Vectors and Moments

Chapter 2

Vector functions are present in all mechanics. Forces, torques, velocities,
angular velocities, accelerations, momenta, and angular momenta are
some of the major examples of these kinds of quantities in the subject
scope. Among the vector functions, some can be distinguished where
the vector is directly associated with a certain point in space of those
where this association is not significant. So, for instance, the velocity of
a particle is a vector associated with the point in space occupied by it
at each instant, while a torque applied to a rigid body is not necessarily
associated with any particular point of the body.

This chapter addresses an especially important kind of vector
in mechanics: the moment vectors. A torque applied to a body is a
moment vector; the angular momentum of a body with respect to a
given point is also a moment vector. Although torques and angular
momenta are different concepts, the vector handling of both is exactly
the same and the two functions are discussed together here.

The general purpose of this chapter is the study of vector sys-
tems. On the one hand, it seeks to give the reader the basic tools
to correctly model the forces applied to a mechanical system. On the
other, it offers a unified approach to the handling of vectors and their
moments, which will make it easier to understand the dynamic prop-
erties of a mechanical system — especially the concepts of momentum
and angular momentum — facilitating the formulation of equations that
govern their motion.
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For a systematic and unified approach, Section 2.1 discusses
the free, sliding, and bound vector concepts while Section 2.2 defines
the moment of a sliding or bound vector with respect to a point or axis,
with examples. Section 2.3 introduces the fairly general concept of a
vector system, including free and sliding (or bound) vectors and defines
the resultant and resultant moment with respect to a point or axis,
according to this general approach. The formulation is different from
that usually found in the literature and has the advantage of suppressing
ambiguities that, for instance, are found when discussing torques applied
to a rigid body. Section 2.4 addresses the equivalence of vector systems
and the reduction of systems at a given point. It is shown that any
vector system can be substituted by a simpler system consisting of just
one pair of vectors. Some special systems are also discussed, such as
the couple and the null system. Section 2.5 shows the existence of the
central axis of a vector system with a nonnull resultant and studies its
properties and applications. Section 2.6 specifically discusses the force
and torque systems. No attempt has been made to study statics but
rather teach the reader how to model the forces and torques acting on
a given mechanical system. The contact forces are discussed, paying
special attention to the links and phenomenon of friction, field forces,
and torques applied to a rigid body.

2.1 Free, Sliding, and Bound Vectors

In a three-dimensional Euclidean space, a given vector can be ex-
pressed in three components; if v is any vector and ni,ns, n3 is a ba-
sis of orthonormal vectors, the scalar components of v on this base,
v; =v-nj, j=1,2,3, where the dot ‘-’ designates scalar product (see
Appendix A), fully determine the vector v. In its geometric representa-
tion, reference is usually made to its elements: magnitude and direction.
If the vectors u and v are equal, they must have both elements equal
and their respective components are necessarily equal on the same basis;
in other words,

u=v ifandonlyif wu;=v;, j=1,2,3. (1.1)

Furthermore, all algebra for the vectors can be expressed in terms of



2.1 Free, Sliding, and Bound Vectors 29

their components on an arbitrary basis (see Appendix A). Vectors like
those described above are called free vectors. Examples of free vectors
are the angular velocity of a rigid body and a torque applied to a rigid
body.

The effect of the action of a force on a rigid body depends on
the former’s line of action. As discussed in Chapter 1, Newton’s third
law states, among other things, that, given two particles P and Q, the
force exerted, say, by Q over P is a vector associated to the straight
line defined by P and Q. In other words, something besides the three
components of the vector on a given basis must be specified to fully
describe the applied force. So, from a dynamics viewpoint, two forces
will be distinguished with the same components — therefore, with equal
vectors — and different lines of action. Vectors associated to a certain
straight line in the space are called sliding vectors. The characterization
of a sliding vector requires its components on a given basis and the
description of its line of action (the parameters of the equation of this
straight line, coordinates of a point on the straight line, or any other
form of determination). Two vectorially equal sliding vectors (equality
in the usual sense, between free vectors) and associated to the same
line of action are called equivalents or equipollents. Examples of sliding
vectors are a force applied on a rigid body and the flow velocity of a
fluid in a pipe with a uniform section.

The effect of a force on a deformable body depends, in addition
to its line of action, on the point to which the force is applied. Vectors
associated to an application point will be called bound vectors. To char-
acterize a bound vector one must know its components on a given basis
and the coordinates of its application point. Examples of bound vec-
tors are the momentum of a particle and a force applied to the end of a
spring.

All vector algebra is defined for free vectors; sums, scalar prod-
ucts, cross products, and other known operations have results exclusively
dependent on the respective components of the vectors, thereby consti-
tuting free vectors. In other words, whatever the operation between
vectors, following the rules of vector algebra, which results in a vector,
this will necessarily be a free vector, since it will only depend on the
components of the vectors involved in the operation. Algebra of sliding
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vectors or bound vectors is not, however, prohibited; the operation will
only be done as if the vectors are free, and the result must necessarily
be a free vector.

Example 1.1 Let us assume that forces F; and F2 and torque T act
on block B, illustrated in Fig. 1.1. F; is applied along the axis x.

x Figure 1.1

If the block can be considered as a rigid body, it makes no difference which
is the point of the segment of x inside the block where the force is applied.
F' is, therefore, a sliding vector associated with axis x and its full character-
ization is given by its components — (F4,0,0), in the system of Cartesian
axes in the figure — and by the axis with which it is associated, in the
case z. Force F» is also a sliding vector, associated with the straight line
that contains points P and Q. It can be fully characterized, for example, by
its magnitude, F5, its direction (from P to Q), and the equation of its line of
action: bx = ay; z = c. Torque T can be applied at any point of the block;
therefore forming a free vector, characterized, for example, by its compo-
nents (T1,T%,T3). The vector sum Fy + Fy = ((F1 + F>cos0), Fasin 6, O)
is a free vector, not associated, therefore, with any straight line in space.
The cross product p™/© x Fy = cF>(—siné,cos0,0), where p/° is the
position vector of point P with respect to O, is also a free vector.

