Contents

1. Introduction ............. ... . 1

2. Moduli of Families of Curves and Extremal Partitions .... 7

2.1

2.2

2.3

24

2.5

2.6

2.7

Simple definition and properties of the modulus ............ 7
2.1.1 Definition ....... .. 7
2.1.2 Properties ... 8
2.1.3 Examples . ... 10
2.1.4 Grotzsch lemmas . .......... ... ... 13
2.1.5 EXEICISes . ..ottt 15
Reduced moduli and capacity ........... ... . ..o . 15
2.2.1 Reduced modulus ............. .. .. . .. . 15
2.2.2 Capacity and transfinite diameter .................. 17
2.2.3 Digons, triangles and their reduced moduli .......... 19
Elliptic functions and integrals .......... ... ... ... ... . ... 23
2.3.1 Elliptic functions . ...... .. .. .. . . i i 23
2.3.2 Elliptic integrals and Jacobi’s functions ............. 25
Some frequently used moduli............................. 30
2.4.1 Moduli of doubly connected domains................ 30
2.4.2 Moduli of quadrilaterals........................... 32
243 Reducedmoduli............ ... ... ... .. .. .. .. ... 32
2.4.4 Reduced moduli of digons ............ ... ... ... .. 33
Symmetrization and polarization ............ ... ... ..., 34
2.5.1 Circular symmetrization........................... 34
2.5.2 Polarization ...............c. i 35
Quadratic differentials on Riemann surfaces................ 37
2.6.1 Riemann surfaces........... ... .. .. ... .. .. 37
2.6.2 Quadratic differentials ......... ... .. .. .. o 39
2.6.3 Local trajectory structure ............. ... ... .... 40
2.6.4 Trajectory structure in the large ................... 43
Free families of homotopy classes of curves and extremal par-

BIEIONS . o 46
2.7.1 The case of ring domains and quadrangles ........... 46
2.7.2 The case of circular, strip domains, and triangles . . ... 50

2.7.3 Continuous and differentiable moduli ............... 54



VIII

3.

Contents

Moduli in Extremal Problems for Conformal Mapping.... 57
3.1 Classical extremal problems for univalent functions ......... 57
3.1.1 Koebe set, growth, distortion ...................... 57
3.1.2 Lower boundary curve for the range of (|f(2)|,|f'(2)]). 60
3.1.3 Specialmoduli ........ ... .. . . i 61
3.1.4 Upper boundary curve for the range of (|f(2)|,|f'(2)]) 66
3.2 Two-point distortion for univalent functions ............... 70

3.2.1 Lower boundary curve for the range of (|f(r1)l,|f(r2)|)
ISR o 70
3.22 Specialmoduli ........ ... .. .. i 71

3.2.3 Upper boundary curve for the range of (| f(r1)],|f(r2)|)
ISR 80

3.2.4 Upper boundary curve for the range of (|f(r1)],|f(r2)|)
NS 85
3.3 Bounded univalent functions ........... .. ... .. . L. 86
3.3.1 Elementary estimates ............ .. ... .. .. ... .. 87
3.3.2 Boundary curve for the range of (|f(2)],|f'(2)]) in Bs(b) 89
3.4 Montel functions . .......... ... 94
3.4.1 Covering theorems. ......... .. ..., 95
3.4.2 Distortion at the points of normalization ............ 98
3.4.3 The range of (|f(r)],|f (r)]) in Mr(w) ......ccoouin. 108
3.5 Univalent functions with the angular derivatives............ 120
3.5.1 Estimates of the angular derivatives ................ 120
3.5.2  The range of (|f(r),[f(0)]) «.ovvvvveniii 125
Moduli in Extremal Problems for Quasiconformal Mapping141
4.1 General information and simple extremal problems ......... 141
4.1.1 Quasiconformal mappings of Riemann surfaces . ...... 141
4.1.2  Growth and Hélder continuity ..................... 145
4.1.3 Quasiconformal motion of a quadruple of points ... ... 148
4.2 Two-point distortion for quasiconformal maps of the plane. .. 151
4.2.1 Special differentials and extremal partitions.......... 153
4.2.2  Quasisymmetric functions and the extremal maps .... 154
4.2.3 Boundary parameterization ........... ... ... ... ... 157
4.2.4 The class Q. Estimations of functionals ............ 159
4.2.5 Conclusions and unsolved problems ................. 166
4.3 Two-point distortion for quasiconformal maps of the unit disk 168
4.3.1 Special differentials and extremal partitions.......... 168
4.3.2 Extremal problems ............ ... .. ... .. ... ... 172
Moduli on Teichmiiller Spaces ................... .. ... ... 175
5.1 Some information on Teichmiiller spaces................... 175
5.2 Moduli on Teichmiiller spaces . .............. ... ... 177
5.2.1 Variational formulae ............. .. ... .. ... 178

5.2.2 Threelemmas. ... ... 184



Contents IX

5.3 Harmonic properties of the moduli........................ 187
5.4 Descriptions of the Teichmiiller metric .................... 190
5.5 Invariant metrics .......... .. 193
References. ... ... 197
List of symbols ....... ... . . 207



2 Springer
http://www.springer.com/978-3-540-43846-5

Moduli of Families of Curves for Conformal and
Quasiconformal Mappings

Vasil'ev, A,

2002, [¥X, 214 p., Softcover

[SBM: 8978-3-540-43846-5





