2. Preliminaries

In this preliminary chapter, we review some of the basic concepts and results
used in the remainder of the book. The main purpose of this chapter is to
collect all of these results in a single place, so that a reader can become aware
at once as to what background he/she needs in order to be able to understand
the material that follows. Though some attempt is made to begin from first
principles and to give a few proofs and examples, it must be emphasized
that the chapter is mot intented to be a complete treatment of the topics
mentioned. In particular, a reader who is encountering a topic for the first
time is encouraged to consult one of the standard references cited at the end
of the chapter.

2.1 Pseudometric Spaces, Packing and Covering
Numbers

2.1.1 Pseudometric Spaces

Suppose X is a set. A function p : X x X — Ry is said to be a pseudometric
if

(i) p(z,z) =0, Vz € X,
(i) p(z,y) = p(y, ), Vz,y € X, and
(iii) p(z,2) < p(z,y) + p(y,2), Vz,y,2 € X.

If, in addition, p satisfies

(iv) p(z,y) =0 = ==y,
then p is said to be a metric.

If p is a pseudometric (metric) on X, we say that (X, p) is a pseudomet-
ric space (metric space).

Suppose (X, p) is a pseudometric space, and suppose a binary relation ~
on X is defined as follows:

T~y & p(z,y) =0.

Then it is easy to verify that ~ is in fact an equivalence relation on X.
The reflexivity of ~ follows from (i) above, the symmetry from (ii), and
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the transitivity from (iii). Hence X can be partitioned into its equivalence
classes under ~. Let X denote the resulting collection of equivalence classes;
thus a typical element of X is of the form [z] where z € X and [z] is the
corresponding equivalence class under ~. Now, given [z],[y] € X, define

plz], [y]) = p(z,y).

It can be easily verified that p is well-defined; that is, p([z], [y]) is independent
of the particular z € [z],y € [y] used in the right side of the above equation.
Also, j is a metric on X. Thus the fact that a pseudometric p might not
satisfy (iv) above need not cause much consternation, and in fact, all the
familiar metric space concepts of neighbourhoods, open sets, closed sets, etc.
can be readily adapted to pseudometric spaces.

Suppose (X, p) is a pseudometric space, and that z € X, e > 0. Then we
denote

Ble,z,p):={y € X : p(z,y) < €}, and

B(e,z,p) == {y € X : p(x,y) <e}.

Thus B(e, z, p) and B(e, z, p) are respectively the open and closed balls (with
respect to the pseudometric p) of radius € centered at z.

2.1.2 Packing and Covering Numbers

Suppose (X, p) is a pseudometric space, and that S C X. Given ¢ > 0, a
set {a1,...,ap} C S is said to be an e-cover of S if, for each x € S, there
exists an index 4 such that p(x, a;) < e. Equivalently, a set {a1,...,a,} is an
e-cover of S if a; € S for all 7, and in addition

Ogea,,p D 8S.

The e-covering number of S (with respect to the pseudometric p) is de-
fined as the smallest number n such that S has an e-cover of cardinality n,
and is denoted by N(e, S, p). An e-cover of this cardinality is said to be a
minimal e-cover. Note that a minimal e-cover need not be unique, but the
e-covering number is well-defined (and could perhaps be infinite). Similarly,
aset {b1,...,b} C X is said to be an external e-cover of S if

l
UBebZ, DS.

The key point to note here is that the b;’s need not themselves belong to S.
The external e-covering number of S is defined as the smallest number
l such that S has an external e-cover of cardinality /, and is denoted by

L(e, S, p).
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The above definitions are not quite standard, in two ways. First, some
authors define the (external) e-covering number as the smallest number of
open balls of radius € needed to cover S, as opposed to the smallest number
of closed balls of radius e, as is done here. In the context of learning theory, the
definition adopted here offers some advantages. Second, the term “covering
number” is used with different meanings by different authors. For instance,
Vapnik [187] uses “cover” to mean what we call here as an “external cover,”
while our “cover” is his “proper cover.”

Lemma 2.1. For each S C X and each € > 0, it is true that
N(2¢,8,p) < L€, S, p) < N(e, S, p).

In particular, the following statements are equivalent:

(i) The e-covering number of S is finite for each e.
(i) The external e-covering number of S is finite for each e.

Proof. Obviously the right inequality is valid, because every e-cover is also an
external e-cover. To prove the left inequality, suppose {b1,...,byn} C X (not
S!) is an external e-cover of S of minimal cardinality. Then each closed ball
B(e, b;, p) contains an element of S — if not, then b; can be dropped from the
e-cover, thus contradicting the minimality of the cover. For each i = 1,...m,
choose an a; € SN B(e, b;, p). Then, by the triangle inequality, it follows that
{a1,...,an} is a 2e-cover of S, because every z € S is within a distance e of

some b;, which in turn is within € of a;. ®

A set {b1,...,bn} C S is said to be e-separated if p(b;,b;) > € Vi # j.
The e-packing number of S is defined as the largest number m such that
S contains an e-separated set of cardinality m, and is denoted by M (e, .S, p).
An e-separated set of this cardinality is called a maximal e-separated set.

Note that some authors call a set {b1,...,bn} “e-separated” if p(b;,b;) >
e for all i # j, as opposed to the present definition which requires that
p(bla b]) >eVi# .

Lemma 2.2. For each S C X and € > 0, it is true that
M (2¢,S,p) < L(e, S,p) < N(e, S, p) < M(e, S, p).

Proof. Suppose {ai,...,ar} is a maximal 2e-separated set in S. Then no
closed ball of radius e can contain more than one a; (by the triangle inequal-
ity). This is true irrespective of whether the center of the ball belongs to S or
not. This proves the left inequality. The middle inequality is already proved
in Lemma 2.1.

Suppose {b1,...,bn} C S is a maximal e-separated set. Then {by,...,b,,}
must be an e-cover of S — otherwise there would exist a b,,+; that is more
than e-far from each of by, ..., b,,, thus contradicting the maximality. This
establishes the right inequality. ®



16 2. Preliminaries

See [106] for an excellent discussion of packing and covering numbers, as
well as a wealth of examples.

Lemma 2.3. Suppose (X, p) is a pseudometric space, and let S C X. Then
each of the three functions L(e, S, p), N(e, S, p), and M(e, S, p) is a nonde-
creasing function of € as € decreases towards zero; that is

L(Cl,s,p) 2 L(€2757p) if€1 S €2,

and similarly for the other two functions. Each function is continuous from
the right; that is

L(eg, S, p) = 1im+ L(e, S, p), Veg > 0,

6-)60
and similarly for the other two functions.

Proof. The fact that each function is nondecreasing is obvious. For a proof
of the second part of the lemma, see [106], Theorem III.

2.1.3 Compact and Totally Bounded Sets

Suppose (X, p) is a pseudometric space, and that S C X. Then we say that
S is compact if every open cover of S has a finite subcover, and that S is
totally bounded if

N(e, S, p) < 00 Ve > 0,

i.e., if S has a finite e-covering number for each ¢ > 0. Note that, from
Lemmas 2.3 and 2.1, the above condition is equivalent to

L(e, S, p) < 0o Ve > 0,

and to
M(e, S, p) < oo Ve > 0.