2.2 Moments

Let us consider v as a sliding vector, associated with a straight line r,
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O any point in space, and P an arbitrary point on r (see Fig. 2.1). The
cross product of vector p, position of P with respect to O, with vector
v, is a free vector, called the moment of v with respect to O

MY = p xv. (2.1)

Figure 2.1

Of course, only a sliding vector (or bound vector, a particular
case of sliding vector) admits a moment with respect to one point; the
position vector p is not defined for a free vector. The moment of a
vector v is always a free vector and orthogonal to v. In fact, according
to Eq. (2.1), the moment results in an algebraic operation and, as such,
does not define a line of action for its result; moreover, as this operation
is a cross product, the resulting vector must necessarily be orthogonal
to v (see Appendix A).

The moment of a vector with respect to a point will be null if
the vector is null or if the line of action of the vector contains the point.
In fact, product p x v will be null if one of the vectors is null or if v is
parallel to p.

Lastly, it is worth noting that the moment of a vector with
respect to the point O is independent of point P chosen on the line of
action of v. To check this, one only needs to choose any other point P’
over 7 and see that p’ X v=pXxv—-rxv=pxv,sincer xv=0
(see Fig. 2.1).

The physical dimension of the moment vector will always be
equal to the physical dimension of the sliding vector that originated it,
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multiplied by dimension [L], a characteristic of the position vector p,
that is,
Dim [MY°] = Dim [v] x [L]. (2.2)

If F is a force, a sliding or bound vector with dimension
[MLT 2], that is, Newtons (N), in SI units, its moment with respect
to a point will be a torque, with dimension [ML2T~2], that is, Newtons-
meter (Nm), in the same units. If G is a momentum vector of a particle,
a bound vector with dimension [MLT '], its moment with respect to a
point will be the angular momentum vector of the particle with respect
to the point, with dimension [ML2T~1].

Given a point O, an axis (straight line) E passing through O
and parallel to a certain adimensional unit vector n and a sliding vector
v associated with the line of action r (see Fig. 2.2), the moment of the
vector v with respect to the axis E, MY/E is defined as the component
of the moment of vector v with respect to the point O, in the direction
of the axis, that is (see Appendix A),

MYE = MY© . nn. (2.3)

\%

Figure 2.2

The moment of a vector v with respect to an axis E is a free
vector (result of an algebraic operation) parallel to the axis (its direction
is given by the unit vector n). The physical dimension of MY/” is the
same as MY/ since n is adimensional. Lastly, the moment of a vector
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with respect to an axis does not depend on the point on the axis chosen
for its calculation, which justifies no reference to point O in the notation
made for a moment with respect to an axis. In fact, if O’ is another
point on the axis E (see Fig. 2.2), MVO" = pP/O" x v, where pF/O’
is the position vector of point P with respect to point O’, as shown.
But if d is the distance between points O and O, pP/O/ = p + dn,
so MYO' .nn = PXv-nn+dn xv-nn and, as the mixed product
nxv-nisnull, then MY . nn =MY° .nn = MVE (see Appendix A).

Example 2.1 Consider a particle P, of mass m, moving in the reference
system shown in Fig. 2.3. At the instant represented, the position of P
is given by the Cartesian coordinates (scos#,yo,ssinf); its magnitude
velocity v is parallel to straight line r; and a force of magnitude F', directed
to point O, acts on the particle. The momentum vector of the particle,
defined as G = muwn, is bound to P.

Z z

Figure 2.3
The moment of this vector with respect to point O is

MO — pPO » G = p?° x G
= yony X mu(cosfn, + sinfn.)

= muyo(sin n, — cosfn.).
The moment of vector G with respect to axis X is

MY = M%© .n, n, = muyo sin On,,
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and the moment with respect to axis 7 is
MEZ = MO . n,n, = —muyo cos fn.

Force F, applied on P, is a bound vector at P. The moment of this force
with respect to point O is null, because the support of the force passes
through O. The moment of this force with respect to point Q is

ME@Q — pP/Q « F

= s(cosfng + sinfn;)

>< N
(52 +y3)4/?

F'syo .
= (CETIRE (sinfny, — cosfn;).

(scosfng + yony + ssinfn.)

Note that the moment of F with respect to Q can also be obtained (and
more easily) by

MR — pO/Q «F

—yony X W(s cosOn, + yon, + ssinfn,)

Fsyo

W (sinfn, — cosfn;).
0

The moment of vector F with respect to the vertical axis z passing through
Q is
F
MY = M¥® .n,n, = —# cosfn,,
(52 4 yg)1/2

and the moment of F with respect to axis Y is

MY = MFe . nyn, = 0.

The moment of a vector v with respect to an axis F passing
through a point O will be null if the mixed product p X v - n is null
[see Egs. (2.1) and (2.3)]. This will happen if v is null or p and v are
parallel — and in this case O belongs to the straight line r, the line of
action of v, so the axis and straight line are concurrent — or, also, if v
and n are parallel, meaning that the axis and straight line are parallel
(see Fig. 2.2). In short, the moment of a nonnull vector with respect
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to an axis will be null whenever the vector’s line of action and axis are
coplanar. (There is also another trivial case where the moment vector
with respect to an axis vanishes. Which is that?)

The moment of a sliding vector v with respect to point O is
equal to the vector sum of the moments of the vector with respect to
three mutually orthogonal axes that intercept at O. Thus, if ny, ny, ng
are orthonormal vectors, parallel to the axes x1, xs, x3, passing through
O, then MV/*i = MV . n;n;, j=1,2,3, therefore (see Appendix A),

3
MO = MY (2.4)
j=1

Example 2.2 Returning to the preceding example (see Fig. 2.3), the
moment of vector G with respect to axis Y is null because the G line of
action intercepts Y at point Q. The moments of vector F with respect to
axes X, Y, or Z are null because the line of action of F intercepts the
axes at O. If the angle 0 is null, the moment of vector G with respect
to axis X will also be null since the G line of action and axis X will
be parallel. In fact, for § = 0, MS© = —muyon, and MS© .n, = 0.
It is also easy to see, looking at the results of the above example, that
MSEO = MSX + MY + M%Z | as Eq. (2.4) establishes for any 6 value.

2.3 Vector Systems

Consider a set consisting of n sliding vectors of the same phys-
ical dimension, v;, associated with the line of actions r;, 1 =1,2,...,n,
respectively, and m free vectors M;, j=1,2,...,m, all with the di-
mension of a moment of a vector from the vector category v;. A set of
vectors defined as such will be called a vector system. (Let us not for-
get that bound vectors are a particular case of sliding vectors and that,
therefore, some or even all the vectors v; above may consist of bound
vectors.)

