8 Parabolic Equations

In this chapter we study both the pure initial value problem and the mixed
initial-boundary value problem for the model heat equation, using Fourier
techniques as well as energy arguments. In Sect. 8.1 we analyze the solution
of the pure initial value problem for the homogeneous heat equation by means
of a representation in terms of the Gauss kernel, and use it to investigate
properties of the solution. In the remainder of the chapter we consider the
initial-boundary value problem in a bounded spatial domain. In Sect. 8.2 we
solve the homogeneous equation by means of eigenfunction expansions, and
apply Duhamel’s principle to find a solution of the inhomogeneous equation.
In Sect. 8.3 we introduce the variational formulation of the problem and give
examples of the use of energy arguments, and in Sect. 8.4 we show and apply
the maximum principle.

8.1 The Pure Initial Value Problem

We begin our study of parabolic equations by considering the pure initial
value problem (or the Cauchy problem) for the heat equation, which is to
find w(z,t) such that

ou

— —Au=0 in R x R
(8.1) gr e T Y mREIX R

u(-,0) = v, in RY.

We shall employ the Fourier transform of w with respect to z, cf. App. A.3,
(&, t) = Fu(-,t)(&) = / u(z,t)e ¢ dx, for £ € RY
R4
If u and its derivatives are small enough for large |x|, then we have

(FAu(-,1))(€) = Au(z, t)e ¢ da = —|¢)2a(€, t)
Rd
and, with u; = du/0t,

di
(Fu(,0)(€) = (&),
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Hence we conclude from (8.1) that @ satisfies

di

dt
a(¢,0)=10(¢),  for £ e R

= —|¢|?a, for €€ R, t >0,

This is a simple initial value problem for a first order linear ordinary differ-
ential equation, with & as a parameter, and its solution is

(8.2) a(&,t) = o(€)e e,
Recalling that w(z) = e¢~1*I° has the Fourier transform
W(E) = a3/2e—1€17/4

(cf. Problem A.19), we conclude from (A.34) that e~*¢° is the Fourier trans-
form of the Gauss kernel

U(z,t) = (drt) =4/ 2e~1l*/4t,

and hence we obtain formally from (8.2) that

(83)  ula,t) = (U(t) xv)(x) = (4mt)~ 4/ / v(y)elemv /At gy,

Rd
The function U(x,t) is a fundamental solution of the initial value problem.
We shall now show that the function defined in (8.3) is, in fact, a solution of
(8.1) under a weak assumption on the initial function. Note that U(x,t) and
u(z,t) in (8.3) are only defined for ¢ > 0.

Theorem 8.1. If v is a bounded continuous function on R?, then the func-
tion u(xz,t) defined by (8.3) is a solution of the heat equation for t > 0, and
tends to the initial data v as t tends to 0.

Proof. We first note that for ¢ > 0 we may differentiate the integral in (8.3)
with respect to z and ¢ under the integral sign, and show directly that this
function satisfies the heat equation in (8.1). To see that u(z,t) tends to the
desired initial values as t — 0 we let 9 € R? be arbitrary and show that

u(z,t) = v(xg), as (x,t) — (x0,0).
In fact, using the transformation n = (y — x)/v/4t, and the formula

(8.4) w—d/Q/ el dz =1,
Rd

we may write



8.1 The Pure Initial Value Problem 111

) = vlao) = () [ oI by — o(ao)

=g~ 4/? /Rd (v(z + Vitn) — v(20)) e~ Inl® dn.

Let M = |[v|lc = [|v]l¢(ray and let 0 be so small that
(8.5) [v(z) —v(xo)| <€, if |z —x0] <6.

