14 Chapter 1. Block Error-correcting Codes

1.1 Basic concepts

Although coding theory has its origin in an engineering prob-
lem, the subject has developed by using more and more so-
phisticated mathematical techniques.

F. J. MacWilliams and N. J. A. Sloané, [11], p. vi.

Essential points

e The definition of block code and some basic related notions (code-
words, dimension, transmission rate, minimum distance, equivalence
criteria for block codes).

e The definition of decoder and of the correcting capacity of a decoder.
e The minimum distance decoder and its error-reduction factor.
e The archtypal Hamming code [7,4,3] and its computational treatment.

e Basic dimension upper bounds (Singleton and Hamming) and the no-
tions of MDS codes and perfect codes.

e The dimension lower bound of Gilbert.

Introductory remarks

The fundamental problem of communication is that of repro-
ducing at one point either exactly or approximately a message
selected at another point.

C. E. Shannon 194§, [21].

Messages generated by enfiormation sourceoften can be modelled as a
streamsy, so, ... 0f symbolschosen from a finite sei called thesource al-
phabet Moreover, usually we may assume that the titngaken by the
source to generate a symbol is the same for all symbols.

To send messages we needanmunications channeA communica-
tions channel can often be modelled as a device that takes a stream of sym-
bols chosen from a finite s&t, that we will call thechannelor transmissioh
alphabet and pipes them to its destination (called theeiving endof the



1.1. Basic concepts 15

channel) in some physical form that need not concern uﬂmeea result, a
stream of symbols chosen frdfharrives at the receiving end of the channel.

The channel is said to bwoiselessf the sent and received symbols al-
ways agree. Otherwise it is said to beisy, as real channels almost always
are due to a variety of physical phenomena that tend to distort the physical
representation of the symbols along the channel.

The transfer from the source to teending endf the channel requires
anencodey that is, a functionf : S — T from the set of source symbols
into the sefl™ of finite sequences of transmission symbols. Since we do not
want to loose information at this stage, we will always assume that encoders
are injective. The elements of the imagefoére called thecode-wordsof
the encoder.

In this text we will consider onllock encodersthat is, encoders with
the property that there exists a positive integesuch that”' C 7™, where
C = f(S) is the set of code words of the encoder. The integisrcalled the
lengthof the block encoder.

For a block encoding scheme to make sense it is necessary that the source
generates the symbols at a rate that leaves enough time for the opperation of
the encoder and the channel transmission of the code-words. We always
will assume that this condition is satisfied, for this requirement is taken into
account in the design of communications systems.

Since for a block encoder the mgp S — C' is bijective, we may con-
sider as equivalent the knowledge of a source symbol and the corresponding
code word. Generally speaking this equivalence holds also at the algorithmic
level, since the computation gfor of its inverse usually can be efficiently
managed. As a consequence, it will be possible to phrase the main issues
concerning block encoders in terms of the 6eaind the properties of the
channel. In the beginning in next section, we adopt this point of view as a
general starting point of our study of block codes and, in particular, of the
decoding notions and problems.

1.1 Remarks. The set{0,1} is called thebinary alphabetand it is very
widely used in communications systems. Its two symbols are chitsd
With the addition and multiplication modulo 2, it coincides with the figld
of binary digits The transposition of the two bit® (— 1,1 — 0) is called
negation Note that the negation of a Hitcoincides withl + b.

1.2Example Consider th&kep(3) encodetf considered in the Introduction
(pagd 2). In this casé andT are the binary alphabet arid = {000, 111},
respectively. Note that the inverse of the bijectipn S — C'is the map
000 +— 0,111 — 1, which can be defined as— x;.

The interested reader may consUlt/[19, 5].



16 Chapter 1. Block Error-correcting Codes

Block codes

Only block codes for correcting random errors are discussed
F. J. MacWilliams and N. J. A. Sloang, |11], p. vii.

LetT = {t1,...,ts} (¢ > 2) be the channel alphabet. By a (blodqde
of lengthn we understand any non-empty sub&etC 7. If we want to
refer toq explicitely, we will say that”' is g-ary (binary if ¢ = 2, ternary
if ¢ = 3). The elements of’ will be calledvectors code-wordor simply
words

Usually the elements df™ are written in the forme = (z4,...,z,),
wherez; € T. Since the elements @f" can be seen as lengthsequences
of elements off’, the element will also be written ag1 x5 . . . z,, (concate-
nated symbols), especially wh&h= {0, 1}.

If z € T"andz’ € T, the expression|z’ will be used as an alternative
notation for the elemeritz, z') € T"*". Similar notations such agz'|z"
will be used without further explanation.

Dimension, transmission rate and channel coding

If C'is a code of lengti, we will setkc = log,(|C|) and we will say that
k¢ is thedimensiorof C'. The quotientR- = k¢ /n is calledtransmission
rate, or simplyrate, of C.