Example 3.1 The arm shown in Fig. 3.1 is hinged at its end A and
can turn freely around the axis x3. Force F is applied at end B, with
components in the three coordinated directions; consider that the vertical
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force P, the weight of the arm, is applied at point O, mass center of the
arm; assume the action of three force components, F1, F2, and F3, on end
A, as shown. Lastly, as the arm is free to turn exclusively around the axis
xs3, two torque components, Ty and Ts2, shall be applied to it.

45

X

Figure 3.1

This group of seven vectors — five sliding vectors (the forces) and two free
vectors (the torques) — forms a vector system, with n =5 and m = 2. (If
the reader did not clearly understand why these vectors and not others are
involved, do not worry: The recognition of the forces and torques applied
to a rigid body will be discussed later in this chapter. What matters for
now is to recognize that this is a vector system.)

If V is a vector system consisting of n sliding vectors v;, i =
1,2,...,n and m free vectors M;, j =1,2,...,m, the vector sum of the
n sliding vectors is called resultant of the system, that is,

R(V) = Zv (3.1)

It is never too late to insist that the resultant of a system,
obtained from a usual vector sum, is a free vector, not associated, there-
fore, with any line of action and, as such, not having defined its moment
with respect to any point in the space.

Example 3.2 Figure 3.2 illustrates a system of vectors V associated to
a cube with an edge with a length of 2m. The vector vi; with magnitude
5u is associated with the axis x3; the vector ve with magnitude 10u is
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associated with the straight line containing A and B; and the vector vs,
with magnitude 15u, is associated with the straight line containing B and
C, with the directions shown, u being a certain physical unit. The system
also consists of the free vectors M, parallel to axis x1, with magnitude
20um, and M, parallel to axis E, with magnitude 30v/2um, with the
directions indicated. The resultant R of this system will be the free vector

R =vi + vz + v3 = 5u(—3n1 + 2ns + ng3).

Figure 3.2

The resultant moment of a vector system V with respect to a
point O is defined as the vector sum of the moments with respect to O
of the sliding vectors of V with the free vectors of V), that is,

n m
MYO 23" MYO 43 M. (3.2)

i=1 j=1

It is clear that the resultant moment of a system V is also a free vector.

The resultant moment of a vector system V with respect to an
axis F/, passing through a point O and parallel to an adimensional unit
vector n, is defined as the component of the resultant moment of the
system at the point, in direction of the axis, that is,

MYE =MV .nn. (3.3)
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Example 3.3 Returning to the previous example (see Fig. 3.2), the
resultant moment of the system with respect to the point O is

MYO = MYVYC + MY + MY¥C 4 M1 + Mo
=0+ 2mns X 10unz 4+ 2m (n2 + n3) X (—15u) ny
+ 20umn; + 30um (n; + no)
= 30um (n; + n3).

The resultant moment with respect to the axis x; will be MV = 30umn;
and the resultant moment with respect to the axis x2 will be null. The
resultant moment of this system with respect to the axis E/, which contains
A and C vertices, can be directly computed by

MYE = M; -nn + M, = 40v/2umn = 40um (n1 + n2),

since the lines of action of the sliding vectors of the system intercept all on

axis F.

Once the resultant and resultant moment with respect to any
given point O of a vector system ) are known, the resultant moment of a
system is determined with respect to any other point. This is guaranteed
by a very simple and extremely useful relationship established on what
has usually been called the

Moments Transport Theorem. The resultant
moment of a vector system V with respect to any point
O is equal to the vector sum of the resultant moment
of the system with respect to a given point O' with the
moment, with respect to O, of a sliding vector vectori-
ally equal to the resultant R of V and associated with
a straight line passing through O, that is,

MY/O = MVC" 4 p9/° x R. (3.4)
The derivation of the theorem is simple, by basing it on the

definitions of the resultant moment of a vector system with respect
to one point, Eq. (3.2), and resultant of a system, Eq. (3.1). In fact
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E B Figure 3.3

(see Fig. 3.3),

MV/O = zn:pl X V; +§:M]

i=1 j=1

n n m
=Y pixvit Y PO xvi+ > My

i=1 i=1 j=1
= (Zp2 X Vi +ZMj> +p20 x Y v

i=1 j=1

j=1
— MV/©' + pO’/O x R. I

This result indicates that two free vectors — the resultant, in-
variant with the point, and a resultant moment, dependent on the cho-
sen point — fully characterize a vector system consisting of an arbitrary
number of sliding (or bound) and free vectors.

Equation (3.4) can be extended to resultant moments of a sys-
tem with respect to different axes. So, if n is an adimensional unitary
vector, defining a direction in space, the resultant moments of a vector
system V, with respect to two axes parallel to n, passing through the
points O and O’ (see Fig. 3.3) are related by

MYE = MVE" | <po’/o X R) ‘nn. (3.5)

Equation (3.5) is the result of projecting Eq. (3.4) in the direction n.
The second term on the right can be interpreted as the moment with
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respect to the axis F of a sliding vector vectorially equal to the resultant
of V, whose line of action passes through O’. This result is also known
as the parallel axes theorem.

Example 3.4 Returning to Example 3.2 (see Fig. 3.2), the resultant
moment of the system with respect to point A can be obtained, through
Eq. (3.4), from

MVA = MY +p%4 « R
= 30um (n1 + n3) + (—2m) n3 x 5u (—3n; + 2ns + n3)
= 10um (5 nj =+ 3112 =+ 3113).

The resultant moment of the system with respect to the horizontal axis
E’, which passes through C and D, is, according to Eq. (3.5),

MY =M™ 1 (p?P x R) nzng
=0+ ((—2m)(n1 +n3) X 5u(—3n1 +2n2 + 1’13)) 12 N

= 40umns.

When a vector system consists exclusively of sliding (or bound)
vectors, it is called a simple system. For a simple system, therefore m = 0
and the resultant moment of the system with respect to a point or axis
will be the sum of the moments of the sliding vectors comprising the
system, with respect to the point or axis.