Note that, instead of “totally bounded,” one could also call such a set “pre-
compact,” because of the following result:

Lemma 2.4. Suppose (X, p) is a pseudometric space, and that S C X. Then
S is compact if and only if it is totally bounded and closed.

Proof. See [99], p. 198, Theorem 32. W

Thus total boundedness is “almost” the same as compactness, the only
difference being that a compact set is also closed, whereas a totally bounded
set may or may not be closed.
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2.2 Probability Measures

2.2.1 Definition of a Probability Space

Suppose X is a set. A (nonempty) collection S of subsets of X is said to be
a o-algebra if it satisfies the following:

(i) S is closed under complementation; i.e., A € S = A€ S.
(ii) S is closed under countable union; i.e., if 4; € S for i = 1,2,..., then
U?ilAi e€S.

It is an easy consequence of (i) and (ii) that S is also closed under count-
able intersection.

Suppose (X, p) is a pseudometric space. Then the smallest o-algebra of
subsets of X that contains every closed subset of X is called the Borel o-
algebra of (X, p). Note that, by Condition (i) above, the Borel o-algebra
also contains every open subset of X.

If S is a set and S is a o-algebra of subsets of X, then the pair (X,S) is
called a measurable space. Suppose (X,S), (Y, 7T) are measurable spaces,
and that f : X — Y. Then f is said to be a measurable function if
fHT) € S whenever T € T.

A function p : § = Ry is said to be a measure if p(f)) = 0, and p is
countably additive; that is, if 4; € S, 1 = 1,2,... is a finite or countable
collection of pairwise disjoint sets, then

A ready consequence of the above property is the subadditivity property:
Suppose 4; € S, i =1,2,... is a countable collection of sets (not necessarily
pairwise disjoint). Then

Iz (U Ai) < ZU(Ai)'

A measure P : S — R; is said to be a probability measure if P(X) = 1.
We refer to (X, S, P) as a probability space.

We do not discuss at all the notion of integrating a measurable function,
as such a discussion would take us too far afield. The reader is referred instead
to [76] for a thorough treatment. It is not really necessary for the reader to
master the various intricacies of of integration in the measure-theoretic sense
in order to follow the contents of the book.
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2.2.2 A Pseudometric Induced by a Probability Measure

Suppose (X, S, P) is a probability space. Then P induces a pseudometric on
S, as follows: For each A, B C X, define their symmetric difference AAB
by

AAB = (A°N B)U (AN B,

where A€ denotes the complement of the set A. An equivalent definition is:
AAB=(AUB) - (ANB).

Evidently, AAB is the set of points that belong to ezactly one of the two sets
A and B. It is easy to see that AAB = BAA, so that A is indeed symmetric.
Also, it is tedious but routine to verify that, for three sets A, B, C', we have

AAB = (AAC) A (BAC).

Clearly, if A, B € S, then AAB € S. Thus it is possible to define the function
dp:S8 xS —[0,1] by
dp(A,B) = P(AAB).

Now it is a routine matter to verify that dp is a pseudometric on S. Axioms
(i) and (ii) of the definition follow readily. To prove the triangle inequality,
one uses the fact that

AAC C (AAB) U (BAC),

whence
P(AAC) < P(AAB) + P(BAC).

However, dp is in general not a metric because dp(A, B) = 0 whenever AAB
is a set of zero measure, even if AAB # ().

More generally, let, [0, 1]% denote the set of measurable functions mapping
X into [0, 1], when [0, 1] is equipped with the Borel o-algebra.! Then one can
define a pseudometric dp on [0,1]% by

dp(f,g) = /X 1F(@) — 9(2)| P(dz), ¥f,g € [0,1]%

It is easy to verify that this dp is also a pseudometric. In general it is not
a metric, because dp(f,g) = 0 whenever f and ¢ differ on a set of measure
zero, even if f # g. Actually, this dp is a generalization of the earlier dp
defined on S, which justifies the use of the same symbol for both. To see
this, observe that there is a one-to-one correspondence between sets in S and
(measurable) functions mapping X into {0, 1}. Specifically, if A € S, then its
indicator function I4(-) defined by

! This is a slight abuse of notation because, strictly speaking, [0, 1]* should denote
the set of all functions mapping X into [0, 1], measurable or otherwise.
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1 if zeA,
IA(w)_{o i xd A

is measurable and maps X into {0,1}. Conversely, suppose f : X — {0, 1} is
measurable. Then its support defined by

supp(f) = {z € X : f(z) =1}
belongs to S. Now, if A, B € S, then it is easy to see that
dp(A,B) = dp(la,IB),

where the dp on the left side is defined on S while the dp on the right
side is defined on [0, 1]X. This justifies the use of the same symbol for both
quantities.

2.2.3 A Metric on the Set of Probability Measures

Suppose (X, S) is a measurable space, and let P* denote the set of all prob-
ability measures on (X, S). It is possible to define a metric on P* as follows:
Given P,(Q) € P*, let

p(P.@:8) i= sup |P(4) ~ Q)]
A€eS

The function p is indeed a metric (and not merely a pseudometric) because,
if P,Q are probability measures on (X,S) and P # @, then there exists
at least one set A € S such that P(A) # Q(A); hence p(P,Q) > 0. Note
that p is called the total variation metric on P*. In the above definition,
the underlying o-algebra S is explicitly highlighted, since there will be cases
when we will compute the total variation metric between the same pair of
probability measures, but with respect to different o-algebras. However, if S
is obvious from the context, then it can be omitted, and we can simply write
p(P, Q).

Suppose X C R, and that P, are probability measures with densities
p(+) and ¢(-) respectively. Thus, if A C X is measurable, then

P(A) = /Ap(a:) dz, and Q(4) = /Aq(a:) dz.

Then the total variation metric between P and () equals
p(P.Q) = [ 11~ (o) da

that is, p(P, @) is the L;-distance between the densities p(-) and ¢(-).

Now it is shown that the total variation metric has a very useful property.
In order to present it, we begin by discussing the notion of product o-algebras
and product probability measures.
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Suppose (X, S, P) and (Y, T, R) are probability spaces. Then a set of the
form A x B,A € S,B € T is called a “cylinder set.” The smallest o-algebra
on X xY that contains all such cylinder sets is called the “product o-algebra”
and is denoted by & x 7. By defining

R(Ax B):=P(A)-Q(B), VAc S,B €T,

we can define the measure of cylinder sets, which can then be extended, via
the Kolmogorov extension theorem, to all of S x 7. The resulting (probability)
measure R is called the “product measure” and is denoted by P x Q. Clearly
the idea can be extended to any finite number of probability spaces, and
indeed, to even more general situations; see Section 2.4.

Lemma 2.5. Suppose (X,S,P), (Y, T,Q) and (Y, T, R) are probability spaces.
Then
p(P x Q,P x R) =p(Q,R).

