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Fourier series

4.1 Definitions

We are going to solve, as far as we can, the approximation problem that
was presented in Sec. 1.4. The strategy will perhaps appear somewhat
surprising: starting from a function f, we shall define a certain series, and
in due time we shall find that the function can be recovered from this series
in various ways.

All functions that we consider will have period 27w. The whole theory
could just as well be carried through for functions having some other period.
This is equivalent to the standard case that we treat, via a simple linear
transformation of the independent variable. The formulae that hold in the
general case are collected in Sec. 4.5.

A function defined on R with period 27 can alternatively be thought of
as defined on the unit circle T, the variable being the polar coordinate.
We shall frequently take this point of view. For example, the integral of f
over an interval of one period can be written [ f(¢) dt. When we want to
compute this integral, we can choose any convenient period interval for the
actual calculations:

™ 27 a+2m
/:/':/ 5/ . aeR.
T -7 0 a

(If T is viewed as a circle, the integral [, f(t) dt is not to be considered as a
line integral of the sort used to calculate amounts of work in mechanics, or
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that appears in complex analysis. Instead, it is a line integral with respect
to arc length.)

One must be careful when working on T and speaking of notions such as
continuity. The statement that f € C(T) must mean that f is continuous at
all points of the circle. If we switch to viewing f as a 2m-periodic function,
this function must also be continuous. The formula f(¢) = ¢ for —7 < t < 7,
for instance, defines a function that cannot be made continuous on T: at
the point on T that corresponds to ¢t = +m, the limits of f(¢) from different
directions are different.

Similar care must be taken when speaking of functions belonging to
Ck(T), i.e., having continuous derivatives of orders up to and including
k. As an example, the definition g(t) = t2, |t| < 7, describes a function
that is in C(T), but not in C*(T). The first derivative does not exist at
t = +m. This can be seen graphically by drawing the periodic continuation,
which has corners at these points (sketch a picture!).

Let us now do a preparatory maneuver. Suppose that a function f is the

sum of a series -
f(t) = Z cp e = Z cn e, (4.1)

n=—oo nez

We assume that the coefficients ¢,, are complex numbers such that

Z len| < 0.

nez

By the Weierstrass M-test, the series actually converges absolutely and
uniformly, since |e™™| is always equal to 1. Each term of the series is con-
tinuous and has period 27, and the sum function f inherits both these
properties.

Now let m be any integer (positive, negative, or zero), and multiply the
series by e . It will still converge uniformly, and it can be integrated
term by term over a period, such as the interval (—m,7):

/ f(t) e_imt dt = / Z Cn ei(n—m)t dt = Z Cn / ei(n—m)t dt.

“x NEZ neZ -

But it is readily seen that

/“ ikt 2m, k=0,
e dt =
o 0, k#O0.

It follows that all the terms in the sum vanish, except the one where n—m =
0, which is the same thing as n = m, and the result is that

ft)e ™ dt = 2me,y,.
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Thus, for an absolutely convergent series of the form (4.1), the coefficients
can be computed from the sum function using this formula. This fact can
be taken as a motivation for the following definition.

Definition 4.1 Let f be a function with period 27 that is absolutely Rie-
mann-integrable over a period. Define the numbers c,, n € Z, by

Cn = i/ ft)e ™ dt = L ft)e ™ at.
2 Jr 2 J_,

These numbers are called the Fourier coefficients of f, and the Fourier
series of f is the series
ZC eint
n .

neZ

Notice that the definition does not state anything about the convergence
of the series, even less what its sum might be if it happens to converge. It
is the main task of this chapter to investigate these questions.

When dealing simultaneously with several functions and their Fourier
coefficients it is convenient to indicate to what function the coefficients be-
long by writing things like ¢, (f). Another commonly used way of denoting

the Fourier coefficients of f is f(n).
When we want to state, as a formula, that f has a certain Fourier series,

we write _
f(t) ~ Z cn e
nez

This means nothing more or less than the fact that the numbers ¢, are
computable from f using certain integrals.

There are a number of alternative ways of writing the terms in a Fourier
series. For instance, when dealing with real-valued functions, the complex-
valued functions e are often felt to be rather “unnatural.” One can then
write e’ = cosnt + isinnt and reshape the two terms corresponding to
+n like this:

cne™ 4 c_pe” ™ = ¢, (cosnt +isinnt) + c_,(cosnt — isinnt)
= (cn + c—p) cosnt + i(c, — c_p) sinnt = ay, cosnt + by, sinnt,
n=12,....
In the special case n = 0 we have only one term, ¢g. This gives a series of
the form

o0
co + Z(an cos nt + by, sinnt).

n=1

The coefficients in this series are given by new integral formulae:

1 - 1 )
p=Cp+ Cop = — / ft)e ™ dt + —/ Ft)e™ dt
2 T 2 T
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1

1 . )
zf/f(t)%(emt—i—e_mt)dt:f/f(t)cosntdt, n=123,...,
™ JT ™ JT

and similarly one shows that

1
bn:f/f(t)sinntdt, n=123,....
™ JT

If we extend the validity of the formula for a, to n = 0, we find that
ag = 2¢g. For this reason the Fourier series is commonly written

f(t) ~ a0 + Z(an cosnt + by, sinnt). (4.2)

n=1

This is sometimes called the “real” or trigonometric version of the Fourier
series for f. It should be stressed that this is nothing but a different way
of writing the series — it is really the same series as in the definition.

The terms in the series (4.2) can be interpreted as vibrations of differ-
ent frequencies. The constant term %ao is a “DC component,” the term
aj cost + by sint has period 27, the term with n = 2 has half the period
length, for n = 3 the period is one-third of 27, etc. These terms can be
written in yet another way, that emphasizes this physical interpretation.
The reader should be familiar with the fact that the sum of a cosine and
a sine with the same period can always be rewritten as a single cosine (or
sine) function with a phase angle:

a b
acosnt + bsinnt =+/a? + b2 ( —_— sinnt)
Vva? +b? va? +b?
= v a? + b%(cos acosnt + sin asinnt) = v/ a2 + b2 cos(nt — ),

where the phase angle a is a number such that cosa = a/va? + b2, sina =
b/v/a? + b%. This means that (4.2) can be written in the form

cosnt +

Z Ay, cos(nt — ay,). (4.3)

n=0

This is sometimes called the physical version of the Fourier series. In this
formula one can immediately see the amplitude A, of each partial fre-
quency. In this text, however, we shall not work with this form of the
series, since it is slightly unwieldy from a mathematical point of view.

When asked to compute the Fourier series of a specific function, it is
normally up to the reader to choose what version to work with. This is
illustrated by the following examples.

