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Complex Numbers

2.1 Are Complex Numbers Necessary?

Much of mathematics is concerned with various kinds of equations, of which
equations with numerical solutions are the most elementary, The most funda-
mental et of numbers is the set N = {1,2,3,...} of natural numbers, If o
and & are natural numbers, then the equation x 4+ a = b has a solution within
the set of natural numbers if and only f o < b f o > b we must eetend the
number system to the larger set £ = {...,-2,<1,0,1,2,3.. )} of integers.
Here we get a bonus, for the equation z + o m b has a selution z=b—a in
Sor all 0 and b m E.

Ilfa,be Eand a # 0, then the equation az + b = ( has a solution in T if and
only if a divides b. Otherwise we must once again extend the number system
to the larger set Q of rational numbers, Once again we get a bonus, for the
equation ax + b= 0 has & solution = —ba in @ for all a # 0 in Q and all b
in Q)

When we come to consider & quadratic equation a2® + br + ¢ = 0 (where
a,bec €  and a # 0) we encounter our first real difficulty, We may safely
assume that o, b and e are integers: if not, we simply multiply the equation by
a suitable positive integer. The standard selution to the equation is given by

the familiar formula
e =B+ /i = dar
= — .

Let us denote b* ~ 4ae, the discriminant of the equation, by A, If A is the
square of an integer (what is often called a perfect square) then the equation
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has rational solutions, and if A Is positive then the two solutions are in the
extended set R of real numbers. But if A < 0 then there is no solution even
within B

We hava already carried out three extensions (to Z, to @, to K) from our
starting point in natural mumbers, and there is no reason to stop here. We can
modify the standard formula to obtain

b /[=1){dac - B)
T = 3y .
where 4ae — B > 0, If we postulate the existence of +—1, then we get a
“zolutlon®
_ =bE /=T Aac -
- = :

Of course we know that there is no real number =1, but the ides seems
in a way to work. If we look at a specific example,

e +de+13=0,

and decide to write { for /=1, the formula gives us two solutions £ = =2 + 3i
and z = —2— 3i. If we use normal algebraic rules, replacing i* by —1 whenever
it appears, we find that

(=2+3)® + 4(=2+ 30) + 13 = (-2)° + 2{~-2)(3) + (3 -8+ 12§ + 13

=4 = 123 — 9~ 8- 12+ 13 (since # = -1)
=,

and the validity of the other root can be verifled in the same way, We can
certainly agree that if there is a number system containing "numbers™ a + b,
whaore a, b € B, then they will add and multiply according to the rules

(@ + byi) + (az + boi) = (@ + aa) + (by + Ba)i (2.1)
(o + hyi){as + bai) = (agug — byby) + (myby + Byag)i. (2.2)

We shall see shortly that thers is a way, closely analogous to cur picture of real
numbers as polnts on a line, of visnalising these new complex numbara.

Can we find equations that require us to extend our new complex number
systerm {which we denote by C) atill further? No, in fact we cannot: the impor-
tant Fundamental Theorem of Algebra, which we shall prove in Chapter
7, states that, for all i > 1, every polynomial equation

Ba® + a2 4 ko ay =0,

with coefficients ag,a;, ..., 0, in C and a, 5 0, has all its roots within € This
is one of many reasons why the number system C i of the highest importance
in the development and application of mathematical ideas.
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EXERCISES

2.1. One way of proving that the set T "exists™ is to define it as the set

of all 2 x 2 matrlees
H{n,b]:( L ) ,

=b a
where a, b€ B
a) Determine the sum and product of M{e,b) and M(c, d).
b} Show that

M(a,0) + M(b,0) = M(a +5,0), M(a,0)M(b,0) = M(ab,0).

Thus T contains the real numbers “in disguise® as 2% 2 diagonal
matrices. Identify M{a,0) with the real number a,

¢) With this identification, show that M(0,1)? = —1. Denote
M{D,1) by i.

d] Show that M{o,b) = a + b
2.2, Determine the roots of the squation z* = 2z + 5= (.