Proof. Consider the collection of sets of the form C' = U, (A; x B;), where

A; € S, B; € T, and the A; are pairwise disjoint. Such a collection of sets

forms an “algebra” in that it is closed under complementation and finite

union; but it might not be a o-algebra since it might not be closed under

countable union. However, it can be shown that p(P x @, P X R) equals the

supremum of the difference |(P x Q)(C) — (P x R)(C)| over all such sets C.
Now

(PxQ)C) = (PxRC) < Y IPxQ)Aix B) = (P x B4 x B)

o0

= Z P(A)|Q(B;) — R(B;)|

i=1

< ( P(Ai))-p(Q,R)
< p(Q,R)

This shows that p(P x @, P x R) < p(Q, R). The opposite inequality can be
proven by considering sets of the form X x B, B€ 7. &

Lemma 2.6. Suppose (X,S) is a measurable space, and that P,Q are prob-
ability measures on this space. Then

p(P*.Q%) < kp(P. Q).

Proof. By the triangle inequality, we have

p(PF. Q%) < p(P*, P 1Q) + ... + p(PQ" 1, Q%).

By Lemma 2.5, each of the quantities on the right side equals p(P, Q). ®
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One consequence of Lemma 2.6 is that if { P;} is a sequence of probability
measures on (X,S) converging to the probability measure @, then P} — Q¥
for each fized integer k. At the same time, it can also be shown that P, Q
are distinct probability measures on (X,S), then p(P*, Q%) — 1 as k — oo.
That is, as k — oc, the measures P*, Q* tend to become “mutually singular”
in that they are supported on disjoint sets.

2.2.4 Random Variables

Suppose (£2,7,Q) is a probability space. Thus 2 is a set, T is a o-algebra
of subsets of {2, and @ is a probability measure on (£2, 7). Suppose (X,S)
is a measurable space. Then an X-valued random variable is defined as a
measurable map, call it X, from (£2,7,Q) to (X,S). Note that in the proba-
bility literature, it is common to restrict the term “random variable” to the
situation where X = R and S is the Borel o-algebra. At best, X is taken to
be R* for some integer k and S is taken to be the associated Borel o-algebra.
However, for present purposes, it is desirable to adopt the more general usage
stated above.

Suppose f is a measurable map from a probability space (£2, T, Q) into R.
Thus one can also think of f as a real-valued random variable. The expected
value of the function f is defined as

B(f.Q) = /ﬂ £() Q(dw),

assuming of course that the integral is well-defined. In particular, we can
speak of the expected value of a random variable X with probability measure
P, and denote it by E(X, P). If P is clear from the context (or if it does not
matter what P is), then we simply write E(X).

Suppose X is a real-valued random variable. Then the distribution func-
tion of X is the function Py mapping R into [0, 1] defined by

Py(a) == Q{w € 2 :X(w) < a}.

It is obvious that Px(a) is nondecreasing as a function of a. The distribution
function has a property known as “cadlag,” which is an abbreviation for the
French expression “continuité a droite, limité a gauche.” What it means is
that the distribution function is continuous from the right, and has well-
defined limits from the left. Thus

lim Px(a) = Px(ag), Yag € R, and lim Px(a) exists.

+ —
a—rag a—rag

If X, X, are real-valued random variables defined on a common probability
space (£2,7,Q), then one can define their joint distribution as follows:

Py, x.(a1,a2) = Q{w € 2:X1(w) < a1, X2(w) < as}.
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It is obvious that the notion of a joint distribution can be readily extended
to any finite number of real-valued random variables.

Suppose (2,7,Q) and (2, T', Q") are probability spaces, and that X, X'
are random variables mapping (£2,7,@Q) into R and (£2',7",Q’) into R re-
spectively. Then the random variables X and X' are said to have the same
“law” if they have the same distribution function, that is, Px(-) = Py (-). The
point is that the domain of a random variable is really not important.

Suppose (£2,7,Q) is a probability space, and that A,B € T. Thus A
and B are deemed to be “events.” The events A and B are said to be in-
dependent under the probability measure @ if Q(AN B) = Q(4) - Q(B).
With a little bit of work, this notion can be extended to define the notion of
independence for random variables.

Suppose Xi,X, are random variables defined on a common probability
space (£2,T,Q). Thus X; maps {2 into a measurable space (X;,S;) fori =1, 2.
Then the random variables X; and X, are independent if, for every A €
S1, B € S,, the preimages X7 ' (A) and X5 ' (B) are independent. Equivalently,
the random variables X; and X, are independent if

Q{Xl(W) € A, Xg(w) € B} = Q{Xl(w) € A} Q{Xg(w) € B}

Note that in the above equation we employ the commonly used abbreviation,
whereby Q{S} denotes Q{w € 2 : S is true }. In particular, if X; and X»
are real-valued random variables, then X; and X5 are independent if and only
if the joint distribution function is a product of the individual distribution
functions, that is, if and only if

PX1,X2(a17a2) = le (al) ' sz(G‘?)'

More generally, suppose as above that X;,Xs are random variables defined
on a common probability space. Define X = X; x X5, and let S denote
the product o-algebra, S; x Sz, which consists of the smallest o-algebra that
contains all “cylinder sets” of the form A x B, A € §;,B € S;. Then one
can think of the map w — (X1(w), X2(w)) as a random variable taking values
in the measurable space (X,S). Then the collection X;7'(4), A € S; is a o-
algebra on (2, called the o-algebra generated by X;, and denoted by X(X;).
Similarly, X5 also generates a o-algebra on 2, denoted by X'(X2). Now consider
the product o-algebra generated by X'(X;) and X' (X2). Denote it by X'(X;, Xa),
since it is the o-algebra generated jointly by the two variables X; and X5. Since
both X; and X, are measurable maps, Y (X;,X2) € 7. Now the probability
measure (@, restricted to X (X;), is called the one-dimensional marginal
probability measure corresponding to X;, and denoted by Qs (x,). Note
that the original o-algebra 7 could be strictly bigger than X'(X;,X2), but for
the purposes of checking whether or not X;,Xs are independent, we do not
need to work with all of 7, only X(Xq,X2). With these definitions, it is easy
to see that X;,Xs are independent if and only if

Rz x) = @xx) X Qx(xy)-
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2.2.5 Conditional Expectations

In this we give a strictly functional description of conditional expectations.
The present treatment is much less general than is normally found in most
texts on probability, but it is good enough for present purposes.

Suppose ({2, T, P) is a probability space, and that f is a measurable map
from (£2,7) into the real numbers. Let B denote the Borel o-algebra on R.
Then the collection of preimages under f of Borel measurable sets is called
the o-algebra generated by f, and is denoted by X'(f), or sometimes by
F. Thus

F=5(f) = {f7'(), S € B}.