1.3 Remarks. These notions can be clarified in terms of the basic notions
explained in the first subsection (Introductory remarks). Indegg(|7"|) =
log,(¢") = n is the number of transmission symbols of any element'af

So ko = log,(|C|) = log,(|S|) can be seen as the number of transmis-
sion symbols that are needed to capture the information of a source symbol.
Consequently, to send the information contenkgftransmission symbols
(which, as noted, amounts to a source symbol) we meteginsmission sym-
bols, and saR¢ represents the proportion of source information contained
in a code word before transmission. An interesting and useful special case
occurs whenS = T*, for some positive integek. In this case the source
symbols are already resolved explicitely ifttransmission symbols and we
havekc = k andR¢ = k/n. d

If C' has lengthm and dimensiork (respectivelyC| = M), we say that
C has typgn, k] (respectively typén, M)). If we want to havey explicitely
in the notations, we will writdn, k], or (n, M),. We will often write C' ~
[n, k] to denote that the type @f is [n, k], and similar notations will be used
for the other cases.
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Minimum distance

Virtually all research on error-correcting codes has been based
on the Hamming metric.
W.W. Peterson and E.J. Weldon, Jr.,/[16], p. 307.

Givenz,y € T", the Hamming distancéetweenz andy, which we will
denotehd(z, y), is defined by the formula

hd(z,y) = |{i € 1.n|z; # yi}|.
In other words, it is the number of positions which x andy differ.

E.1.1 Check thahd is a distance offi™. Recall thatl : X x X — R is said
to be a distance on the s&tif, forall x,y,z € X,

1) d(z,y) > 0, with equality if and only ifx = y;
2) d(y,z) = d(z,y); and
3) d(z,y) < d(z,2) +d(z,y).

The last relation is callettiangle inequality

E.1.2 Letx,y € Z3 be two binary vectors. Show that
hd(z,y) = |z| + [y| — 2]z - y|

where|z| is the number of non-zero entriesofit is called theweightof x)
andz -y = (z1y1, -+ , Tnln)- O

We will setd = d¢ to denote the minimum of the distandes(c, ¢'), where
¢, € Candce # ¢, and we will say thatl is theminimum distancef C.
Note that for the minimum distance to be defined it is necessaryitat 2.
For the code€” that have a single word, we will see that it is convenient to
putdc = n + 1 (see the Remafk 1.].2).

We will say that a cod€” is of type[n, k, d] (or of type (n, M, d)), if
C has lengthn, minimum distancel, and its dimension i& (respectively
|C| = M). If we want to have; explicitely in the notations, we will write
[n,k,d]q or (n,M,d),. Inthe casey = 2 it is usually omitted. Sometimes
we will write C' ~ [n, k, d], to denote that the type & is [n, k, d],, and
similar notations will be used for the other cases.

The rational numbed- = d¢/n is calledrelative distancef C'.

E.1.3 Let C be a code of typén, M, d). Check that ift = n, thend = 1.
Show also that if\/ > 1 (in order thatd is defined) andl = n thenM < ¢,
henceks < 1.
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1.4Example(A binary code (8,20,3))Let C be the binary codés, 20) con-
sisting of 00000000, 11111111 and all cyclic permutations 0f0101010,
11010000 and 11100100. From the listingCyclic shifts of a vector it is
easy to infer thatl- = 3. ThusC'is a code of typ€8, 20, 3).

A[Library | Cyclic shifts of a vector A

| cyclic_shift(x:Vector ) := [ Xienging 1 | take(x,length(x)-1)

cyclic_shifts( x:Vector ) :=
begin
local X={x}, y=cyclic_shift(x)
while y#x do
X=XKy}
y=cyclic_shift(y)
end
X
end

| \careta=[1,1,0,1,0,0,0,0]; X=cyclic_shifts(a);

| b=[1,1,1,0,0,1,0,0]; Y=cyclic_shifts(b);

| c=[1,0,1,0,1,0,1,0]; Z=cyclic_shifts(c);

| {hd(a, x) with x in tail(X)} = {4, 4, 4, 6, 4, 4, 4}
| {hd(a,y) withyin Y} = {3,3,5,3,5,7, 3, 3}

| {hd(a,z) with zin Z} = {5, 3}

| {hd(b,y) with y in tail(Y)} = {4, 6, 4, 4, 4, 6, 4}
| {hd(b,z) with z in Z} = {4, 4}

| {hd(c,z) with z in tail(z)} = {8}

1.5 Remark. A code with minimum distanceé detectaup tod — 1 errors, in
the sense that the introduction of a number of errors betweamd — 1 in
the transmission gives rise to a word that is no€inNote thatd — 1 is the
highest integer with this property (by definition @j.

