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Abstract. Using a polynomial analogue of the wheel sieve, we discuss the distri-
bution of irreducible polynomials over F2. In particular, we provide considerable
numerical evidence that in analogue to integer arithmetic progressions, irreducible
polynomials over F2 are binomially distributed in the progressions of the wheel
sieve. We also present numerical evidence that the irreducibles of fixed degree are
binomially distributed by weight. Also briefly discussed is the distribution of self-
reciprocal irreducible polynomials. A number of conjectures are raised.

1 Introduction

Let Fq denote the finite field of order q where q is a prime number, and
let Fq[x] denote the ring of all polynomials over Fq in the variable x. It
is well known that the ring Z of integers and the polynomial ring Fq[x]
share a number of common properties. For example, the ring Z has unique
factorization into primes while the ring Fq[x] has unique factorization into
irreducible polynomials. Moreover, in each case there are an infinite number of
prime elements. In Z, this is simply Euclid’s Theorem that there are infinitely
many primes. In the polynomial setting, this result follows from the fact that
for each degree d ≥ 1, there is an irreducible polynomial of degree d over Fq,
see [6] page 93.

Dirichlet’s Theorem on primes in an arithmetic progression provides a
refinement of Euclid’s theorem to the effect that if (a, b) = 1, then there are
infinitely many primes in the progression an + b as n runs through the set
of positive integers. In the polynomial ring setting, the analogous result was
first proved by Kornblum [5] and states that if (A(x), B(x)) = 1, then the
progression A(x)Y + B(x) contains infinitely many irreducible polynomials
as Y varies through the elements of Fq[x].

While a computer sieve study of the distribution of irreducible polyno-
mials could be conducted for fields of prime or even prime power order,
throughout the remainder of this paper we will focus only on the case where
q = 2. How does one order the polynomials in Fq[x]? Corresponding to the
polynomial f(x) = anx

n+ · · ·+a1x+a0, we may naturally associate the inte-
ger If = an2n + · · ·+a12+a0. Since each ai ∈ F2 and hence may be assumed
to be either zero or one, this is of course simply the base 2 representation of
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the integer If . We will often say things like N1(x) < N2(x), meaning that
subject to the above ordering, the polynomial N1(x) occurs before N2(x).
While this is an small abuse of the notation, the meaning should be clear
from the context.

The wheel sieve for integers was first described by Pritchard [7] as a
sublinear algorithm for computer prime number sieve routines. In [3], this
technique was used to study the distribution of primes in sets of arithmetic
progressions of the form a + nmk where, if pi denotes the i-th prime, the
multiplier mk is the k-th primorial number p1 · p2 . . . pk and a < mk−1 is any
number relatively prime to mk. The heuristics in [3] show that the primes are
distributed binomially among the arithmetic progressions a + nmk, using a
binomial probability given by the asymptotic value from Dirichlet’s Theorem.

In Section 2 we discuss a polynomial version of the wheel sieve, and in
Section 3 we consider the distribution of irreducibles in arithmetic progres-
sions. Section 4 is devoted to a discussion of irreducibles by weight. We close
with Section 5, which provides a brief discussion of the distribution of self-
reciprical irreducible polynomials.

2 The Polynomial Wheel Sieve

For an integer k ≥ 1, let Mk(x) = P1(x) · · ·Pk(x) be the product of the first
k monic irreducibles in Fq[x]. The polynomial Mk(x) corresponds to the k-th
primorial number p1 · · · pk, and will be called the k-th primorial polynomial.
For each value of k ≥ 1, the wheel sieve generates a sequence of polynomials,
using an interactive process with polynomials from the previous cycle as
seeds.

Definition 1. For a fixed prime pi, let W1 = {1, 2, . . . , pi − 1, x} be the set
of initial polynomials. Given Wk, let Sk = {S ∈ Wk| Pk(x) � | S} be the
set after sieving the set Wk by the irreducible Pk. Then Wk+1 = {S(x) +
N(x)Mk(x) | S(x) ∈ Sk, deg(N) < deg(Pk)} and N(x) runs through all
polynomials < Pk.