2.2 Basic Properties of Complex Numbers

We can visualise a complex number = = T + yi as & poiot [z, ) on the plane.
Real numbers x appear as points (z,0) on the z-axis, and numbers yi as points
(0,%) on the y-axis. Numbers yi are often called pure imaginary, and for
this reason the y-axis is called the Imaginary axis. The r-axis, for the same
peason, i# referred to as the real axis. It i important to realizse that those
Lerms are used for historical reasons only: within the set © the mumber 3 is no
more “imaginary” than the pumber 3.

If 2 = z + iy, where ¢ and y are real, we refer to ¢ as the real part of =
and write x = Re #. Similarly, we refer to y as the imaginary part of z, and
write y = Im z. Notice that the imaginary part of z is o real number,

The number = x — iy i called the conjugate of z. It is easy to verify
that, for all complex numbers z and w,

F=z, ztuw=FfF+d, E0F=id, (2.3)

and
r+fmRez, z-F=2ilmz {24)
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and so, from (2.5),
|z 4wl < |of* + 2|zfw] + wi* = (jz] + [w])?.

The result now follows by taking square roots,
For Part (iv), we observe first that

bl = |(s — w0} + ] < |z — wf + |
and deduce that
|2 —w| = |2| = |w]. (2.6)
Similarly, from
el = |z = = = w)| < 2] + |z - ]
we dedwce that
J2 = w] = fu| — el. (27)
Henoe, since for a real number = we hoove that |z = max {x, ==}, we deducs
from (2.6) and {2.7) that
|z = w| = [|2| = |-

O

The eorrespondence between complex numbers ¢ = o + bi and points (a, b)
in the plane is so close that we shall routinely refer to “the point &", and we
shall refer to the plane as the complex plane, or as the Argand' diagram.
The point ¢ lies on the circle 27 + * = r?, where r = |¢| = VT + ¥

¥ a T

I e # 0 there g a unigue # in the interval (=, %] such that

a b
E’: i i H-": 1
Ry = oy A g

and we can write
o= rloosf + isind) . {2.8)
! Jean-Robert Argand, 1768-1822,
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Note also that # = # if and only if = is real, and & = —z if and only if = is pure

imaginary.
The following plcture of o complex oumber ¢ = o + ib 1s very useful.
11!'
c=a+ib
t
h-=Im[::
i = Re g =—— i
Ji=a—ib

The product f is the non-negative real number o + &, Its square root
ViE = 3% + I, the distance of the point {a,b) from the origin, is denoted by
|l and is called the modulus of e If ¢ is real, then the modulus is simply the
absolute value of ¢. Some of the following resultz are familiar in the context

of real numbsers:

Theorem 2.1

Let = and & be complex ammbers. Then:
{i) [Rez| <zl lim 2] < {2, |7 = sl
(i) fzw = |=ljuwf; '

(iit) |z +w < |2| + |w};

{iv) |z = w| = |[z| - |wl].

Proof

{i) I8 immadiate.

{U.:' -BJ' '[:3-3}1- .
|owf? = (zw)(FW) = (25){und) = (|=|jw])

and Part (i) follows immediately.
For Part (iil), observe that

Iz + wf® = (2 + w)(F + @) = 25 + 21D + wf + wid.

Mow,

=@ + wi = zd + 70 = 2Re (28) < 2ad| = 2z||w] = 2}z|jw|,

{251
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This amounts to describing the point (e, b) by means of polar coerdinates,
and r{cos @ -+ i sin §) is called the polar form of the complex number. By some
standard trigonometry we e that
{roef + § sin#){cos b + 4 sin @)
= (coafcos ¢ — sind sin ¢) + i(sin # o8 ¢ + cos P =in )
= cos{B + @) + fsin(d + ¢) . (2.9)
Looking ahead to a notation that we ghall justify properly in Chapter 3, we note

that, if we extend the series definition of the exponential function to complex
numbers, we have, for any real 8,

PR S T S
e” =1 +if + m{:ﬂ} +m[rﬂ] +4l{lﬂj| +5r{1ﬂ‘} -
i

I e _) (g Ve, 1o
_(1 L vif0- 30+ 50°

= e + imind,
We may therefore write (2.9) in the easily remembered form
eWaid o gili+e)

From well known properties of sin and cos we deduce that
e = cos{—8) + i sin{—~#) = cosd - isind,
and Euler's® formulae follow casily:

mﬂ='§fz"’+n“’]. siun=f:eftE“~e'“J- (2.10)

With the exponential notation, the polar form for the non-zero complex
number ¢ = a+ bi is written a8 re', where a = rcos#, b = rsin . The positive
number v is the modulus |o| of ¢, and § is the argument, written arge, of e.
The polar form of & is re™,

The periodicity of sin and cos imply that e = *297) for every integer
n, and s, more precisely, we specify arg ¢ by the property that arge = #, where
e =re and —-x < & < 7. We call arge the principal argument if there is
any doubt.