Example 4.1. Define f by saying that f(t) = e! for —7 < t < 7 and
f(t+2m) = f(t) for all ¢t. (This leaves f(¢) undefined for ¢ = (2n + 1),
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)

FIGURE 4.1.

but this does not matter. The value of a function at one point or another
does not affect the values of its Fourier coefficients!) We get a function with
period 27 (see Figure 4.1). Its Fourier coeflicients are

s

1 - - 1 T ) 1 (17’”1)75
Cp=— ete Mgt = — / et gt = — > :
or . 2r ), P2 N S () P
_ ew—inﬂ _ e—‘n’—i—inﬂ' _ (_1)"((;/” — e—‘n’) . (—l)n sinh
2n(l1—4n)  2m(1—in) w(1—in)

Here we used the fact that e*"™ = (—1)". Now we can write

1 (=1)"sinhmw ,., sinhnw (=)™ .
t) ~ — -~ 7 mt int
1) WZ 1—1in € s Zl—ine
nez neZ

O

We remind the reader of a couple of notions of symmetry that turn out
to be useful in connection with Fourier series. A function f defined on R
is said to be even, if f(—t) = f(t) for all t € R. A function f is odd,
if f(—t) = —f(t). (The terms should bring to mind the special function
f(t) = t™, which is even if n is an even integer, odd if n is an odd integer.)
An odd function f on a symmetric interval (—a, a) has the property that
the integral over (—a,a) is equal to zero. This has useful consequences
for the so-called real Fourier coefficients a,, and b,. If f is even and has
period 27, the sine coefficients b,, will be zero, and furthermore the cosine
coeflicients will be given by the formula

2 s
feven = a,= f/ f(t) cosnt dt.
T Jo

In an analogous way, an odd function has all cosine coefficients equal to
zero, and its sine coefficients are given by

2 us
fodd = b,= f/ f(t)sinntdt.
T Jo
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FIGURE 4.2.
When computing the Fourier series for an even or odd function these facts
are often useful.

Example 4.2. Let f be an odd function with period 27, that satisfies
f(t)=(mr—1t)/2 for 0 <t < w. Find its Fourier series! (See Figure 4.2.)

Solution. Notice that the description as given actually determines the func-
tion completely (except for its value at one point in each period, which does
not matter). Because the function is odd we have a,, = 0 and

2 [MT7—t
bn:f/ T sin nt dt
0 2

iy
1 - 1" 1 [
- {(ﬂ_ )COS"] +— [ (=1)cosntdt
s n +—0 nm 0
1 1 7. ™ 1
:—fT[smnt} = —.
n i t=0 n

Thus,

O

Example 4.3. Let f(t) = t? for |[t| < 7 and define f outside of this
interval by proclaiming it to have period 27 (draw a picture!). Find the
Fourier series of this function.

Solution. Now the function is even, and so b, = 0 and

n?f()
2 [T 2 innt]™ 2 g
Ap = */ t2cosntdt = = [tg Smn } - — 2t sinnt dt
™ Jo Y n 0 nm Jo
:_i [t —cosnt]ﬂ — é Trl.cosntdt = 747r0(2)sn7r -0= 4(_21)n .
nmw n o N Joy n?m n

For n = 0 we must do a separate calculation:

2 [7 2 7 272
== Pdt==—="-.
o 7r/0 ™ 3 3
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Collecting the results we get

ft) ~ %2 453 (_7112)71 cos nt.

O

The series obtained in Example 4.3 is clearly convergent; indeed it even
converges uniformly, by Weierstrass. At this stage we cannot tell what its
sum is. The goal of the next few sections is to investigate this. For the
moment, we can notice two facts about Fourier coefficients:

Lemma 4.1 Suppose that f is as in the definition of Fourier series. Then

1. The sequence of Fourier coefficients is bounded; more precisely,
al < o [ 170Nt for i
Cnl < — or all n.
2T T

2. The Fourier coefficients tend to zero as |n| — oco.

Proof. For the ¢,, we have

1 —int 1 —int _i _
ol = g | [0 e al < oL [ is@leian= o [ o=

where M is a fixed number that does not depend on n. (In just the same
way one can estimate a,, and b,,.) The second assertion of the lemma is just
a case of Riemann-Lebesgue’s lemma. a

The constant term in a Fourier series is of particular interest:

ap 1 i
=0 = t) dt.
=7 =5 ) ¥

This can be interpreted as the mean value of the function f over one period
(or over T). This can often be useful in problem-solving. It is also intuitively
reasonable in that all the other terms of the series have mean value 0 over
any period (think of the graph of, say, sinnt).

Exercises
4.1 Prove the formulae ¢, = %(an — iby) and c—p, = 3(an + ibn) for n > 0
(where by = 0).
4.2 Assume that f and g are odd functions and h is even. Find out which of
the following functions are odd or even: f + g, fg, fh, f2, f +h.

4.3 Show that an arbitrary function f on a symmetric interval (—a,a) can be
decomposed as fr + fo, where fg is even and fo is odd. Also show that
this decomposition is unique. Hint: put fg(t) = (f(t) + f(-t))/2.
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4.4 Determine the Fourier series of the 2m-periodic function described by f(t) =
t+1 for |t| < .

4.5 Prove the following relations for a (continuous) function f and its “com-
plex” Fourier coefficients c,,:
(a) If f is even, then ¢, = c_, for all n.
(b) If f is odd, then ¢, = —c—y for all n.
(c) If f is real-valued, then ¢, = c_,, for all n (where —~ denotes complex
conjugation).

4.6 Find the Fourier series (in the “real” version) of the functions (a) f(t) =
cos 2t, (b) g(t) = cos®t, (c) h(t) = sin®t. Sens moral?

4.7 Let f have the Fourier coefficients {c,}. Prove the following rules for
Fourier coefficients (F.c.’s): ‘
(a) Let a € Z. Then the function ¢ ~— e f(t) has F.c.’s {¢n—a}
(b) Let b € R. Then the function ¢ +— f(t — b) has F.c.’s {e"""¢,}.

4.8 Find the Fourier series of h(t) = €3 f(t — 4), when f has period 27 and
satisfies f(t) =1 for |t| < 2, f(t) =0 for 2 < |t| < .

4.9 Compute the Fourier series of f, where f(t) = e, |t| < =, f(t + 27) =
f@), t € R.

4.10 Let f and g be defined on T with Fourier coefficients ¢, (f) resp. cn(g).

Define the function h by

Wt = o / F(t — ) g(u) du

Show that h is welldefined on T (i.e., h has also period 27), and prove that
cn(h) = cn(f) en(g). (The function h is called the convolution of f and g.)

4.2 Dirichlet’s and Fejér’s kernels; uniqueness

It is a regrettable fact that a Fourier series need not be convergent. For
example, it is possible to construct a continuous function such that its
Fourier series diverges at a specified point (see, for example, the book by
THOMAS KORNER mentioned in the bibliography). We shall see, in due
time, that if we impose somewhat harder requirements on the function,
such as differentiability, the results are more positive.

