisfy the compatibility and regularity
conditions mentioned in Section 5.1. In particular, VΓ is assumed to be
regular enough to ensure the solution to be sufficiently differentiable.

7.4.1 The influence matrix method

(a) Time-discretization
The time-discretization scheme makes use of the finite-difference multistep
AB/BDIk scheme described in Section 4.5.1, namely

1
∆t

k∑
j=0

aj Vn+1−j +
k−1∑
j=0

bj An−j +∇pn+1 − ν∇2Vn+1 = fn+1 (7.194)

∇ ·Vn+1 = 0 , (7.195)

where An−j = A
(
Vn−j ,Vn−j

)
. The coefficients aj and bj are given in

Table 4.4 for schemes of order 2 ≤ k ≤ 4. Therefore, at each time-cycle,
the following Stokes problem has to be solved

∇2V − σV −∇p = F in Ω (7.196)

∇ ·V = 0 in Ω (7.197)

V = VΓ on Γ , (7.198)

where
V = Vn+1 , p = pn+1/ν , σ = a0/ (ν∆t) ,

F = −fn+1 +
1
∆t

k∑
j=1

aj Vn+1−j +
k−1∑
j=0

bj An−j .

The question concerning the calculation of the first time-cycles with a mul-
tistep scheme like (7.194) is discussed in Section 4.5.1.c.

(b) Solution of the Stokes problem
The influence matrix method for solving the one-dimensional Stokes prob-
lem has largely been discussed in Section 7.3.2.c2. Therefore, we restrict
ourselves here to presenting the method and to discussing the peculiar
points characteristic of the two-dimensional configuration.
To begin with, the Poisson equation satisfied by the pressure is derived

by applying the divergence operator to Eq.(7.196) and taking Eq.(7.197)
into account, we obtain

∇2p = −∇ · F .



256 7. Velocity-Pressure Equations

This implies that Q = ∇ ·V satisfies the Helmholtz equation

∇2Q− σQ = 0 , (7.199)

so that Q = 0 everywhere if Q = 0 on the boundary Γ, which gives the
missing boundary conditions. Therefore, the problem (7.196)-(7.198) is re-
placed by

∇2p = −∇ · F in Ω (7.200)

H V −∇p = F in Ω (7.201)

V = VΓ on Γ (7.202)

∇ ·V = 0 on Γ , (7.203)

where H is the Helmholtz operator

H = ∇2 − σ I . (7.204)

The problem (7.200)-(7.203) is approximated by the Chebyshev collocation
method based on the Gauss-Lobatto points

xi = cos
π i

Nx
, i = 0, . . . , Nx , yj = cos

π j

Ny
, j = 0, . . . , Ny .

We denote by ΩN the set of collocation points in the interior of Ω,

ΩN = {xi, yj ; i = 1, . . . , Nx − 1, j = 1, . . . , Ny − 1} ,

by ΩN , the set of all collocation points,

ΩN = {xi, yj ; i = 0, . . . , Nx, j = 0, . . . , Ny} ,

and by Ω
I

N the set ΩN minus the four corners. We denote by ΓN the set of
collocation points belonging to the boundary Γ, and by ΓI

N this same set
minus the four corners. Finally, we recall that IPN represents the space of
polynomials of degree at most equal to Nx in x and to Ny in y. Therefore,
the solution [V = (u, v) , p] of problem (7.200)-(7.203) is approximated by
[VN = (uN , vN ) , pN ], where uN , vN , and pN belong to IPN . Such an ap-
proximation, where the velocity components and the pressure are in the
same polynomial space, is denoted by “IPN − IPN”.
The Chebyshev collocation approximation to the problem (7.200)-(7.203)

is
∇2pN = −∇ · FN in ΩN (7.205)

H VN −∇pN = FN in ΩN (7.206)

VN = VΓ on ΓI
N (7.207)

∇ ·VN = 0 on ΓI
N . (7.208)
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The various derivatives occurring in these equations are expressed by for-
mulas of type (3.45). Thus, Eqs. (7.205)-(7.206) constitute a system of
[3 (Nx − 1) (Ny − 1) + 4 (Nx +Ny − 2)] scalar equations for the same num-
ber of scalar unknowns, namely, (Nx − 1) (Ny − 1) for each velocity compo-
nent uN (xi, yj) and vN (xi, yj), (xi, yj) ∈ ΩN , and [Nx Ny + (Nx +Ny− 3)]
values of the pressure pN (xi, yj), (xi, yj) ∈ ΩI

N . Note that the forcing term
FN is evaluated either by matrix products or by the pseudospectral tech-
nique (Section 3.5.2).
As shown in Section 7.3.2.c, the velocity field VN defined by (7.205)-

(7.208) is not divergence-free because the momentum equation normal to
the boundary is not satisfied. Therefore, it is necessary to introduce a cor-
rection term ∇·B into the pressure equation in order to recover an exactly
divergence-free velocity field. The correction vector B (whose components
are polynomials belonging to IPN ) is zero in ΩN and its normal component
Bn at the boundary ΓI

N is the residual of the momentum equation normal
to the boundary.
Therefore, we have to solve the P-Problem defined by the algebraic sys-

tem
∇2pN = −∇ · FN −∇ ·B in ΩN (7.209)

H VN −∇pN = FN in ΩN (7.210)

VN = VΓ on ΓI
N (7.211)

Bn = (H VN −∇pN − FN ) .n on ΓI
N , (7.212)

where n is the unit normal vector to Γ and Bn = B · n. As noted above,
the vector B vanishes in ΩN , namely,

B = 0 in ΩN . (7.213)

Note that Bt, the component of B tangential to Γ, is not involved in the
algorithm since B appears in Eq.(7.209) only through its divergence.
Now the task is to solve the P-problem in an efficient way. This is done

through the influence matrix technique. As usual, we pose

pN = p̃N + pN , VN = ṼN +VN . (7.214)

The grid values of the part
(
p̃N , ṼN

)
are determined by the discrete

P̃-Problem constituted by

∇2p̃N = −∇ · FN in ΩN

p̃N = 0 on ΓI
N ,

and by
H ṼN = FN +∇ p̃N in ΩN

ṼN = VΓ on ΓI
N .
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The solution of these systems gives, successively, p̃N and ṼN , from which
we deduce

B̃n =
(
H ṼN −∇p̃N − FN

)
.n on ΓI

N ,

where B̃n is the normal component of vector B̃ such that

B̃ = 0 in ΩN

and B̃t = 0 on ΓI
N . Then the grid values of the part

(
pN ,VN

)
are a solution

to the discrete P-Problem :

∇2pN = −∇ ·B in ΩN (7.215)

H VN −∇pN = 0 in ΩN (7.216)

VN = 0 on ΓI
N (7.217)

∇ ·VN = −∇ · ṼN on ΓI
N , (7.218)

and
Bn = B̃n +Bn on ΓI

N , (7.219)

where
Bn =

(
H VN −∇pN

)
· n on ΓI

N .

As in the one-dimensional case, the P-problem is solved through the
superposition of elementary solutions according to

φ =
2 L∑
l=1

ξl φl , (7.220)

where φ = pN ,VN , Bn,B. The integer L is the number of collocation points
on ΓI

N , namely L = 2 (Nx +Ny − 2) and ξl, l = 1, . . . , 2L, are constants.
The elementary solutions φl are obtained from a sequence of P l-Problems,
l = 1, . . . , 2L, defined as follows:

P l-Problem, l = 1, . . . , L :

∇2pl = 0 in ΩN

pl |ηm
= δm,l , ηm ∈ ΓI

N ,

and
H Vl = ∇pl in ΩN

Vl = 0 on ΓI
N ,

and
Bl = 0 in ΩN ,
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where ηm, m = 1, . . . , L, refers to the collocation points on ΓI
N . Again,

when pl andVl are determined, we calculate the residual Bl n of the normal
momentum equation at the boundary

Bl n =
(
H Vl −∇pl

)
· n on ΓI

N . (7.221)

P l-Problem, l = L+ 1, . . . , 2L :

∇2 pl = −∇ ·Bl in ΩN

pl = 0 on ΓI
N

Bl n |ηm
= δL+m,l , ηm ∈ ΓI

N .

Since
Bl = 0 in ΩN

the above system completely determines pl in Ω
I

N . Then,

H Vl = ∇pl in ΩN ,

Vl = 0 on ΓI
N ,

and the residual Bl n on ΓI
N is again determined by Eq.(7.221).

It is not complicated to verify that the combination (7.220) satisfies
Eqs.(7.215)-(7.217) of the P-problem, whatever the constants ξl, l = 1, . . . ,
2L. These constants are then determined by prescribing the combination
(7.220) to also satisfy Eqs.(7.218) and (7.219), namely,

2 L∑
l=1

ξl

(
∇ ·Vl

)
ηm
= −

(
∇ · Ṽl

)
ηm

ηm ∈ ΓI
N

2 L∑
l=1

ξl

(
Bl n −Bl n

)
ηm
= B̃n |ηm

ηm ∈ ΓI
N ,

or, in vector form,
MΞ = Ẽ (7.222)

with Ξ = (ξ1, . . . , ξ2 L)
T . The matrix M is the influence matrix. This ma-

trix has four eigenvalues equal to zero. One of them has a physical mean-
ing: it is associated to the property of the pressure field to be defined up
to a constant. The other null eigenvalues are associated to the spurious
pressure modes, which will be characterized later. Therefore, the solution
Ξ of Eq.(7.222) is not determined in a unique way. It suffices, however,
to have one solution (ξ1, . . . , ξ2 L) which defines a set of boundary values
for pN and Bn ensuring that Eqs.(7.215)-(7.219) are satisfied. The proce-
dure proposed by Tuckerman (1989) consists of replacing the matrixM in
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Eq.(7.222) by a matrix M0 defined as follows : first, calculate the eigen-
values λj , j = 1, . . . , 2L, of the matrixM and the associated eigenvectors,
and let P be the matrix made with these eigenvalues ; then construct the
matrix

M0 = P Λ0 P−1 ,

where Λ0 is the diagonal matrix made with the eigenvalues λj except that
the null eigenvalues are replaced by any nonzero value γ, for example, γ = 1.
Then M0 can be inverted, so that

Ξ =M−1
0 Ẽ . (7.223)

Note that the matrix M0 acts like M except on its null space, on which it
acts like the identity. It may be observed that this regularization procedure
is similar to the one proposed in Section 3.7.1 for the solution of the Neu-
mann problem for the Poisson equation using the matrix-diagonalization
method. In this case there exists one null eigenvalue. The technique de-
scribed, which consists of setting to zero the component of Ṽ corresponding
to the null eigenvalue, would correspond to the special choice γ =∞. Now,
Ξ having been determined, it is easy to reconstruct the solution (pN ,VN )
thanks to Eqs.(7.214) and (7.220). However, in order to avoid the storage of
the elementary solutions as well as the summations (7.220), it is generally
more efficient to calculate the boundary values of pN and Bn and, then, to
solve again an algebraic system. More precisely, from the expressions

pN = p̃N +
2 L∑
l=1

ξl pl , B =
2 L∑
l=1

ξl Bl

and the definition of the boundary values of pl and Bl n used in Problems
P l, we easily get

pN | ηm
= ξm , Bn | ηm

= ξL+m , ηm ∈ ΓI
N ,

and we may calculate ∇ ·B taking Eq.(7.213) into account. Then the solu-
tion (pN ,VN ) is calculated by solving, successively, the two systems :

∇2pN = −∇ · FN −∇ ·B in ΩN (7.224)

pN |ηm
= ξm , ηm ∈ ΓI

N , (7.225)

and
H VN = FN −∇pN in ΩN (7.226)

VN = VΓ on ΓI
N . (7.227)

The various algebraic systems are solved by means of the matrix-diagona-
lization technique described in Section 3.7.2. The P l-problems are time-
independent and can be solved in the preprocessing stage performed before
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starting the time-integration. So, the matrix M is calculated (using its
symmetry properties) during this stage, and the matrix M0 is calculated,
inverted, and its inverse is stored. Generally, the elementary solutions are
not stored. Therefore the algorithm is the following :

A. Preprocessing stage
A.1. Solve the P l-problems, l = 1, . . . , 2L.
A.2. Construct the matrix M0. Invert M0 and store M−1

0 .