Let Wk be the matrix containing the set Wk, with qdeg(Pk) columns. The
first column is the set Sk−1, ordered increasingly. And the remaining columns
as we move from left to right, contain successive multiples of the primorial
polynomial Mk−1(x) added to the first polynomial in column 1.

Example 1: Let q = 2. The first four irreducible polynomials over F2 are
P1(x) = x, P2(x) = x+1, P3(x) = x2 +x+1, P4(x) = x3 +x+1, and the first
three primorial polynomials are M1(x) = x, M2(x) = x2 +x, M3(x) = x4 +x.
Then we have the trivial case

W1 = {1, x}, S1 = {1} .

Continuing we have
W2 = {1, x + 1}, S2 = {1},
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and

W3 = {1, x2 +x+ 1, x3 +x2 + 1, x3 +x+ 1}, S3 = {1, x3 +x2 + 1, x3 +x+ 1}

or using a more compact notation, where the polynomial anxn +an−1x
n−1 +

· · ·+a0 is abbreviated in the form anan−1 · · · a0, we have S3 = {1, 1101, 1011}.
For the next case,

W4 =




1 10011 100101 110111 1001001 1011011 1101101 1111111
1011 11001 101111 111101 1000011 1010001 1100111 1110101
1101 11111 101001 111011 1000101 1010111 1100001 1110011




and

S4 =




1 10011 100101 110111 1001001 1011011 1101101
11001 101111 111101 1000011 1010001 1100111 1110101

1101 11111 101001 111011 1010111 1100001 1110011




Remark. An alternative definition of Sk might be helpful. Since each poly-
nomial in Sk is relatively prime to Mk(x), one could also say Sk = {f ∈
Fq[x] | deg(f) < deg(Mk) , gcd(f,Mk) = 1}.

As indicated on page 122 of [6], there is a function Φq defined for nonzero
polynomials f in Fq[x] which counts the number of polynomials in Fq[x] that
are of smaller degree than the degree of f and which are relatively prime to
f . Lemma 3.69 of [6] provides some of the basic properties of this function,
and shows that this function has many of the properties of the Euler function
φ from elementary number theory. The function Φq is multiplicative and if
f ∈ Fq[x] has degree n ≥ 1, then Φq(f) = qn(1 − q−n1) · · · (1 − q−nr ), where
the ni are the degrees of the distinct monic irreducible polynomials appearing
in the canonical factorization of f in Fq[x]. This formula can be rewritten
to appear to look more like the formula for the usual Euler φ function. In
particular, if f = P e1

1 . . . P er
r where each Pi is irreducible, then

Φq(f) =
r∏

i=1

(qniei − qni(ei−1)) .

Lemma 1. The number of elements in Sk is

#Sk = Φq(Mk(x)) =
k∏

i=1

(qni − 1)

where ni is the degree of Pi(x).

Proof. This is a trivial result of the definition of Φq(f).
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3 Irreducibles in Arithmetic Progressions

The wheel sieve provides a natural framework to study the distribution of
irreducible polynomials in sets of arithmetic progressions. Following the no-
tation of Hayes [2], let H be a polynomial over a finite field of q elements and
A be a polynomial prime to H. If π(r;H,A) is the number of irreducibles of
degree r which are congruent to A (mod H), then a theorem of Artin states

π(r;H,A) ∼ 1
Φq(H)

· q
r

r
(1)

with an error term that is O(qrν/r) for some ν < 1, see [2]. We note that
the fraction qr/r is an asymptotic expression for Nq(r), where Nq(r) =
(1/r)

∑
d|r µ(d)qr/d is the number of monic irreducibles of degree r over Fq,

see [6].
If M2(n) denotes the number of irreducibles over F2 of degree at most n,

then M2(n) can be written as the double sum

M2(n) =
n∑

m=1

1
m

∑
d|m

µ(d)2m/d .

The asymptotic number of irreducibles in the set Sk, after sieving, is given
by M2(n) where n is the largest degree of any polynomial in Sk.

Starting with n = 1, the first few values of M2(n) are given by 2, 3, 5,
8, 14, 23, 41, 71, . . . . A simplified formula or recurrence for M2(n) would be
of interest. A related question is to determine Pi(x), the i-th irreducible over
F2, subject to the ordering from Section 1.