Suppose X is a subalgebra of 7, and let M(X) denote the set of all functions
from 2 into R that are measurable with respect to X. Clearly M(X) is a
linear vector space. Suppose now that g is another measurable mapping from
(2,7, P) into R with finite variance. This means that

/ *(w) P(dw) < o0
Q

To put it another way, g(-) belongs to Ly(£2, 7, P). Then the conditional
expectation of g with respect to the og-algebra X is defined as the
unique function h € M(X) that minimizes the mean-squared error

[ ) = st Pla)

The conditional expectation of g with respect to X is denoted by gx. Note
that, whereas the expected value of a random variable is a real number,
the conditional expectation of a random variable is itself a random variable.
This is why, even though it is customary in the probability literature to de-
note the conditional expectation by E(g|Y), we prefer to use the notation
gF. Moreover, suppose Xi,...,X, are random variables on ({2,7,P), and
let X' denote the o-algebra generated by these random variables. Then any
function h € M(X) can be written as h = h(Xy,...,X,) where h is a mea-
surable function from R™ into R. Therefore, if h = g5, then we can write
gy = h(Xy,...,X,). This relationship expresses the “best estimate” of g very
explicitly as a function of the n random variables, and is the motivation for
the notation E(g|X1,...,Xn)

It is possible to define the notion of conditional expectation in much
more general settings. However, by restricting attention to random variables
of finite variance, the technicalities are kept to a minimum. In particular, it
is a ready consequence of the projection theorem that there exists a unique
conditional expectation, and that the error term g — gr is “orthogonal” to
the space M(F). Therefore

/X h()[g(w) — g7(w)] P(dw) = 0, ¥h € M(F),
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provided only that the integral is well-defined. In particular, the above equal-
ity holds for every h with finite variance. The above relationship can be writ-
ten very simply as

Elh(g — 97)] = 0, E(hg) = E(hgr), Vh € M(F). (2.2.1)

2.3 Large Deviation Type Inequalities

An important, and recurring, theme in these notes is the use of so-called
“large deviation” type inequalities. These inequalities give an estimate of
the probability that an “average” of independent random variables differs
considerably from its mean value. In this section, several inequalities used in
the sequel are summarized.

2.3.1 Chernoff Bounds

Suppose X is a random variable with only two possible values, namely 0 and
1, and suppose further that the probability that X = 1 is p. Then clearly
E(X) = p. Let z1,...,z,, denote independent samples of X; these are also
known as Bernoulli trials. Now define

Sm = zm:ﬂfi, Am = %il‘,
1=1 =1

Then A, can be thought of as the empirical mean of the random variable
X. In other words, A,, is an estimate of the probability that X = 1 based on
m trials. Note that A,, is itself a random variable. The probability that A,
exceeds a number r can be expressed as

m

Pr{Ap > 1} =Pr{Sp >mr}= > ( ’}Z )p’“ (1—p)m*.

k>mr
Similarly, the probability that A,, is less than a given number r is given by

kE<mr

Pr{dm <r}= 3 ( " )p’“ (1—p)m ",

k=0

The Chernoff bounds give upper bounds on the right side of the above
inequalities. The bounds can be given in either additive form or multiplicative
form. In the additive form, the bounds state that, for all € € [0, 1],

Pr{A,, > p+ €} < exp(—2me?), and

Pr{A,, < p— ¢} <exp(—2me?).
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Combining these two inequalities gives
Pr{|A, —p| > €} < 2exp(—2me?).
In the multiplicative form the bounds state that, for all v € [0, 1],
Pr{A,, > (1+7)p} < exp(—y*mp/3), and

Pr{A,, < (1—7)p} < exp(—~*mp/2).
Note that, unlike the additive bounds, the multiplicative bounds are not
“symmetric.” Also, the multiplicative bounds require that v < 1, whereas
the additive bounds do not place any restrictions on the size of € relative to
p.

It is worth noting that, in case p is itself “small,” the multiplicative bounds
are less conservative than the additive bounds. To illustrate, suppose p = e,
a “small” number, and let us bound the probability that A,, > 1.5¢. The
additive form of the Chernoff bound leads to the estimate

Pr{A,, > 1.5¢} < exp(—me*/2),
whereas the multiplicative form leads to the estimate
Pr{4,, > 1.5¢} < exp(—me/12)

after substituting v = 0.5, p = €. It is important to note that the first bound
contains an €? in the exponent, whereas the second bound contains only e.
Hence, when € is small, the second bound is considerably superior to the first.

In the multiplicative form of the Chernoff bound, the restriction that v <
1 is not serious when it is desired to estimate Pr{A,, < (1—-)p}. However, it
is a bit of a nuisance when it is desired to estimate Pr{4,, > (1 +v)p}, since
the quantity (1 4+ ~y)p is effectively limited to the range [p,2p]. Obviously
situations can arise where one would like to estimate Pr{A,, > (1 + v)p}
with v > 1. In such cases, the Chernoff bound cannot be applied directly.
However, with a little imagination, the range of applicability of the bound
can be “stretched.” Specifically, observe that the map p — pF(1 — p)m—*
is nondecreasing whenever p < k/m. This observation leads to the following
alternate form of the multiplicative Chernoff bound. Suppose X is a Bernoulli
process, and that the probability Pr{X = 1} is less than or equal to p. Let
A,, denote the m-fold average of independent observations of X, as above.
Then

Pr{A,, > (1 +7)p} < exp(—y*mp/3), for 0 <~ <1, B(X) <p. (23.1)

Note that it is permissible for (1 4+ v)u to exceed 2p, where p = Pr{X = 1}.
The above inequality follows from

Pridn > (b= 3 (F )t a-pm

k> (1+y)um
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m —
k>(14+~)pm
< exp(—y*mpu/3),

where the last inequality follows from the “standard” Chernoff bound. Now
suppose it is desired to use this alternate form to estimate Pr{A,, > (1+4)p}
where 6 > 1. Then one can apply the above bound with u = (1 + §)p/2 and
v =1, and derive that

Pr{A,, > (1+9)p} < exp(—(1+ d)mp/6), V6 > 1.

In this way, the multiplicative form of the Chernoff bound can be extended
to cover all values in the range [p, 1].

2.3.2 Chernoff-Okamoto Bound

The Chernoff-Okamoto bound is less conservative than the Chernoff
bounds, but applies only when p < 0.5. It states that, if p < 0.5 and r < p,

then

m(p —r)? ]

2p(1—p) |’
By applying the above bound with 7 = p — € and r = (1 — 7)p respectively,
and observing that 2p(1 — p) < 0.5 for all p € [0,1], one can derive two of

the four Chernoff bounds above as consequences of the Chernoff-Okamoto
bound.

Pr{4,, <r} <exp [—

2.3.3 Hoeffding’s Inequality

Hoeffding’s inequality is a very general inequality that applies to the sum of
independent random variables with bounded range.

Lemma 2.7. SupposeYq,...,Y,, are independent random variables, and that
a; <Y; < b; for each . Suppose y1,...,ym are realizations of these random
variables. Then

PT{Z(ZM — E(Y;) > a} <exp l—2a2/2(bi - ai)Q] .

Remark: Note that the additive form of the Chernoff bounds can be
derived readily from Hoeffding’s inequality (but not the multiplicative form).
The proof of Hoeffding’s inequality uses the following auxiliary lemma.