It is, however, true that the Fourier series of a continuous function is
Cesaro summable to the values of the function, and this is the main result
of this section.

We start by establishing a closed formula for the partial sums of a Fourier
series. To this end we shall use the following formula:

Lemma 4.2
N N . 1
Dy (u) := i(% + nz:lcos nu) 1 Z e = sin(N + 3)u +12)u'

2 2msin su
n=—N 2
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Proof. The equality of the two sums follows easily from Euler’s formulae.
Let us then start from the “complex” version of the sum and compute it
as a finite geometric sum:

N 2N 1 — ei@N+1)u
inu —iNu inu —iNu €
27Dy (u) = et =e¢ emt =e¢ e
1—ew
n=—N n=0

6i(N+%)u (efi(NJr%)u _ ei(N+%)u)
' ciu/2 (e—m/z _ em/z)
e~ tNu+i(N+3)u 2 sin(N + 3)u _ sin(N + 3)u
= i

eiu/2 —2isin % U sin 5u

:e—i u

O

The function Dy is called the DIRICHLET kernel. Its graph is shown in
Figure 4.3 on page 87.

When discussing the convergence of Fourier series, the natural partial
sums are those containing all frequencies up to a certain value. Thus we
define the partial sum sy (t) to be

SN(t) =

N[

N N
ao + Z(an cosnt + b, sinnt) = Z cpe™.
n=1 n=—N

Using the Dirichlet kernel we can obtain an integral formula for this sum,
assuming the ¢, to be the Fourier coefficients of a function f:

N N 1 T
sy(t) = Z cpe™ = Z o flu)e ™ du - "™
n=—N n=—N -

N
1 ™ X Uy
=— flu)- 3 Z et gy = f(u) Dy (t — u) du
™
- n=—N -
1 (7 sin(N + $)u
- o) T TR g
2 J_, ft =) sin 2u "

2

In the last step we change the variable (¢ — u is replaced by u) and make
use of the periodicity of the integrand. We shall presently take another step
and form the arithmetic means of the N 4 1 first partial sums. To achieve
this we need a formula for the mean of the corresponding Dirichlet kernels:

Lemma 4.3

(R 1 )(sin%(N—i—l)u)Q.
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The proof can be done in a way similar to Lemma 4.2 (or in some other
way). It is left as an exercise. The function Fy (¢) is called the FEJER kernel.

Now we can form the mean of the partial sums:

JN(t):so(t)-i-m(Jt\?i-l +sn(t _N+1Z ft—u (1) du

= f(tfu N+1ZD w) du = Zf(tu)FN(u)du.

Lemma 4.4 The Fejér kernel Fy(u) has the following properties:
1. Fy is an even function, and Fy(u) > 0.
2. [T Fy(u)du=1.
3. If6 >0, thenth_,oofé Fn(u)du = 0.

Proof. Property 1 is obvious. Number 2 follows from

s 1 s
Dn(u)du:f/ (3+cosu+---+cosnu)du=1, n=0,1,2,...,N,

™

—T —Tr

and the fact that Fly is the mean of these Dirichlet kernels. Finally, property
3 can be proved thus:

1 ™ sin® (N + 1)u
0< F
/ w( 2m(N +1) / sin” Lu
1 1 T—0 Cs
< du = = —0
- 27T(N +1) /5 sin® 16 2r(N +1) sin*46 N +1
as N — oo. O

The lemma implies that {Fn}%_; is a positive summation kernel such
as the ones studied in Sec. 2.4. Applying Corollary 2.1 we then have the
result on Cesaro sums of Fourier series.

Theorem 4.1 (Fejér’s theorem) If f is piecewise continuous on T and
continuous at the point t, then A}im on(t) = f(t).
— 00

Remark. Using the remark following Corollary 2.1, we can sharpen the result of
the theorem a bit. If f is continuous in an interval Iy =]ao, bo[, and I = [a,b] is
a compact subinterval of Ip, then on(t) will converge to f(t) uniformly on I. O

If a series is convergent in the traditional sense, then its sum coincides
with the Cesaro limit. This means that if a continuous function happens to
have a Fourier series, which is seen to be convergent, in one way or another,
then it actually converges to the function it comes from. In particular we
have the following theorem.
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Theorem 4.2 If f is continuous on T and its Fourier coefficients c,, are
such that 3 |cn| is convergent, then the Fourier series is convergent with
sum f(t) for all t € T, and the convergence is even uniform on T.

The uniform convergence follows using the Weierstrass M-test just as at
the beginning of this chapter.

This result can be applied to Example 4.3 of the previous section, where
we computed the Fourier series of f(t) =t (|t| < 7). Applying the usual
comparison test, the series obtained is easily seen to be convergent, and
now we know that its sum is also equal to f(t). We now have this formula:

ﬂ' o0
zg 2::

(Why does this formula hold even for ¢ = 4 ?) In particular, we can amuse
ourselves by inserting various values of ¢ just to see what we get. For t =0

the result is
w2 > (—
=— 44
GRS

From this we can conclude that

’I’L

cosnt, —-w<t<m. (4.4)

n

If t = 7 is substituted into (4.4), we have

(4.
> 1
. 2 D= Y

which enables us to state that

2

=1
YE=%
n=1

Thus, Fourier series provide a means of computing the sums of numeri-
cal series. Regrettably, it can hardly be called a “method”: if one faces a
more-or-less randomly chosen series, there is no general method to find a
function whose Fourier expansion will help us to sum it. As an illustration
we mention that it is rather easy to find nice expressions for the values of

oo

1
((s) = vy
n=1
for s = 2,4,6,..., but no one has so far found such an expression for, say,

¢(3)

The following uniqueness result is also a consequence of Theorem 4.2.
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Theorem 4.3 Suppose that f is piecewise continuous and that all its Fou-
rier coefficients are 0. Then f(t) =0 at all points where f is continuous.

In fact, all the partial sums are zero and the series is trivially convergent,
and by Theorem 4.2 it must then converge to the function from which it is
formed.

Corollary 4.1 If two continuous functions f and g have the same Fourier
coefficients, then f = g.

Proof. Apply Theorem 4.3 to the function h = f — g. O

Exercises
4.11 Prove the formula for the Fejér kernel (i.e., Lemma 4.3).

4.12 Study the function f(t) = t* — 27%t%, |t| < 7, and compute the value of
¢(4).

4.13 Determine the Fourier series of f(t) = |cost|. Prove that the series con-
verges uniformly to f and find the value of

o« ("
5_Z4n271‘
n=1

4.14 Prove converse statements to the assertions in Exercise 4.5; i.e., show that
if f is continuous (say), we can say that
(a) if ¢, = c—p for all n, then f is even;
(b) If ¢, = —c—_y, for all n, then f is odd;
(c) If &, = c—y, for all n, then f is real-valued.