For any w > 0, we have

Ju(z, ) — v(ao)| < 2Mr—2 / o lv* gy

ly|>w

+7r_d/2/ |v(x+\/ﬂy) fv(x0)|e_|y|2 dy =1+11.
ly|<w

We now fix w so large that I < e, which is possible in view of (8.4). Then,
with w fixed, we obtain, using (8.5) and (8.4),

IT < sup |v(z +Vaty) —v(zo)| <€, if |z — zo| + VAtw < 6.
lyl<w

Hence, for these z,t we have
lu(z,t) — v(zo)| < 26,
which completes the proof. a

Theorem 8.1 thus shows that the initial value problem (8.1) admits a solu-
tion, and is therefore an existence theorem. We shall show that this solution
depends continuously on the initial data v.

We write (8.3) in the form

B9 ulwt) = (BO0)@) = ety [ ey,

where we may think of F(t) as defining a linear operator, the solution operator
of (8.1), which takes the given initial data into the solution at time ¢.
Note that by (8.4)

)] < (amt) = [ ey ol = e,

so that
lu(- t)lle < |lvlle, for ¢ > 0.

This shows that the operator E(t) is bounded with respect to the maximum-
norm, with operator norm 1, which is the first part of the following result.
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Theorem 8.2. The solution operator E(t) defined by (8.6) is bounded in C,
and

(8.7) IE@)vlle < ||lvlle, fort>0.

If v1 and va are two bounded continuous functions on R¢ and ui and us are
the corresponding solutions of the initial value problem (8.1), then

(8.8) Jur(t) —u2()lle < flor = v2lle,  fort > 0.

Proof. It remains only to show the second part of the theorem. But, since
E(t) is a linear operator,

ul(t) — UQ(t) = E(t)vl — E(t)’l}g = E(t)(vl — 112),
and hence (8.8) follows at once from (8.7). O

Bu using a maximum principle we shall prove in Sect. 8.4 the correspond-
ing uniqueness result, i.e., that there exists at most one bounded solution of
(8.1) and thus (8.3) is the only one.

Together the existence, uniqueness, and continuous dependence properties
make the problem (8.1) a well posed problem. In particular, the continuous de-
pendence property is important in applications. It shows that a small change
in the data of the problem has only a small effect on the solution.

Not all problems which admit solutions has this continuous dependence
property. Consider for example the initial value problem

U + Upe = 0, in Rx Ry,

(8.9) )

u(z,0) = v, (x) =n~" sin(nzx), for x € R,

which has the solution

-1

up(z,t) =n en’t sin(nx).

Here
lonlle = nt—0, asn— oo,

whereas, for any t > 0,

||un(®)|lc = nte"’t 500, asmn — oo.
Hence, although the initial value v, is close to 0, the solution is not for ¢ > 0.
The differential equation in (8.9) is the heat equation with the sign for the
time derivative reversed, i.e., the backward heat equation. The result therefore
means that the problem of determining an earlier distribution of heat in a
body from the present one is ill posed.

We have already noted above that the representation of u(x,t) in terms
of v in (8.3) allows differentiation with respect to both z and ¢ under the
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integral sign for ¢ > 0, even without regularity assumptions on v. In fact, this
differentiation can be carried out an arbitrary number of times so that w is
infinitely differentiable, u € C*°, for ¢ > 0. Using the multi-index notation
from (1.8), one finds easily

|DI DU (, 8)] < t=9=101/2=4/2 p(|g] //2E)e~ 21" /4t
< Ct—j—\a|/2—d/2e—|w|2/8t,

where P(y) is a polynomial in y, and where we have used the fact that for
any polynomial P there is a C such that

|P(y)e*y2| <Ce V2 fory>0.
Hence

sup | DI D%u(x,t)| < Ct—7-1el/2=4/2 gyp / lu(y)|e~=—vI*/8t 4y
z€R? zeRd JRA

< Ot 9710172 sup Ju(y)|,
yeRA

or

|DIDE(t)v]lc < Ct712|ju|le,  for t >0,

which shows that the operator E(t) has a smoothing property: The solution
of (8.1) is smooth for ¢ > 0 even if v is nonsmooth. However, the bounds for
the derivatives then grow as t tends to zero.