Lemma 2.8. Suppose X is a zero-mean random variable assuming values in
the interval [a,b]. Then for any s > 0, we have

Elexp(sX)] < exp(s2(b — a)?/8).
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Proof. (of the auxiliary lemma): Since the exponential is a convex func-
tion, the value of €% is bounded by the corresponding convex combination
of its extreme values; that is,

_ b—
T st xes“, Vz € [a,b].

<
exp(sm)_b_ae ' a

Now take the expectation of both sides, and use the fact that E(X) = 0. This
gives

b a

E X < sa __ sb
[exp(sX)] < ot ot
— (1 —p _*_pes(bfa))efps(bfa)
= exp(¢(u)),
where p := —a/(b — a),u := s(b — a), and @(u) := —pu + In(1 — p + pe*).
Clearly ¢(u) = 0. Moreover, a routine calculation shows that
p
$w)=—p+ —— L
(v p+(1—ple
whence ¢'(u) = 0 as well. Moreover,
1 _ —u
o' (u) = 2L D < 0.25.

(p+ (1 —ple~)*
Hence by Taylor’s theorem, there exists a 6 € [0,u] such that

d(u) = ¢"(O)u2/2 < u?/8 = M

This completes the proof. H

Proof. (of Hoeffding’s inequality): For any nonnegative random variable,
we have
E(x)

Pr{X > ¢} < =,
€
which is known as Markov’s inequality. Hence, for every s > 0, we have

Elexp(sX)].

Pr{X > ¢} = Pr{e®® > €%} < oxp(30) i = e *“Elexp(sX)].

Now apply this inequality to the random variable

m

Zm =Y _(Y; — E(Y;)),

i=1

which has zero mean since the Y;’s are independent. Then
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Pr{Z,, >¢} < e °E

exp (s . (Y; — E(Y,)))]

e * [ Ele*™#™))] by independence
i=1
m 2 2

e %€ H e* (i=a)”/8 1y Lemma 2.8

i=1

o (bi — a)?
_szz%]
i=1

= exp [ﬁeiaﬁ} , (2.3.2)

i=1

IN

= exp

where the last step follows by choosing

4e
Yo (b —a)?

S =
This completes the proof. ®

Suppose f : X — [0,1] is measurable with respect to the o-algebra S,
and that P is a probability measure on (X,S). Then

E,(f) = /X f(z) P(dz)

is the expected value or mean of the function f. Now suppose z1,..., T
are i.i.d. samples drawn from X in accordance with P, and define

m

A 1
E(f;x) = m Zf(wi),
i=1
where x = [z1...25]0 € X™. Then E(f;x) is called the empirical
mean of the function f corresponding to the multisample z1, ..., x,;,. Now
f(x1) — Ep(f),...,f(zm) — Ep(f) are all zero mean random variables, to

which Hoeffding’s inequality can be applied. This leads to the following very
useful bounds:

P"{x e X" : E(f;x) — Ep(f) > €} < exp(—2me?),

P™{x € X™: E(f;x) — Ep(f) < —€} < exp(—2me”),
Pm{x € X™:|E(f;x) — Ep(f)| > e} < 2exp(—2me?).
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2.4 Stochastic Processes, Almost Sure Convergence

In this section, we introduce the technical tools needed to conclude that
various stochastic processes converge almost surely, as opposed to merely
converging in probability. This section may be omitted by readers who are not
very interested in such nuances. In that case, they should also skip through
the references to almost sure convergence in subsequent chapters.

2.4.1 Probability Measures on Infinite Cartesian Products

Suppose (X,S, P) is a probability space. In the sequel, we shall often en-
counter situations where we would like to study the probability of (sets of)
infinite sequences {x1,zs,...} where z; € X for each i. The machinery in
this subsection is intended to enable us to do so.

Let (X, S) be a given measurable space, and let N denote the set {1,2,...}
of natural numbers. We begin by defining a measurable space whose under-
lying set is the (countably) infinite Cartesian product X °, consisting of all
sequences of the form {z;};,>1 where 2; € X for each i. A cylinder set
A C X is a set of the form [];-, A; where A; € S for all i, and in addition,
A; = X for all except a finite number of indices i. Let S denote the small-
est o-algebra on X*° that contains all the cylinder sets. Suppose now that
P is a probability measure on (X,S); it is possible to define a correspond-
ing probability measure P> on the space (X°°,S8°). Given any cylinder set
A=TI2, 4; C X°°, define

P>(A) = HP(A,.).

Observe that A; = X for all but a finite number of 7, and as a result P(A4;) =1
for all but a finite number of indices ¢. By the Kolmogorov extension theorem,
there exists a unique probability measure P> on (X, 8°) that satisfies the
above relationship.

2.4.2 Stochastic Processes

In this section, a brief introduction is given to the notion of stochastic pro-
cesses. As is the case elsewhere, the treatment here is strictly minimalist,
and the reader is encouraged to consult an authoritative source for a more
thorough treatment.

Suppose (2,7, Q) is a probability space, and that (X,S) is a measurable
space. Then an X-valued stochastic process is a sequence of X-valued
random variables, of the form {X}$°__ . Note that it is customary in the
stochastic process literature to work with two-sided infinite sequences, as
opposed to one-sided sequences of the form {X;}2,.
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Suppose X = R and S is the Borel g-algebra, so that {X;} is a real-valued
stochastic process. For such a process, one can define the multivariate distri-
bution function as follows: Suppose k is an integer, i1, ..., iS an increasing
set of k indices, and a;,, a;, are real numbers. Then

Py, ,ox, (@i ,--hay) =Q{w € 2:X;(w) <ay, j=1,...,k}.

As in the case of real-valued random variables, one can define two real-valued
stochastic processes to be equivalent if they have the same multivariate dis-
tribution functions, for all multi-indices. Again as in the case of a single ran-
dom variable, it is possible to change the underlying domain set to something
that is a little more natural and easy to work with. This is called the canon-
ical representation, and is defined as follows: Given a measurable space
(X,S), define the corresponding infinite cartesian product space and prod-
uct o-algebra (X°°,§*°) as above, and let P denote a probability measure
on (X°° 8%). Then we define the canonical representation of an X-valued
stochastic process as a measurable mapping X from the probability space
(X*°,8%, P) into (X°°,8%). Thus if w denotes a typical element of X,
the image X(w) is a sequence X;(w) where each element belongs to X. We
define the map w — X;(w) as the coordinate random variable.

The stochastic process {X} is said to be stationary if the probability
measure is shift-invariant. This means that, for every finite set of indices
i1,...,1;, the marginal probability of the I-tuple (X;,,...,X;,) is the same as
that of (Xi1+1, e ;xi1+1)-

The stochastic process is said to be i.i.d. (independent and identically
distributed) if the coordinate random variables are pairwise independent,
and all have the same one-dimensional marginal probability measure.

2.4.3 The Borel-Cantelli Lemma and Almost Sure Convergence

Suppose (£2,7,Q) is a probability space, and let {fp}m>1 be (the top half
of) a stochastic process on (£2,7,Q). Thus, for each m, f,, : 2 — R and is
measurable. Suppose g : 2 — R is measurable. We say that {f,,} converges
to g in probability if

Q{w € 2 |fm(w) —g(w)| > €} = 0 as m — oo, Ve > 0.