However, [the Hamming distance] is not the only possible and
indeed may not always be the most appropriate. For exam-
ple, in (Fio)® we have d(428,438) = d(428,468), whereas in
practice, e.g. in dialling a telephone number, it might be more
sensible to use a metric in which 428 is closer to 438 than it is

to 468.
R. Hill, [9], p. 5.

Equivalence criteria

We will say that two code§’ andC’ of lengthn arestrictly equivalentf
C' can be obtained by permuting the entries of all vector€’ iwith some
fixed permutation. This relation is an equivalence relation on the set of all
codes of lengtm and by definition we see that it is the equivalence relation
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that corresponds to the natural actiorSgfon 7™, and hence also on subsets
of T™.

In the discussion of equivalence it is convenient to include certain per-
mutations of the alphabédt in some specified positions. This idea can be
formalized as follows. Lef' = (T'y,...,T',), wherel’; is a subgroup of per-
mutations off’, that is, a subgroup @&, (1 < ¢ < n). Then we say that two
codesC' andC’ arel'-equivalenif C’ can be obtained fror@' by a permuta-
tiono € S, applied, as before, to the entries of all vectorg’ofollowed by
permutations; € I'; of the symbols of eachentiyi = 1,... ,n. If I'; = S,
for all ¢, instead ofi"-equivalent we will say5,-equivalentor simplyequiv-
alent In the case in whicfi" is a finite fieldF andI’; = F — {0}, acting onF
by multiplication, instead of'-equivalent we will also sa¥f-equivalent or
F*-equivalentor scalarly equivalent

Note that the identity and the transpositionZaf = {0, 1} can be repre-
sented as the operations— x+0 andx — x-+1, respectively, and therefore
the action of a sequeneg, . . . , 7, of permutations o¥. is equivalent to the
addition of the vector € Z3 that corresponds to those permutations.

In general it is a relatively easy task, givEnto obtain from a code¢”
other codes that are-equivalent toC, but it is much more complicated to
decide whether two given codes dreequivalent.

E.1.4. Check that two (strongly) equivalent codes have the same parameters
n, k andd.

E.1.5. Show that given a cod€' C T™ and a symbot € T, there exists a
code equivalent t@’ that contains the constant watgl.

E.1.6. Can there be codes of tygge, ¢, n), which are not equivalent to the
g-ary repetition code? How many non-equivalent codes of {ype&, d),
there are?

Decoders

The essential ingredient in order to use a cétde 7™ at the receiving end
of a channel to reduce the errors produced by the channel noise@®ding
function In the most general terms, it is a map

g:D—C,whereCCDCT"

such thayy(xz) = x for all z € C. The elements oD, the domain of, are
said to bey-decodable By hypothesis, all elements 6f are decodable. In
caseD = T, we will say thaty is afull decoder(or acomplete decodgr

We envisage working, again in quite abstract terms, as follows. Given
x € C, we imagine that it is sent through a communications channel. Let
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y € T" be the vector received at the other end of the channel. Since the
channel may be noisy,may be different fromx, and in principle can be any
vector of 7. Thus there are two possibilities:

e if y € D, we will take the vector’ = g(y) € C as the decoding af;

¢ otherwise we will say thag is non-decodableor that adecoder error
has occurred.

Note that the conditiog(z) = x for all x € C says that when a code
word is received, the decoder returns it unchanged. The meaning of this is
that the decoder is assuming, when the received word is a code-word, that it
was the transmitted code-word and that no error occurred.

If we transmitz, andy is decodable, it can happen thét# x. In this
case we say that an (undetectali@ejle errorhas occurred.

Correction capacity

We will say that the decoderhascorrecting capacity, wheret is a positive
integer, if for anyx € C, and anyy € T such thahd (z,y) < t, we have
y € D andg(y) = =.

1.6Example Consider the codBep(3) and its decodey considered in the
Introduction (pagé]2). In this cage = {0,1}, C = {000,111} andD =

T3, so that it is a full decoder. It corrects one error and undetectable code
errors are produced when 2 or 3 bit-errors occur in a single code-word.

1.7 Remark. In general, the problem of decoding a cadés to construciD
andg by means of efficient algorithms and in such a way that the correcting
capacity is as high as possible.

Minimum distance decoder

Let us introduce some notation first. Givan € 7™ and a non-negative
integerr, we set

B(w,r) ={ze€T"|hd(w, z) < r}.

The setB(w, r) is called theball of centerw andradiusr.

If C = {z',...,2M}, let D; = B(z%,t), wheret = |(d — 1)/2], with
d the minimum distance of’. It is clear thatC N D; = {z*} and that
D;nND; = Qif i # j (by definition oft and the triangular inequality of
the Hamming distance). Therefore, if we &t = | |, D;, there is a unique
mapg: Dc — C such thaty(y) = 2° for all y € D;. By constructiong
is a decoder of” and it correctg errors. It is called theninimum distance
decoderof C.
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E.1.7. Check the following statements:

1. g(y) is the wordz’ € C such thahd(y, z’) < ¢, if such anz’ exists,
and otherwisey is non-decodable fay.