On the other hand, if the initial values are smooth then the derivatives of
the solution are bounded uniformly down to ¢t = 0: We have from (8.6), after
the change of variables z = = — v,

(DE()0) () = Du(a.t) = (47t) D7 [ vl = 2)e /10 ds
Rd

= (4mt)=4/2 5 D2v(z — 2)e /4 gz = (E(t) D*v)(2),

and hence, by (8.1) and (8.7),
|DID*E(t)vlle = |47 D*E(t)v]lc = | E(#)AI D]l < |47 D¥]|c.

It can be shown that the solution of the initial value problem for the
inhomogeneous heat equation,

u — Au = f, in RY x Ry,
u(+,0) = v, in RY,

where f = f(x,t) is given, may be represented in the form
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t
uet) = [ U -p0dr+ [ [ UG -t s dyds
R 0 JRA

= E(t)v —l—/o E(t—s)f(-,s)ds,

provided, e.g., that v, f, and V f are continuous and bounded.

8.2 Solution of the Initial-Boundary Value Problem by
Eigenfunction Expansion

We shall first consider the mixed initial-boundary value problem for the ho-
mogeneous heat equation: Find wu(z,t) such that

ur — Au =0 in 2 x Ry,
(8.10) u=0, on ' x Ry,

u(-,0)=wv in £2,
where (2 is a bounded domain in R? with smooth boundary I, u; = du/dt,
and v is a given function in Ly = Lo(£2). We shall now solve this problem by
using eigenfunction expansions. We denote by (-,-) and || - || the inner product
and norm in Ly = Lo({2), respectively.

We recall from Chapt. 6 that there exists an orthonormal basis {¢;}52,

in Ly of smooth eigenfunctions ¢; and corresponding eigenvalues {\;}2,
satisfying

(8.11) —Ap; =Np; in 2, with ;=0 on I

or, equivalently, with our usual notation
_ _ 1
a(p;,v) = / Vi - Vodr = A\i(pi,v), Vv € Hy,
Q

Recall that 0 < A\ < Ao < --- < \; < ..., that \; — 00 as i — oo, and that
(with Kronecker’s symbol §;; = 1 for j = ¢ and 0 otherwise)

a(wi, pj) = Aidij.

We now seek a solution to (8.10) of the form

(8.12) u(w,t) = wi(t)pi(x),
i=1

where the 4; : Ry — R are coefficients to be determined. Because this
is a sum of products of functions of x and t¢ this approach is also called
the method of separation of variables. Inserting (8.12) into the differential
equation in (8.10) and using (8.11) we obtain formally
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o0
Z (@ (t) + Nt (t))pi(x) =0, forz € 2, t € Ry,
=1
and hence, since the ¢; form a basis,

a(t) + N (t) =0, forteRy, i=1,2,...,

so that
ﬁl(t) = ﬁi(O)e_/\it.

Moreover, from the initial condition in (8.10) it follows that
u(+,0) = Zﬁi(O)cpi =v= Z’Oi%, where 0; = (v, p;) = / v ; dz.
i=1 i=1 2

We thus see that, at least formally, the solution of (8.10) has to be

oo
(8.13) u(w, ) = die My (x),
i=1
where by Parseval’s relation, with || - || = || - |z,
oo 9 o0
lul O)* =Y (e )" <e™MF Y "0 = e u]|* < o,
i=1 i=1

Thus u(-,t) € Lo for t > 0, and its Le-norm decreases exponentially as t — oo.
Although this decay is important in some situations, for simplicity we shall
refrain from keeping track of the behavior of u(-,t) for large ¢ in the sequel
and content ourselves with the conclusion that

[u( O <o, for t € Ry.

We now show that for ¢ > 0 the function (-, t) defined in (8.13) is smooth
and satisfies the differential equation and the boundary condition in (8.10)
in the classical sense, and that the initial condition holds in the sense that

(8.14) |lu(-,t) —v|]| =0, ast—0.