Some simple systems consist of an infinite number of sliding
vectors, each with an infinitesimal magnitude. Systems of this kind are
called distributed systems. If dv is a vector of a distributed system V
(see Fig. 3.4), its resultant R is defined as

R = /v dv. (3.6)

The resultant moment of a distributed simple system V with
respect to a point O is defined as

MYO = / p X dv, (3.7)
%

where p is the position vector with respect to point O, of an arbitrary
point on the line of action of dv (see Fig. 3.4).
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0° Figure 3.4

The resultant moment of a distributed system with respect to
an axis F is defined as in Eq. (3.3), that is, it is the component, in the
direction of the axis, of the resultant moment of the system with respect
to any point on the same axis.

Example 3.5 Figure 3.5 shows the diagram of a vertical gate, with
height a, which holds the water of a tank.

Q 1 x
Ilz(_\
> . n,
g
LA
df ~—
7
z P Figure 3.5

The pressure exerted by the fluid on the gate over the atmospheric pres-
sure depends on the depth z, according to the hydrostatic relationship
p(z) = pgz, where p is the pressure, p the density of the fluid, and g the
gravitational acceleration magnitude. As the pressure varies exclusively
with the vertical coordinate on each horizontal surface element, with an
area dA = ldz, where [ is the width (uniform) of the gate, an infinitesimal
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force df = pdAn; = pglzdzn; will be applied. So a distributed system
F, consisting of forces df associated to horizontal lines of action (direction
x), acts on the gate. The resultant force of the action of the fluid on the
gate will be the resultant of this disributed system, given, according to
Eq. (3.6), by (assuming p and g as constants)

R:/ df:pgl/ zdzn1:1pgla2n1.
0 0 2

The resultant moment of this system with respect, say, to point P is,
according to Eq. (3.7),

a a 1
Mf/P:/ pxdf:pgl/ —(a—2z)n3 deznlz—gpgla?’ng.
0 0

Example 3.6 Bar B, pivoted on one end at the fixed point O, moves
on the plane of the figure with the angle 6 varying with time according to
the rate w = df/dt (see Fig. 3.6).

Figure 3.6

The bar is homogeneous with mass m and length c. Each element of B will
have a mass dm = pdr, p being its density (mass per unit of length), and the
velocity v = rw (believe me), in the direction n2. The momentum vectors
of the elements of B, dG = vdm, consist then of a simple distributed
system G, whose resultant,

R = / dG :/ pwrdrng = 1,owc2 n, = 1m(,ucng,
B o 2 2
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is the momentum of the bar. Its angular momentum with respect to point
O, is the resultant moment of the system G with respect to O, given by

c
MV/O:/ rng X pwrdrng
0

C
:pw/ r2drn3
0

2
= —muwc” ns.
3

The angular momentum vector of the body with respect to the axis, say,
x3 (axis passing through O, parallel to the unit vector nz) will be the
component, in this direction, of the angular momentum vector with respect
to the point O, that is,

1
MY"3 = MY° . n3n; = gmeQ ns.

2.4 Equivalent Systems

Two vector systems V and V' are said to be equivalent if their resultants
are equal and if their resultant moments are also equal with respect to
some point O, that is,

R(V) =R(V'),
ESRUES (4.1)
MVO — MV//O, for some O,

where the symbol ‘~’ means equivalence.

It is natural that the concept of equivalence is expected to be
stronger, such as systems being equivalent with equal resultants and
equal resultant moments for any point in space. It is easy to see, how-
ever, that this is exactly what will happen with systems that fulfill
Eq. (4.1); otherwise, let us see: If V and V' are equivalent, from the
moments transport theorem, Eq. (3.4), then, for any point O’

MV MV/O—f—pO/O/XR(V) _ MV//O—FPO/O/XR(V/) _ MV'/OI, (4.2)

as desired, that is, the resultants of the two systems being equal and their
resultant moments also being equal for a given point, then the resultant
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moments will also be equal to each other for any other arbitrarily chosen
point.

If V and V’ are equivalent systems, their moments with respect
to any axis F will be equal. In fact, if O is a point on the axis, MY/ =
MVY'/© and the component of this relation in the direction of the axis,
given by the unit vector n, will be MY . nn = MY'/© . nn; therefore,

MYE = MY7E for every axis E fy=V. (4.3)

Example 4.1 Consider the system V), consisting of sliding vectors u;
and uz2, whose lines of action intercept point A, and by the free vector
M4, orthogonal to the plane of the former (see Fig. 4.1). Also consider
the vector system V', consisting of the sliding vector v, whose line of action
intercepts point B and is orthogonal to n3, with the direction shown, and
by the free vector Mp, parallel to M 4. The magnitudes and directions
are shown in the figure.

M, (Gum)
T / u, (4u)

A

A
1%
B V (8u)
%MB (1um)

Figure 4.1
The resultant of system V can be expressed on the basis of n;, ns, n3 by
R =u; +uz = 4u (v3n1 + ny),
and its resultant moment with respect, say, to point B is

MY/E = pA/B X uy +Ma = —umns.
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The resultant of system V' is
R’ = v = 4u (V301 + ny),
and its resultant moment with respect to point B is
MV//B =Mp = —umns.

It results then that V and V' are equivalent. It is easy to see, for example,
that both systems have a null resultant moment with respect to any axis
passing through B and parallel to the plane defined by the directions of n;
and ny. (Choose any point and calculate the resultant moments of ¥ and

V' with respect to this point. What conclusion does one reach?)

Every vector system V has an infinite number of equivalent
systems (does the reader agree?). The simplest of them will be, in
general, systems consisting of a pair of vectors, one free and the other
sliding. Now let us see: Taking a sliding vector equal to the resultant
of V over a line of action passing through a given point Q, and a free
vector equal to the resultant moment of V with respect to QQ, we have a
new system whose resultant, being equal to the single sliding vector that
comprises it, is equal to the resultant of V), and whose resultant moment
with respect to point Q is also equal to the resultant moment of ¥V with
respect to Q. It is said, then, that the system V was reduced to point Q.
Once a given system of vectors is reduced to point Q, as described in the
above procedure, it can be easily reduced to any other point, using the
moments transport theorem, Eq. (3.4). In fact, as the resultant is an
invariant, one only needs to calculate the new resultant moment based
on the previous one, using the theorem, to obtain the new reduction.