2. If y is decodable andl(y) = 2/, then
hd(xz,y) >t forall z € C — {2'}.

1.8 Remarks. The usefulness of the minimum distance decoder arises from
the fact that in most ordinary situations the transmissions y that lead to

a decoder erron(¢ D), or to undetectable errorg € D, buthd (y, z) > t)

will in general be less likely than the transmissians— y for which y is
decodable and(y) = x.

To be more precise, the minimum distance decoder maximizes the like-
lihood of correcting errors if all the transmission symbols have the same
probability of being altered by the channel noise and ifghe 1 possible
errors for a given symbol are equally likely. If these conditions are satis-
fied, the channel is said to be @dry) symmetric channelJnless otherwise
declared, henceforth we will understand that ‘channel’ means ‘symmetric
channel'.

From the computational point of view, the minimum distance decoder,
as defined above, is inefficient in general, evedddfis known, for it has to
calculatehd (y, x), forz € C, untilhd(y, ) < ¢, so that the average number
of distances that have to be calculated is of the ordéf'df= ¢*. Note also
that this requires having generated tfieelements of”'.

But we also have to say that the progress in block coding theory in the
last fifty years can, to a considerable extent, be seen as a series of milestones
that signal conceptual and algorithmic improvements enabling to deal with
the minimum distance decoder, for large classes of codes, in ever more ef-
ficient ways. In fact, the wish to collect a representative sample of these
brilliant achievements has guided the selection of the decoders presented in
subsequent sections of this book, starting with next example.

1.9 Example(TheHamming codé¢7,4,3]). Let K = Z, (the field of binary
digits). Consider thé(-matrix
1110
R=111 01
1 011
Note that the columns ok are the binary vectors of length 3 whose weight is

at least 2. Writing/,. to denote the identity matrix of order letG = I;|R”
andH = R|I; (concatenatd, and R”, and alsoR and I3, by rows). Note
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that the columns off are precisely the seven non-zero binary vectors of
length 3.

Let S = K* (the source alphabet) affd = K (the channel alphabet).
Define the block encoding : K* — K7 by u — uG = u[uRT. The image
of this function isC' = (G), the K-linear subspace spanned by the rows of
G, so thatC'is a[7, 4] code. Since

RT
GH' = (L|R")(F-) = R + RT =0,
3
because the arithmetic is mod 2, we see that the rows, afind hence the
elements of”, are in the kernel off~". In fact,

C={yeK'|yH" =0},

as the right-hand side contaids and both expressions a¥€-linear sub-
spaces of dimension 4. From the fact that all columngioére distinct,
it is easy to conclude thai- = 3. ThusC has type[7,4, 3]. Since|C| -
vol(7,1) = 24(1 + 7) = 28 = | K®|, we see thaD¢ = K”.

As a decoding function we take the map K7 — C defined by the
following recipe:

1. Lets = yHT (this length 3 binary vector is said to be thyndromeof
the vectory).

2. If s = 0, returny (as we said above, = 0 is equivalent to say that
y € C).

3. If s £ 0, letj be the index of as a row ofH .
4. Negate thg-th bit of 3.
5. Return the first four components gf

Let us show that this decoder, which by construction is a full decoder
(D = K7), coincides with the minimum distance decod@deed, assume
thatz € C is the vector that has been sent. If there are no errorsthen,
s = 0, and the decoder returns Now assume that thgth bitofx € C'is
changed during the transmission, and that the received vecjorige can
write y = x + e, wheree; is the vector with 1 on thg-th entry and 0 on the
remaining ones. Then = yH” = zH' + ¢;HT = ¢;H”, which clearly
is the j-th row of H. Henceg(y) = y + e; = z (note that the operation
y — y + e; is equivalent to negating thjeth bit of ). O

The expression of this examplewRis /ccis explained in the listingdam-
ming code [7,4,3] . TheWIRIS elements that are used may be consulted in
the Appendix, or in the Index-Glossary.
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p

A[Library | Hamming code [7,4,3]
Let R be the binary matrix whose columns are the binary vectors of length three
and weight at least two

(1 11 0)
R=(1101 |: Matrix(Z,)
1011
The matrices G and H
| G=1,|RT; H=R]|Ig;
Encoding function
| hamming_encoder (u) :=u-G
Decoding function
hamming_decoder(y) : =
begin
local r, n, s, j
(r,n)=dimensions (G)
s=y- HT
if not zero?(s) then
j=index(s, HT)
yi=y—1
end
take(y, r)
end

\caretExample
|u=[1,1,0,1] = [1,1,0,1]
| x=hamming_encoder(u) = [1,1,0,1,0, 1, 0]
| hamming_decoder(x) = [1, 1,0, 1]
Let us simulate an error in position 4
| e=epsilon_vector(7,4); y=x+e = [1,1,0,0,0, 1, 0]
| hamming_decoder(y) = [1,1,0,1]

The notion of an correcting code was introduced by Hamming

[in 1950]
V.D. Goppa,[[8], p. 46.