B. At each time-cycle
B.1. Calculate the right-hand side FN in Eq.(7.200) by matrix products

or by the pseudo-spectral technique (FFT).
B.2. Solve the P̃-problem, calculate Ẽ.
B.3. Calculate Ξ by Eq.(7.223).
B.4. Calculate the final solution (pN ,VN ) by solving Eqs.(7.224)-(7.227).

Remarks
To conclude the discussion, we make two remarks. The first one concerns
the characterization and removal of the spurious pressure modes and the
second remark is relative to the compatibility of the boundary conditions.

1. Spurious pressure modes
As mentioned in Section 7.3, the existence of spurious pressure modes is
connected to the fact that some Chebyshev modes do not appear in the
collocation at Gauss-Lobatto points. This is discussed now in more detail.
As for the one-dimensional case, the application of the influence matrix

method with the correction termB amounts to solving the discrete problem

∇2VN − σVN +∇pN = FN in ΩN (7.228)

∇ ·VN = 0 in Ω
I

N (7.229)

VN = VΓ on ΓI
N . (7.230)

Therefore the pressure appears only through its gradient evaluated at the
inner collocation points. The polynomial pN (x, y) can be expressed as

pN (x, y) =
Nx∑
k=0

Ny∑
l=0

p̂k,l Tk (x) Tl (y) . (7.231)

Now it is not difficult to detect the modes which are not involved in the
gradient ∇pN evaluated at points belonging to ΩN , namely, those for which
∇pN (xi, yj) = 0 for (xi, yj) ∈ ΩN . Thus, we find :
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(i) the constant mode T0 (x) T0 (y) = 1,
(ii) the line mode TNx

(y) T0 (y) = TNx
(x),

(iii) the column mode T0 (x) TNy
(y) = TNy

(y), and
(iv) the checkboard mode TNx

(x) TNy
(y).

Therefore, the Chebyshev coefficients p̂0,0, p̂Nx,0, p̂0,Ny
and p̂Nx,Ny

do
not occur in the collocation approximation to the problem (7.228)-(7.230).
This explains why some eigenvalues ofM are zero. The constant mode has
a physical meaning, the others are spurious.
Moreover, since the algebraic system (7.228)-(7.230) does not involve the

pressure values at the corners of the computational domain, there exists
another set of special modes, the so-called “corner modes” defined by

(1± x) (1± y) T ′
Nx
(x) T ′

Ny
(y) . (7.232)

Each of these modes vanishes in ΩN except at one corner. Moreover, the
gradient of these modes is zero at any collocation point of ΩN except on the
two sides of the boundary adjacent to the associated corner. The values of
the pressure at the corners cannot be determined by imposing the incom-
pressibility equation at these points since the divergence of the velocity at a
corner is completely defined (as zero, like here) by the knowledge ofVΓ. The
corner modes are generally qualified as “spurious,” although their nature
and their effect are slightly different from the other ones. More precisely,
they are not a possible source of null eigenvalues of the influence matrix or,
more generally, of the algebraic system (7.228)-(7.230). The value of the
pressure at the corners has no effect on the pressure values of the other
collocation points, while the presence of the other spurious modes con-
taminates the pressure solution in the whole domain. Thus, the knowledge
of the corner values of the pressure is unnecessary as long as the formal
expression of the polynomial pN (x, y) is not of interest. The existence of
the spurious pressure modes was detected by Morchoisne (1983) and their
theoretical analysis (inf -sup conditions) has been done by Bernardi et al.
(1988).
An equivalent way to detect the spurious modes associated with the

influence matrix method (Balachandar and Madabhushi, 1994) is to ex-
amine directly the system (7.209)-(7.213). Let us set φ = φI + φII , where
φ = pN ,VN ,B and φI represents the solution of (7.209)-(7.213) free of spu-
rious modes. The spurious part φII is such that VII

N = 0 since these modes
have no effect on the velocity. Therefore, the spurious part

(
pII

N ,BII
)
is

any nonzero solution to the homogeneous system

∇2pII
N +∇ ·BII = 0 in ΩN

∇pII
N = 0 in ΩN

BII = 0 in ΩN(
∇pII

N +BII
)
· n = 0 on ΓI

N .
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A careful examination of the system shows that we have the following
four nonzero solutions

pII
N = constant , BII = (0, 0) ,

pII
N = TNx

(x) , BII =
(
−T ′

Nx
(x) , 0

)
,

pII
N = TNy

(y) , BII =
(
0,−T ′

Ny
(y)
)
,

pII
N = TNx

(x) TNy
(y) , BII =

(
−T ′

Nx
(x) TNy

(y) ,−TNx
(x) T ′

Ny
(y)
)
,

exhibiting the spurious modes.
In the case where the correction term B is not considered (the “simpli-

fied” influence matrix method), the above system reduces to

∇2pII
N = 0 , ∇pII

N = 0 in ΩN .

These equations do not admit a nonzero solution (except the constant) :
there are no spurious modes. Of course, in both cases, the corner modes
are always present.
It is important to remember that spurious modes do not affect the veloc-

ity field. Therefore, their presence is harmless if the pressure field is not of
interest. However, in a number of physical problems the knowledge of the
pressure is indispensable. In these conditions, it is necessary to recover an
accurate pressure field. In the following, we propose two different ways to
fulfill this requirement :
(i) by filtering the spurious modes, or
(ii) by determining the pressure as the solution of a Poisson equation with
a Neumann boundary condition.
First, let us consider the filtering technique. This consists of the following

operations :
1. From pN (xi, yj), i = 0, . . . , Nx, j = 0, . . . , Ny, calculate the Chebyshev

coefficients p̂k,l, k = 0, . . . , Nx, l = 0, . . . , Ny.
2. Set to zero the coefficients p̂Nx,0, p̂0,ny

, and p̂Nx,Ny
.

3. From the filtered spectrum, calculate the new (filtered) pressure field
pN (xi, yj), i = 0, . . . , Nx, j = 0, . . . , Ny, defined to within a constant.

The implementation of this algorithm necessitates the knowledge of the
values of the pressure pN at the corners. These values pc

l , l = 1, . . . , 4, are
not given by the collocation solution (corner modes) and, hence, their deter-
mination necessitates a special treatment. We describe, here, the technique
proposed by Sabbah and Pasquetti (1998) which is based on a least-squares
procedure. The pressure pN (x, y) is expressed as

pN = p0
N +

4∑
l=1

pc
l Cl , (7.233)
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where p0
N is the calculated pressure field in Ω

I

N supplemented with the value
zero at the corners and Cl, l = 1, . . . , 4, are the polynomials constructed
from (7.232) and normalized such that Cl = 1 at the associated corner.
Now the field (7.233) is filtered as explained above, to become

pN = p0
N +

4∑
l=1

pc
l Cl . (7.234)

Then, with the objective of getting a smooth field pN , Sabbah and Pas-
quetti (1998) propose to determine the values pc

l , l = 1, . . . , 4, from the
minimization of the functional

J (pc
l ) =

∫
Ω

|∇pN |2 w dxdy , (7.235)

where w =
(
1− x2

)−1/2 (1− y2
)−1/2 is the Chebyshev weight. Thus, by

taking Eq.(7.234) into account in Eq.(7.235) and by differentiating J with
respect to pc

m, m = 1, . . . , 4, we get the least-squares equations

∫
Ω

[
4∑

l=1

pc
l ∇Cl · ∇Cm +∇p0

N · ∇Cm

]
w dxdy = 0 , m = 1, . . . , 4 .

This integral is evaluated by means of the Gauss-Lobatto quadrature [see
Eq.(3.14)], so that the system determining pc

l , l = 1, . . . , 4, is

AP c = S , (7.236)

where P c = (pc
1, . . . , p

c
4), A is the matrix, and S the vector whose elements

are, respectively,

am,l =
∑

xi , yj

1
ci cj

(
∇Cl · ∇Cm

)
i,j

, (xi, yj) ∈ ΓI
N ,

sm = −
∑

xi , yj

1
ci cj

(
∇p′0 · ∇Cm

)
i,j

, (xi, yj) ∈ ΓI
N ,

with ck defined by Eq.(3.16). It must be noticed that the summations are
taken on the boundary only, because the gradient ∇Cl vanishes in ΩN .
This property can easily be proven. Let Cl = Cl −C�

l where C
�
l is a linear

combination of the spurious modes. The result is that ∇Cl = ∇Cl −∇C�
l

vanishes in ΩN because of the properties of the spurious and corner modes.
The second way to recover the correct pressure field is to define it as

the solution of the Neumann problem (5.30)-(5.31) with V replaced by the
calculated velocity field VN which is exactly solenoidal owing to the ap-
plication of the influence matrix method. This way is much more accurate
than the filtering technique described above (see Section 7.4.4.a), whose
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weakness is connected to the necessary determination of the pressure val-
ues at the corners. Moreover, the extra-cost in computing time induced by
the solution of the Neumann problem remains unimportant since this latter
is calculated (as post-processing) only when the pressure is really needed.
Finally, it must be remarked that, if needed, the values of the pressure at
the corners can be calculated as for any boundary value problem of Robin
type (Section 3.7.2). More precisely, let us consider the side −1 ≤ x ≤ 1,
y = 1. The derivatives ∂xpN at the corners (−1, 1) and (1, 1) may be taken
equal to the derivatives ∂ypN normal to the sides x = −1 and x = 1, respec-
tively, extended up to the corners. Then, from the first-order differentiation
formula (3.45)-(3.46), associated to the known values of ∂xpN (±1, 1) and
pN (xi, 1), i = 1, . . . , N − 1, we easily deduce the corner values pN (±1, 1).
To close this remark, we mention the comparative study made by Schu-

mack et al. (1991) on ways to avoid the spurious modes of pressure in the
solution of the Stokes problem. Some of them have already been mentioned
in Section 7.3. In the following sections we describe two projection methods
exempt of spurious modes, one is based on the IPN − IPN−2 approximation
(Section 7.4.2) and the other makes use of a Neumann boundary condition
for the pressure (Section 7.4.3).