We first note that for any k > 0 there is a constant Cj, such that she™s <
Cy for s > 0, Using this with £k = 1 we have

o0 o0
lu(-,t)]3 = Z)\i (13146*)‘1"5)2 =t ! Z@f(/\lt) e 2Nt < Oyt w2,
i=1 i=1

so that

(8.15) lu(- )y < Ct=2||v||, for ¢ > 0.
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Thus u(-,t) € H} for t > 0, by Theorem 6.4, and, in particular, u(-, t) satisfies
the boundary condition in (8.10). Now, applying (—A)* to each term in
(8.13), we obtain since —Ap; = A\;p;

(8.16) (A fu(a,t) =Y didfe Mlp;(),
i=1
and hence, for t > 0,
. 2 ok _
[ARu(, )] = (iAfe )" < CR2F > 07 = CRt ¥ ||v])* < 0.
i=1 i=1

In the same way as in (8.15), we also have
|ARu(-, 1)1 < Crt™F2||v)| < 00, for t > 0.

and thus AFu(-,t) = 0 on I' for any & > 0 when ¢ > 0. We may also apply
D" to each term in (8.16), and since Dye~ it = —)\;e~*i*, we obtain

|DI AR (-, 1) |5 < Ct™F0/2|y|| < 00, fort>0, §=0,1.
Recall from the theory of elliptic equations the regularity estimate (3.37),
|w|s < CllAwl|ls—2, Yw e H*NH, fors>2.
By repeated application of this we obtain, again for § = 0 or 1,
wll2rss < CllA*wl|s, Ywe H**° if Alw=0onTI forj <k,
and we finally conclude that, for any nonnegative integers s and m,
(8.17) | D™ (-, t)||s < Ct™™=%/2|jv||, fort > 0.

It follows by Sobolev’s inequality, Theorem A.5, that DJ*u(-,t) € C? for t > 0,
for any p > 0.

Thus u(x,t) is a smooth function of 2 and ¢ for ¢ > 0 even though we have
not assumed the initial data v to be smooth, and u(-, t) therefore satisfies the
heat equation in the classical sense. By above we also know that the boundary
condition is satisfied, and finally we obtain (8.14) by showing that

oo
lu(-,t) = o2 =3 (e~ 1)%2 -0, ast—0.
=1

To prove this we let € > 0 be arbitrarily small and choose N large enough
that > % v, 07 < e . Then

N
lu(,t) = o) < 7 (e~ 1)%52 +e.
=1
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Since each of the terms of the sum tends to zero as t — 0, we conclude that
llu(-,t) —v||* < 2¢, for ¢ small enough.

We collect these results in the following theorem.

Theorem 8.3. For any v € Lo the function u(z,t) defined by (8.13) is a
classical solution of the heat equation in (8.10), vanishes on I' for t > 0, and
satisfies the initial condition in the sense of (8.14). Moreover, the smoothness

estimate (8.17) holds.

Since the factor =% on the right in (8.17) tends to infinity as ¢ tends to
zero, the smoothness of the solution is not guaranteed uniformly down to
t = 0. If the initial function is smoother, then better results are possible in
this regard. We have, for instance, the following result in H}.

Theorem 8.4. Assume that v € H}. Then the solution u(x,t) of (8.10)
determined in Theorem 8.3 satisfies

lu(-, )1 < |v|1  fort>0.

Proof. We have by (6.4)
lu(-,t) % = Z/\iﬁz?e_z\it < Z)‘i{}? = |’U|%7
i=1 i=1

which shows our claim. O

We note that this result requires not only that the initial data are in H'
but also that they vanish on I'. This means that the initial data have to be
compatible with the boundary data on I x R, which is obviously required
for the solution to be continuous at ¢t = 0. For higher order regularity further
compatibility conditions are needed.