Example 4.2  Returning to the previous example (see Fig. 4.1), the
system V' is a reduction of the system V at point B. The reduction of V
at point C, intermediary between A and B, will consist of a vector equal
to R applied to C and

MYC = pA/C X Uz + M4 = umns.
Note that the same reduction would be obtained from V', that is,

MV//C = pB/C X v+ Mp = umns.
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In the more general case, as seen above, every vector system
can be reduced to an arbitrary point, the reduction consisting of a pair
of vectors: a sliding vector (equal to the resultant of the original system)
and a free vector (equal to the resultant moment of the original system
with respect to the point). Some systems, however, are even more easily
reduced, as we will see ahead.

When a system V has a null resultant and nonnull resultant mo-
ment with respect to some point in space, it is called a couple. According
to the moments transport theorem, Eq. (3.4), the resultant moment of
a couple is the same for any point in the space, that is,

MO =MYC" if R=0. (4.4)

The moment of the couple is then an invariant that characterizes it fully.
If V is a couple consisting of forces and torques, its resultant moment is
called the couple torque.

Example 4.3 The mechanical system illustrated in Fig. 4.2 consists
of a central element of mass 5m, rigidly connected to four equally spaced
spheres, two with mass m each and two with mass 2m each, in the config-
uration shown.

Figure 4.2

The system turns around the axis z at a constant rate so that each
of the suspended masses has a velocity of magnitude v. Assuming di-
mensions so that all elements can be treated as particles, the set of

momentum vectors forms a simple vector system with five elements, as
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follows: Ga = 2mwvnz, Gp = —mwvni, G¢ = —2moungz, Gp = mony, and
Go = 0. The resultant of this sytem is null and the vector system is, there-
fore, a couple. The resultant moment with respect to point O (the angular
momentum of the set of particles with respect to O) is MY° = 6murns.
It is easy to see that the system’s resultant moment is the same as for any
other point in space.

When a vector system )V has a nonnull resultant and a null
resultant moment with respect to a given point O in space, its reduction
to that point consists exclusively of a sliding vector vectorially equal to
its resultant associated with a line of action passing through the point. It
is easy to see that, according to Eq. (3.4), for all points on this support,
the resultant moment of the system will also vanish.

Example 4.4  Figure 4.3 illustrates a cylinder floating on a fluid at
rest. The system of forces exerted by the fluid on the cylindrical shell
is a distributed simple system that, for a vertical cross section, will have
the indicated aspect, with the force magnitude varying with depth and
its direction always orthogonal to the surface of the cylinder. The lines
of action of all components of this system intercept; then the symmetry
axis of the cylinder and its resultant moment with respect to this axis will
therefore be null. The geometry of the body also guarantees the symmetry
of this system of forces in the longitudinal direction, with the consequence
that the resultant moment of the system with respect to point O is also
null.

Figure 4.3
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The resultant of the system,

c/2 B
R = / / d,
—c/2JA
will therefore be a vertical vector. The reduction of the system at point
O will then consist exclusively of the vector R associated with the vertical
line passing through O, as shown, constituting the thrust exerted by the
fluid. (Note that the fluid also exerts a distributed force on the cylinder

bases, but the symmetry guarantees that these forces cancel each other out
and do not contribute to the thrust.)

When a system V has a null resultant and a null resultant

moment with respect to a given point O, it is called a null system. In

fact, also according to Eq. (3.4), the resultant moment of a null system

will be null for all points, and, consequently, for all axes in the space. As

Example 4.4 illustrates, the system of all forces acting on the cylinder

bases will constitute a null system.

Example 4.5 Consider the vector system F consisting of three forces
and one torque, applied on a disk, described as follows: two forces, F
and F’, both of a magnitude equal to 5N, exerted by the two ropes, fixed
at points B and B’ respectively; the weight P of the disk, vertical and
applied on its center, of magnitude 8 N; and the torque T, vertical, applied
to the disk, of a magnitude equal to 9v/3 N cm, in the direction indicated
(see Fig. 4.4).

T Figure 4.4
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Adopting the basis of orthonormal vectors ni, ne, ng, the unitary vectors

in the directions of the ropes are

r_ 1
10

and the forces and torques applied to the disk, expressed on the same basis,

n— %(3\/5111 + 3ns + 8113); n (—3\/31?11 —3ng + 81’13)

are
1
F = 5(3\/51’11 + 3ns + 81’13) N,

F = %(—3\/§n1 — 3n3 + 8n3) N,
P =-8nsN,
T = 9v/3n3 Ncm.
The resultant of the system is
R=F+F +P=0.
The moment of the force F with respect to point O can be obtained from
MO = pPP x F = g(4n1 + 4v/3n2 — 3v/3n3) N em.
The moment of force F’ with respect to point O is, likewise,
MF /0 = pB,/O xF = g(—4n1 —4v/3n, — 3v/3n3) Ncm.

The moment of the weight with respect to O is null, of course, due to the
symmetry of the disk, and the resultant moment of the system with respect
to the same point is

M7P = M*° + MF7° 4T = 0.

This is, therefore, a null system. It is easy to see that the resultant moment

is null with respect to any other point or with respect to any chosen axis.

2.5 Central Axis

The resultant moments of a vector system V with respect to all points
of a line parallel to its resultant are equal to each other. In fact, if O
and O are two points on a line parallel to the resultant R (see Fig. 5.1),
the product p@©" x R is null, so, from Eq. (3.4), MVO = MV/O'

Hence, moving one point parallel to the resultant of the system
the resultant moment does not alter. The resultant moment does change,
however, when moving the point in an arbitrary direction.
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Q v/Q .
M Figure 5.1

Now, if when we move from one point to another we obtain
a new resultant moment, it would be useful to consider if there is any
particular point for which the resultant moment vanishes. To answer
this question, let us take the resultant moment of an arbitrary system V
with respect to a given point O, MY/©, and let us break it down in the
direction of the resultant R of the system, that is (see Appendix A),

VIO _ N gV/O Vo
MY = MYO + MY°, (5.1)

where the component of the resultant moment parallel to the resultant
is
1
VO _ V/O
MVP = — MY?.RR (5.2)

and the component of the resultant moment orthogonal to the resultant
is (see Appendix A)

1

V/O
MJ_/ - R2

(R X MV/O) % R. (5.3)
If Q is an arbitrary point, the vector difference between the
resultant moment of V with respect to Q and O is, according to the mo-
ments transport theorem, given by p?@ x R, a vector orthogonal to R.
It is then found that, by changing the point, only the orthogonal com-
ponent, ME/O, varies, while the parallel component remains invariant,
that is,
VO _ nVIQ _ ngV
M// = M// = M//. (5.4)
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The conclusion is that the parallel moment is, like the resul-
tant, an invariant of the system V. Therefore, if for a given point P
the component of the resultant moment of the system parallel to its re-
sultant is different from zero, there will be no other point in the space
with respect to which the resultant moment is null. The answer to the
question asked previously is, therefore, negative, that is, it is untrue, in
the most general case, that there is always a point in the space with
respect to which the resultant moment of the system is null. Of course,
if for a given point P the parallel moment of the system is null, it will
be so for any other point.