2. Total flow rate condition
The influence matrix method provides an approximate velocity field whose
divergence is the null polynomial. Therefore, consistency requires that the
polynomial approximation VΓ N = (uΓ N , vΓ N ) to the boundary velocity
VΓ satisfies exactly the flow rate condition∫

Γ

(VΓ N · n) dΓ = 0 . (7.237)

If the spatial resolution is sufficiently high, this condition is satisfied to
machine accuracy. If not, the deviation from the zero total flow rate, even
as small as 10−6, may induce long-time instabilities. The remedy is to
slightly modify VΓ N on some part of the boundary in order to recover
condition (7.237). This can be done in the following way.
Let Γ1 be the part of Γ where VΓ N is replaced by V�

Γ N such that

V�
Γ N · n =

{
VΓ N · n at the extremities of Γ1 .
VΓ N · n+ ε at the inner points of Γ1 ,

where ε is determined by requiring∫
Γ1

V�
Γ N · n dΓ +

∫
Γ\Γ1

VΓ N · n dΓ = 0 .

Another approach is the one used by Forestier et al. (2000b) in which V�
Γ N

is represented on a polynomial basis satisfying the flux rate condition and
is determined by the least-squares minimization of |V�

Γ N · n−VΓ N · n|2
on Γ1.
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7.4.2 The projection method

The projection method has been presented in Section 7.3.2, in the Fourier-
Chebyshev case, associated with first- and second-order time-discretization
schemes. Here, considering higher-order time schemes, we describe two com-
monly used projection methods based on a Chebyshev collocation approx-
imation in both spatial directions (or in three, in the general case). The
first one considers polynomial approximation of different degree for velocity
and pressure but using the same grid of collocation points (IPN − IPN−2

method). The second method makes use of the same polynomial space for
velocity and pressure (IPN − IPN method) and is based, as is classical for
projection methods, on a Neumann boundary condition for the pressure.

(a) The general semidiscrete projection method
As is known, the projection method consists of two steps. In the first step,
a provisional value Ṽn+1 of the velocity is calculated without taking into
account the incompressibility equation. Then, in the second step, this pro-
visional value is corrected by determining the pressure ensuring that the
final velocity field is solenoidal. The scheme is as follows:

Step 1 :

1
∆t


a0Ṽn+1 +

k∑
j=1

ajVn+1−j


+ k−1∑

j=0

bj An−j

+∇pn+1 − ν∇2Ṽn+1 = fn+1 in Ω

(7.238)

Ṽn+1 = Vn+1
Γ on Γ , (7.239)

with An−j = A
(
Vn−j ,Vn−j

)
.

Step 2 :

a0

∆t

(
Vn+1 − Ṽn+1

)
+∇

(
pn+1 − pn+1

)
= 0 in Ω (7.240)

∇ ·Vn+1 = 0 in Ω (7.241)

Vn+1 · n = Vn+1
Γ · n on Γ . (7.242)

The coefficients aj and bj for 2 ≤ k ≤ 4 are given in Table 4.4 of Sec-
tion 4.5.1.a. They ensure, respectively, the material derivative of V and
the nonlinear term A to be approximated at time (n+ 1)∆t with an er-
ror O

(
∆tk
)
. Moreover, the global accuracy of the scheme depends on the

definition of the pressure pn+1 as discussed now.
By eliminating the provisional velocity Ṽn+1 from Eqs.(7.238) and

(7.240), we obtain the semidiscrete momentum equation actually solved,
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namely,

1
∆t

k∑
j=0

aj Vn+1−j +
k−1∑
j=0

bj An−j +∇pn+1 − ν∇2Vn+1 +∆tEn+1 = fn+1

(7.243)
with

En+1 = − ν

a0
∇2
[
∇
(
pn+1 − pn+1

)]
. (7.244)

Obviously, when the problem (7.238)-(7.242) is approximated by a Cheby-
shev collocation, the discrete form of En+1 depends on the type of the
polynomial approximation (IPN − IPN or IPN − IPN−2) and on the way in
which the algebraic system is closed. In any case, however, the discrete
operator in En+1 acts on the polynomial approximation of the quantity
qn+1 = pn+1 − pn+1, so that the order of the error in time of Eq.(7.243) is
unchanged.
The examination of Eqs.(7.243) and (7.244) shows that the truncation

error of this equation is O
(
∆tk
)
if pn+1 − pn+1 = O

(
∆tk−1

)
. Therefore,

the choice of pn+1 determines the accuracy of the method :

1. The original method (Chorin, 1968 ; Temam, 1969) simply uses

pn+1 = 0

and the truncation error is O (∆t).
2. The incremental method (Goda, 1979) makes use of

pn+1 = pn

so that the truncation error is O
(
∆t2
)
.

3. A general high-order approximation is obtained (Karniadakis et al.,
1991 ; Botella, 1997) from the extrapolation formula

pn+1 =
k−2∑
j=0

cj p
n−j , k ≥ 2 , (7.245)

with c0 = 1 for k = 2, c0 = 2, c1 = −1 for k = 3 and, more generally,
cj (k) = bj (k − 1). Formula (7.245) leads to a truncation error of O

(
∆tk
)

for Eq.(7.243).
4. Hugues and Randriamampianina (1998) determine pn+1 as the solu-

tion of a Neumann problem for a Poisson equation, such that pn+1−pn+1 =
O
(
∆t2
)
. This technique is described in Section 7.4.2.b.

In Step 1, Eqs.(7.238) and (7.239) define a Dirichlet problem for the
Helmholtz equation satisfied by each component of Ṽn+1. These Helmholtz
problems are easily solved by means of the Chebyshev collocation method
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associated with the matrix-diagonalization technique (Section 3.7.2) for
the solution of the associated algebraic system. Note that the nonlinear
convective term in Eq.(7.238) is evaluated through matrix products or using
the pseudospectral technique (Section 3.5.2).
Step 2 corresponds to a Darcy problem (or div-grad problem) whose

solution is the subject of the next two sections.
The Darcy problem is written as

σVn+1 +∇qn+1 = σ Ṽn+1 in Ω (7.246)

∇ ·Vn+1 = 0 in Ω (7.247)

Vn+1 · n = Vn+1
Γ · n on Γ , (7.248)

and
pn+1 = qn+1 + pn+1 , (7.249)

where σ = a0/∆t.
Now let us assume that the velocity components un+1 and vn+1, as well

as the pressure pn+1 (and consequently qn+1) are approximated with poly-
nomials of the same degree (IPN − IPN method). Then suppose Eq.(7.246)
to be enforced on ΩN and Eq.(7.247) on Ω

I

N (see Section 7.4.1.b for the
definition of ΩN and Ω

I

N ). The resulting pressure solution is contaminated
by spurious modes, since qn+1 appears only through its gradient at inner
collocation points. Spatial approximations avoiding spurious modes may be
of two types, which are now described.

1. The first type of method consists of approximating the pressure with
a polynomial whose degree is lower than the one used for the velocity
components, so that the pressure gradient does not vanish at points where
the momentum equation is enforced. This can be done in either of the
following approximation techniques :
(i) Use a staggered grid of MAC type where the velocity components

and the pressure are computed on different grids (see, e.g., Peyret and
Taylor, 1983). This is relatively simple to implement in the one-dimensional
case (Malik et al., 1985 ; Zang and Hussaini, 1985 ; Canuto et al., 1988 ;
Fröhlich and Peyret, 1990). On the other hand, in the two-dimensional
case (Bernardi and Maday, 1988 ; Le Quéré, 1989) the implementation is
appreciably more complicated since it involves three different grids and
appropriate interpolation. For these reasons, the staggered grid method is
not of common use.
(ii) Use a unique collocation grid (Gauss-Lobatto points) but approx-

imate the velocity components and polynomials of different degree. This
IPN − IPN−2 method, introduced by Bernardi et al. (1990) and developed
in several works (e.g., Heinrichs, 1993 ; Azaiez et al., 1994b; Botella, 1997),
is described in detail in Section 7.4.2.b.
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2. The second type of method consists of using the normal momentum
equation at the boundary to close the discrete system rather than the in-
compressibility equation. In this case, the velocity components as well as the
pressure are approximated with polynomials of the same degree (IPN −IPN

method). There are no spurious pressure modes since the normal gradient
of the pressure at the boundary involves the derivative of the high-degree
Chebyshev polynomial which does not vanish at ±1 while it does at the
inner collocation points. The IPN − IPN method is described in detail in
Section 7.4.2.c.

(b) The IPN − IPN−2 projection method
The pressure pn+1 in Eq.(7.238) is evaluated through the extrapolation
formula (7.245). Let us define IPN as the space of polynomials of degree
at most Nx in x and Ny in y. The velocity components are approximated
with polynomials belonging to the IPN -space. Thus, the provisional velocity
Ṽn+1 is approximated by Ṽn+1

N = (ũn+1
N , ṽn+1

N ) and the velocity Vn+1 by
Vn+1

N = (un+1
N , vn+1

N ). The pressure is approximated with a polynomial of
degree less than two in both directions, namely, pn+1 ∼= pn+1

N−2 ∈ IPN−2

and, consequently, qn+1 ∼= qn+1
N−2 ∈ IPN−2. Equations (7.246) and (7.247)

are enforced at the Gauss-Lobatto points (xi, yj) ∈ ΩN . This necessitates
the evaluation of the pressure gradient at the same points. Hence, one must
define the Lagrange interpolation polynomial of degree Nx − 2 (or Ny − 2)
based on the points xi = cos(πi/Nx), i = 1, . . . , Nx−1, [or yj = cos(πj/Ny),
j = 1, . . . , Ny − 1].
Let us consider the function φ (x) defined in [−1, 1] and the inner Gauss-

Lobatto points xi = cosπi/N , i = 1, . . . , N−1. The Lagrange interpolation
polynomial based on this set of points is defined by

φN−2 (x) =
N−1∑
j=1

φ (xj) ĥj (x) , (7.250)

where ĥj (x) is the polynomial of degree N − 2 such that

ĥj (xi) = δi,j , i, j = 1, . . . , N − 1 .