In the same way as in Sect. 8.1 we may think of the solution at time t as
the result of a solution operator E(t) acting on the initial data v, and thus
write u(t) = E(t)v. By (8.13) this operator satisfies the stability estimate

IE®)v| <], fort>0,
and the estimate (8.17) may be expressed as
(8.18) | D E(t)o(-, t)||ls < Ct=™*/2||v||, fort >0, m,s>0,

which expresses a smoothing property of the solution operator.
The following simple example illustrates the above solution method.
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Ezxample 8.1. The solution of the spatially one-dimensional problem

Ut — Uge = 0, in 2 xRy,
(8.19) u(0,-) = u(m,-) =0, in Ry,
u(70) =, in .Q,

with 2 = (0,7) and v € Ly(£2), is given by

St ™
(8.20)  wu(zx,t) = Zf;je*jztsin(jx), where 0; = %/ v(z) sin(jz) da.

=1 0
In this case the associated eigenvalue problem (8.11) reduces to (6.21) with
b = 7, and the result thus follows from Theorem 8.3 and the results obtained
in Sect. 6.1, except that the eigenfunctions are not normalized here. Note
that in (8.20) the coefficient f[)je*jzt of the eigenfunction sin(jz) is obtained
by multiplying the corresponding coefficient ¥; in the expansion of the initial
function v by the factor eIt If j is large, then sin(jx) is rapidly oscillating
and the factor =7t rapidly becomes very small as t increases from 0. Thus,
the components of the solution u(x,t) corresponding to the eigenfunctions
sin(jx) with j large are strongly damped as ¢ grows. This means that rapid
variations or oscillations in the initial function v, such as, for instance, in the
case of a discontinuity (jump), are smoothed out as ¢ increases. This is thus
a special case of the smoothing property of the solution operator discussed
above, which is typical for parabolic problems.

The solution operator E(t) introduced above is convenient to use in the
study of the boundary value problem for the inhomogeneous equation,

ur — Au = f, in 2 xRy,
(8.21) u=0, onI' xRy,
u(+,0) = v, in £2,

In fact, as we shall see, the solution of this problem may be expressed as

(8.22) u(t) = E(t)v + /0 E(t—s)f(s)ds,

This formula represents the solution of the inhomogeneous equation as a
superposition of solutions of homogeneous equations, and is referred to as
Duhamel’s principle.

Clearly, since E(t) is bounded in Lg-norm, the right hand side of (8.22) is
well defined. The first term is the solution of (8.1) so that, since the second
term vanishes for ¢ = 0, in order to show that w is a solution of (8.21) we
need to demonstrate that
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t
(8.23)  D,F(t) — AF(t) = f(t), where F(t) = / E(t — s)f(s)ds.
0

Formally, by differentiation of the integral, we have

(8.24) DyF(t)— AF(t) = f(£)+ /O DyE(t—s)f(s)ds— /O AE(t—s)f(s) ds,

and since Die(t — s) = AFE(t — s) the integrals should cancel. However,
requiring only f(s) € Ly for s € (0,t), (8.18) indicates a singularity of order
O((t — s)7!) in the integrands, so that the integrals are not necessarily well
defined. For this reason we now assume that || Dy f(¢)|| is bounded for ¢ € [0, T
with arbitrary 7" > 0 , and write, after replacing ¢t — s by s in the last term,

P = [ B =s)() = fa)ds+ [ Br)s

By differentiation with respect to ¢ we obtain

(825)  DyF(t) = / DLE(t - 5)(f(s) — £(t)ds + E(t)(2),

where the integrand is now bounded since || f(s) — f(¢)|| < C|s—t|. Similarly,
since AE(t — s) = DiE(t — s),

(8.26) AF(t) = /0 AE(t —s)(f(s) — f(t))ds + (E(t) — I)f(t).

Taking the difference between (8.25) and (8.26) shows (8.23).