Multiplication for complex numbers is easy if they are in polar form:

(rie®® Jrye'®) = (ryrg)eilfiidal
We already know that [e1cs] = Jeq) [ea), and we now deduce that

argleyes) = argey + arges  (mod 2w).
? Leanhard Euler, 1707-1783.
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By this we mean that the difference between arglecz) and arge; +argey is an
integral multiple of 2x.
The results extend:

lexez o cal = el leal .. Jenl
APEeyy...Cn Earge +argey + - +arges  (mod 27),
and, putting ¢ = c3 =+« = ¢y, we also deduce that, for all positive integers
ﬂl‘
[e*] =1e]®, aege" =narge (mod Ix).

Example 2.2
Determine the modulus and argument of &, where £.= 1 +iv/3.

Solution

An easy calculation gives o = 2, arge = 8§, where cosd = 1/2, siné = WETys
hence argd = w/3. It follows that |¢%] = 2% = 32, while arg(c®) = 5n/3 =
— /3. Here we need to make an adjustment in order to arrive at the principal
argument. The standard form of ¢, by which we mean the form g+ ib, where
a and b are real, is 32( cos(—/3) + i sin{—=/3}} = 16{1 - iv3). O

Remark 2.3

For a complex number ¢ = a + bi = re it is true that tanf = bfa, but
it is not always true that # = tan~*(b/a). For example, if ¢ = ~1 = ¢, then
§ = —3=/4 # tan—' 1. Tt bs much safer — indeed essential - to find & by using
cosll = afr, sind = bfr.

Finding the reciprocal of a non-zero complex number ¢ is again sasy if the
number is in polar form: the reciprocal of re' ks (1/r)e=®. In the standard
form ¢ = a + bi the reciprocal ia less obvious:

Bt =i
at+bd a4+

The technique of multiplying the denominator of a fraction by its conjugate is
worth noting;
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Example 2.4
Elxpress
34+ T
245
in standard form,
Solution

34T (B+TM2-5) 1.
T - @eea ) - mo

O

Again, the fact that every complex mumber has a square root is casily seen
from the polar form: /Fel%?) is a square root of re™, From this we may deduce
that every gquadratic equation

ar’ +hz+e=10,

where a,b,c € C and a # 0 has a solution in C. The procedure, by “completing
the square”, and the resulting formula

- ~bt B = dac
2a

|

are just the game as for real quadratic equations.

Example 2.5
Find the roots of the equation

2+ a4 (2-4) =0,

Solution
By the standard formula, the solution of che eguation is

%(—Ei + \,r'{-zi]-'r-q{:—m} = -]é{-zu m:; =—it/ B+ M.

Dhserve now that (1 4 2i)? = =3 + 4i, and so the solution is

t=—i2 (142 =1+i or ~1-3i.
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The addition of complex numbers has a strong geometrical connection, being
in effect vector addition;

i e d

The geometrieal aspect of complex multiplication becomes apparent if we use
the polar form: if we multiply ¢ by re®® we multiply {o by a factor of r, and

add # to arge OF special interest is the case where r = 1, when multiplication
by &' corresponds simply to a rotation by 8. In particular:

= multiplication by —1 = &' rotates by =;

— mniltiplication by i = ¢™/? rotates by =/

— multiplication by —i = ¢~ 7/? rotates by —m/2;
¥

ic

(=1}

(=t}

Example 2.6
Find the real and imaginary parts of ¢ = 1/(1 + ).