We are interested in studying heuristics of π(r;H,A) and in particular in
comparing the error term with the distribution obtained for the polynomial
arithmetic progressions of the wheel sieve, where H = Mk(x) and A is taken
from the set Sk−1.

3.1 Heuristics of the Distribution of Irreducibles in Sk

A computer program was written for q = 2 that calculates the elements of
the set Sk ordered as in the example for W4. We chose q = 2 because the
polynomials can be represented by a string of zeros and ones, as shown for
W4. Each polynomial in Sk was tested for irreducibility using simple bit
manipulations such as bit shifts and XOR (exclusive or) operations on the
binary string representing the polynomial. The computer output was checked
extensively against published tables of irreducible polynomials [6].

The results are given in Table 1 and Figure 1. The numbers given are
the distribution of irreducible polynomials found in each “row” of the poly-
nomial arithmetic progressions given in Definition 1. In Example 1, the rows
corresponding to the arithmetic progressions are seen clearly for W4. The
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number of irreducibles in each row is easily counted for k = 4: in Example 1,
S4 has one row has 6 irreducibles and two rows have 7 irreducibles. Similarly,
for k = 5, there are 11 rows having 6 irreducibles each (see Table 1).

Fig. 1. The count of rows with the given number of irreducible polynomials in the
matrix Wk for given k. The curve is the prediction from Conjecture 1.

3.2 Computational Heuristics Compared to Estimates

The frequency distribution of irreducible polynomials per row in Wk is shown
in Figure 1 for k = 8 and k = 9. When shown in a semi-log plot, this distribu-
tion has a parabolic shape which is characteristic of a binomial distribution
and so we make

Definition 2. A binomial distribution in the parameter p is given by the
terms of the expansion (p+ (1− p))n. The mean value of this distribution is
µ = np and the standard deviation is σ =

√
np(1 − p).

The solid lines in Figure 1 are calculated using the values of p and n
given in the conjecture below. The values of p and n give a mean value µ
for the binomial distribution that, for large k, approaches the asymptotic
value in (1). The value of n is equal to the number of columns in the matrix
representation of Sk. Note that the solid lines are calculated and not fit to
the data. Based upon the data, it is natural to make

Conjecture 1. The irreducible polynomials in the progressions given in Def-
inition 1 are distributed so as to asymptotically approach a binomial distri-
bution in the parameter p = (Φq(Mk(x)))−1(qr/r), where q = 2 and r is the
degree of Mk(x), and a value of n = 2deg(Pi) − 1, where Pi(x) is the i-th
irreducible polynomial over F2.
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Table 1. Number of rows with N irreducible polynomials for a given value of k.

k
N 5 6 7 8 9
0 0 0 0 2 0
1 0 0 0 64 2
2 0 0 8 355 43
3 0 0 10 1326 294
4 1 0 69 3153 1185
5 5 1 164 5648 4141
6 11 0 353 7057 11166
7 4 15 522 6615 24189
8 0 32 468 4936 42129
9 0 24 347 2526 61697

10 0 39 193 1011 76230
11 0 32 60 314 80045
12 0 4 10 57 71195
13 0 0 1 11 54293
14 0 0 0 0 35215
15 0 0 0 0 19696
16 0 0 0 0 9039
17 0 0 0 0 3817
18 0 0 0 0 1310
19 0 0 0 0 341
20 0 0 0 0 82
21 0 0 0 0 14
22 0 0 0 0 2

Based on this conjecture, the error term in the distribution of irreducibles
is easily computed, based on the standard deviation σ of the binomial dis-
tribution. The heuristics from the binomial distribution can be compared
directly with the error term in (1). The error term given just below (1) has
an unknown value of ν whereas the binomial distribution has all parame-
ters known. For a large number of trials, the binomial distribution may be
approximated by a gaussian, with distribution as a function of row j,

D(j) =
1√

2πσ2
e−(j−µ)2/2σ2

where µ and σ are given in Definition 2. When D(j) = 1 then the asymptotic
estimate in Conjecture 1 is bounded. This occurs when j−µ = ±σ

√
log (2πσ2).