4.3 Differentiable functions

Suppose that f € C1(T), which means that both f and its derivative f’
are continuous on T. We compute the Fourier coefficients of the derivative:

en(f)) = % /f/(t)e—int dt = % [F(t)eint]" — % /f(t)(_m)e_mt i@t
1

= 5 ()" = f=m)(=1)") +inca(f) = inea(f).

(The fact that f is continuous on T implies that f(—m) = f(7).) This means
that if f has the Fourier series Y ¢, €™, then f’ has the series Y inc, e™.
This indeed means that the Fourier series can be differentiated termwise
(even if we have no information at all concerning the convergence of either
of the two series).
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If f € C?(T), the argument can be repeated, and we find that the Fourier
series of the second derivative is Y (—n?)c, e™. Since the Fourier coeffi-
cients of f" are bounded, by Lemma 4.1, we conclude that | — n%c,| < M
for some constant M, which implies that |c,,| < M/n? for n # 0. But then
we can use Theorem 4.2 to conclude that the Fourier series of f converges
to f(t) for all ¢t. Here we have a first, simple, sufficient condition on the
function f itself that ensures a nice behavior of its Fourier series.

In the next section, we shall see that C? can be improved to C! and
indeed even less demanding conditions.

By iteration of the argument above, the following general result follows.

Theorem 4.4 If f € CK(T), then |c,| < M/|n|* for some constant M.

The smoother the function, the smaller the Fourier coefficients: a function
with high differentiability contains small high-frequency components.

The assertion of the theorem is really rather weak. Indeed, one can say
more, which is exemplified in Exercises 4.15 and 4.17.

The situation concerning integration of Fourier series is extremely favor-
able. It turns out that termwise integration is always possible, both when
talking about antiderivatives and integrals over an interval. There is one
complication: if the constant term in the series is not zero, the formally
integrated series is no longer a Fourier series. However, we postpone the
treatment of these matters until later on, when it will be easier to carry
through. (Sec. 5.4, Theorem 5.9 on p. 122.)

The fact that termwise differentiation is possible can be used when look-
ing for periodic solutions of differential equations and similar problems. We
give an example of this.

Example 4.4. Find a solution y(t) with period 27 of the differential-
difference equation y'(t) + 2y(t — 7) = sint, —oco < t < 0.

Solution. Assume the solution to be the sum of a “complex” Fourier series
(a “real” series could also be used):

y(t) = Z cn e,

neZ

If we differentiate termwise and substitute into the given equation, we get

y'(t)+2y(t—m) = Z inc, ™ 42 Z Cp TN — Z(z’n+2(—1)")cn et

o | (45)
This should be equal to sint = (e — e~)/(2i) = Jie " — Lie™. The
equality must imply that the coefficients in the last series of (4.5) are zeroes
for all n # +1, and furthermore

(i—2)c; = —5 (=i —2)cq = 7
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From this we solve ¢; = 75(2i — 1), c_1 = 75(—2i — 1) (and ¢, = 0 for all
other n), which gives

yt)=cre +cge ==L +e) + (e —e™™)
=—1cost+ +i-2isint = 1(—cost — 2sint).
Check the solution by substituting into the original equation! ad
Exercises

4.15 Prove the following improvement on Theorem 4.4: If f € C*(T), then

lim nkcn =0.
n—+oo

4.16 Find the values of the constant a for which the problem y”(t) + ay(t) =

y(t+m), t € R, has a solution with period 27 which is not identically zero.
Also, determine all such solutions.

4.17 Try to prove the following partial improvements on Theorem 4.4:
(a) If f’ is continuous and differentiable on T except possibly for a finite
number of jump discontinuities, then |c,| < M/|n| for some constant M.
(b) If f is continuous on T and has a second derivative everywhere except
possibly for a finite number of points, where there are “corners” (i.e., the
left-hand and right-hand first derivatives exist but are different from each
other), then |¢,| < M/n? for some constant M.

4.4 Pointwise convergence

Time is now ripe for the formulation and proof of our most general theorem
on the pointwise convergence of Fourier series. We have already mentioned
that continuity of the function involved is not sufficient. Now let us assume
that f is defined on T and continuous except possibly for a finite number of
finite jumps. This means that f is permitted to be discontinuous at a finite
number of points in each period, but at these points we assume that both
the one-sided limits exist and are finite. For convenience, we introduce this
notation for these limits:

f(to—) = th/Hth (@), fltot) = th\nglo f(@).
In addition, we assume that the “generalized left-hand derivative” f} (to)
exists:
f(to+h) — f(to—)

/ . o flto—u) = f(to—)
fr(to) = ]{1}% - = K‘% — .

If f happens to be continuous at tg, this coincides with the usual left-hand
derivative; if f has a discontinuity at ¢y, we take care to use the left-hand
limit instead of just writing f(to).
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FIGURE 4.3. The graph of Dio

Symmetrically, we shall also assume that the “generalized right-hand
derivative” exists:

f(to+h) = ftot)
fr(to) = 1{‘1& h :

Intuitively, the existence of these generalized derivatives amounts to the
fact that at a jump discontinuity, the graphs of the two parts of the function
on either side of the jump have each an end-point tangent direction.

In Sec. 4.2 we proved the following formula for the partial sums of the
Fourier series of f:

sm(N+ S)u
27r/ f(t —u) ————du. (4.6)

sin 2'LL

What complicates matters is that the Dirichlet kernel occurring in the
integral is not a positive summation kernel. On the contrary, it takes a lot
of negative values, which causes a proof along the lines of Theorem 2.1 to
fail completely (see Figure 4.3).

We shall make use of the following formula:

T o 1
l/ G LY (4.7)
0 sin iu

This follows directly from the fact that the integrated function is 27Dy (u)
=1+2 Ziv cos nu, where all the cosine terms have integral zero over [0, 7|.

We split the integral (4.6) in two parts, each covering half of the interval
of integration, and begin by taking care of the right-hand half:
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Lemma 4.5

Proof. Rewrite the difference between the integral on the left and the num-
ber on the right, using (4.7):

W OSE .S T

2U
4 in(N + 1
= %/0 (f(to—u)—f(to—))wdu

l/ flto =) = flte=) __? -sin(N + 3)udu.
—u sin 5u

The last integrand consists of three factors: The first one is continuous
(except for jumps), and it has a finite limit as u — 0+, namely, f7 (to).
The second factor is continuous and bounded. The product of the two
first factors is thus a function g(u) which is clearly Riemann-integrable on
the interval [0, 7]. By the Riemann—Lebesgue lemma we can then conclude
that the whole integral tends to zero as N goes to infinity, which proves
the lemma. a

In just the same way one can prove that if f has a generalized right-hand
derivative at tg, then

o1 0 sin(N + 3)u
N ) e mw =gy dus Jllet).