Error-reduction factor

Assume thap is the probability that a symbol &f is altered in the transmis-
sion. The probability thaf errors occur in a block of length is

(?)pj(l —p)".

Therefore

n

P.(n,t,p) = > (?)pj(l —p)" 7 =1- Z (?)pi(l —p)"7 [1.1]

t
j=t+1 7=0
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gives the probability that + 1 or more errors occur in a code vector, and
this is the probability that the received vector is either undecodable or that
an undetectable error occurs.

If we assume thatv blocks ofk symbols are transmitted, the number of
expected errors igk N if no coding is used, while the expected number of
errors if coding is used is at mo&N - P.(n,t,p)) - k (in this product we
count as errors all the symbols corresponding to a code error, but of course
some of those symbols may in fact be correct). Hence the quotient

p(n,t,p) = Pe(n,t,p)/p,

which we will call theerror reduction factorof the code, is an upper bound
for the average number of errors that will occur in the case of using cod-
ing per error produced without coding (cf. [EJL.8). Rosmall enough,
p(n,t,p) < 1 and the closer to 0, the better error correction resulting from
the code. The value gf(n, ¢, p) can be computed with the functienf(n,t,p).

1.10Example(Error-reduction factor of the Hamming codeccording to
the formula [1.1], the error-reduction factor of the Hamming cade~
[7,4, 3] for a bit error probabilityp has the form

(Yot

which is of the ordeR1p for p small. Note that this is 7 times the error-
reduction factor of the codBep(3), so that the latter is more effective in
reducing errors thal, even if we take into account that the true error re-
duction factor ofC is smaller thar1p (because in the error-reduction factor
we count all four bits corresponding to a code error as errors, even though
some of them may be correct). On the other hand the rat€sasfdRep(3)
are4/7 and1/3, respectively, a fact that may lead one to prefeo Rep(3)

under some circumstances.

E.1.8 Letp’ = p/(n,t,p) be the probability of a symbol error using a code
of lengthn and correcting capacity Letp = P.(n,t,p). Prove thapp >

P = p/k.

Elementary parameter bounds

In order to obtain efficient coding and decoding schemes with small error
probability, it is necessary thatandd are high, inasmuch as the maximum
number of errors that the code can correct is |(d — 1)/2] and that the
transmission rate is, given proportional tok.
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A[Library | Probabilaty of code error (an upper bound) and error reduction factor [a

P_e(n,tp) = i (?).pi.(l_p)n—j

j=t+1
erf(n,t,p) := if p=0 then
0

else
P_e(n,t,p)/p
end

| p=erf

| n=3; t=1; p=0.01;

| P_e(n,t, p), p(n,t,p) => 0.000298, 0.0298

| n=7; t=1; p=0.01;

| P_e(nt, p), p(n,t,p) => 0.002031, 0.2031

| n=23; t=3; p=0.01;

| P_e(nt, p), p(n,t,p) = 7.6053-1075, 0.0076

It turns out, however, that andd cannot be increased independently
and arbitrarily in their ranges (for the extreme cakes n or d = n, see
E[1.3). In fact, the goal of this section, and of later parts of this chapter, is
to establish several non trivial restrictions of those parameters. In practice
these restrictions imply, for a given that if we want to improve the rate
then we will get a lower correcting capability, and conversely, if we want to
improve the correcting capability, then the transmission rate will decrease.

Singleton bound and MDS codes
Let us begin with the simplest of the restrictions we will establish.

1.11 Proposition(Singleton bound) For any code of typé, k, d],
k+d<n+1.

Proof: Indeed, ifC is any code of typén, M, d), let us writeC’ C 77~ 4+1
to denote the subset obtained by discarding thedastl symbols of each
vector of C. ThenC’ has the same cardinal &5 by definition ofd, and so
" =M =|C|=|C"| < ¢"4'. Hencek < n—d+ 1, which is equivalent
to the stated inequality. O

MDS codes. Codes that satisfy the equality in the Singleton inequality are
called maximum distance separabtedes, orMDS codedor short. The
repetition codeRep(3) and the Hamming code [7,4,3] are MDS codes. The
repetition codeof any lengthn on the alphabef’, which by definition is
Rep,(n) = {t,|t € T}, is also an MDS code (since it hgselements,

its dimension is 1, and it is clear that the distance between any two distinct
code-words i%).
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Values of Az (n, d)
n d=3 d=5 |d=7
5 4 2 —
6 8 2 —
7 16 2 2
8 20 4 2
9 40 6 2
10 72-79 12 2
11| 144-158 24 4
12 256 32 4
13 512 64 8
14 1024 128 16
15 2048 256 32
16 | 2720-3276) 256-340| 36-37