As seen above, the parallel moment does not depend on the
point, but the orthogonal moment varies with it. It would, then, be
worth investigating if there is a point P for which the orthogonal moment
vanishes, that is, if there is P so that

MY =M. (5.5)

With this objective, basing ourselves on Eq. (3.4) and substituting
Egs. (5.1), (5.5), (5.4), and (5.3) in succession, we have

MV/O — MV/P + pP/O % R,

hence,
V/O VIO _ gV PJO )
M// + M7 _M//+p x R;
therefore,
1
Y V/O Y PJO
MY+ (RxM )xR-M//+p % R. (5.6)

Now note that, after the term M‘/j, present in both members, is simpli-
fied, we obtain a vector equation that is satisfied for all position vectors
p/°, so that

1
po = TR X MYP 1 )R, (5.7)

where A is an arbitrary real number of dimension [L/Dim[R]].

Equation (5.7) describes a straight line parallel to the resultant
passing through the point P*, whose position with respect to point O is
given by the vector (see Fig. 5.2)

1
P = 3R x MO, (5.8)
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O Figure 5.2

This line, the geometric place of the points with respect to
which the resultant moment of the system is reduced to the parallel
moment, is called the central azis of the system. Note that the vector
p* will exist whenever the resultant of the system is different from zero,
that is, the central axis exists for any system that is not a couple or a
null system.

The parallel moment, whose magnitude is the least possible
among the resultant moments of the system with respect to any point
in space, is, for this reason, also called the minimum moment of the
system and, when the resultant moment with respect to any point O is
known, is determined by Eq. (5.2). If the vector system is such that, for
any given point O, the resultant moment and resultant of the system
are orthogonal, the minimum moment of this system will be null.

Note that P* is the point of the central axis closest to point
O. In fact, vector p*, being orthogonal to R, is perpendicular to the
central axis and P* will be the orthogonal projection of O on the axis
(see Fig. 5.2).

Example 5.1 Figure 5.3 reproduces the system analyzed in Example 3.2.
The parallel moment of this system is, according to Eq. (5.2),

. [571,(731’11 + 2ns + 1’13)] [5u(73n1 + 2ns + n3)]
30

= —7um(—3n1 + 2112 + 113).
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Figure 5.3

The position of the point of the central axis closest to point O is given,
according to Eq. (5.8), by the position vector

1
P = 350u2 [5u(—3n1 + 2n2 + n3)] x [30um(n; + n3)]

6
= ?(nl + 2n; — n3) m.
The central axis of the system is then the straight line given by the equation

6
p= ?(nl +2n; —ng)m+ A(—3n; + 2ns + n3),

where p is the position vector, with respect to point O, of an arbitrary point
of the axis and A is a real number, with dimension [L], that parametrizes
the straight line.

Every vector system V with a nonnull resultant can be reduced
to a pair of parallel vectors as follows: A sliding vector equal to the
resultant of V), associated to the central axis of the system, and a free
vector equal to the parallel moment of the system. In other words, the
reduction of any system to an arbitrary point on its central axis consists
of exactly two of the system’s invariants. When V is a system of forces,
its reduction to an arbitrary point on the central axis forms a wrench, the
name given to a system formed by a force and a torque parallel to each
other. An everyday example of a wrench is the action of a screwdriver.
In fact, the action of this tool on a screw consists of a force and a torque,
both parallel to the axis of the screw. A wrench is said to be direct when
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the force and torque have the same direction (tightening the screw) and
to be inverse when the directions are opposite (loosening the screw).

Vector systems whose parallel moment is null can be reduced
to a single sliding vector, equal to its resultant and associated to the
central axis of the system. This is the case of some particular simple
systems, as we will see ahead.

Figure 5.4

A simple system of vectors is called coplanar when its lines of
action are all contained on the same plane (see Fig. 5.4). On the one
hand, the resultant moment of such a system with respect to a point
of the plane is necessarily orthogonal to it, since the moment of any of
the system’s component vectors with respect to a point of the plane is
perpendicular to this plane. The resultant of the system, on the other
hand, is parallel to the plane, so the parallel moment is null, while
the central axis is contained in the plane. The system can, therefore,
be reduced to a sliding vector equal to the resultant of the system,
associated to the central axis.

Example 5.2 A broad-rimmed hat is laid on a smooth horizontal
table. Three lines, fixed to the crown of the hat at points A, B, and
C, are pulled horizontally with forces of the same magnitude F', in the
directions indicated, skimming the crown of the hat (see Fig. 5.5). We
wish to determine a point on the hat rim where a nail must be stuck,
so that it does not move. The nail, once it is in place, will prevent the
displacement of the point, letting the hat rotate freely around it. The
problem is, therefore, to find a point on the rim where the system can be
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reduced to a single force, with a null resultant moment, thus preventing

the hat from rotating.

.’332
ni
F E
3r N\O —nL x,
4 o F
Figure 5.5

The system of forces F is coplanar and can be reduced to its resultant

2+v2

R = 5

F(n1 =+ nz)
applied to a point on the central axis. The resultant moment at point O is
M7° = 3Frns,

and a point P* on the central axis can be given by the position vector [see
Eq. (5.8)]
. 12442
p =———F
Rz 2
_3 .,
242
= 0.879 ’I“(Ill — ng).