The polynomial ĥj (x) has the expression

ĥj (x) =
(−1)j+1 (1− x2

j

)
T ′

N (x)
N2 (x− xj)

, j = 1, . . . , N − 1 . (7.251)

This expression is obtained by using the fact that the Gauss-Lobatto points
xi, i = 1, . . . , N − 1, are the zeros of T ′

N (x) and by taking into account
that

T ′
N (x)
x− xj

→ (−1)j+1 N2

1− x2
j

for x → xj , j = 1, . . . , N − 1 .
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We observe that

ĥj (x) =
1− x2

j

1− x2
hj (x) ,

where hj (x) is the Lagrange interpolation coefficient associated with the
IPN approximation and given by Eq.(3.44). The differentiation formula as-
sociated with the approximation (7.250) is written

φ′
N−2 (xi) =

N−1∑
j=1

d̂
(1)
i,j φ (xj) , i = 1, . . . , N − 1 (7.252)

with

d̂
(1)
i,j = ĥ′j (xi) =

1− x2
j

1− x2
i

h′j (xi) +
2xi

1− x2
i

δi,j ,

or

d̂
(1)
i,j =

(−1)j+1 (1− x2
j

)
(1− x2

i ) (xi − xj)
, i, j = 1, . . . , N − 1 , i �= j

d̂
(1)
i,i =

3xi

2 (1− x2
i )
, i = 1, . . . , N − 1 .

(7.253)

Now the collocation method applied to the solution of problem (7.238)-
(7.239) determines the value of the approximate provisional velocity Ṽn+1

N

at the Gauss-Lobatto points, namely,

σ Ṽn+1
N − ν∇2Ṽn+1

N = Fn+1
N in ΩN (7.254)

Ṽn+1
N = Vn+1

Γ on ΓI
N , (7.255)

where

Fn+1
N = fn+1

N − 1
∆t

k∑
j=1

aj Vn+1−j
N −

k−1∑
j=0

bj An−j
N −

k−2∑
j=0

cj ∇pn−j
N−2

and σ = a0/∆t. The gradient ∇pn−j
N−2 is evaluated at the Gauss-Lobatto

points by means of formulas of type (7.252)-(7.253). The nonlinear term in
Fn+1

N is evaluated by matrix products or by the pseudospectral technique
(Section 3.5.2). Equations (7.254) and (7.255) define an algebraic system for
each component ũn+1

N and ṽn+1
N , that is easily solved by using the matrix-

diagonalization technique (Section 3.7.2).
Then the collocation approximation of the Darcy problem (7.246)-(7.249)

yields the algebraic system

σVn+1
N +∇qn+1

N−2 = σ Ṽn+1
N in ΩN (7.256)

∇ ·Vn+1
N = 0 in ΩN (7.257)
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Vn+1
N · n = Vn+1

Γ · n on ΓI
N , (7.258)

and
pn+1

N−2 = qn+1
N−2 + pn+1

N−2 in ΩN , (7.259)

where the divergence operator acting on Vn+1
N is defined by the usual dif-

ferentiation formulas (3.45)-(3.46), while the gradient ∇qn+1
N−2 is expressed

by formulas like (7.252)-(7.253).
It is observed that the system (7.256)-(7.259) contains sufficient algebraic

equations to completely determine the velocity and pressure fields in ΩN .
Therefore, one of the main advantages of this method is that it does not
require the prescription of boundary conditions for the pressure. On the
boundary ΓI

N , the normal component of the velocity is defined by (7.258).
On the other hand, the tangential component is not involved in the above
system. Therefore, this component is not deduced from the solution of the
Darcy problem (as it should be in the continuous case) but is simply defined
by the boundary condition (7.192) of the Navier-Stokes problem.
We can estimate the error in time of the method by analyzing the trun-

cation error of the discrete equations obtained after the elimination of the
provisional velocity Ṽn+1

N (xi, yj). Thus, the discrete form of Eq.(7.243)
involves the term

En+1
N−2 (xi, yj) = − ν

a0


Nx−1∑

l=1

d
(2)
i,l Gn+1

N−2 (xl, yj) +
Ny−1∑
l=1

d
(2)
j,l Gn+1

N−2 (xi, yl)




where Gn+1
N−2 is the discrete gradient of q

n+1
N−2 defined by differentiation for-

mulas of type (7.252). The discrete equations resulting from Eq.(7.243) are
applied to the inner points (xi, yj) ∈ ΩN , supplemented by the incompress-
ibility equation ∇ · VN = 0 enforced on ΩN and the boundary conditions
Vn+1

N = Vn+1
Γ on ΓI

N . Therefore it is clear that the truncation error of
the overall discrete problem is O

(
∆tk
)
if pn+1 is defined by Eq.(7.245).

Moreover, the error-splitting term ∆tEn+1
N−2 vanishes at steady state.

Equations (7.256)-(7.259) are written in matrix form by introducing the
(Nx − 1)× (Ny − 1) matrices containing the grid values of the unknowns

U =
[
un+1

N (xi, yj)
]
, i = 1, . . . , Nx − 1 , j = 1, . . . , Ny − 1

V =
[
vn+1

N (xi, yj)
]
, i = 1, . . . , Nx − 1 , j = 1, . . . , Ny − 1

Q =
[
qn+1
N−2 (xi, yj)

]
, i = 1, . . . , Nx − 1 , j = 1, . . . , Ny − 1 .

The system is written
σ U + D̂x Q = σ Ũ (7.260)

σ V +QD̂T
y = σ Ṽ (7.261)

Dx U + V DT
y = S , (7.262)
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where Dx and Dy are, respectively, the (Nx − 1)× (Nx − 1) and (Ny − 1)×
(Ny − 1) matrices analogous to the matrix D1 defined in Eq.(4.66) ; D̂x

and D̂y are similar matrices made with the coefficients d̂
(1)
i,j . The matrices

Ũ and Ṽ are defined by

Ũ =
[
ũn+1

N (xi, yj)
]
, i = 1, . . . , Nx − 1 , j = 1, . . . , Ny − 1

Ṽ =
[
ṽn+1

N (xi, yj)
]
, i = 1, . . . , Nx − 1 , j = 1, . . . , Ny − 1

and S is the (Nx − 1)× (Ny − 1) matrix containing the boundary values of
the velocity, namely,

S = −
(
Dx UΓ + VΓ D

T

y

)
,

where

UΓ =
[
un+1

Γ (xi, yj)
]
, i = 0, Nx , j = 1, . . . , Ny − 1

VΓ =
[
vn+1
Γ (xi, yj)

]
, i = 1, . . . , Nx − 1 , j = 0, Ny

and
Dx =

[
d
(1)
i,j

]
, i = 1, . . . , Nx − 1 , j = 0, Nx

Dy =
[
d
(1)
i,j

]
, i = 1, . . . , Ny − 1 , j = 0, Ny .

The solution of the large system (7.260)-(7.262) is obtained through the
elimination of U and V to get the system determining Q, let

Dx D̂x Q+Q
(
Dy D̂y

)T

= −σ
(
S − Dx Ũ − Ṽ DT

y

)
. (7.263)

The operator acting on Q is of Uzawa type. The eigenvalues of the matrix
Dx D̂x (or Dy D̂y) are real, distinct, and negative except one and only one
which is zero, corresponding to the constant mode (Heinrichs, 1993). More-
over, when Nx → ∞, the smaller eigenvalue |λ|min → π2/4 (discarding the
null eigenvalue) and the larger one |λ|max

∼= 0.047N4
x . This is typically the

behaviour of the eigenvalues of the second-order derivative operator with
Dirichlet conditions (see Table 3.1). Therefore, the Uzawa operator acting
on Q in (7.263) may be characterized as a “pseudo-discrete-Laplacian”.
System (7.263) is solved by means of the matrix-diagonalization proce-

dure (Section 3.7.2) using, for the null eigenvalue, the technique proposed
in Section 3.7.1 for solving the Neumann problem for the Poisson equation.
Then, when Q is known, Eqs.(7.260) and (7.261) give U and V, respec-
tively. Note that in the three-dimensional case, the system determining Q
is put in the tensor product form and the solution procedure follows the
one described in Section 3.7.3.
Note that the value of the pressure at the boundary is not known from the

discrete system (7.260)-(7.262). If this value is needed, it is rather simple to
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deduce an approximation of it from the Lagrange interpolation polynomial
of type (7.250) evaluated at the extremities ±1.
Moreover, we recall that the incompressibility equation is enforced at the

inner collocation points but not on the boundary. The result is that the
approximate divergence velocity QN = ∇ · VN is not the null polynomial
as it is in the case of the influence matrix method. This drawback may
be seen as an advantage is some situations where the solution exhibits a
singularity at the boundary. Moreover, the method is less sensitive to the
way in which the total flow rate condition is satisfied (see Remark 2 of
Section 7.4.1.b).
Returning to the time-discretization of the Navier-Stokes equations, we

are faced with the usual problem associated with multistep schemes, namely
the calculation of the solution of the first time-cycles. More precisely, the
calculation of

(
V1, p1

)
for the second-order scheme (k = 2),

(
V1, p1

)
and(

V2, p2
)
for the third-order scheme (k = 3), and so on.

As mentioned in Section 4.5.1.d, the starting scheme may be one order
less accurate than the current scheme without effect on the accuracy of the
approximate solution. Therefore, for the second-order scheme one can set
V−1 = V0 = V0 and p0 = 0, that leads to a first-order scheme provided
the time-step is taken equal to 3∆t/2.
For the third-order scheme, Botella and Peyret (2001) suggest the calcu-

lation of
(
V1, p1

)
and

(
V2, p2

)
by means of a second-order scheme derived

from the RK2/CN scheme (4.85):

Step 1a : Calculation of V1 :

V1 −Vn

∆t
+A (Vn,Vn) +∇pn − ν∇2Vn = fn in Ω

V1 = Vn+1
Γ on Γ .

Step 1b : Calculation of Ṽn+1 :

2 Ṽn+1 −V1 −Vn

∆t
+A (V1,V1) +∇pn − ν∇2Ṽn+1 = fn+1 in Ω

Ṽn+1 = Vn+1
Γ on Γ .

Step 2 : Projection :

Vn+1 − Ṽn+1

2∆t
+
1
2
∇
(
pn+1 − pn

)
= 0 in Ω

∇ ·Vn+1 = 0 in Ω

Vn+1 · n = Vn+1
Γ · n on Γ .
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It is possible to show (Botella, 1998) that this scheme is equivalent at
O
(
∆t2
)
to the classical Crank-Nicolson scheme. The scheme is applied to

n = 0 and n = 1. Therefore, the knowledge of an initial pressure field p0

is required. As shown by Heywood and Rannacher (1982) and by Temam
(1982), the initial pressure field (which is not data of the exact continuous
problem) can be determined from the Neumann problem (5.30)-(5.31) with
V = V0, taking into account that the initial velocity field V0 satisfies the
compatibility condition (5.11). We refer to Marion and Temam (1998) for
a general discussion on the initial conditions. Examples of the application
of the IPN − IPN−2 method are presented in Sections 7.6.4 and 8.4.2.b.