Taking the arithmetic mean of the two formulae, we have proved the con-
vergence theorem:

Theorem 4.5 Suppose that f has period 27, and suppose that ty is a point
where f has one-sided limiting values and (generalized) one-sided deriva-
tives. Then the Fourier series of f converges for t =ty to the mean value
L(f(to+) + f(to—)). In particular, if f is continuous at to, the sum of the
series equals f(to).

We emphasize that if f is continuous at g, the sum of the series is simply
f(to). At a point where the function has a jump discontinuity, the sum is
instead the mean value of the right-hand and left-hand limits.

It is important to realize that the convergence of a Fourier series at
a particular point is really dependent only on the local behavior of the
function in the neighborhood of that point. This is sometimes called the
Riemann localization principle.
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Example 4.5. Let us return to Example 4.2 on page 78. Now we finally

know that the series
oo

sin nt
2,

n=1

is indeed convergent for all ¢. If, for example, ¢ = 7/2, we have sin nt equal
to zero for all even values of n, while sin(2k + 1)t = (—1)*. Since f is
continuous and has a derivative at ¢t = /2, and f(w/2) = 7/4, we obtain

T o (-DF
1_§2k+1_1

(In theory, this formula could be used to compute numerical approximations
to 7, but the series converges so extremely slowly that it is of no practical
use whatever.) O

+ +...

Wl
S
=

The most comprehensive theorem concerning pointwise convergence of
Fourier series of continuous functions was proved in 1966 by Lennart CAR-
LESON. In order to formulate it we first introduce the notion of a zero set:
aset £ C T is called a zero set if, for every € > 0, it is possible to construct
a sequence of intervals {w,}>2; on the circle, that together cover the set
FE and whose total length is less that ¢.

Theorem 4.6 (Carleson’s theorem) If f is continuous on T, then its
Fourier series converges at all points of T except possibly for a zero set.

In fact, it is not even necessary that f be continuous; it is sufficient
that f € L?(T), which will be explained in Chapter 5. The proof is very
complicated.

Carleson’s theorem is “best possible” in the following sense:

Theorem 4.7 (Kahane and Katznelson) If E is a zero set on T, then
there exists a continuous function such that its Fourier series diverges pre-
cisely for allt € E.

Exercises

4.18 Define f by letting f(t) = tsint for [t| < m and f(t + 27) = f(¢) for all ¢.
Determine the Fourier series of f and investigate for which values of ¢ it
converges to f(¢).

4.19 If f(t) = (t+ 1) cost for —m < t < m, what is the sum of the Fourier series
of f for t = 3x? (Note that you do not have to compute the series itself!)

4.20 The function f has period 27 and satisfies

t4+m, —m<t<O,
t) =
1) {O7 0<t<m.
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(a) Find the Fourier series of f and sketch the sum of the series on the
interval [—3m, 37].

1

(b) Sum the series Z Gno1e

n=1
4.21 Let f(x) be defined for —m < o < m by f(x) = cos 3z and for other values
of z by f(z) = f(x + 27). Determine the Fourier series of f. For all real z,
investigate whether the series is convergent. Find its sum for x = n - 7/2,
n=1,23.
4.22 Let a be a complex number but not an integer. Determine the Fourier
series of cosat (|t| < 7). Use the result to prove the formula

N

(¢ 17)

. 1
mecotmz = lim
N—o0 z—n
n=—N

(“expansion into partial fractions of the cotangent”).

4.5 Formulae for other periods

Here we have collected the formulae for Fourier series of functions with a
period different from 27. It is convenient to have a notation for the half-
period, so we assume that the period is 2P, where P > 0:

ft+2P) = f(t) for all t € R.

Put Q = #n/P. The number Q could be called the fundamental angular
frequency. A linear change of variable in the usual formulae results in the
following set of formulae:

. 1 [P .
t) ~ it h — t —int dt
f@) g Cn € , where ¢, 72P/,Pf()6 ,

neZ

and, alternatively,
. an cos
f(t) ~3 a0+z:1(an cos nQt+b,, sin nQdt), where b, = P / f@) sin nQt dt.
n= -pP

In all cases, the intervals of integration can be changed from (—P, P) to
an arbitrary interval of length 2P. If f is even or odd, we have the special
cases

2 P
feven = b, =0, a, = F/ f(t) cosnQt dt,
0

9 [P
fodd = a, =0, b, = F/ f(¢t) sinnQt dt.
0
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All results concerning summability, convergence, differentiability, etc.,
that we have proved in the preceding sections, will of course hold equally
well for any period length.

Exercises

4.23 (a) Determine the Fourier series for the even function f with period 2 that
satisfies f(t) =¢ for 0 <t < 1.

(b) Determine the Fourier series for the odd function f with period 2 that
satisfies f(t) =t for 0 <t < 1.

(c) Compare the convergence properties of the series obtained in (a) and
(b). Illuminate by drawing pictures!

4.24 Find, in the guise of a “complex” Fourier series, a periodic solution with a
continuous first derivative on R of the differential equation y"' +3' +y =g,
where g has period 47 and g(t) = 1 for |¢t| < 7, g(¢t) =0 for 7 < |t| < 2.

4.25 Determine a solution with period 2 of the differential-difference equation
y'(t) +y(t — 1) = cos® mt.

4.26 Compute the Fourier series of the odd function f with period 2 that satifies
f(z) =2 — 2 for 0 < © < 1. Use the result to find the sum of the series

o~ (=D)"
Z (2n+1)3°

n=0

4.6 Some worked examples

In this section we give a few more examples of the computational work that
may occur in calculating the Fourier coefficients of a function.

Example 4.6. Take f(t) = tcos2t for —m < t < 7, and assume f to have
period 27. First of all, we try to see if f is even or odd — indeed, it is odd.
This means that it should be a good idea to compute the Fourier series
in the “real” version; because all a,, will be zero, and b,, is given by the
half-range integral

2 ™
b, = 7/ t cos 2t sin nt dt.
™ Jo

The computation is now greatly simplified by using the product formula
sinz cosy = £ (sin(z + y) + sin(z — y)).