Table 1.1: Some known values or bounds fs(n, d)

1.12 Remark. If C is a code with only one word, thely- = 0, butd¢e
is undefined. If we want to assign a conventional valuédahat satisfies
the Singleton bound, it has to satisfy: < n + 1. On the other hand, the
Singleton bound tells us thdt: < n for all codesC' such tha{C'| > 2. This
suggests to putc = n + 1 for one-word code§’, as we will do henceforth.
With this all one-word codes are MDS codes.

The function A,(n, d)

Given positive integers andd, let R,(n,d) denote the maximum of the
ratesRc = k¢ /n for all codesC of lengthn and minimum distancé.

We will also setk,(n, d) andA,(n, d) to denote the corresponding num-
ber of information symbols and the cardinal of the code, respectively, so that
R,(n,d) = ky(n,d)/n andA,(n,d) = ¢*»4).

A code(C (of lengthn and mimimum distance) is said to beoptimalif
Rc = Ry(n, d) or, equivalently, if eithekc = kq(n,d) or Mo = Ay(n, d).

E.1.9.If ¢ > 2is an integer, show that,(3,2) = ¢*. In particular we have
that A3(3,2) = 4 and A3(3,2) = 9. Hint: if T" = Z,, consider the code
C={(z,y,z+y) eT?|z,y T}

E.1.10 Show thatAs(3k, 2k) = 4 for all integersk > 1.

E.1.11 Show that4;(5,3) = 4.

The exact value ofi,(n, d) is unknown in general (this has often been
called themain problenof coding theory). There are some cases which are
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very easy, liked,(n, 1) = ¢", A2(4,3) = 2, or the cases considered iff E|]1.9
and H.1.1[l. The valued,(6,3) = 8 andA,(7,3) = 16 are also fairily easy

to determine (see [E.1.]19), but most of them require, even for smailich

work and insight. The table 1.1 gives a few valuesdefn, d), when they

are known, and the best known bounds (lower and upper) otherwise. Some
of the facts included in the table will be established in this text; for a more
comprehensive table, the reader is referred to the table 9.1 on page 248 of
the book|[[6]. It is also interesting to visit the web page

http://www.csl.sony.co.jp/person/morelos/ecc/codes.html

in which there are links to pages that support a dialog for finding the best
bounds known for a given pair, d), with indications of how they are as-
certained.

E.1.12 In the Tablg 1.1 only values ofs(n, d) with d odd are included.
Show that ifd is odd, thends(n,d) = As(n + 1,d + 1). Thus the table
also gives values for even minimum distangééint: given a binary codé€”
of lengthn, consider the cod€ obtained by adding to each vector@fthe
binary sum of its bits (this is called thparity completiorof C).

The Hamming upper bound

Before stating and proving the main result of this section we need an auxil-
iary result.

1.13 Lemma. Letr be a non-negative integer ande 7. Then
T n ;
Bl =3 (7)1
=0

Proof: The number of elements @7 that are at a distanédérom an element

xeTm™is
(?) (q—1)°
and so .
Bl =3 (7)1,
as claimed. - O

The lemma shows that the cardinal Bz, ) only depends om andr,
and not onz, and we shall writerol,(n, r) to denote it. By the preceeding
lemma we have

volg(n,r) = |B(z,r)| = Y (”) (q — 1)L [1.2]

: )
=0
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AlLibrary | Computation of voly(n,r) [a

volume(n,r,q) := i (rl‘) (@-1)’

i=0
r

volume(n,r) := Z (T)

i=0

]\caretvolume(9,3,3) = 835
| volume (9,3) = 130

1.14 Theorem(Hamming upper bound)if t = |(d — 1)/2], then the fol-
lowing inequality holds:

q
< — .
Aq(n,d) < voly(n,t)

Proof: Let C' be a code of typén, M,d),. Taking into account that the
balls of radiug = |(d — 1)/2] and center elements 6f are pair-wise dis-

joint (this follows from the definitiont and the triangular inequality of the
Hamming distance), it turns out th@ |B(z,t)| < |T"| = ¢™.

On the other hand we know that
|B(z,t)| = voly(n,t)
and hence

"> Y Bz, t) = M -voly(n,t).
zeC

Now if we takeC' optimal, we get
Aq(n,d)voly(n,t) < ¢,

which is equivalent to the inequality in the statement. O

1.15 Remark. The Hamming upper bound is also callgzhere-packing up-
per bound or simply sphere upper bound.

E.1.13 Letm ands be integers such that< s < m and letcy, ..., ¢ €
F™, whereF is a finite field withg elements. Show that the number of vectors
that are linear combinations of at masvectors from among;, ..., ¢, Iis

bounded above byol,(m, s).