(Ill -+ n2) X 3Frns

(n1 —n2)

The central axis will, therefore, be a straight line parallel to R passing
through P*, as shown in the figure. As the resultant moment with respect
to any point of E* is null, the nail, when fixed at any point on this axis,

will react with a horizontal force equal to —R,, immobilizing the hat.

A simple vector system is called parallel when formed by sliding
vectors whose line of actions are all parallel to a given straight line. If n
is a unit vector characterizing the direction of the system, its resultant
is necessarily parallel to n and the moment of any of its vectors with
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respect to an arbitrary point O is orthogonal to n (see Fig. 5.6). It then
follows that the resultant moment and resultant of a parallel system are
always orthogonal, independent of the chosen point, so the minimum
moment is null and the system can be reduced to a sliding vector equal
to the resultant, having the central axis of the system as line of action.

M
=

v¥/0

o Figure 5.6

Example 5.3 The gravitational force exerted by the earth on a body C
close to its surface can, because of the proportions involved, be considered
as a parallel distributed system of forces F. The resultant of this system
is the weight of the body,

P:/dP:/pgndV:mgn,
c c

where p is the field of the body’s density, ¢ is the magnitude of the grav-
itational acceleration, n is the vertical unitary, pointing to the surface, V'
is the volume, and m is the mass of the body (see Fig. 5.7). The resultant
moment of this system with respect to an arbitrary point O is

Mf/oz/(rxpgn)d\/:/prdegn,
c c

where r is the position vector, with respect to point O, of a generic point
C. The central axis of this system will be a vertical straight line described,
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according to Eq. (5.7), by the position vector with respect to point O:

p:%PxMF/O—}—)\P

in>< </ prdV x n) + Amgn
m c

1/prdV—1/prdV-nn+)\mgn.
mJc mJc

A N N N Y N NN Figure 5.7

Note that the first term of the last line expresses nothing more than the
position vector, with respect to O, of the mass center of the body (see

Section 1.6),
p = 1/ prdV,
mJe

while the other two terms are vectors parallel to n and may be grouped
in the form (n, where (3 is an arbitrary scalar. The conclusion, then, is
that the central axis of the system of gravitational forces on a body close
to the earth’s surface is a vertical line that passes through the mass center
of the body. Now, modifying the orientation of the body in relation to the
earth, only the orientation of the unitary n (n’) in relation to the body is
modified, with the new central axis parallel to n’, passing through the mass
center of C' (see Fig. 5.7). Now, as the orientation given to the body was
arbitrary, the result is that the central axes of all possible configurations
will cross each other in the mass center of the body, by which we can, in
any case, reduce the gravitational action of the earth on a small body close
to its surface, to its weight applied to the mass center of the body.
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When the lines of action of a simple vector system all converge
at one point, we have a concurrent system. The resultant moment of
the system with respect to the concurrence point will, naturally, be null,
and the central axis of the system will then necessarily pass through the
point. Every concurrent system can, therefore, be reduced to a sliding
vector equal to its resultant associated to a line of action passing through
the concurrence point. (This result is known as Varignon’s theorem.)

Example 5.4 Consider the system of gravitational forces exerted by a
particle P, of mass M, on a homogeneous bar AB, of mass m and length c,
in the configuration shown in Fig. 5.8. This is a distributed simple system
consisting of the forces of attraction dF between P and each element of
mass dm = “*dy, all with a support passing through P.

T

T
(@]
o~
N

A
a | Figure 5.8

Each element of force is, according to the universal gravitational principle,

Eq. (1.3.5), o
= m n

r2

~ GMmdy
— W (any — yny).

The resultant gravitational force is then

¢ GMm a a? 1z

As the system is concurrent at P, it can be reduced to a gravitational force

dF

equal to the resultant calculated above, passing through P. The line of
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action of this force intercepts the bar at point G, center of gravity of the
bar for the gravitational field exerted by particle P. The distance b from
this point to the end A of the bar is

a\'"? a a® 2\
b=atan¢ =a <1+2> — = == <1_|_2> -1
c c c a

One can see that point G lies between A and P*, mass center of the bar,
that is, that b < ¢/2, which is equivalent to

9 o\ 1/2
a c c
a (1 & _1 ¢
c < +a2) <2’

or
2 4 2
c c c
1+ <« S p14 5
+ a? = 4a* Tt a?
therefore,
4
c
— >0
gt =0

which is always true. The result, then, is that the center of gravity is
situated below the mass center of the bar. This result clearly shows that
the center of gravity and the mass center of a body are different concepts.
The latter depends exclusively on the distribution of the body mass while
the former depends also on the nature of the present gravitational field. Of
course, as we saw in Example 5.3, both coincide in the case of the earth’s
gravitational attraction on a body of small dimensions close to its surface.
One can also easily see that, in the case under study, G becames closer
to P* when the a/c ratio increases. The reduction of the gravitational
field at the mass center of the bar will consist of the gravitational force F
applied to P* and a gravitational torque equal to the resultant moment of
the system with respect to P*. Using Eq. (3.4), this torque is

F/P* _ _G/P* _ GMm(c — 2b)
M =P x B = 2a(a? + c2)1/2 13-
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2.6 Forces and Torques

The first step to be taken to establish the equations that govern the
motion of a mechanical system — whether it is a simple particle moving
on a plane or a mechanism with multiple interconnected bodies in three-
dimensional motion — is to identify the set of forces and torques acting
on it. For the sake of simplicity, we will call the system of vectors
consisting of forces and torques acting on a mechanical system a force
system. Once the forces and torques acting on the subject of interest
are identified, it is necessary to choose a point to reduce the system;
the choice of this point depends on the nature of the encountered force
system itself, as well as on kinematic and inertia properties of the body
or bodies under study. The general guidelines for choosing the most
suitable point for reducing a system, therefore, will not be discussed in
this chapter; the matter will be duly discussed later.

Interactions between mechanical elements occur through forces
and torques. As discussed in Chapter 1, the concept of force is assumed
as primitive in mechanics, the same as in the case of the torque concept.
Even though the moment of a force applied with respect to a given
point is a torque, applied torques can be considered separately from the
existence of force systems that consist of couples with those torques.
This is, indeed, the general treatment adopted in Section 2.3 to define
vector systems.