Integrating by parts, we get

bp = 1 /t(sin(n +2)t +sin(n — 2)t) dt  (n # 2)

™
1 t(_cos(n+2)t  cos(n — 2)t) "
o7 n+ 2 n—2 o
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1 [T /cos(n+2)t cos(n—2)t
+fZ;( + )ﬁ

s n+2 n—2
1 2 -2 -1" -n"
:77‘ﬂ<cos(n+ )7r+cos(n )7T)+0:7(( ) Jr( ))
T n+2 n—2 n+2 -2
_ 2n(=1)"
- n2-—4 "

This computation fails for n = 2. For this n we get instead

1 [" 11, —cos4t 1 ("
bng/ t(sin4t 4 0) dt = f{t o8 ] + —/ cos 4t dt
T Jo s 4 ar Jo

_ 1 _ 1
=-li0=-1

N

Noting that b; = we can conveniently describe the Fourier series as

37

n
sinnt.
4

o0
fuyw—Smnt—met—zg;j;_)

O

Example 4.7. Find the Fourier series of the odd function of period 2 that
is described by f(t) = t(1—t) for 0 < ¢ < 1. Using the result, find the value

of the sum
5 -
— (2k+1)

Solution. Since the function is odd, we compute a sine series. The coeffi-
cients are

A0 - (=D")

1
by, = 2/ t(1 — t) sinnmt dt = (integrations by parts) = 33
0 nim

which is zero for all even values of n. Writing n = 2k + 1 when n is odd,

we get the series
sin(2k + 1)7t
=] Z (2k+1)3

A sketch of the function shows that f is everywhere continuous and has both
right- and left-hand derivatives everywhere, which permits us to replace
the sign ~ by =. In particular we note that if ¢ = 3, then sin(2k + 1)t =

sin(k + 3)m = (=1)¥, so that

3

3
R R T



4.7 The Gibbs phenomenon 93
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Exercises

4.27 Find the Fourier series of f with period 1, when f(z) =z for 1 < z < 2.
Indicate the sum of the series for = 0 and x = % Explain your answer!

4.28 Develop into Fourier series the function f given by

f(:r):sing, —m<xz<m flez+2m)=f(z), r€R.

4.29 Compute the Fourier series of period 2 for the function f(z) = (|=|— )3,
|z| < 7, and use it to find the sums

R e |
Z i and Z ol
n=1 n=1

4.7 'The Gibbs phenomenon

Let f be a function that satisfies the conditions for pointwise convergence
of the Fourier series (Theorem 4.5) and that has a jump discontinuity at a
certain point tg. If we draw a graph of a partial sum of the series, we discover
a peculiar behavior: When t approaches tg, for example, from the left, the
graph of s, (t) somehow grows restless; you might say that it prepares to
take off for the jump; and when the jump is accomplished, it overshoots
the mark somewhat and then calms down again. Figure 4.4 shows a typical
case.

This sort of behavior had already been observed during the nineteenth
century by experimental physicists, and it was then believed to be due to
imperfection in the measuring apparatuses. The fact that this is not so, but
that we are dealing with an actual mathematical phenomenon, was proved
by J. W. GIBBs, after whom the behavior has also been named.

The behavior is fundamentally due to the fact that the Dirichlet kernel
D, (t) is restless near t = 0. We are going to analyze the matter in detail
in one special case and then, using a simple maneuver, show that the same
sort of thing occurs in the general case.
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Let f(t) be a so-called square-wave function with period 27, described
by f(t) =1for 0 <t <m, f(t) = —1for —m < t < 0 (see Figure 4.5). Since
f is odd, it has a sine series, with coefficients

2 [T 2 1" 2
bn:f/ sinntdt[cosn] = 21— (-1,
T Jo T n |, nmw

which is zero if n is even. Thus,

4 Ksin(2k4+ 1)t 4 (. sin3t  sin5t
t) ~ — = t ). 4.
IO~ 2> T w(sm Tyttt ) (48)

Because of symmetry we can restrict our study to the interval (0, 7/2). For
a while we dump the factor 4/7 and consider the partial sums of the series
in the brackets:

Sn(t) =sint + £sin3t + £sinbt + - + sin(2n + 1)t.

1
2n+1
By differentiation we find

n

Si(t)=cost + cos3t + -+ cos(2n + 1)t = L Y (e!GRFDE 4 iR

k=0
2n+1 i2(2 2 .
— 1,—i(2n+1)t Z G2kt _ 1, —i(2n+1)t 1 _ ei2(2n+2)t _ sin 2(n+ 1)t
2 — 2 1 —ei2t 2sint

(compare the method that we used to sum D, (t)). The last formula does
not hold for ¢ = 0, but it does hold in the half-open interval 0 < ¢ < m/2.
The derivative has zeroes in this interval; they are easily found to be where
2(n+ )t =kmort =1, = (kn)/((2(n+1)), k =1,2,...,n. Considering the
sign of the derivative between the zeroes one realizes that these points are
alternatingly maxima and minima of S,,. More precisely, since S, (0) = 0,

integration gives
t .
sin 2 1
Su(t) = / sin2(nt u o
0 2sinu

where the numerator of the integrand oscillates in a smooth fashion between
the successive 73, while the denominator increases throughout the interval.
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This means that the first maximum value, for ¢ = 71, is also the largest,
and the oscillations in S,, then quiet down as t increases (see Figure 4.6).
It follows that the maximal value of S, () on |0, 7/2] is given by

n

T 1 (284 D
An:Sn(Tl):Sn<2(n+1)> :kzz()2k+1s1n (2(n+1)) .

We can interpret the last sum as a Riemann sum for a certain integral: Let
ty = km/(n+1) and &, = %(tk+tk+]). Then the points 0 = tg, t1,...,the1 =
7 describe a subdivision of the interval (0, ), the point & lies in the subin-
terval (zp,xg+1) and, in addition, & = (2k + 1)7/(2(n + 1)). Thus we
have

n . T .
sin &, sinx
An:lg gAsck—>l dr asn — oo.
2 €k 2 @
k=0 0

A more detailed scrutiny of the limit process would show that the numbers
A,, decrease toward the limit.

Now we reintroduce the factor 4/m. We have then established that the
partial sums of the Fourier series (4.8) have maximum values that tend to
the limit .

g/ st dt =~ 1.1789797,

T™Jg U
and the maximal value of S,,(t) is taken at t = 7/(2(n + 1)). On the right-
hand side of the maximum, the partial sums oscillate around the value 1
with a decreasing amplitude, up to the point ¢t = /2. Because of symmetry,
the behavior to the left will be analogous. What we want to stress is the
fact that the maximal oscillation does not tend to zero when more terms
of the series are added; on the contrary, it stabilizes toward a value that
is approximately 9 percent of the total size of the jump. The point where
the maximum oscillation takes place moves indefinitely closer to the point
of the jump. It is even possible to prove that the Fourier series is actually
uniformly convergent to 1 on intervals of the form [a, 7 — a], where a > 0.

Now let g be any function with a jump discontinuity at ¢ty with the size
of the jump equal to § = g(to+) — g(to—), and assume that g satisfies the
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conditions of Theorem 4.5 for convergence of the Fourier series in some
neighborhood of #o. Form the function h(t) = g(t) — 36f(t — to), where
f is the square-wave function just investigated. Then, h(to+) = h(to—),
so that h is actually continuous at ¢y if one defines h(¢p) in the proper
way. Furthermore, h has left- and right-hand derivatives at ¢y, and so the
Fourier series of h will converge nicely to i in a neighborhood of t = ty. The
Fourier series of g can be written as the series of h plus some multiple of a
translate of the series of f; the former series is calm near tg, but the latter
oscillates in the manner demonstrated above. It follows that the series of g
exhibits on the whole the same restlessness when we approach tg, as does
the series of f when we approach 0. The size of the maximum oscillation is
also approximately 9 percent of the size of the whole jump.

