
Contents

I. Quotients by Actions of Groups
Andrzej Białynicki-Birula

1

II. Torus Actions and Cohomology
James B. Carrell

83

III. The Adjoint Representation and the Adjoint Action
William M. McGovern

159

Subject Index
239





I. Quotients by Actions of Groups

Andrzej Białynicki-Birula

Contents

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

Chapter 2 Terminology and Notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

§2.1. Spaces, Schemes, Varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

§2.2. Preequivalence Relations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

§2.3. Groupoids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

§2.4. Group Actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

Chapter 3 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

Chapter 4 Standard Examples and Applications . . . . . . . . . . . . . . . . . . . . . . . . 12

§4.1. Principal Bundles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

§4.2. Projective Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

§4.3. Quotients by Finite Group Actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

§4.4. Coset Varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

§4.5. Quotients of Affine Spaces by Linear Actions of Groups . . . . . . . . . . 16

§4.6. Induced Actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

Chapter 5 The Affine Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

Chapter 6 Mumford’s G.I.T. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

§6.1. General Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

§6.2. Case of a Projective Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20



2 Andrzej Białynicki-Birula

§6.3. Case of a Projective Variety . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

§6.4. Hilbert–Mumford Criterium . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

§6.5. The Case of Actions of Any Linear Algebraic Group . . . . . . . . . . . . . 22

Chapter 7 Good Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

§7.1. General Properties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

§7.2. G-Maximal Subsets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

§7.3. Variation of Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

Chapter 8 Proper Actions and Quotients by Proper Actions . . . . . . . . . . . . . . 28

§8.1. Quotients by Closed Equivalence Relations . . . . . . . . . . . . . . . . . . . . . 28

§8.2. Existence of Quotients by Proper Group Actions . . . . . . . . . . . . . . . . . 29

§8.3. Existence of Quotients of Proper Groupoids . . . . . . . . . . . . . . . . . . . . . 30

§8.4. Seshadri Cover . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

Chapter 9 Stacks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

Chapter 10 Complex Analytic Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

§10.1.Quotients by Proper Actions and Equivalence Relations . . . . . . . . . . . 37

§10.2.Stein and Good Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

§10.3.Moment Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

Chapter 11 Good Quotients by Actions of Tori . . . . . . . . . . . . . . . . . . . . . . . . . . 42

§11.1.Quotients by Actions of One-Dimensional Tori . . . . . . . . . . . . . . . . . . 42

§11.2.Quotients by Actions of Tori of Arbitrary Dimension . . . . . . . . . . . . . 47

§11.3.Quotients of Open Subsets of Projective and Affine Spaces . . . . . . . . 51

§11.4.Good Quotients of Toric Varieties by Actions of Tori . . . . . . . . . . . . . 53

Chapter 12 Hilbert–Mumford Type Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . 54

Chapter 13 Chow and Hilbert Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

Chapter 14 Categorical Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

§14.1.Categorical Quotients . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
§14.2.Quotient Morphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Chapter 15 Sections, Slices and Reductions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

Chapter 16 Local and Global Properties of Quotients . . . . . . . . . . . . . . . . . . . . . 64



II. Torus Actions and Cohomology

James B. Carrell

Contents

Chapter 1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Chapter 2 Some Comments on T -varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

§2.1. Preliminary Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

§2.2. Torus Actions on Varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

§2.3. Toric Varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

§2.4. Projective Torus Orbit Closures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

Chapter 3 Torus Actions in Lie Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

§3.1. The Lie Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

§3.2. The Root System and the Weyl Group . . . . . . . . . . . . . . . . . . . . . . . . . . 97

§3.3. Nilpotent Orbit Closures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

§3.4. Generalized Flag Varieties . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

Chapter 4 Torus Actions and Homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

§4.1. The Białynicki-Birula Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . 109

§4.2. Torus Actions and Z-Homology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
§4.3. Good Decompositions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

Chapter 5 Torus Actions and Cohomology Algebras . . . . . . . . . . . . . . . . . . . . 119

§5.1. The Bott Residue Formula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

§5.2. Cohomology andB-Actions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129



84 James B. Carrell

Chapter 6 Cohomology of Invariant Subvarieties . . . . . . . . . . . . . . . . . . . . . . . 133

§6.1. Non-Isolated Fixed Points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

§6.2. Cohomology ofB-Invariant Subvarieties . . . . . . . . . . . . . . . . . . . . . . . 139

§6.3. T -Equivariant Cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144
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Preface

The purpose of this article is to study in detail the actions of a semisimple Lie or
algebraic group on its Lie algebra by the adjoint representation and on itself by the
adjoint action. We will focus primarily on orbits through nilpotent elements in the
Lie algebra; these are called nilpotent orbits for short. Many deep results about such
orbits have been obtained in the last thirty-five years; we will collect some of the most
significant of these that have found wide application to representation theory. We will
primarily work in the setting of a semisimple Lie algebra and its adjoint group over an
algebraically closed field of characteristic zero, but we will extend much of what we
do to semisimple Lie algebras over the reals or an algebraically closed field of prime
characteristic, and to conjugacy classes in semisimple algebraic groups. We will give
detailed proofs of many results, including some which are difficult to ferret out of
the literature. Other results will be summarized with reasonably complete references.
The treatment is a more comprehensive version of that in [CM93]; there is also some
overlap with Humphreys’s book [Hu95]. In the last chapter we summarize some of
the most recent work being done in this topic and indicate some directions of current
research.

The reader is expected to be familiar with the structure and classification of
complex semisimple Lie algebras, together with the basic definitions and theorems
typically found in a first course on that subject. We will also invoke the corresponding
facts about real Lie groups and algebras and algebraic groups from time to time. For
convenience this background material is summarized in Chapter 1. The classical
matrix groups and algebras will serve as a ready source of examples; we will often be
able to derive very explicit results for such groups and algebras using nothing more
than linear algebra.
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