Another way to deal with the singularities in the integrands in (8.24)
would be to use regularity of f(s) in the spatial variable, e.g., through the
inequality ||AE(t—s)f(s)|| < ||Af(s)||- However, in addition to regularity of
f(s) this would require the unnatural boundary condition f(s) =0 on I'.

By (8.22) we obtain at once the stability estimate

(8.27) lu)l = o]l + / 1£(s)]] ds.

In the standard way this may be used to show uniqueness of the solution of
(8.21) as well as the continuous dependence of the solution on the data. For
example, if u; and us are solutions corresponding to the right-hand sides f;
and f5 and initial values v; and vs, then we have

(8.28) [lur(t) — ua(®)]| < or — va + / 1f1(s) = fals)l| ds, for t € Ro.
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8.3 Variational Formulation. Energy Estimates

We shall now write the initial-boundary value problem (8.21) in variational, or
weak, form, and use this to derive some estimates for its solution. Although we
shall not pursue this here, variational methods may be used to prove existence
and uniqueness of solutions of parabolic problems, which are considerably
more general than (8.21), such as problems with time-dependent coeflicients
or non-selfadjoint elliptic operator, problems with inhomogeneous boundary
conditions, and also some nonlinear problems. For such problems the method
of eigenfunction expansion of the previous section is difficult or impossible to
use. Moreover, the variational formulation is the basis for the finite element
method for parabolic problems, which we shall study in Chapt. 10.

For the variational formulation we multiply the heat equation in (8.21) by
a smooth function ¢ = ¢(x), which vanishes on I" and find, after integration
over {2 and using Green’s formula, that

(8.29) (ug, ) + alu, ) = (f,p), Vo€ H&, teRy,

with our standard notation
a(v,w) = / Vu-Vwdz, (v,w)= / vw dz.
2 2

The variational problem may then be formulated: Find u = u(x,t) € Hg,
thus vanishing on I', for ¢ > 0, such that (8.29) holds and such that

(8.30) u(-,0)=v in £2.

By taking the above steps in the opposite order it is easy to see that if u
is a sufficiently smooth solution of this problem, it is also a solution of (8.21).
In fact, by integration by parts in (8.29) we obtain

(ut_Au_fﬂD):O? V(peH017 t€R+,

or, forany t € R4,
/p(-,t)godx:O, Vo € Hy, where p=u; — Au — f.
Io;

We conclude, in the same way as for the stationary problem, that this is
possible only if p = 0.

The following result shows some bounds in various natural norms for the
solution of our above problem in terms of its data. We proceed formally and
refrain from precise statements about the regularity requirements needed. We
write u(t) for u(-,t) and similarly for f(¢).

Theorem 8.5. Let u(t) satisfy (8.29) and (8.30), vanish on I', and be ap-
propriately smooth for t > 0. Then there is a constant C such that, fort > 0,
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t t
B30 P+ [ R ds< ol +0 [ )R as
and

t t
(8.32) lu(t)|? +/O [[ue(s)]* ds < v]F +/O 1f ()| ds.
Proof. Taking ¢ = u in (8.29) we obtain
(8.33) (ug, u) + a(u,u) = (f,u), fort>0.
Here

d
(wrw) = [ wpude = [ ) de = 55 Jul’
2 2
Applying Poincaré’s inequality, Theorem A.6, i.e.,
lell < Cleh = C alp, )/, for v € Hy,
we have, using also the inequality 2ab < a? + b2, that
[(Fo)] < IfIHIull < ClFI uly < 5lulf + 3C%fI1*.
We thus obtain from (8.33) that
d
g llull® + ult < 3luli+ 3C%1£11%,
or, with a new C,
d
Sl + [uf} < CfP.

By integration over (0,t) this yields

t t
lu(t)]? + / fu(s) 2 ds < [Jo]? + C / 1712 ds,

which is (8.31).
To prove (8.32) we now choose ¢ = u; in (8.29) and obtain

luell® + a(u, ue) = (f,ue) < 3IFIP + 5lluel®.