We say that {f,} converges almost surely to g if
Qwe 2 lim fulw) = g(w)} = 1

It is easy to see that almost sure convergence implies convergence in prob-
ability; however, the converse is not true in general. On the other hand,
convergence in probability is often much easier to prove than almost sure
convergence. A common method of deducing almost sure convergence from
“sufficiently fast” convergence in probability is to appeal to the result below,
which is known as the Borel-Cantelli Lemma.
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Lemma 2.9. Suppose (£2,7T,Q) is a probability space, and let {A;,} be a
sequence of sets in T . Define

[ N o)

B:ﬂ UAn.

m=1 n=m
Suppose

D QAR) < oo

m=1

Then Q(B) = 0.

Remarks Note that a point w € (2 belongs to B if and only if it belongs
to infinitely many sets A,,, that is, for each m > 1 there exists an n > m
such that w € A,. The point of the lemma, is that, if the measures of the sets
A, decrease sufficiently rapidly that the sequence {Q(A,,)} is summable,
then the set of points that belong to infinitely many A,, has measure zero.

Proof. Define
o
B,, = U A,, m>1.

n=m

Then, by the subadditivity property of @, it follows that
oo
Q(Bn) < > Q(An) — 0asm — oo,
n=m

because of the assumption that Y~ Q(A,,) < oo. Now note that B =
NS°_; By, Consequently we have

Q(B) < Q(B) ¥m = Q(B) < inf Q(By) = 0.

This completes the proof. ®

The Borel-Cantelli lemma leads at once to the following sufficient condi-
tion for almost sure convergence.

Lemma 2.10. Suppose (12,7 ,Q) is a probability space, that {fm}m>1 s a
stochastic process on (£2,T,Q), and that g : £ — R is measurable. Finally,
suppose

> Qfwe 2:|fm(w) — g(w)| > €} < 00, Ve > 0.
m=1

Then {fm} converges almost surely to g.

Remarks: The hypothesis of the lemma states that the stochastic process
{fm(-)} converges in probability to g(-) sufficiently rapidly that the sequence
{qm,¢} is summable for each € > 0, where

Gm,c = Q{w € 2 : [fm(w) — g(w)| > €}.
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Proof. For each positive integer k, define the set

Be= () U{we 2:1falw) - gw)| > 1/k}.

m=1 n=m

Applying the Borel-Cantelli lemma with
Amp ={w € 2:|fm(w) — g(w)| > 1/k},

we conclude that Q(By) = 0 for all k. Hence

o)

k=1

by the countable subadditivity property of ). Now note that
oo
U Br={w e 2: fn(w) # gw)}.
k=1

Therefore {f,} converges almost surely to g. W

Example 2.1. As an application of this lemma, let us return to the problem
of empirically estimating the expected value (i.e., mean) of a function based
upon i.i.d. samples. Suppose (X,S, P) is a probability space, and that f :
X — [0,1] is measurable. As before, let

&ﬁwaéﬂmmw>

denote the expected value of f. Now suppose x1,..., %, are i.i.d. samples
drawn from X in accordance with P, and define

m

B(fixm) 1= -3 f(z)

i=1

It is now shown that E(f;X,,) converges almost surely to Ep(f) in a sense
to be made precise next.

Let x* € X°°; thus x* is a sequence {z;};>1 where each z; € X. Now
one can define E,,(f;x*) as the random variable mapping X into [0, 1]
according to

Bn(fix') 1= = 3 f(a0) = Bfxn).
=1

Note that Em( f;x*) depends only on the first m components of x*. Now
Hoeffding’s inequality states that
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P {x € X" : |B(f;%m) — Ep(f)] > €} < 2exp(—2me?).
One can recast this as
P>{x* € X% : |En(f;x*) — Ep(f)| > €} < 2exp(—2me?).

Since the sequence {2 exp(—2me?)},,>1 is summable for each € > 0, it follows
from Lemma 2.10 that the sequence of random variables { E,, (f;-)} converges
almost surely to Ep(f) (or more precisely, to the “random” variable whose
value equals Ep(f) for all x* € X*°). This means that

P®{x* € X : Ep(f;x*) = Ep(f)} = 1.

This property is known as the “strong law of large numbers.”

As a very useful application of the above property, suppose A € S is a
measurable set, and let f = I4(+), the indicator function of the set A. Then
it is easy to see that Ep(f) is the same as P(A). Moreover, given an infinite
sequence x* € X, one can define the random variable f’m(A; x*) by

1 m
Pr(A;x") = =3 a(@i).
=1

Note that I:’m(A;x*) is just the fraction of the first m samples that belong
to the set A. One can think of P, (4;x*) as an empirical estimate of the
probability of the set A, based on the first m elements of the sequence x*.
By the preceding argument, it follows that

Po{x* € X : P, (4;x*) = P(A)} = 1.

2.5 Mixing Properties of Stochastic Processes

This section is devoted to a discussion of an advanced notion called the
“mixing” of stochastic processes. Up to now (as in Example 2.1 for instance),
we have dealt with i.i.d. processes. Indeed, much of the “classical” form of
statistical learning theory is couched in terms of i.i.d. processes. However,
independence is a very restrictive concept, in several ways. First, it is often
an assumption, rather than a deduction on the basis of observations. Second,
it is an “all or nothing” property, in the sense that two random variables
are either independent or they are not — the definition does not permit an
intermediate notion of being “nearly” independent. As a result, many of the
proofs based on the assumption that the underlying stochastic process is
i.i.d. are rather “fragile.” The notion of mixing allows one to put the notion
of “near independence” on a firm mathematical foundation, and moreover,
permits one to derive a “robust” rather than a “fragile” theory, by allowing
one to prove that most of the desirable properties of i.i.d. stochastic processes
are preserved when the underlying process is mixing.



34 2. Preliminaries

2.5.1 Definitions of Various Kinds of Mixing Coefficients

There are several diverse notions of mixing used in the literature, but we shall
be concerned with only two, namely a-mixing and f-mixing. In the interests
of completeness, we also define one more notion called ¢-mixing, but we also
show why this is not a very useful concept, at least in learning theory.

To define these concepts, let us begin with a stationary stochastic process
{X;}32_, defined on a probability space (X >°,S%, P). It is assumed that a
canonical representation is used for the stochastic process, so that each X;
maps (X, 5%, P) into X. For each index k, let Xk denote the o-algebra
generated by the coordinate random variables X;,7 < k, and similarly let 22
denote the o-algebra generated by the coordinate random variables X;,7 > k.
Let I:’foo and I:’,;X’ denote the corresponding marginal probability measures.
Then, by the Kolmogorov extension theorem, there exists a unique probability
measure on (X°°,8%), denoted by 7(P), such that

1. The laws of {X;,i < 0} under P and under 7o(P) are the same.

2. The laws of {X;,j > 1} under P and under 9(P) are the same.

3. Under the measure 75(P), the variables {X;,i < 0} are independent of
{X;,7 > 1}. This means that each X;,4 < 0 is independent of each X;,j >

1.