Now µ is the location of the peak of the distribution, as given by (1), so the
error term is asymptotically O(σ

√
log σ2). Using the definition of σ, we see

that the error term estimated from Conjecture 1 is O(
√

(qr/r) log(qr/r)).
This estimate for the error term is consistent with the heuristics, as shown
in Figure 1, but is dependent on Conjecture 1.
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4 Distribution of Irreducibles by Weight

Let W (n,m) denote the number of binary irreducibles of degree n and weight
m, i.e. with m nonzero coefficients. While we are unable to provide a formula,
or even a conjecture, for W (n,m), we now provide numerical evidence that
the irreducibles of degree n and weight m are binomially distributed. We
note that any irreducible must have constant term 1, and have odd weight,
otherwise it is divisible by x or x + 1.

The data for W (n,m) are given in Table 2, for n up to 26, corresponding
to the largest degree in cycle k = 9 of the wheel sieve. The weights appear
to be binomially distributed, in this case with binomial probability p = 1/2.
Naively, this is what one might expect from the combinatorics if the weights
are randomly chosen. More formally, we make

Conjecture 2. The irreducible polynomials of degree n over F2 are binomially
distributed by weight.

From the data in Table 2, it seems that for fixed m, W (n,m) is an in-
creasing function of n, except for m = 3 and m = 5. An interesting question
to ask is whether W (n, 3) > 0, for “almost all” n when n is large. If one
makes a conjecture that the weights follow a binomial distribution, then the
weight for the trinomials is easily calculated for monic polynomials over F2
and a binomial probability p = 1/2 as,

2
(

1
2

)n−3 (2n

n

)
=

16
n

, (2)

which decreases asymptotically to zero. This would imply that the probability
of monic trinomials vanishes as one considers all irreducibles of large degree.
Note that (2) does not rule out irreducible trinomials of large degree, but says
that the probability of finding one would be vanishingly small for large n if
the binomial distribution is an accurate representation of the distribution.

It is difficult to say whether (2) is accurate, because the ends of the weight
distribution have small numbers of counts for W (n,m) and thus the statistical
errors become significant. For a purely random process with a large number
of Bernoulli trials, the distribution follows a Gaussian distribution. Figure 2
shows the data for W (n,m) plotted along with a Gaussian distribution. The
amplitude for the gaussian is calculated from N2(n), the exact number of
irreducibles of degree n over F2. The peak of the gaussian is calculated from
(n + 3)/2 for given degree n. The standard deviation of the distribution is
given by

√
(n− 3)pq where p = q = 0.5 for an equal probability Bernoulli

trial. In other words, there are no free parameters in the Gaussian curve.
The agreement between the data for W (n,m) and the Gaussian curve is
remarkably good. However, without better heuristics, it is difficult to answer
whether W (n, 3) > 0 with finite probability for infinitely many values of n.

From [1] we know that W (2n, 3) > 0 for infinitely many n. We now raise
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Table 2. Weight distribution for irreducible polynomials W (n,m) where n is the
degree and m is the number of non-zero coefficients.

m
n 3 5 7 9 11 13 15 17 19 21 23 25
2 1 0 0 0 0 0 0 0 0 0 0 0
3 2 0 0 0 0 0 0 0 0 0 0 0
4 2 1 0 0 0 0 0 0 0 0 0 0
5 2 4 0 0 0 0 0 0 0 0 0 0
6 3 6 0 0 0 0 0 0 0 0 0 0
7 4 10 4 0 0 0 0 0 0 0 0 0
8 0 17 13 0 0 0 0 0 0 0 0 0
9 4 22 28 2 0 0 0 0 0 0 0 0