Here
d

a(u,ut):/ Vu'Vutd:E:/ %(|Vu|2)tdx:%%|u|%,
2 2

so that we may conclude,
d
el + = [ul? < 1I£11%,

whence, by integration over (0,t),

OF + [ ulas < it + [ 151 as

which is (8.32).

121
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It follows in the standard way from (8.31) that if u; and ug are solutions
corresponding to the right-hand sides f; and f> and initial values vy and v,
then we have

t t
||u1(t)—u2(t)||2+/ |ur—us|f ds < ||U1—U2H2+C/ I fi=fol*ds, fort >0,
0 0

and a similar bound is obtained from (8.32). Note that these estimates also
bound the error in H& and uses the Lo-norm in time rather than the Li-norm
employed in (8.28).

8.4 A Maximum Principle

We now consider the generalization of the mixed initial-boundary value prob-
lem of Sect. 8.2 which allows a source term and inhomogeneous boundary
conditions, i.e., to find w on {2 x I such that

ur — Au = f, in 2x1,
(8.34) u=g, onI' x1I,
u(+,0) = v, in £2,

where (2 is a bounded domain in R% and I = (0, T) is a finite interval in time.
In order to show a maximum principle for this problem it is convenient to
introduce the parabolic boundary of 2 x I as the set I}, = (I' x [)U(2 x {t =
0}), i.e., the boundary of 2 x I minus the interior of the top part of this
boundary, 2 x {t =T}.

Theorem 8.6. Let u be smooth and assume that uy — Au < 0 in 2 x 1. Then
u attains its maximum on the parabolic boundary I',.

Proof. If this were not true, then the maximum would be attained either at
an interior point of 2 X I or at a point of 2 x {t = T}, i.e., at a point
(z,t) € 2% (0,T], and we would have

w(Z,t) = maxu = M > m = maxu.
02xI Iy

In such a case, for € > 0 sufficiently small, the function
w(z,t) = u(z,t) + €z)?
would also take its maximum at a point in {2 x (0, T}, since, for e small,

maxw < m+emax|x|2 < M < maxw.
T, T, axI

By our assumption we have since A(|z|?) = 2d that
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(8.35) wy — Aw =us — Au—2de < 0, in 2 x 1.

On the other hand, at the point (Z,t), where w takes its maximum, we have

d
7Aw(577£) = - waﬂi(jva > 07
=1

and

w(Z,8) =0, ift<T, or wy(z,t)>0, ift="T,

so that in both cases

we(Z,t) — Aw(z,t) > 0.
This is a contradiction to (8.35) and thus shows our claim. O

By considering the functions +u, it follows, in particular, that a solution
of the homogeneous heat equation (f = 0) attains both its maximum and its
minimum on Iy, so that in this case, with ||wl|¢( i) = max,¢ 57 [w(z)],

lulle(oxry < max {llgllecrxn lvlle) )

For the inhomogeneous equation one may show the following inequality, the
proof of which we leave as an exercise, see Problem 8.7.

Theorem 8.7. The solution of (8.34) satisfies

r
HUHC(QXD < max{”gHC(Fxf)v H’UHC(Q)} + ﬁ”f”C(Qxf)v
where r s the radius of a ball containing (2.

As usual such a result shows uniqueness and stability for the initial-
boundary value problem.

We close this section by proving the uniqueness of a bounded solution to
the pure initial value problem considered in Sect. 8.1.

Theorem 8.8. The initial value problem (8.1) has at most one solution
which is bounded in R? x [0, T], where T is arbitrary.

Proof. If there were two solutions of (8.1), then their difference would be
a solution with initial data zero. It suffices therefore to show that the only
bounded solution u of

up = Au, in RY x I, where I = (0,T),
u(-,0)=0, inRY,

is u = 0, or that and if (z¢,o) is an arbitrary point in R% x I, and € > 0 is
arbitrary, then |u(zg,%o)| < e. We introduce the auxiliary function
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