Some authors denote this new probability measure by the symbol P° 00 X 151"0.
However, in the proofs it is more convenient to use the symbol 7o(P), where
the subscript 0 serves to remind us of the place at which the two halves of
the stochastic process are “split.” To make the present theorem statements
resemble those found in the literature, the two symbols P9 __ x P and 7(P)
are used interchangeably. For future use, let us also introduce the symbol
Ef‘l to denote the o-algebra generated by the random variables X;,7 < 0
as well as X;,j > k. Thus the bar over the X serves to remind us that the
random variables between 1 and k& — 1 are missing from the list of variables
that generate X.
With this notation, we can now define various mixing coefficients.

Definition 2.1. The a-mixing coefficient of the stochastic process {X;} is
defined as

alk) == sup |P(AN B) — P(A) - P(B)|. (2.5.1)
Aex® ,Bexye

The f-mixing coefficient of the stochastic process is defined as

Bk) = sup |P(C)— (P2 x P)(0))
cest-
= p(P,7o(P); ZF 1), (2.5.2)

The ¢-mixing coefficient of the stochastic process is defined as
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o(k) :== sup |P(B|A) — P(B). (2.5.3)
Aex?  Bexe

In the definition of the a-mixing coefficient, A is an event that depends
only on the “past” random variables {X;,i < 0} while B is an event that de-
pends only on the “future” random variables {X;,7 > k}. Thus if the future
event B were to be truly independent of the past event A, then the probabil-
ity P(AN B) would exactly equal P(A)P(B). Thus the a-mixing coefficient
measures how near to independence future events are of the past events, by
taking the supremum of the difference between the two quantities P(A N B)
and P(A)P(B). Similarly, if the future event B were to be truly independent
of the past event A, then the conditional probability P(B|A) would exactly
equal the unconditional probability P(B). The ¢-mixing coefficient measures
how near to independence future events are of the past events, by taking the
supremum of the difference between the two quantities P(B|A) and P(B).
The S-mixing coefficient has a somewhat more involved interpretation. If the
future events beyond time k£ were to be truly independent of the past events
before time 0, then the probability measureP would exactly equal the “split”
measure 7p(P), or P x P as some authors write it. The S-mixing coeffi-
cient thus measures how nearly the product measure approximates the actual

measure P.

Now a few properties of these coefficients are discussed.

1. Note that, in the definitions of a(k) and ¢(k), we can write P°__(A)
instead of P(A); similarly we can write P°(B) instead of P(B).

2. In the definition of the ¢-mixing coefficient, the conditional probability
P(B|A) is taken as P(B) if P(A) = 0.

3. Since X5, C Xp°, it is obvious that the a-, 8- and ¢-mixing coefficients
are all nonincreasing. Thus

a(k+1) <a(k), B(k+1) < B(k), ¢(k+1) < ¢(k), Vk.
4. If we write C = AN B where A € X° _ and B € X¢°, then we have
(P%,, x P°)(ANB) = P° (A) - P°(B).

Thus, when C' is restricted to intersections of the above type, the right
sides of (2.5.1) and 2.5.2) coincide. However, in (2.5.2), the supremum
is taken not only over sets C' of the form A N B, but over the o-algebra
generated by all such intersections. Thus it follows that

a(k) < B(k), VE > 1.

Similarly, since P(B|A) = P(AN B)/P(A) if P(A) # 0, it is easy to see
that
a(k) < ¢(k), Vk > 1.

It can also be shown that

B(k) < #(k), VE > 1.
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5. It is obvious that if the stochastic process {X;} consists of independent
and identically distributed (ii.d.) random variables, then P equals the
measure (Py)®, which denotes the measure on (X°°,8°) under which
each X; has marginal probability Py, and the X;’s are pairwise indepen-
dent. In such a case, all the three mixing coefficients are zero, for each
k.

6. It is somewhat ironic that some authors refer to a-mixing as “strong”
mixing, even though it is the weakest of the various notions of mixing
studied in the literature.

Definition 2.2. The stochastic process {X;} is said to be a-mixing, or
strongly regular if a(k) — 0 as k — oc. The stochastic process {X;} is
said to be f-mixing or completely regular if (k) — 0 as k — oo. The
stochastic process {X;} is said to be ¢-mixing or uniformly regular if
o(k) = 0 as k — oo.

2.5.2 Inequalities for Mixing Processes

In this subsection, a few consequences of mixing processes are derived. We
begin with S-mixing processes.

Lemma 2.11. Suppose {X;} is a (B-mizing process on a probability space
(X%°,8%, P). Suppose f : X% — R is essentially bounded and is measurable
with respect to the o-algebra Zf_l = X(X;,1 <0 ori>k). Then

|E(f. P) = B(f, P20 x PP)| < B(k)- || £ lloo - (2.5.4)

Proof. Note that, by definition, the quantity §(k) is precisely the total vari-
ation metric between the two probability measures P and P°_ x Pf°. The
desired inequality now follows readily. ®

Theorem 2.1. Suppose {X;} is a B-mizing process on a probability space
(X°°,S°°,ﬁ). Suppose [ : X*° — R is essentially bounded and depends only
on the variables z;,.0 < i < l. Let Py denote the one-dimensional marginal
probability of each of the X;. Then

|E(f. P) = BE(f, )| < 1B(k) || f lloc - (2.5.5)
The proof of theorem depends on the following auxiliary lemma.

Lemma 2.12. Suppose P,Q are probability measures on (U,S), that X,Y are
measurable real-valued functions on (U,S). Suppose further that (i) X,Y are
independent random variables under each of P,(Q, and (ii) the marginal prob-
abilities of X under P and () are equal. Then

p(P,Q; X(X,Y)) = p(P,Q; X(Y)).
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Proof. (of the lemma): Consider a set S € ¥(X,Y) of the form
S = G(Al N B;), A € ¥(X), B; € X(Y), Vi,
i=1
where the A; are pairwise disjoint. As in the case of Lemma 2.5, p(P, Q; X(X,Y))
equals the supremum of |P(S) — Q(S)| as S varies over all such sets. Now

IP(S) i P(A; 0 Bi) — QA By)|.

Next, since X, Y are independent under both P and (), we have
P(A4; N B;) = P(4;)P(B;), Q(Ai N B;) = Q(A4:)Q(Bi).

Moreover, since the marginal probabilities of X under P and @ are equal, we
have

P(4;) = Q(A).
Therefore it follows that

IN
[
i
=
I
&
|

S
S

[P(S) = Q(S)I

< < P(Ai)> p(P,Q; X(Y))
< p(P,Q; X(Y)).

This shows that p(P,Q; X(X,Y)) < p(P,Q; X(Y)). The opposite inequality
follows readily since X'(X,Y) is a superset of X(Y). H

Proof. of the theorem: Recall the notation T()(I:)), which “splits” the origi-
nal measure P into a kind of product measure, in such a way that the variables
X;,1 < 0 are independent of X;,7 > 1, and both sets of variables have the same
marginals as under P. Since we shall be “splitting” measures repeatedly, to
make the notation less cumbersome let us define the symbol Q recursively as
follows:

Qi =70(P), Qi1 =@, i=1,...,1- 1.