2 Complex Analysis

Solution

One way ks to use the standard method of multiplying the denominator by its
conjugate, obtaining

S 14 e ¥ {1 +cosfl) —isind
_t1+:“'fl+r‘ji_ 24 2eosd !
o 1 in #
= Hin
Rec=31 me= T oo
More ingenionsly, we can multiply the numerator and denominater by e8],
obtalning
e e—#8/3) coe{f/2) — $sin(f/2)
= Wy ge . Zcos(8/2)
and hence 3 :
Rﬂﬂ= i“ I.I'EI.C'= —imtﬂﬂj-
The verification that the two answers for the imaginary part are actually the
same is a simple trigonometrical exercise. O
Example 2.7

Sum the (Rnite) series
£ =1+cosf + coa2f + -+ cosnd,

where & is not an Integral multiphe of Zx.

Solution
Consider the series
Zelie 4y pe™,
This is a geometric series with common ratke . The formula for a sum of a
geometric series works just as well fn C as in B and so
L e

£e B T T

e =1
eilmtdie _ —fie
= “—Eﬁ-:ri— {by the Euler formula (2.10])
_ —i{cos{n + L8 + isin(n + })8) + i{cos }6 — isin 36)
2ain 28
_ (sin{n + 3} + sin }8) +i{cos 3 — cos(n + 316
2sin 14 ’

{since 1/i = —i)
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Hence, equating real parts, we deduce that

1y P |
1r_.:=1an|rm[r-+:E_p!ihl-uan:_ﬂ' (8 # 26r).
2sin 54

As= a bonus, our method gives us (if we equate imaginary parts) the result that

c,ua,j.-ﬁl—:m[n + ;]ﬁ'
2gin 10 '

sin f + 8in 28 4 -« - 4 sinnf =

Example 2.8

Find all the roots of the equation z* + 1 = 0. Factorise the polynomial in G,
and also in B

Solution

= —1 =" if and only if 2 = ¢¥*44 o ¢*3™4 The roots all lie on the unit
circle, and are equally spaced.

]
(il grife
™ "
=
L L
a—dwifd p—mifd

In € the factorisation is
41 = (2 - ") [z — e W)z — T (z — e,
Combining conjugate factors, we obtain the factorisation in K
A 1= (2% = 2zcos(x/4) 4 1) — 2zcos(3x/4) + 1)
= (2 = v+ 1)(£ + 22+ 1).

The strong connections betwean the operations of complex numbers and
the geometry of the plane enable us to specify certaln Important geometrical
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objects by means of complex equations. The most obvious case is that of the
circle {z : |r — ¢ =r} with centre ¢ and radius r > 0. This easily translates to
the familiar form of the equation of a dircle: If 2 = £ + iy and ¢ = a + ib, then
|z—¢| = r il and only if |z—¢|* = 2, that is, if and only if (z—a)*+(y—b)? = r2,
The other form, z* + §® + 2gz + 2fy 4+ ¢ = 0, of the equation of the circle can
be rewritten as 28 + Az + Az + ¢ = 0, where h = g — if. More generally, we
have the egoation

Azf 4+ Bz + Bz + 0 =0, (2.11)
where A (¢ 0) and © are real, and B is complex. The set
{2€C: Azi+ Bz + Bz +C =0}
is:

(C1) a circle with centre —5/A and radius R, where §* = (BB — AC)/A? if
BE-AC >0
(C2) empty if BE — AC < 0.

If A =0, the equation reduces to
Bz4+B:z+C=0, (2.12)

and this (provided B # 0) is the equation of a straight line; if B = B, + ify
and = = £ + iy the equation becomes

Biz - By +C =0,

Theorem 2.9
Lat ¢, d be distinct complex numbers, and let & = 0. Then the set
{z:|z—e]=klz—d}

18 & clrele unless k = 1, in which case the set is a straight line, the perpendicular
bisector of the line joining ¢ and 4.

Proof
Wa begin with some routine algebra:
=z : |z =c| = k|z = d]} = {= : iﬂ—¢|==k-'!|:2'-lﬂi]'
={z: (z—e)(f - &) = k*{z = d){F = d)}
={z: 25— eF — Bz + ¢f = k(28 — dZ — dz 4 dd)}
={#: A2f4+ Bz + Bz 4+ C =0},
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where A =k* — |, B=&- i¥d C = k*dd - ez,
If k =1 we have the set

{z : (E=dz + (c—d)F + (dd = c&) =0}

and this is a straight line. Geometrically, it is clear that it is the perpendicular
bisector of the line joining ¢ and d. '
If A#1 then the eet is a circle with contre

B Kd-c
B Tl [2.13)

for we can show that BE — AC > (k
BB - AC = (o= k)& - k’ﬂ] = (K = 1){k*dd — 7
= ol - kPod — 2ad + kKdd - k4dd + K1dd + B os - o8
= k*{ef — ol — &d + dd)
=ke—d)(E -d) = Elc—d > 0.
The cadius of the circle is B, where

BB - AC _ KBe—d
w0 L

(2.14)

Remark 2.10
The circle {z : |z — ¢ = k|z — d|} has P as diameter. IT § is the centre of the

circle, then .%.