(c) The predicted IPN − IPN projection method
The IPN − IPN projection method was defined as Option (3) in Section
7.3.2.d, and the weakness of the method concerning the Neumann condition
for the pressure, in the framework of the strong collocation approximation,
was discussed. This drawback, however, can be removed by using, for the
pressure pn+1 occurring in Eq.(7.235), the solution of a Poisson equation
with Neumann boundary conditions. This method, proposed by Hugues and
Randriamampianina (1998), is now presented associated with the second-
order time-scheme [k = 2 in Eqs.(7.238)-(7.242)], but higher-order schemes
could be used as long as stability is ensured.
The pressure pn+1 is calculated, in a predicted step, from Eqs.(5.30)-

(5.31) using an explicit formulation, namely,

∇2pn+1 = ∇ ·
[
fn+1 −

(
2An −An−1

)]
in Ω (7.264)

∂np
n+1 =

[
fn+1 −

(
2An −An−1

)
+ ν
(
2Dn −Dn−1

)
− 1
2∆t

(
3Vn+1

Γ − 4Vn
Γ +Vn−1

Γ

)]
· n on Γ .

(7.265)

The use of the classical form of the diffusive term D = ∇2V leads to
instability. On the other hand, the form

D = ∇ (∇ ·V)−∇× (∇×V) = −∇× (∇×V) (7.266)

considered by Orszag et al. (1986) and by Karniadakis et al. (1991) is
found to be stable. As a matter of fact, because the constraint ∇·V = 0 is
not enforced at the boundary, the compatibility condition of the Neumann
problem (7.264)-(7.265) would not be satisfied if the term ∇ (∇ ·V) was
retained in D, as it is when using D = ∇2V. Formally (and numerically
checked) the value pn+1 is an approximation to pn+1 with an error O

(
∆t2
)
.

Therefore, the term ∆t En+1 in Eq.(7.243) is O
(
∆t3
)
.

It should be recalled that, in the IPN − IPN approximation method, the
velocity components and the pressure are approximated with polynomials
of the same degree, namely, un+1

N , vn+1
N , pn+1

N , pn+1
N (and qn+1

N = pn+1
N −

pn+1
N ) are polynomials of degree at most Nx in x and Ny in y.
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The Chebyshev-collocation solution of the Neumann problem (7.264)-
(7.265) gives pn+1

N . Then, when pn+1
N has been calculated, the polynomial

approximation Ṽn+1
N =

(
ũn+1

N , ṽn+1
N

)
to the polynomial velocity Ṽn+1 =(

ũn+1, ṽn+1
)
is determined from the solution of Eqs.(7.238)-(7.239) with

k = 2, namely,
σ Ṽn+1 − ν∇2Ṽn+1 = Fn+1 in Ω (7.267)

∇ · Ṽn+1 = 0 in Ω (7.268)

Ṽn+1 = Vn+1
Γ on Γ , (7.269)

with σ = 3/(2∆t) and

Fn+1 = fn+1 − 4Vn −Vn−1

2∆t
−
(
2An −An−1

)
−∇pn+1 . (7.270)

The collocation approximation to Eqs.(7.267)-(7.269) gives an algebraic
system for the grid values of each component of Ṽn+1.
Now it remains to solve the Darcy problem (7.246)-(7.249). As explained

in Section 7.3.2.e this is done by deriving a Poisson equation for qn+1 sup-
plemented with a Neumann boundary condition. This can be done either
directly from the discrete system resulting from the Chebyshev collocation
approximation to problem (7.246)-(7.249) or from the continuous equations
themselves. This latter derivation is simpler in the multidimensional case.
Therefore, the Poisson equation is obtained by applying the divergence
operator to Eq.(7.246) and taking into account the incompressibility equa-
tion (7.247). The associated Neumann condition is derived by projecting
Eq.(7.246) normal to the boundary. We obtain the Neumann problem

∇2qn+1 = σ∇ · Ṽn+1 in Ω (7.271)

∂nq
n+1 = σ

(
Ṽn+1 −Vn+1

)
· n = 0 on Γ , (7.272)

which automatically satisfies the compatibility condition. Equation (7.272)
shows that pn+1 satisfies the Neumann condition

∂np
n+1 = ∂np

n+1 on Γ ,

that is consistent with the Navier-Stokes problem and accurate to second-
order. Problem (7.271)-(7.272) is solved by means of the Chebyshev collo-
cation method. Once qn+1

N is known, Eq.(7.246) applied to Ω
I

N determines
the approximate velocity field Vn+1

N whose divergence is zero at the inner
collocation points.
In summary, the algorithm is the following :

1. Solve Eqs.(7.264)-(7.265) for determining pn+1
N in Ω

I

N .
2. Solve Eqs.(7.267)-(7.269) for determining Ṽn+1

N in Ω
I

N .
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3. Solve Eqs.(7.271)-(7.272) for determining qn+1
N in Ω

I

N .
4. Calculate pn+1

N in Ω
I

N from Eq.(7.249), namely, pn+1
N = qn+1

N + pn+1
N .

5. Calculate Vn+1
N in Ω

I

N from Eq.(7.246), namely,

Vn+1
N = Ṽn+1

N − 1
σ
∇qn+1

N .

The calculation of
(
V1, p1

)
at the first time-cycle (n = 0) with the

three-level scheme (k = 2) is performed by setting V−1 = V0 = V0 and
the time-step equal to 3∆t/2, p1 being determined by Eqs.(7.264)-(7.265).
Note that the boundary condition on the tangential velocity component is

not exactly satisfied since this velocity is obtained from Eq.(7.246), namely,

Vn+1
N · t = Vn+1

Γ · t− ∆t
a0

[
∇
(
pn+1

N − pn+1
N

)]
· t on ΓI

N . (7.273)

The evaluation of the tangential gradient of qn+1
N = pn+1

N − pn+1
N on ΓI

N

necessitates the knowledge of the values of qn+1
N at the corners. These values

are calculated by using the Neumann condition ∂nq
n+1
N = 0 according to the

technique described in Section 3.7.2 in the general case of Robin conditions
and applied to the calculation of the pressure at the corners in Remark 1
of Section 7.4.1.
The error term (“slip velocity”) in the right-hand side of Eq.(7.273) is

O
(
∆t3
)
since pn+1

N − pn+1
N = O

(
∆t2
)
as numerically checked (Hugues

and Randriamampianina, 1998; Raspo et al., 2002). Therefore, the effect
of this slip velocity on the global accuracy O

(
∆t2
)
is negligible. However,

the slip velocity does not vanish at steady state because the difference
pn+1

N − pn+1
N is not zero at steady state. In order to avoid the slip velocity,

one might be tempted to define the tangential velocity from the exact
boundary condition (7.192) rather than from Eq.(7.273). This is the Option
(4) defined in Section 7.3.2.d. Unfortunately, such a procedure appeared
unstable in some applications, while it is stable in the case where pn+1 = pn.
Lastly, one could wonder whether it is quite necessary to calculate the

predicted pressure pn+1. One would then restrict oneself to set pn+1 = pn,
namely, qn+1 = pn+1 − pn, and to solve the Poisson equation (7.271) with
a Neumann boundary condition similar to Eq.(7.265). However, the com-
patibility condition associated with this Neumann problem is satisfied at
O (∆t) only, whatever the form of D, and the method appears to be unsta-
ble. On the other hand, a stable projection method involving such a Neu-
mann condition can be constructed (Karniadakis et al., 1991) by inverting
the two steps of the procedure. In the first step the pressure field and a
solenoidal velocity field are calculated by discarding the diffusive term. The
pressure field pn+1 is a solution of the Neumann problem (7.264)-(7.265)
which satisfies the compatibility condition. In the second step, the final ve-
locity is calculated by taking the diffusion into account. Although providing
accurate results, this method presents the drawback of not controlling the
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divergence Qn+1
N of the approximation of the final velocity field Vn+1. The

divergence Qn+1
N satisfies a Helmholtz equation, as in the influence matrix

method, but without the boundary condition ensuring that Qn+1
N is effec-

tively zero. However, it must be pointed out that the polynomial Qn+1
N

tends toward zero when the spatial resolution is increased. A similar split-
ting scheme has been proposed by Batoul et al. (1994), associated with the
IPN − IPN−2 approximation, avoiding the need for a boundary condition
for the pressure. This method presents the same behaviour concerning the
divergence of the velocity.

7.4.3 Shear-stress-free boundary

When a part of the boundary Γ is stress-free, the no-slip condition is re-
placed by

Vn = 0 , ∂n (Vt) = 0 , (7.274)

where Vn and Vt are, respectively, the normal and tangential components
of the velocity vector V with respect to the boundary Γ. Of course, it is
assumed here that the boundary velocity VΓ on the complementary part
of the stress-free boundary is compatible with condition (7.274). In the
following, and this to fix the ideas, the side Γ1 = {y = 1 ,−1 < x < 1} will
be supposed to be stress-free, that is, Eq.(7.274) becomes

v = 0 , ∂yu = 0 on Γ1 . (7.275)

(a) Influence matrix method
The implementation of the boundary conditions (7.275) in the influence
matrix method associated with the Fourier-Chebyshev approximation has
been discussed at the end of Section 7.3.2.c. The extension to the Cheby-
shev-Chebyshev case is straightforward.

(b) IPN − IPN−2 projection method
In step 1 of the projection method, the calculation of the provisional ve-
locity Ṽn+1 is done by simply replacing the no-slip condition on Γ1 by

ṽn+1 = 0 , ∂yũ
n+1 = 0 on Γ1 . (7.276)

The solution of the Darcy problem in step 2 requires a little more work.
For the normal component on Γ1, there is no difficulty in prescribing

vn+1 = 0 on Γ1 . (7.277)

The difficulty appears in determining the tangential velocity un+1 on Γ1

such that it satisfies the second condition (7.275). This can be done by
differentiating the tangential part of Eq.(7.246) and, taking the second
equation (7.275) into account, we get the discrete equation

∂yu
n+1
N = − 1

σ
∂yxq

n+1
N on ΓI

1 N (7.278)
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where ΓI
1 N refers to the inner collocation points belonging to Γ1. The term

∂yxq
n+1
N (xi, 1), i = 1, . . . , Nx−1, is evaluated from the values qn+1

N (xi, yj),
i = 1, . . . , Nx − 1, j = 1, . . . , Ny − 1, that is,

∂xq
n+1
N (xi, yj) =

Nx−1∑
k=1

d̂
(1)
i,k q

n+1
N (xk, yj)

then

∂xq
n+1
N (xi, yj) =

Ny−1∑
l=1

[
∂xq

n+1
N (xi, yl)

]
ĥl (y)

and

∂y xq
n+1
N (xi, 1) =

Ny−1∑
l=1

[
∂xq

n+1
N (xi, yl)

]
ĥ′l (1) ,

where ĥ′l (1) is calculated from Eq.(7.251).
Now the derivative ∂yu

n+1
N (xi, 1) is evaluated through the usual differen-

tiation formula using the known values un+1
N (xi, yj), j = 1, . . . , Ny. Thus,

Eq.(7.278) determines the boundary value un+1
N (xi, 1).