If a Fourier series is summed according to Cesaro (Theorem 4.1) or
Poisson—Abel (see Sec. 6.3), the Gibbs phenomenon disappears completely.
Compare the graphs of s15(¢) in Figure 4.4 and o15(¢) (for the same f) in
Figure 4.7.

4.8 *Fourier series for distributions

We shall here consider the generalized functions of Sec. 2.6 and 2.7 and
their Fourier series. Since the present chapter deals with objects defined on
T, or, equivalently, periodic phenomena, we begin by considering periodic
distributions as such.

In this context, the Heaviside function H is not really interesting. But
we can still think of the object d,(t) as a “unit pulse” located at a point
a € T, having the property

/ ©(t)dq(t) dt = p(a) if ¢ is continuous at a.
T

The periodic description of the same object consists of a so-called pulse
train consisting of unit pulses at all the points a +n - 2w, n € Z. As an
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object defined on R, this pulse train could be described by

Z 5a+27rn(t): Z 5(t—a—27rn).

n=-—0o0 n=—oo

The convergence of this series is uncontroversial, because at any individual
point t at most one of the terms is different from zero.

The derivatives of §, can be described using integration by parts, just as
in Sec. 2.6, but now the integrals are taken over T (i.e., over one period).
Because everything is periodic, the contributions at the ends of the interval
will cancel:

b+2m

[ et = [pws o]

What would be the Fourier series of these distributions? Let us first
consider d,. The natural approach is to define Fourier coefficients by the
formula

—Aww@mmz—w@.

b

1 X 1 )
= L [y mtar = L emine,
2T T 2

The series then looks like this:

Cn

In particular, when a = 0, the Fourier coefficients are all equal to 1/(2m),
and the series is

as

Compare the Dirichlet kernel! We might say that ¢ is the limit of Dy as
N — o0.

These series cannot be convergent in the usual sense, since their terms do
not tend to zero. But for certain values of ¢ they can be summed according
to Cesaro. Indeed, we can use the result of Exercise 2.16 on page 22. The
series for 28, can be written (with z = ¢!(*=)

Z ginlt—a) _ i (ei(t—a))n n i (ei(t_a))n

neZz n=0 —

= iz” + i (e_i(t_“))n = i z" +Ei2"
n=0 n=1 n=0 n=0
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According to Exercise 2.16, both the series in the last expression can be
summed (C,1) if |z| = 1 but z # 1, which is the case if ¢ # a, and the
result will be
L, 2 _ 1-z4+z(1—2) 1-2z  1—|z]? 0
1—2 1-% 11— 2|2 Cl—z2 1—z2

If t = a, all the terms are ones, and the series diverges to infinity.

Thus the series behaves in a way that is most satisfactory, as it enhances
our intuitive image of what §, looks like.

Next we find the Fourier series of §/. The coefficients are

1 (™ . 1 d _,
Cp = — S (e Mdt = —— . —e "
2r J_ . 2 dt i
_ 1 - —int _ in —ina
=g Cine] = 5

We recognize that the rule in Sec. 4.3 for the Fourier coefficients of a deriva-
tive holds true. The summation of the series

6;(t) _ % Z ne—tangint _ % Z nein(tfa)

nez neZ

is tougher than that of J, itself, because the terms now have moduli that
even tend to infinity as |n| — co. It can be shown, however, that for ¢t # a
the series is summable (C,2) to 0.

We give a couple of examples to illustrate the use of these series.

Example 4.8. Consider the function of Example 4.2 on page 78. Its
Fourier series can be written

o0 .
sin nt 1,
t) ~ — - mt.
T~ === gne
n=1 n#0
(Notice that the last version is correct — the minus sign in the Euler

formula for sin is incorporated in the sign of the n in the coefficient.)

The derivative of f consists of an “ordinary” term —%, which takes care
of the slope between the jumps, and a pulse train that on T is identified
with 7 - §(¢). This would mean that the Fourier series of the derivative is
given by

1 .
1 1 t
)= =5 md(t) ~ =3 w5 D e
neZ
o . )
:—%—I—%Zelnt:%Z(Gznt—‘y—@_lnt):zcosnt-
nez n=1 n=1

Notice that this is precisely what a formal differentiation of the original
series would yield. O
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Example 4.9. Find a 27-periodic solution of the differential equation
YV +y=1+1) (—m<t<m).

Solution. We try a solution of the form y = 3_ ¢, . Differentiating this
and expanding the right-hand member in Fourier series, we get

Z incneint + Z Cneint =14 Z % eint7

nez neZ neZ

ot Slint Vewe = (14 ) + 3= e

n#0 n#0

or

Identification of coefficients yields ¢g = 1+ 1/(27) and, for n # 0, ¢, =
1/(2m(1 4+ in)). A solution should thus be given by

W)~ (142 +1Zeim
y o 27rn¢01+in'

By a stroke of luck, it happens that this series has been almost encountered
before in the text: in Example 4.1 on page 76 f. we found that

sinh (_l)n inu
f(u)NbWTr(l—‘,—Zl_ine )a

n#0
where f(u) = e* for —m < u < 7 and f has period 27. From this we can
find that (1)
— n . T
mu — _ 1.
Z 1—in € sinh f(w)
n#0

On the other hand, the series on the left of this equation can be rewritten,
using (—1)" = "™ and letting t = 7 — u:

ezn(ﬂ'fu) int

(71)”‘ inu (71)71 —inu __ _ €
Zl—ine _§)1+me _;} 1+in _Z1+m'

n#0 n#0

This means that our solution can be expressed in the following way:

y(t)w(l—l—l)—k;ﬂ_( z f(u)—1>:1+ Ly =140

2 sinh 7 2sinh 7 2sinh 7

In particular,

T—t ™
(& (& —t

=1 =1 t<2
y(®) Jr25i1r1h7r +ZSinhﬂ'e » 0<t<2m,

since this condition on ¢ is equivalent to —m < m —t < w. At the points
t =n-2m, y(t) has an upward jump of size 1 (check this!).
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Let us check the solution by substitution into the equation. Differenti-
ating, we find that y'(¢) contains the pulse §(t) at the origin, and between
jumps one has y'(t) = —(y(t) — 1). This proves that we have indeed found
a solution. O

Exercises

4.30 Let f be the even function with period 27 that satisfies f(t) = 7 — ¢ for
0 < t < 7. Determine f’ and f”, and use the result to find the Fourier
series of f.

4.31 Let f have period 27 and satisfy

£(t) = {et7 [t| < 7/2,

0, w/2<|t| <.