[Hamming] established the upper bound for codes
V.D. Goppa,[[8], p. 46.
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A[Library | Hamming upper bound (also called sphere upper bound) [a
qn
b_sphere (n.c.a) '{ volume(n, [ (d-1)/2], ) J

Pp— 2n
ub_sphere (n,d) '{ volume(n, | (d-1)/2]) J

| \caretub_sphere(8,3) = 28
| ub_sphere(9,3) = 51

| ub_sphere(10,3) = 93

| ub_sphere(11,3) = 170

| ub_sphere(11,3,3) = 7702
| ub_sphere(21,5) = 9039

Perfect codes

In generalD is a proper subset @f", which means that there are elements
y € T for which there is na: € C with hd (y,z) < t. If Do = T™, then
C'is said to beperfect In this case, for every € T" there is a (necessarily
unique)z € C such thahd (y, z) < t.

Taking into account the reasoning involved in proving the sphere-bound,
we see that the necessary and sufficient condition for a €oiebe perfect

is that .
n ; _

> <Z->(q —1)'=q"/M (=¢""),

i=0
whereM = |C| = ¢” (this will be called thesphereor perfectcondition).

The total codé™ and the binary repetion code ofld length are exam-

ples of perfect codes, with parametérs ¢™, 1) and (2m + 1,2,2m + 1),
respectively. Such codes are said tottddal perfect codes We have also
seen that the Hamming code [7,4,3] is perfect (actually this has been checked

in Examplg 1.D).
E.1.14 In next section we will see thatifis a prime-power and a positive
integer, then there are codes with parameters

[(¢"=1)/(¢—1),(¢" = 1)/(g — 1) = 7,3]).

Check that these parameters satisfy the condition for a perfect code. Note
that forq = 2 andr = 3 we have the parameters [7,4,3].

E.1.15 Show that the paramete3, 12, 7], [90, 78, 5] and[11, 6, 5]5 satisfy
the perfect condition.

E.1.16 Can a perfect code have even minimum distance?

E.1.17 If there is a perfect code of lengthand minimum distance, what
is the value of4,(n, d)? What is the value afly(7,3)?
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E.1.18 Consider the binary code consisting of the following 16 words:

0000000 1111111 1000101 1100010
0110001 1011000 0101100 0010110
0001011 0111010 0011101 1001110
0100111 1010011 1101001 1110100

Is it perfect?Hint: show that it is equivalent to the Hamming [7,4,3] code.

1.16 Remarks. The parameters of any non-triviglary perfect code, witlp

a prime power, must be those of a Hamming codé2&r12, 7], or[11, 6, 5]3

(van Lint and Tietavainen (1975); idependently established by Zinovi'ev and
Leont’ev (1973)). There are non-linear codes with the same parameters as
the Hamming codes (Vasili'ev (1962) for binary codes; Schénheim (1968)
and Lindstrom (1969) in general). Codes with the paramésr2'2, 7) and

(11, 3%, 5)3 exist (binary and ternary Golay codes; see Chapter 3), and they
are unique up to equivalence (Pless (1968), Delsarte and Goethals (1975);
see|25], Theorem 4.3.2, for a rather accessible proof in the binary case, and
[11], Chapter 20, for a much more involved proof in the ternary case).

One of the steps along the way of characterizing the parameterargf
perfect codesg a prime power, was to show (van Lint, H.W. Lenstra, A.M.
Odlyzko were the main contributors) that the only non-trivial parameters
that satisfy the perfect condition are those of the Hamming codes, the Golay
codes (see E.1.115, and also R.1.7 for the binary case)9an2®, 5),. The
latter, however, cannot exist (seg B.1.8).

Finally let us note that it is conjectured that there are no non-triyial
ary perfect codes fog not a prime power. There are some partial results
that lend support to this conjecture (mainly due to Pless (1982)), but the
remaining cases are judged to be very difficult.

The Gilbert inequality

We can also easily obtain a lower bound fég(n,d). If C' is an optimal
code, any element &f" lies at a distancel d — 1 of an element of”, for
otherwise there would be a wogde T™ lying at a distance> d from all
elements of” andC' U {y} would be a code of length, minimum distance
d and with a greater cardinal than |C|, contradicting the optimality.oFhis
means that the union of the balls of radilis 1 and with center the elements
of C'is the wholel™. From this it follows thatd,(n, d)-vol4(n,d—1) > ¢".
Thus we have proved the following:

1.17 Theorem(Gilbert lower bound) The functior4,(n, d) satisfies the fol-
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lowing inequality:

qn
voly(n,d —1)°

What is remarkable about the Gilbert lower bound, with the improvement
we will find in the next chapter by means of linear codes, is that it is the
only known general lower bound. This is in sharp contrast with the variety
of upper bounds that have been discovered and of which the Singleton and

sphere upper bounds are just two cases that we have already established.