Note that Eq.(7.278) exhibits the error term (∆t/a0)∂yxq
n+1
N which is

formally O
(
∆t2
)
. This is the analog of the slip velocity occurring in the

IPN − IPN projection method [Eq.(7.273)].

(c) IPN − IPN projection method
The implementation of the stress-free conditions is similar to that described
for the IPN −IPN−2 method. It is, however, simpler since the quantity qn+1

N

is known on ΓI
1 N from the solution of Eqs.(7.271)-(7.272) and is calculated

at the corners as explained above. It may be useful to observe that the
pressure satisfies the homogeneous Neumann condition ∂np = 0 on a stress-
free boundary provided that f · n = 0.

7.4.4 Assessment of methods

The purpose of this section is to assess and compare the various methods
by considering simple examples : analytical solutions and regularized cavity
flow. The considered methods are based on the AB/BDIk scheme with
k = 2 or k = 3 and the nonlinear term A (V,V) is considered in the
convective form (see Section 7.4.5 for a discussion on the various forms of
this term). These methods are :
1. The AB/BDI2, IPN − IPN , influence matrix method [Section 7.4.1] :

IM.
2. The AB/BDI2, IPN − IPN , original projection method [Section 7.4.2,

pn+1 = 0] : OP.
3. The AB/BDI2, IPN − IPN , incremental projection method [Section
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7.4.2, pn+1 = pn] : IP.
4. The AB/BDI2, IPN −IPN , predicted projection method [Section 7.4.2,

pn+1 solution of Eqs.(7.264)-(7.265)] : PP.
5. The AB/BDI2, IPN −IPN−2, projection method [Section 7.4.2, pn+1 =

pn] : P2.
6. The AB/BDI3, IPN −IPN−2, projection method [Section 7.4.2, pn+1 =

2 pn − pn−1] : P3.
The following points will be discussed :
(a) Comparison of the accuracy of the pressure calculated by the IM and

P2 methods. In the case of the IM method, the pressure is recovered either
by filtering or by the solution of a Poisson equation.
(b) Evaluation of the effect of pn+1 on the accuracy of the IPN − IPN

projection methods (OP, IP and PP).
(c) Comparison of the accuracy in time of the IM, PP, P2 and P3 meth-

ods.
(d) Comparison of the stability of the IM, PP, P2 and P3 methods.
(e) Comparison of the spatial accuracy of the IM, PP and P2 methods.
(f) Comparison of the cost of the IM, PP and P2 methods.
These questions are now successively addressed.

(a) Accuracy of the pressure in IM and P2 methods
The application of the influence matrix method with the correction term
B produces spurious pressure modes which have to be removed to get an
accurate pressure field. As discussed in Section 7.4.1.b, this can be done
either by a filtering process or by the solution of a Poisson equation with a
Neumann condition. These two techniques are evaluated and their results
are compared to those given by the P2 method. This is done by considering
the calculation of the analytical steady solution in Ω = {−1 < x, y < 1} :

u = sin (πx/2) cos (πy/2) , v = − cos (πx/2) sin (πy/2) ,

p = (cosπx+ cosπy) /4 + 10 (x+ y) .
(7.279)

This defines the forcing term f in Eq.(7.1) and the boundary value VΓ.
The initial condition is the exact solution (7.279), and the time-integration
(with ν = 10−1) is pursued until the residual of the velocity is stabilized
(at less than 2 × 10−12). The arbitrary constant in the pressure field is
determined by matching the calculated and exact pressures at the center
point of the domain ΩN . The calculations (Botella, 1998; Sabbah, 2000)
are done with Nx = Ny = N . The accuracy of a quantity φ is evaluated
through the discrete L2-norm based on ΩI

N :

Eφ =


 1
(N − 1)2

N−1∑
i,j=1

[
φn+1

N (xi, yj)− φ (xi, yj , tn+1)
]2

1/2

(7.280)
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where φN is the computed solution and φ is the exact one. Table 7.2 gives
the errors on the u-component of the velocity (error Eu) and on the pressure
(error Ep). The error E

I

p refers to the pressure field obtained by the filtering

process and the error E
II

p to the one computed from the Poisson equation.
The second technique is much more accurate and its accuracy is similar
to the one associated with the P2 method (note that different computers
have been used for the IM and P2 methods). The last column in Table 7.2
gives the maximal value Qmax of ∇ ·VN on the boundary given by the P2
method.

IM method
N Eu E

I

p E
II

p

12 5.26× 10−11 1.20× 10−5 2.80× 10−8

16 1.08× 10−14 2.00× 10−6 2.27× 10−12

P2 method
N Eu Ep Qmax

12 1.99× 10−11 5.16× 10−7 2.39× 10−9

16 3.75× 10−13 7.46× 10−11 1.29× 10−11

Table 7.2. Errors given by the IM and P2 methods for the steady solution
(7.279).

(b) Influence of pn+1 in OP, IP and PP methods
This example is intended to evaluate the effect of the choice of pn+1 on
the accuracy in time of the IPN − IPN projection methods. This is done
by considering a three-dimensional unsteady solution (Raspo et al., 2002)
in a cylindrical coordinate system (r, θ, z) with V = (u, v, w). The annular
domain Ω is defined by 1 ≤ r ≤ 2, 0 ≤ θ ≤ 2π, −1 ≤ z ≤ 1. The coordinate
r is changed in ρ = r− 2 so that −1 ≤ ρ ≤ 1. The numerical tests are done
with the analytical time-periodic solution

u = (1/2π)
(
1 + cos2 4πt

)
sin2 π ρ · sin 2πz · cos θ

v = − (1/2π)
(
1 + cos2 4πt

)
sin2 πρ · sin 2πz · sin θ

w = − (1/2π)
(
1 + cos2 4πt

)
sin 2πρ · sin2 πz · cos θ

p = (cosπρ+ cosπz) cos θ + 10 (x+ y) cos θ · cos 4πt ,

(7.281)

which defines the forcing term f in Eq.(7.1), the boundary value VΓ, and
the initial condition V0.
The spatial approximation makes use of the Fourier Galerkin method in

the θ-direction and Chebyshev collocation in the ρ- and z-directions (see
Section 7.5). We denote by K the cut-off frequency of the truncated Fourier
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series, and by Nρ and Nz the degree of the polynomial approximation
in ρ- and z-directions, respectively. The calculations are done with ν =
2 × 10−3 and the resolution 2K = Nρ = Nz = 40. This resolution is
expected to be sufficient to ensure that the measured error is due only to
the error in time for the considered values of the time-step ∆t. However,
as will be observed, the presence of a rather large spatial error associated
with the normal pressure gradient at the boundary may require higher
resolutions.
The interest in using a time-periodic solution like (7.281) is that the error

itself is periodic after a transient stage. Thus, it is recommended integrating
over a large number of periods in order to check the stability of the method,
characterized by a constant maximal error defined by

Eφ = max
t

Eφ (t) (7.282)

where Eφ is defined by an equation similar to (7.280) based on the colloca-
tion points (ρi, θj , zk). The error Eφ characterizes the accuracy in time of
the method. Figures 7.1 and 7.2 show, respectively, the errors Eu and Ep

calculated on the inner collocation points. Figure 7.3 shows the error EΓ
p

calculated on the points belonging to the boundary of the computational
domain. It may be observed that the spatial error of the IP method [curve
(2)] becomes preponderant as soon as ∆t < 10−3. This threshold is lowered
by increasing the resolution to 2K = Nρ = Nz = 54 [curve (3)]. On the
other hand, the temporal error of the OP method [curve (1)] is too large to
make apparent the spatial error for the values of ∆t considered. Lastly, the
error associated with the PP method [curve (4)] shows a perfect decrease
in ∆t2. Results concerning the rate of decrease of the errors are reported
in Table 7.3. This table also gives the behaviour of the slip velocity Vs

exhibited by Eq.(7.273).

Method Eu Vs Ep E
Γ

p

OP ∆t ∆t ∆t0.88 ∆t0.74

IP ∆t2 ∆t2 ∆t1.65 ∆t
PP ∆t2 ∆t3 ∆t2 ∆t2

Table 7.3. Rate of decrease of the errors given by the OP, IP, and PP
methods for the time-periodic solution (7.281).

These various numerical results clearly show the weaknesses of the OP
and IP methods compared to the PP method. This latter constitutes an
efficient way to apply the concept of projection associated with the IPN −
IPN approximation in the strong collocation framework.
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FIGURE 7.1. Error Eu for the solution (7.281) given by the projection methods :
(1) OP method (40×40×40 resolution), (2) IP method (40×40×40 resolution),
(3) IP method (54×54×54 resolution), (4) PP method (40×40×40 resolution).

(c) Accuracy in time of the IM, PP, P2, and P3 methods
The purpose of this test case is to compare the accuracy in time of the IM,
PP, P2, and P3 methods. The comparison is based on the calculation of
the two-dimensional time-periodic solution similar to the steady solution
(7.279), namely,

u = cos (5t) sin (πx/2) cos (πy/2) , v = − cos (5t) cos (πx/2) sin (πy/2) ,

p = cos2 (5t) (cosπx+ cosπy) /4 + 10 (x+ y) cos (5t) ,
(7.283)

which defines the forcing term f in Eq.(7.1), the boundary value VΓ, and
the initial condition V0.
Numerical tests (Hugues and Randriamampianina, 1998 ; Botella, 1997;

Sabbah, 2000) are performed for ν = 10−2, Nx = Ny = 32, and ∆t varying
between 10−4 and 10−2. The three second-order IM, PP and P2 methods
give essentially the same errors Eu and Ep [defined by Eq.(7.282)]: they
behave like ∆t2 and their magnitude is nearly identical, namely, Eu �
2.1 × 10−4 and Ep � 3.6 × 10−3 for ∆t = 10−2. For the P3 method, we
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FIGURE 7.2. Error Ep, at inner points, for the solution (7.281) given by the
projection methods : (1) OP method (40 × 40 × 40 resolution), (2) IP method
(40×40×40 resolution), (3) IP method (54×54×54 resolution), (4) PP method
(40× 40× 40 resolution).

obtain the ∆t3-behaviour with the typical values Eu � 5.2 × 10−5 and
Ep � 3.1× 10−4 for ∆t = 10−2.

