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3.11 The Lagrange–Poincaré Equations . . . . . . . . . . . . . 146
3.12 The Energy-Momentum Method . . . . . . . . . . . . . . 150
3.13 Coupled Planar Rigid Bodies . . . . . . . . . . . . . . . . 158
3.14 Phases and Holonomy, the Planar Skater . . . . . . . . . . 167

4 Introduction to Aspects of Geometric Control Theory 175
4.1 Nonlinear Control Systems . . . . . . . . . . . . . . . . . . 175
4.2 Controllability and Accessibility . . . . . . . . . . . . . . . 177
4.3 Representation of System Trajectories . . . . . . . . . . . 182
4.4 Averaging and Trajectory Planning . . . . . . . . . . . . . 190
4.5 Stabilization . . . . . . . . . . . . . . . . . . . . . . . . . . 194
4.6 Hamiltonian and Lagrangian Control Systems . . . . . . . 198

5 Nonholonomic Mechanics 207
5.1 Equations of Motion . . . . . . . . . . . . . . . . . . . . . 211
5.2 The Lagrange–d’Alembert Principle . . . . . . . . . . . . 216
5.3 Projected Connections and Newton’s Law . . . . . . . . . 221
5.4 Systems with Symmetry . . . . . . . . . . . . . . . . . . . 223
5.5 The Momentum Equation . . . . . . . . . . . . . . . . . . 228
5.6 Examples of the Nonholonomic Momentum Map . . . . . 238
5.7 More General Nonholonomic Systems with Symmetries . . 248
5.8 Poisson Geometry of Nonholonomic Systems . . . . . . . . 254

6 Control of Mechanical and Nonholonomic Systems 277
6.1 Background in Kinematic Nonholonomic Control Systems 277
6.2 Stabilization of the Heisenberg System . . . . . . . . . . . 284
6.3 Stabilization of a Generalized Heisenberg System . . . . . 290



Contents xv

6.4 Controllability, Accessibility, and Stabilizability . . . . . . 301
6.5 Smooth Stabilization to a Manifold . . . . . . . . . . . . . 303
6.6 Nonsmooth Stabilization . . . . . . . . . . . . . . . . . . . 308
6.7 Nonholonomic Systems on Riemannian Manifolds . . . . . 318

7 Optimal Control 329
7.1 Variational Nonholonomic Problems . . . . . . . . . . . . 329
7.2 Optimal Control and the Maximum Principle . . . . . . . 336
7.3 Variational Nonholonomic Systems and Optimal Control . 340
7.4 Kinematic Sub-Riemannian Optimal Control Problems . . 342
7.5 Optimal Control and a Particle in a Magnetic Field . . . . 353
7.6 Optimal Control of Mechanical Systems . . . . . . . . . . 359

8 Stability of Nonholonomic Systems 367
8.1 The Nonholonomic Energy-Momentum Method . . . . . . 367
8.2 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . 370
8.3 The Pure Transport Case. . . . . . . . . . . . . . . . . . . 372
8.4 The Nonpure Transport Case . . . . . . . . . . . . . . . . 377
8.5 General Case—the Lyapunov–Malkin Method . . . . . . . 387
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