A‘](nv d) 2

A[Library | Gilbert lower bound [a
. q"
Ib_gilbert(n,d,q) .—[ volume (n.d=1.q) -‘

. 2"n
‘ Ib_gilbert(n,d) : :"m-‘

| \caretlb_gilbert(8,3) = 7
| Ib_gilbert(9,3) = 12

| Ib_gilbert(10,3) = 19

| Ib_gilbert(11,3) = 31

| Ib_gilbert(11,3,3) = 729
| Ib_gilbert(21,5) — 278

1.18 Remark. The Hamming and Gilbert bounds are not very close. For
example, we have seen that< A»(8,3) < 28, 12 < A2(9,3) < 51,

19 < A5(10,3) < 93 and31 < Ay(11,3) < 170. But in fact A5(8,3) =

20 (we will get this later, but note that we already hatg(8,3) > 20 by
E[1.4), 45(9,3) = 40 and the best known intervals for the other two are
72 < A2(10,3) < 79 and144 < A»(11,3) < 158 (see Tablé 1]1).

E.1.19 The sphere upper bound for codes of typeM, 3) turns out to be

M < 9 (check this), but according to the table]|1.1 we halg6,3) = 8,

so that there is no code of ty(é, 9, 3). Prove this.Hint: assuming such a
code exists, show that it contains three words that have the same symbols in
the last two positions.

Summary

e Key general ideas about information generation, coding and transmis-
sion.

e The definition of block code and some basic related notions (code-
words, dimension, transmission rate, minimum distance and equiva-
lence criteria between codes).
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e Abstract decoders and error-correcting capacity.

e The minimum distance decoder and its correcting capacity
to=[(d—1)/2].

e The Hamming codé7, 4, 3] (our computational approach includes the
construction of the code and the coding and decoding functions).

e Error-reduction factor of a code.
e Singleton boundk < n+1—d.

e The functionA,(n,d), whose determination is sometimes called the
‘main problem’ of block error-correcting codes.Taple| 1.1 provides some
information onAs(n, d).

e Hamming upper bound:
Aq(n,d) < ¢"/voly(n,t), wheret = | (d —1)/2].
e Perfect codes: a code, M, d), is perfect if and only if
t
n ; _
> (i)(q —1)'=q"/M (=¢"7").
=0

e Gilbert lower bound:4,(n,d) > ¢"/voly(n,d — 1).

Problems

P.1.1 (Error-detection and correctiorijVe have seen that a codéof type

(n, M, d) can be used to detect up #o— 1 errors or to correct up t6 =

|(d —1)/2] errors. Show that’ can be used to simultaneously detect up to
s > t errors and correct up toerrors ift + s < d.

P.1.2 Prove thatd,(8,5) = 4 and that all codes of typ@, 4, 5)2 are equiv-
alent. Hint: by replacing a binary optimal code of length 8 and minimum
distance 5 by an equivalent one, we may assumeOd@i0000 is a code
word and then there can be at most one word of wejglt

P.1.3 Show that for binary codes of odd minimum distance the Hamming
upper bound is not worse than the Singleton upper bound. Is the same true
for even minimum distance? And fgrary codes withy > 2?

P.1.4 Prove thatds(n,d) < 2A2(n — 1,d). Hint: if C'is an optimal binary
code of lengtlm and minimum distancé, we may assume, changidginto

an equivalent code if necessary, that both O and 1 appear in the last position
of elements o, and then it is useful to consider, for= 0, 1, the codes
Ci={zeC|x, =1i}.
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P.1.5 (Plotkin construction, 1960).et C; andC, be binary codes of types
(n, My,dy) and(n, Mas, dy), respectively. Lef be the lengtl2n code whose

words have the fornx|(z + y), for all z € C; andy € C,. Prove that

C~ (QTL, My Mo, d), whered = min(2d1, d2)

P.1.6 Show thatd,(16,3) > 2560. Hint: use Example E.1}4 and the Plotkin
construction.

P.1.7 If C ~ (n, M, 7) is a perfect binary code, prove that= 7 orn = 23.
Hint: use the sphere upper bound.

P.1.8 Show that there is no code with parametgig, 278, 5). Hint: Ex-
tracted from|[9], proof of Theorem 9.7: @ were a code with those param-
eters, letX be the set of vectors i@ that have weight 5 and begin with two
1s,Y the set of vectors i3 that have weight 3 and begin with two 1s, and
D ={(z,y) € X xY|S(y) C S(z)}, and countD| in two ways ((z) is
the support ofz, that is, the set of indiceisin 1..90 such thatr; = 1).
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