(d) Stability of the methods
The stability of the various methods is compared by evaluating the maxi-
mum allowable time-steps in the calculation of the regularized driven cavity
flow. This flow, which takes place in the square 0 ≤ X,Y ≤ 1, is defined
by the boundary conditions

u (X, 1) = −16X2 (1−X)2 , v (X, 1) = 0 ,

on the side Y = 1 and u = 0, v = 0 on the other three sides. The forcing
term f in Eq.(7.1) is zero. The initial condition is V0 = 0. The Reynolds
number Re = ν−1, based on the side of unit length, is Re = 400. The
application of the Chebyshev method necessitates the change of variable in
order to transform the square [0, 1]× [0, 1] into the square [−1, 1]× [−1, 1].



284 7. Velocity-Pressure Equations

FIGURE 7.3. Error EΓ
p , at the boundary, for the solution (7.281) given by the

projection methods : (1) OP method (40 × 40 × 40 resolution), (2) IP method
(40×40×40 resolution), (3) IP method (54×54×54 resolution), (4) PP method
(40× 40× 40 resolution).

N IM PP P2 P3 ω-ψ
16 0.082 0.055 0.081 0.049 0.067
24 0.049 0.033 0.047 0.032 0.047
32 0.032 0.027 0.030 0.023 0.033

Table 7.4. Critical time-step ∆t� for the regularized cavity flow at
Re = 400.

Table 7.4. gives the critical time-step ∆t� (estimated within an error
of ±10−3) in the case of the IM, PP, P2, P3 methods and the AB/BDI2
influence matrix method applied to the vorticity-streamfunction equations
(Section 6.4). The calculations are done by using the same polynomial de-
gree in both directionsNx = Ny = N . The results show that the PP method
requires time-steps slightly smaller than the other methods, the difference
diminishing when the resolution is increased. Also, we may observe the de-
crease of the critical time-step when the order of accuracy increases (P2
and P3 methods).
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N IM PP P2 ω-ψ
16 24.6799 (0.60) 25.0387 (0.60) 24.7799 (0.60) 25.2329 (0.60)
24 24.9144 (0.63) 24.9180 (0.63) 24.9157 (0.63) 24.9344 (0.63)
32 24.7845 (0.65) 24.7844 (0.65) 24.7845 (0.65) 24.7845 (0.65)

Table 7.5. Maximal value M1 of the vorticity on Y = 1 for the regularized
cavity flow at Re = 400. The abscissa XM of the point where the

maximum is reached is given in parentheses.

N IM PP P2 ω-ψ
16 25.0476 (0.63) 25.3854 (0.62) 25.1604 (0.625) 25.4675 (0.62)
24 24.9135 (0.63) 24.9170 (0.63) 24.9148 (0.63) 24.9333 (0.63)
32 24.9109 (0.63) 24.9107 (0.63) 24.9110 (0.63) 24.9110 (0.63)
40 24.9109 (0.63) - 24.9109 (0.63) -

Table 7.6. Maximal value M2 of the vorticity on Y = 1 for the regularized
cavity flow at Re = 400. The abscissa XM of the point where the

maximum is reached is given in parentheses.

(e) Spatial accuracy of the methods
The convergence of the solution with respect to the polynomial degree N
is assessed by considering the steady regularized cavity flow at Re = 400,
already considered in the previous section. The convergence is measured
by examining a sensitive quantity such as the maximal value of the vor-
ticity ω = ∂Xv − ∂Y u on the side Y = 1. Thus, we may define M1 as
the maximum of ωN on the collocation points belonging to Y = 1. Such
a quantity, however, is not really significant due to the unequal distribu-
tion of the Gauss-Lobatto points and the large variations of the boundary
vorticity. So, it is much more significant to consider the maximal value of
the polynomial ωN (x, 1) on x ∈ [−1, 1]. From the knowledge of the grid
values ωN (xi, 1), i = 0, . . . , N , the polynomial ωN (x, 1) is reconstructed
either through the Lagrange interpolation polynomial (3.43) or through the
Chebyshev expansion (3.17) after having calculated the Chebyshev coeffi-
cients with Eq.(3.36). Therefore, we denote by M2 the maximal value of
ωN (x, 1) taken on a large number of equispaced points, say 201. Tables 7.5
and 7.6, respectively, display the values of M1 and M2 obtained with the
IM, PP, P2 methods and with the influence matrix method applied to the
ω-ψ equation (Section 6.4).
A comparison between the behaviour of M1 and M2 is very instructive.

The evolution of M1, when N increases, does not give any indication on
the convergence of the solution, while the results forM2 exhibit a perfectly
monotonic convergence. In particular, the relative difference between M2

obtained for N = 32 and the converged value (M2 = 24.9109) is less than
1.6×10−4 for any method. This illustrates not only the high accuracy of the
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Chebyshev method but also its superiority over local methods like finite-
differences concerning the information which can be extracted from the
numerical results. Indeed, the finite-difference method gives the solution
only at some points of the computational domain. The spectral method
gives much more, since it gives the approximate solution in the form of a
polynomial valid for any location in the computational domain.

(f) Cost of the IM, PP and P2 methods
For every method the CPU time needed by the calculations in the prepro-
cessing stage is negligible compared to the time spent during the integration
in time, even for the IM method which necessitates important precalcula-
tions. For each of the IM, PP, and P2 methods, the computations performed
at each time-cycle are essentially : (1) the evaluation of the right-hand sides,
and (2) the solution of the Helmholtz problems. We assume that the right-
hand sides are evaluated by matrix-matrix products and that the algebraic
systems associated with the Helmholtz problems are solved by the matrix-
diagonalization procedure. Therefore, the computational effort amounts to
matrix-matrix products.
The cost of a method, in terms of CPU time, depends on :
(1) the number of time-cycles needed to reach some prescribed time, with

a prescribed accuracy in time,
(2) the number of matrix-matrix products to be done at each time-cycle,

and
(3) the spatial resolution needed to reach some prescribed accuracy, since

the size of the matrices has an effect on the CPU time needed to perform
these products.
From the results discussed in previous Sections, it appears that the tem-

poral and spatial accuracy is comparable for the three IM, PP, and P2
methods, whereas the size of the time-step required for stability is slightly
smaller for the PP method (1.2-1.5 times). Moreover, the number of matrix-
matrix products done at each time-cycle is 34 for the IM method, 28 for
the PP method, and 20 for the P2 method. In conclusion, the P2 method
is less costly whereas the PP method is generally more costly.

7.4.5 The form of the nonlinear term

In Section 7.2.2, the influence of the form of the nonlinear term of the
Navier-Stokes equations on the stability of large Reynolds number time-
dependent solutions has been discussed for the Fourier method. It was
pointed out that, in the absence of the forcing term f , the semiconservation
properties of the Navier-Stokes equations (i.e., conservation with ν = 0)
were preserved for the Fourier Galerkin approximation. Therefore, Fourier
Galerkin or, equivalently, dealiased Fourier collocation, approximation of
the nonlinear term does not introduce instability. On the other hand, the
same properties of semi-conservation do not hold for the Chebyshev approx-
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imation (Canuto et al., 1988). Since a theoretical analysis for the Chebyshev
method is not available, we must have recourse to numerical experiments
in order to understand the influence of the form of the nonlinear term.
Wilhelm and Kleiser (2000) have studied the case of a spectral-element

method based on Legendre polynomials and staggered mesh. They consider
the four forms of the nonlinear terms, namely, the convective, conservative,
skew-symmetric, and rotational form (Section 5.1) and also the alternative
rotational form where A (V,V) = ω×V+∇

(
|V|2/2

)
while retaining ∇p.

Their numerical results, for channel flow at a Reynolds number equal to
7500, show that only the convective form and the above alternative rota-
tional forms are stable, whereas the conservative, the skew-symmetric, and
the usual rotational forms are unstable, whatever the time-discretization
scheme, time-step, and spatial resolution. The argument put forward by
Wilhelm and Kleiser (2000) to explain the different behaviour between the
various forms is the lack of verification of the constraint ∇ · V = 0 at the
Gauss-Lobatto points where the nonlinear term is evaluated. However, it
is likely that aliasing also has an influence.
From the numerical experiments (Botella et al., 2001) reported below it

seems that, in Chebyshev collocation methods, two effects are responsible
for instability : aliasing and defective verification of the incompressibility
condition. These experiments have been performed on the problem of the
regularized cavity flow (Sections 7.4.4.d and 7.4.4.e) by means of the in-
fluence matrix method (IM-method, Section 7.4.1) and the IPN − IPN−2

projection method (P2-method, Section 7.4.2). In both methods, the same
second-order AB/BDI2 time-scheme is used and the nonlinear term is eval-
uated without aliasing removal. This term is considered in the four classical
forms : convective, conservative, skew-symmetric, and rotational defined in
Section 5.1.
In the IM method, the divergence of the approximate velocity VN is

exactly zero everywhere, namely, QN = ∇·VN is the null polynomial, while
in the P2 method QN is zero only at the inner collocation points. At the
collocation points belonging to the boundary ΓI

N , QN is not zero but tends
toward zero when the resolution is increased. This situation is different from
the one considered by Wilhelm and Kleiser since a single collocation mesh is
used here to enforce both momentum and incompressibility equations. For
a given form of the nonlinear term, the aliasing error at inner collocation
points is the same in both the IM and P2 methods. The only difference
between both methods, concerning the nonlinear term, lies in the value of
QN at the boundary.
For small values of Re (say Re = 400) all the forms are stable, whatever

the method, because viscous effects are preponderant. Different behaviours
appear for larger values of Re.
For example, Table 7.7 displays the results obtained for Re = 2000. For

the considered time-steps and spatial resolutions (Nx = Ny = N) it is
observed that :
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N = 32 N = 50 N = 80
Form Method 102∆t = 1 0.5 1 0.05 0.5 0.25
CONV IM S S S S S S

P2 S S S S S S
CONS IM S S S S S S

P2 U U U U U U
S-S IM S S S S S S

P2 U U S S S S
ROT IM S S S S S S

P2 S S S S S S

Table 7.7. Stability properties, in the case Re = 2000, associated with the
various forms of the nonlinear term (CONV = convective, CONS =

conservative, S-S = skew-symmetric, ROT = rotational, for the influence
matrix method (IM) and the IPN − IPN−2 projection method (P2), S =

stable, U = unstable).

Form Method
IM P2

CONV S S
CONS U U
S-S S U
ROT S S

Table 7.8. Stability properties, in the case Re = 7500, N = 50, and
∆t = 5× 10−3, associated with the various form of the nonlinear term
(CONV = convective, CONS = conservative, S-S = skew-symmetric,
ROT = rotational, for the influence matrix method (IM), and the
IPN − IPN−2 projection method (P2), S = stable, U = unstable).

1. The IM method is stable whatever the form of the nonlinear term.
2. For the P2 method, the conservative form is unstable.
3. For the P2 method, the skew-symmetric form is unstable for low
resolution (N = 32).