Cle)

From (2.13) and (2.14) we see that

Kd—e Md=c|  Ele—d? _
18C1.|5D] = |e - g d- e HW = 1. (2.15)

We say that the points € and D are inverse points with respect to the circle,
We shall return to this idea in Chapter 11,
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Remark 2.11

The oheervation that © and D are inverse points is the key to showing that
every circle can be represented as {z : [z — ¢f = k|2 - d|}. Suppose that E is
a circle with centre o and radivg . Let ¢ = a 4+ ¢, where 0 < ¢t < |a), and let
d=a+ (R*ft). Then ¢ and d are inverse points with respect to X For every
point z = a+ Re® on E,

E—c Re® = ¢t tet?
i-d| |Re W — (K1) =l?[

&nd 80 |2 —&| = (t/ R)|z — d]. The answer 8 not unbgue.

R —te~¥
te—¥ — R

4
H1

I—

—d

EXERCISES

2.3, Show that Re (iz]) = =Im =z, Im (iz) = Ha z.

2.4, Write sach of the following complex numbers in the standard form
a4+ b, where a. b & B

a) {3+ 2)/(1 +1);

b) {1+ d)f(3 -1

c] (2+2)/(z41), where s =z 4 i with z,py in B
2.5. Calculate the modulus and principal argument of

a) 1—id b) —3§
c) I+ d) -1+2

2.6 Show that, for every pair ¢, d of non-zero complex numbers,
arg(e/d) = arge — argd  (mod 2x).
2.7, Express 1+ i in polar form, and hence caleulate (1 4+ )%,

2.8. Show that (2 + 2iv3)® = -2'*, (Don't use the binomial theorem!)
29 let e T, Show that, Fn=4dg+r, with 0 < r < 3, then

1 ifr=0

i ifre=1
it =

=1 ifr=212

=i fr=23

2.10, Calculate 51 4.
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2.13.

2.13.

2.14.

2.15.

2.16.

2.17.

Show by induction that, for all z # 1,

1= [m+ 12" 4+ nz"t]

3, ... =1 _
1+2z+432" 4 + nx -

Dredtuce that, if |z] < 1,
n-1
E i -z 5}:

Let 2y, 23 be complex numbers such that |z | > |23]. Show that, for
al n > 2

=1
1
n|2] <l
5 |21 = |22l

Prove that, if 5,2, € C, then
|71 # 22 4 2y — 2 = 2(1m* + 2l®).
Deduce that, for all ¢, d in C,
le+ yﬂ|+ le— o2 = di| = e+ o] + |e—d].

Bum the serjes

€088 + cos 38 + - + coa(2n + 1)8.,

Let v = pe* (¢ B) be a root of P(z) = 0, where
Plr) = an2" 4+ 0q12™ ' 4+ - + a1z + 0,

and where ag,ay,... 0, are real Show that 5 Is also a root, and
deduce that =* — 2pcosf + p? is a factor of P(z).

Dietermine the roots of the equations
a2 - (A-iz+(A-MH)=1}

b) 2 —[3+ilz+(2+14)=

Give geometrical descriptions of the sets

a) {z:|224+3]1<1} b) {=:|2| =|2z+1]}.
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2 18, Determine the roots of 2% = 1, and deduce that

2
zﬂ_l ={£—1}[g=—‘2;m_ﬁf_ +1}[zj—|23cm.4_;.+]]1
Deduce that
ﬂﬂﬁﬂi'i" l]ﬂli—;ra—E mzlmiﬁ_—-_i
3 c 5 o1 5 [ o 4’

and henoe show that

cod

VE+1 r_VE-1
; :

2 Cixs 3

| ™
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