10 2 38 44 14 1 0 0 0 0 0 0 0
11 2 46 84 52 2 0 0 0 0 0 0 0
12 4 54 152 110 14 1 0 0 0 0 0 0
13 0 66 236 264 60 4 0 0 0 0 0 0
14 2 73 357 500 214 15 0 0 0 0 0 0
15 6 98 546 898 546 82 6 0 0 0 0 0
16 0 94 734 1587 1304 337 24 0 0 0 0 0
17 6 152 1050 2674 2696 1006 122 4 0 0 0 0
18 5 124 1374 4316 5406 2745 531 30 1 0 0 0
19 0 158 1774 6696 10238 6766 1772 190 0 0 0 0
20 4 199 2325 9995 18405 15227 5368 815 39 0 0 0
21 4 184 2892 14988 31848 32144 14698 2888 212 0 0 0
22 2 226 3650 20993 53602 64163 36877 9928 1078 38 0 0
23 4 296 4660 29458 86626 122502 86528 29748 4606 286 8 0
24 0 202 5191 40861 136378 225569 190357 81708 17063 1509 32 0
25 4 406 6938 55202 208988 399576 399560 208542 55752 6880 324 4
26 0 328 8012 74404 314185 685607 799042 503547 166341 27390 1899 40

Conjecture 3. For fixed odd m ≥ 3, there are infinitely many values of n ≥
m− 1 so that W (n,m) > 0.

5 Distribution of Self-reciprocal Irreducibles

If f(x) is a polynomial of degree n, then the reciprocal polynomial f∗(x)
is defined by f∗(x) = xnf(1/x), and f(x) is said to be self-reciprocal if
f(x) = f∗(x). Self-reciprocal irreducibles of degree > 1 must have even degree
say 2n, and it is easy to see that if f(x) is irreducible, so is f∗(x). We refer
to [4] section 2.7 for a discussion of self-reciprocal irreducibles, including a
formula, see page 77, for the number si(n, 2) of self-reciprocal irreducibles of
degree 2n over F2.

Let si(n,m, 2) be the number of self-reciprocal irreducibles of degree 2n
and weight m over F2. The distribution of weights for self-reciprocal irre-
ducibles of degree 2n ≤ 26 is given in Table 3.
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Fig. 2. The count of irreducible polynomials of degree n with a given weight m.
The curve is the prediction from Conjecture 2.

Table 3. Distribution of weights for self-reciprocal irreducibles of degree 2n with
m non-zero coefficients.

m
2n 3 5 7 9 11 13 15 17 19 21 23 25
2 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0
6 1 0 0 0 0 0 0 0 0 0 0 0
8 0 1 1 0 0 0 0 0 0 0 0 0

10 0 2 0 0 1 0 0 0 0 0 0 0
12 0 0 2 2 0 1 0 0 0 0 0 0
14 0 1 3 2 2 1 0 0 0 0 0 0
16 0 2 2 3 4 5 0 0 0 0 0 0
18 1 0 2 6 8 7 3 0 1 0 0 0
20 0 3 1 11 11 11 10 3 1 0 0 0
22 0 0 4 15 20 19 17 10 8 0 0 0
24 0 0 7 17 22 37 41 24 15 5 2 0
26 0 2 2 14 39 77 62 63 35 16 5 0
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We note from Table 3 for n ≤ 13 that si(n, 2) is a 0-1 linear combination
of the values si(m, 2) for m < n. We ask whether this holds for all n ≥ 1?

It is already known [1] that si(n, 3, 2) > 0 for infinitely many values of n,
and we raise the following:

Conjecture 4. For fixed odd m ≥ 3 there are infinitely many values of 2n > m
such that si(n,m, 2) > 0.

From [1] the self-reciprocal polynomials of degree 2n for which si(n, 3, 2) >
0 are explicitly given in the form x2n + xn + 1, where n is any non-negative
power of 3. It would be of interest to have an analogous explicit form for
self-reciprocal irreducibles of degree 2n and weight 5, and more generally of
degree 2n and weight m; however this seems to be out of reach at the present.

References

1. I.F. Blake, S. Gao, R.J. Lambert, Construction and distribution problems
for irreducible trinomials over finite fields, Applications of Finite Fields, Edited
by D. Gollmann, Clarendon Press, Oxford, 1996, 19-32.

2. D.R. Hayes, The distribution of irreducibles in GF [q, x], Trans. Amer. Math.
Soc. 117(1965), 101-127.

3. K.H. Hicks and I. Sato, Heuristics of arithmetic progressions in the frame-
work of the wheel sieve, submitted for publication.

4. D. Jungnickel, Finite Fields: Structure and Arithmetics, Bibliographisches
Inst. & F.A. Brockhaus AG, Mannheim, 1993.
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