Further computations performed with the P2 method and with the con-
servative form show that stability is obtained with N = 160 and ∆t =
2.5× 10−3. The fact that the calculations are stable for these values, while
they are unstable for the same time-step but with N = 80, makes evident
that instability is not a result of the choice of too large time-steps. The
nature of the instability is connected to the spatial approximation itself as
was observed in the Chebyshev approximation to the advection-diffusion
(Section 4.2.3) but the reasons are obviously different. From these results,
it seems that, for Re = 2000, the observed instability is most likely due
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more to the defective verification of the incompressibility condition at the
boundary than the inner aliasing effects. By the way, it is interesting to
point out that the same cavity flow at Re = 2000 has been calculated
using the vorticity-streamfunction equations and the collocation influence
matrix method given in Section 6.4. The computations done for N = 32
and ∆t = 2 × 10−2 are stable whatever the form of the nonlinear term
[Eqs.(5.16) and (5.17)]. This is in agreement with the above argument since
the computed velocity field is automatically solenoidal.
Other computations done with a higher Reynolds number, namely, Re =

7500 with N = 50 and ∆t = 5 × 10−3, reported in Table 7.8, show that
the conservative form is unstable even with the IM method. A possible
explanation is that viscous effects are no longer sufficient to prevent the
influence of the aliasing error. This is strengthened by the fact that stability
is recovered by increasing the resolution to N = 80 having, for effect, to
reduce the aliasing terms.
In conclusion, it is clear that, for the considered Chebyshev collocation

methods, the convective and rotational forms are the more stable. How-
ever, it must be pointed out that, at the present state of knowledge, the
explanations put forward above must be taken with caution. Definitive con-
clusions could only be drawn after justification of the numerical results by
theoretical analyses.

7.5 Example of application: three-dimensional flow
in a rotating annulus

In this section we present an application of the IPN − IPN predicted pro-
jection method (PP method) presented in Section 7.4.2. The application
(Serre et al., 2001) concerns three-dimensional flow in a rotating annulus
with forced flux. This configuration has already been considered in Section
6.5.2 in the axisymmetric case characterized by a relatively low value of the
dimensionless flow rate : Cw ≤ 120. Here we consider the three-dimensional
flow which appears for larger values of Cw. The problem is made dimen-
sionless by means of the following characteristic quantities : h for length,
Ω−1 for time, Ω−1R1 for velocity, and (Rm + 1)L2 Ω2 h2 for pressure. We
refer to Section 6.5.2 for the definition of these various quantities. The di-
mensionless equations, considered in the rotating frame of reference (ρ, θ, z)
with V = (u, v, w), are

∂tu+Au + ∂ρp

−E
[
∇2u− u

L2 (Rm + ρ)2
− 2
L2 (Rm + ρ)2

∂θv

]
− 2 v = 0

(7.284)



290 7. Velocity-Pressure Equations

∂tv +Av +
1

Rm + ρ
∂θp

−E
[
∇2v − v

L2 (Rm + ρ)2
+

2
L2 (Rm + ρ)2

∂θu

]
+ 2u = 0

(7.285)

∂tw +Aw + L∂zp− E∇2w = 0 (7.286)

∂ρu+
u

Rm + ρ
+

1
Rm + ρ

∂θv + L∂zw = 0 , (7.287)

where (Au, Av, Aw) is the convective term, ∇2 is the Laplacian operator,

∇2 =
1
L2

∂ρρ +
1

L2 (Rm + ρ)
∂ρ +

1
L2 (Rm + ρ)2

∂θθ + ∂zz , (7.288)

and E is the Ekman number defined by Eq.(6.149).
The above equations are solved in the domain (−1 ≤ ρ ≤ 1, 0 ≤ θ ≤ 2π,

−1 ≤ z ≤ 1). The boundary conditions prescribed at ρ = ±1 are deduced
from the Ekman boundary layer solution, namely,

u = Vg

[
eZ+ sinZ+ − eZ− sinZ−

]
,

v = −Vg

[
eZ+ cosZ+ − eZ− cosZ−

]
,

w = 0 ,

where Vg = CwE
1/2/ [2πL (Rm + ρ)] and Z± = −E−1/2 (1± z). The no-

slip conditions u = 0, v = 0, w = 0 are prescribed at z = ±1. The initial
condition will be specified later. The problem being periodic in the az-
imuthal direction, the spatial approximation makes use of truncated Fourier
series in θ. Thus, each dependent variable φ = u, v, w, p is approximated
according to

φK (ρ, θ, z, t) =
K∑

k=−K+1

φ̂k (ρ, z, t) ei k θ . (7.289)

Then the Galerkin equations (see Section 6.2.1) determining the Fourier
coefficients ûk, v̂k, ŵk, and p̂k are

∂tûk + Âu,k + ∂ρp̂k

−E
[
∇2

ûk −
k2 + 1

L2 (Rm + ρ)2
ûk − i

2 k
L2 (Rm + ρ)2

v̂k

]
− 2 v̂k = 0

(7.290)

∂tv̂k + Âv,k +
i k

Rm + ρ
p̂k

−E
[
∇2

v̂k −
k2 + 1

L2 (Rm + ρ)2
v̂k + i

2 k
L2 (Rm + ρ)2

ûk

]
+ 2 ûk = 0

(7.291)
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∂tŵk + Âw,k + L∂z p̂k − E

[
∇2

ŵk −
k2

L2 (Rm + ρ)2
ŵk

]
= 0 (7.292)

∂ρûk +
ûk

Rm + ρ
+ i

k v̂k

Rm + ρ
+ L∂zŵk = 0 , (7.293)

with associated boundary conditions at ρ = ±1, z = ±1. The operator
∇2

is the Laplacian operator (7.288) without the θ-term. The problem is
solved by using the second-order version of the splitting scheme (7.238)-
(7.242) and the IPN − IPN projection method described in Section 7.4.3.e.
Thus, the solution method is as follows :

1. The predicted pressure pn+1 is calculated from equations similar to
Eqs.(7.264)-(7.265).

2. The provisional velocity ˜̂V
n+1

k = (˜̂u
n+1

k , ˜̂v
n+1

k , ˜̂w
n+1

k ) is calculated from
equations similar to Eqs.(7.238)-(7.239). The nonlinear term
(Âu,k, Âv,k, Âw,k) is calculated through the pseudospectral technique (Sec-
tion 6.3.3) based on even collocation (Section 2.4) defined by the collocation
points θj = 2πj/Nθ, j = 0, . . . , Nθ, with Nθ = 2K and ρi = cos (πi/Nρ),
i = 0, . . . , Nρ, zk = cos (πk/Nz), k = 0, . . . , Nz. To avoid the coupling
of Eqs.(7.290) and (7.291) through the terms i k v̂k and i k ûk, Serre et
al. (2001) evaluated these terms in an explicit way using the Adams-
Bashforth extrapolation. Note that, if the equations were considered in
a fixed frame of reference [the Coriolis term (−2 v̂k, ûk) being absent],
the coupling could be avoided, while considering an implicit discretiza-
tion, by introducing (Orszag and Patera, 1983) the new dependent vari-
ables

λ̃n+1
k = ˜̂u

n+1

k + i˜̂v
n+1

k , µ̃n+1
k = ˜̂u

n+1

k − i˜̂v
n+1

k .

Then uncoupled equations for λ̃n+1
k and µ̃n+1

k are obtained by addition and
subtraction of the two momentum equations.

3. The solution
(
ûn+1

k , v̂n+1
k , p̂n+1

k

)
is obtained from the projection step

(7.240)-(7.242) solved through a Neumann problem analogous to (7.271)-
(7.272).

Serre et al. (2001) did a detailed study of the problem by varying the
flow rate Cw and the curvature parameter Rm. Here we want to illustrate
the application of the PP projection method by considering a typical case,
namely, Cw = 530, E = 2.24 × 10−3, L = 3.37, and Rm = 5. The calcu-
lations are done with Nρ = Nz = 48, K = 32, and ∆t = 4 × 10−3. This
flow is computed by using, as an initial condition, the axisymmetric flow at
Cw = 460. The resulting flow is time-periodic and again axisymmetric but
it becomes three-dimensional after an instantaneous small disturbance was
applied to the azimuthal velocity near the entrance. This three-dimensional
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FIGURE 7.4. Instantaneous iso-surface of the axial velocity component
(w = −3.5 × 10−4) of the time-periodic three-dimensional flow for Cw = 530,
E = 2.24× 10−3, L = 3.37 and Rm = 5.

flow is illustrated in Figure 7.4 which displays the instantaneous iso-surface
of the axial velocity component (w = −3.5×10−4). The iso-surface exhibits
a spiral pattern whose number of arms (twelve) depends on the wavelength
of the imposed disturbance. Figure 7.5 displays the representation of the
same iso-surface pattern in a Cartesian frame.

Remark
The axis singularity
In the example considered above, the computational domain does not con-
tain the axis r = 0, that is, the coordinate singularity associated with the
axis is avoided. In the general cylindrical case (r, θ, z) with 0 ≤ r ≤ R, the
behaviour of the solution as r → 0 must be taken into account. The require-
ment for analyticity of the physical (scalar or vector) quantities φ (r, θ, z, t)
implies some conditions in the form of the approximation in the r-direction
(Orszag and Patera, 1983 ; Tuckerman, 1989 ; Pasquetti and Bwemba, 1994;
Priymak, 1995). In practice, only some of these conditions are actually pre-
scribed, for example the Laplacian of φ is required to be nonsingular. The
weaker form of the regularity condition is the requirement that φ is single-
valued at r = 0. This implies the vanishing of the azimuthal derivative
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FIGURE 7.5. Representation in a cartesian frame of the instantaneous iso-surface
of the axial velocity component (w = −3.5× 10−4).

∂θφ at r = 0. The result is that the Fourier coefficients φ̂k (r, z, t) are such
that φ̂k (0, z, t) = 0 for k �= 0, but the value φ̂0 (0, z, t) remains undeter-
mined.
Various ways are possible to avoid having to prescribe boundary condi-

tions on the axis :
(1) Consider the interval −R ≤ r ≤ R and the Gauss-Lobatto points

ρi = ri/R, i = 0, . . . , Nr, where Nr is even, so that r = 0 is not a collocation
point (Pulicani and Ouazzani, 1991 ; Pasquetti and Bwemba, 1994).
(2) Consider the interval 0 ≤ r ≤ R and the Gauss-Radau points (see Ap-

pendix A), so that the origin r = 0 does not belong to the set of collocation
points (Le Marec et al., 1996 ; Manna and Vacca, 1999).
(3) Consider the interval 0 ≤ r ≤ R and the Gauss-Lobatto points, but

introduce the change of dependent variable φ̃ = r φ so that φ̃ satisfies the
boundary condition φ̃ (0, θ, z, t) = 0 (Pulicani and Ouazzani, 1991 ; Serre
and Pulicani, 2001). The value of φ on the axis r = 0 is computed from the
value of ∂rφ at r = R. Because this later value depends on θ, the continuity
of φ at r = 0 is obtained only approximately and needs the resolution to
be large enough.
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