Thus Q; consists of the original measure P split at the time instants
0,k,2k,...,(I — 1)k. In the interests of brevity, let us use the symbol ¥
to denote the o-algebra X(X;,0 < i < [I). We shall display it in full form
when needed. Now the claim is that

(P, Qu: ) <1B(k). (2.5.6)

To establish this claim, note that by the triangle inequality we have
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-1
p(P,Q1; X) < p(P,Q1; £) + Y p(Qi, Qis1; X). (2.5.7)

i=1

Then (2.5.6) will follow if it can be shown that each of the above terms on
the right side is less than [(k). Note that, since the stochastic process is
stationary, the S-mixing coefficient also equals

Bk) = p(P,7;(P); ST).

In other words, the original measure P can be “split” at any time instant j,
and the total variation distance does not depend on j. With this background,
note first that

p(P,Q1; X) < p(P,7o(P); Zf 1) < B(k),

since 1 = 79(P) and ¥ is a subalgebra of £¥~1. For the remaining terms,
recall that Qi+1 is obtained by splitting Q; at the time instant ik. Thus,
under both Q; and QNZ‘+1, the variables Xo, X, .. ., X(j_1)s are independent of
X(i+1)ks - - - » Xix- Moreover, the marginal probabilities of {Xo, ..., X(;—1)s} are
the same under both Q; and Qi+1- Hence, by Lemma 2.12, it follows that

p(Qi, Qiv1: %) < p(Qi, Qit1; E(Xiks - -, Xig)).-
But on this algebra, Q; equals P, while Q;41 equals 7, (P). Moreover, this

Si+1)k-1

algebra is a subalgebra of X, ') . Hence, by definition, it follows that

p(Qi, Qigr; Z(Xiks - - Xu) < p(P, i (P); STV = B(k).

Hence each of the terms on the right side of (2.5.7) is less than S(k). This
establishes (2.5.6). Consequently, it follows that

To complete the proof, note that under the measure Q;, the [+ 1 variables
Xo, X, X;5 are pairwise independent. Hence

This completes the proof. ®
Corollary 2.1. Suppose ig < i1 < ... < i are integers, and define

k:= min 4,41 —1;.
o<j<i—1 T

Suppose f is essentially bounded and depends only on X;,...,%X;,. Then

|B(f,P) = E(f, Fg) < BE) || f lloo -
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The proof is a routine modification of that of Theorem 2.1 and is left to
the reader.
Now we present an inequality pertaining to a-mixing processes.

Theorem 2.2. Suppose {X;} is an a-mizing process on a probability space
(X°°,S°°,ﬁ). Suppose f,g : X — R are essentially bounded, that [ is
measurable with respect to X (X;,i < 0), and that g is measurable with respect
to X(X;,i > k). Then

|E(fg9,P) — E(f,P) E(g, P)| <4a(k) || f lloo - 1 9 lloo - (2.5.8)
Theorem 2.2 is a ready consequence of the following more general result.

Lemma 2.13. Suppose f,g are essentially bounded random variables on a
probability space (2,T,P), that F,G are sub o-algebras of T, and that f €
M(F), g € M(G). Define the coefficient

a(F,G) = sup |P(ANB)— P(A)P(B)|.
A€F,BegG

Then
|E(fg) = E(f)E(9)] <4 f llooll 9 lloo a(F,G)-

Proof. Define 1 := sign(gr — E(g)). Thus

_J 1 ifgr(w)— E(g)
n(w) "{ 0 if gr(w) - Elg)

Then we have |gr — E(g)| = n(g9x — E(g)). Now by (2.2.1) we have that
E(fg) = E(fgr). Therefore

|E(f9) = E(f)E(9)]

N IV

0,
0.

|E(f97) — E[fE(9)]]
|ELf (97 — E(9)]|

Il £ lloo Ellgr — E(g)l]
= | f lleo Eln(gr — E(9))]
= I f lloo Eln(g — E(9))],

where in the last step we use the fact that n € M(F) so that E(ng) = E(ngr)
by (2.2.1). Now define ¢ = sign(g — E(g)) and note that £ € M(G). Then it
is possible to mimic the above argument and show that

[Eln(g = E(@)Il <Il 9 [l [EME) = Em)E(E)]-

Combining this with the preceding inequality shows that

|E(f9) = E(H)E@] <l f looll 9 lloe [E®mE) — E(n)E(E)]-

The proof is therefore complete if it can be shown that

IN
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[EmE) — EmEE)| < 4a(F,G). (2.5.9)

Towards this end, define the four sets
A= {winw) =1}, A = {w ) = -1},
By ={w:{(w) =1},B_ = {w: {(w) = -1},
and note that A, A_ € F,By,B_ € G. Now it is easy to see that
Emn¢) =P(A;NBy)+P(A_NB_)—P(A:NB_)—- P(A_NBy),
E(n) = P(A}) — P(A_), B(§) = P(By) - P(B.),
Substituting all this shows that

|E(m¢) —EMmEE)| = PA+NBy)+PA-NB-)
—~P(A, NB_)—P(A_ NB,)
—P(A4)P(B) - P(AL)P(B_)
+P(AL)P(B_) + P(A_)P(By).

Now by the definition of a(F,G) we have
|P(Ay N By) — P(A4)P(B4)| < a(F,G),

and similarly for the other three terms. This finally leads to the desired bound
(2.5.9) and completes the proof. W

The next result is a multiplicative analog of Theorem 2.1.

Corollary 2.2. Suppose {X;} is an a-mizing stochastic process. Suppose

fo,---, fi are essentially bounded functions, where f; depends only on X.
Then
! ! !
E Hfz] - HE(fi) < dla(k) H Il fi lloo - (2.5.10)
i=0 i=0 i=0

The proof by induction on [ is simple and is therefore omitted.

Notes and References The material in Sections 2.1 through 2.4 can be
found in standard texts. For concepts from topology, see [99], See [106] for
a survey of covering numbers, packing numbers, and their interrelationships,
as well as explicit computations of these numbers for various specific sets.
For concepts from probability, see [66], [73], or [117]. Hoeffding’s inequality
is proven in [85] and generalizes earlier work of Chernoff [45]. The mate-
rial in Section 2.5 is more advanced. For definitions of mixing coefficients of
stochastic processes, see [25]. For some reason, many texts on stochastic pro-
cesses discuss only a-mixing and ¢-mixing, but not S-mixing. As shown in
subsequent chapters, ¢-mixing is too strong an assumption, while a-mixing
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is too weak; but S-mixing is “just right.” Theorem 2.1 is due to Yu [209],
while Theorem 2.2 is due to Ibragimov [87], with the proof reproduced in
[77], Theorem A.5. The importance of mixing processes originally arose from
the fact that the simple law of large numbers established in Example 2.1 for
ii.d. processes can be readily extended even to a-mixing processes, which
satisfy the weakest type of mixing condition. Several authors have studied
conditions under which the output sequence of a Markov chain is mixing in
any of the three senses discussed here. We shall return to this topic again in
Chapter 3.
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