Compute f' — f, and then determine the Fourier series of f.

Summary of Chapter 4

Definition
If f is a sufficiently nice function defined on T, we define its Fourier coef-
ficients by

1 —int ap 1 cos
Cp = ﬂ/rf(t)e dt or b = ;[rf(t)sinntdt'

The Fourier series of f is the series

oo
E cpe™, resp. %ao + E (an cosnt + by, sinnt).
nez n=1

If f has a period other than 27, the formulae have to be adjusted accord-
ingly. If f is even or odd, the formulae for a,, and b,, can be simplified.

Theorem
If two continuous functions f and g have the same Fourier coefficients, then

f=y
Theorem

If f is piecewise continuous on T and continuous at the point ¢, then, for
this value of ¢, its Fourier series is summable (C,1) to the value f(¢).

Theorem
If f is continuous on T and its Fourier coefficients satisfy Y |c,| < oo, then
its Fourier series converges absolutely and uniformly to f(¢) on all of T.
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Theorem
If f is differentiable on T, then the Fourier series of the derivative f’ can
be found by termvise differentiation.

Theorem
If f € C*(T), then its Fourier coefficients satisfy |c,| < M/|n|*.

Theorem

If f is continuous except for jump discontinuities, and if it has (generalized)
one-sided derivatives at a point ¢, then its Fourier series for this value of ¢
converges with the sum 3(f(t+) + f(t—)).

Formulae for Fourier series are found on page 251.

Historical notes

JOsEPH FOURIER was not the first person to consider trigonometric series of
the kind that came to bear his name. Around 1750, both Daniel Bernoulli and
Leonhard Euler were busy investigating these series, but the standard of rigor in
mathematics then was not sufficient for a real understanding of them. Part of the
problem was the fact that the notion of a function had not been made precise,
and different people had different opinions on this matter. For example, a graph
pieced together as in Figure 4.2 on page 78 was not considered to represent one
function but several. It was not until the times of BERNHARD RIEMANN and KARL
WEIERSTRASS that something similar to the modern concept of a function was
born. In 1822, when Fourier’s great treatise appeared, it was generally regarded as
absurd that a series with terms that were smooth and nice trigonometric functions
should be able to represent functions that were not everywhere differentiable, or
even worse—discontinuous!

The convergence theorem (Theorem 4.5) as stated in the text is a weaker
version of a result by the German mathematician J. PETER LEJEUNE-DIRICHLET
(1805-59). At the age of 19, the Hungarian LiP6T FEJER (1880-1959) had the
bright idea of applying Cesaro summation to Fourier series.

In the twentieth century the really hard questions concerning the convergence
of Fourier series were finally resolved, when LENNART CARLESON (1928-) proved
his famous Theorem 4.6. The author of this book, then a graduate student,
attended the series of seminars in the fall of 1965 when Carleson step by step
conquered the obstacles in his way. The final proof consists of 23 packed pages in
one of the world’s most famous mathematical journals, the Acta Mathematica.

Problems for Chapter 4

4.32 Determine the Fourier series of the following functions. Also state what is
the sum of the series for all ¢.
(a) f(t) =24 Tcos3t —4sin2t, —w <t <.
(b) f(t) = |sint], —-w<t< .
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4.33
4.34

4.35

4.36

4.37

4.38

4.39

4.40

4.41

4. Fourier series

() fO) =(m—t)(w+1t), —m<t<m.

(d) fit)y=e€', —m<t<m.

Find the cosine series of f(t) =sint, 0 <t < .

Find the sine series of f(t) = cost, 0 <t < m. Use this series to show that

™2 1 3 5 7

16 221 61 121 1421
Let f be the 2m-periodic continuation of the function H(t —a) — H(t — b),
where —7m < a < b < 7. Find the Fourier series of f. For what values of ¢
does it converge? Indicate its sum for for all such ¢ € [—x, 7.
Let f be given by f(z) = —1for —1 <z <0, f(z) =z for 0 <z <1 and
flx+2) = f(x) for all z. Compute the Fourier series of f. State the sum
of this series for z = 10, x = 10.5, and z = 11.
Develop f(t) = t(t — 1), 0 < t < 1, period 1, in a Fourier series. Quote
some criterion that implies that the series converges to f(t) for all values
of t.
The function f is defined by f(t) =t* for 0 <t <1, f(t)=0for 1 <t <2
and by the statement that it has period 2.
(a) Develop f in a Fourier series with period 2 and indicate the sum of the
series in the interval [0, 5].

o (_1)"
(b) Compute the value of the sum s = > ( 2) .
n=1 n

Suppose that f is integrable, has period T', and Fourier series

o5}

f(t)N Z Cn€27rint/T.

n=-—oo

Determine the Fourier series of the so-called autocorrelation function r of
f, which is defined by

T
1 _
r(t) = f/ Ft+u) f(u)du.
0
An application to sound waves: Suppose the variation in pressure, p, that
causes a sound has period ﬁ s (seconds), and satisfies
p(t)=1, 0<t< g, P)=-% 1w <t< s
P =% 5 <t< 1om pit)=-1, 1o <t< s

What frequencies can be heard in this sound? Which is the dominant fre-
quency?

fl@) = |sin 3

Then find the values of the sums

w=2 ot M w=) gaoy
n=1 n=1

Compute the Fourier series of f, given by
sing‘, —rm<x<m flz+2m)=f(z), z€R.
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4.43

4.44

4.45

4.46

4.47

4.48
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Let f be an even function of period 27 described by f(z) = cos2z for

0<az<imand f(z) = —1for ix < 2 < 7. Find its Fourier series and

compute the value of the sum

p 2k+1)(2k—1)(2k+3)
Find all solutions y(t) with period 27 of the differential-difference equation
y'(t) +y(t — im) —y(t — m) = cost, —00 < t < 00.

Let f be an even function with period 4 such that f(z) = 1—zfor0 <z <1
and f(z) =0 for 1 < x < 2. Find its Fourier series and compute

> 1
Zk:o (2k+1)

Let o be a real number but not an integer. Define f(z) by putting f(z) =
€% for —m < x < w and f(z + 27) = f(z). By studying its Fourier series,
prove the following formulae:

o] 2 o]
1 T 1
sinta Z: —n2 ' (sinﬂ'a) N Z (¢ —mn)?2"’

n=-—oo

Compute the Fourier series of the 2w-periodic function f given by f(z) =

2% — 72z for —1 < x < 7. Find the sum

n+1

g 2n71

Let f be a 2w-periodic function with (“complex”) Fourier coefficients c,,
(n € Z). Assume that for an integer k£ > 0 it holds that

Z In|" |en] < 0.
nez

Prove that f is of class C*, i.e., that the kth derivative of f is continuous.

Find the Fourier series of f with period 2 which is given for |z| < 1 by
f(z) = 22 — 2. The result can be used to find the value of the sum
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