The interaction between two particles occurs by means of a
force. Thus, given two particles P and Q, Newton’s third law states
that P exerts on Q a force Fp, associated to the line of action passing
through Q and P, while Q exerts on P a force Fpy, also associated to
the same line of action (see Fig. 6.1), satisfying the relationship

For = —Fq. (6.1)

It is convenient to classify the interaction forces in two cate-
gories, as follows: field forces, or distance action, occurring when the
particles are not in contact; and contact forces, which are those from
direct contact, which only occur when the relative position vector be-
tween the particles is null. The former includes the forces of gravita-
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Figure 6.1

tional attraction and electromagnetic fields, among others; in the latter,
as examples, are collision and friction forces.

In the mechanical model of a particle, the force system acting on
a given particle will always be a concurrent simple system (see Fig. 6.1).
Such a system is equivalent, as stated, to a force equal to its resultant
applied on the concurrence point. In the case of a particle, therefore,
the generally most suitable point for reducing the system is the particle
itself.

Given an arbitrary point O, it is trivial that the moments with
respect to O of the interaction forces between two particles P and Q
satisfy the relationship

MFar/0 — _\VFre/O (6.2)

that is, the moments with respect to any point are, like the forces, equal
and contrary. In fact, the moments result from vectorial products of
the same position vector p (see Fig. 6.1) with equal and opposite force
vectors.

Example 6.1 Consider the set of four small spheres of different masses,
at rest, laid on a smooth horizontal plane and interconnected by four wires,
as shown in Fig. 6.2a. When the horizontal force F is applied, tractions
occur on the wires, each sphere undergoing the forces indicated in Fig. 6.2b.
On analyzing it a little more closely, one finds that, besides the forces
parallel to the plane, each sphere also undergoes vertical forces, as shown
in Fig. 6.2¢, for sphere D.
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Figure 6.2

The force system acting on D consists of its vertical weight P, a field force;
the vertical force V, exerted by the smooth plane, a contact force; horizon-
tal tractions T3 and T4, exerted by the wires, that can be interpreted as
contact forces if we include them as elements without mass, but belong-
ing to the system or modeled as field forces exerted by spheres B and C,
respectively. The resultant of the force system acting on D is

R = (Tg =+ T4) cosfn; + (T4 — T3) sin Ong + (V — P)ng.

The system is equivalent, therefore, to R applied on D. The reader should
not find it hard to analyze the force systems acting on each of the other
spheres.

Interaction between two bodies (rigid or otherwise) occurs by
means of forces and torques. It therefore requires more careful handling
than the interaction between particles, generally involving nonsimple
vector systems. When there is interaction without mutual contact, we
have a distance action system. For example, the gravitational field estab-
lished between two bodies of arbitrary geometry and whose dimensions
are around the same size as the distance between their centers is not
generally reducible to a single force. Thus, contrary to what is seen
in Example 5.3 — where the system is parallel — and Example 5.4 —
where the system is concurrent — the reduction at any point of a body
of the gravitational field exerted by another consists of a gravitational
force and a gravitational torque.

When two bodies have a point or region of their surfaces touch-
ing each other, one has a contact system. If there is a single point of
mutual contact, that is, a single point P of a body C coinciding with
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point P’ of another body C’ (see Fig. 6.3), one has, as in the model of
a particle, a concurrent simple system at the point of contact. There is
not, therefore, in this case, application of a torque between the bodies
(although, of course, there could be a resultant moment with respect to
a point in space other than the point of contact).

Figure 6.3

When two bodies have a line or region of their surfaces in con-
tact, the interaction occurs through a more general force system. It is
always convenient to model this interaction by reducing this system to
a point P representing this contact (see Fig. 6.4). Reduction will con-
sist, in the most general case, of a force F (equal to the resultant of
the system) applied to the chosen point and a torque T (equal to the
resultant moment of the system with respect to the point) that, merely
for convenience and clarity, is also represented as if applied to the point.
By adopting, as usual, an orthonormal basis nj, no, n3 for the decompo-
sition of the vectors, let us say that the contact interaction is modeled
by three mutually orthogonal forces F1, Fao, F3, and three also mutually
orthogonal torques, T, T2, T3 in the directions of the chosen basis, as
shown in Fig. 6.4.

The contact between two bodies is also called a link. The na-
ture of the link will be given by the present force system. When, at the
contact between two bodies, the three force components and the three
torque components are different from zero for an arbitrary orientation of
the base, there is a rigid link. This is what happens in the case of weld-
ing or fixing. (Although there may be local deformations in the link, we



64 2. Vectors and Moments

Figure 6.4

will keep the name rigid link characterizing the presence of forces and
torques in the three directions.) The nature of a link depends on the
kinematic constraints that the link imposes. We understand a kinematic
constraint to be a displacement or a rotation that the presence of the link
prevents. Every link can, therefore, be modeled by the displacements
and rotations that it does not admit. The rigid link does not admit any
relative displacement or rotation between the bodies in contact; hence it
is modeled by a resultant force of an arbitrary direction (three compo-
nents) and a resultant torque also of an arbitrary direction. For each free
displacement admitted by a link, the component of the resultant force
in the direction of the free displacement is null; for each free rotation
admitted by a link, the resultant torque component in the direction of
the free rotation is null. Of course, the reduction of the number of force
or torque components will depend on the right choice of coordinated
directions, that is, if a given direction of movement is free, in order to
suppress the respective force or torque component, it is necessary that
the direction corresponds to one of the chosen coordinated directions.
Appendix B provides a table of the models usually adopted for
the more commonly found links, indicating the respective nonnull com-
ponents to be considered, at least in principle. Only practice will give
the reader confidence to properly identify the relevant components in
each case. As a general rule, it is recommended to start by considering
all six components, then duly eliminating those that correspond to the
free displacements and rotations that the link admits. The configura-
tions in Appendix B, far from including all cases, only give the main
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models adopted. Combinations of these are common; in this case, the
components to be considered are the intersection of the sets of compo-
nents of each link. For example, a ball and socket joint, which has only
three force components, mounted on a rectangular slide consisting of
two force and three torque components (see Appendix B), results in a
link modeled by only two force components.

When one wishes to study the motion of a body C' that is
bound to other mechanical elements, we start, as already mentioned,
by identifying the force system acting on C. Each link must, there-
fore, be substituted by the forces and torques that characterize it. This
procedure is called body isolation, and the geometric representation of
the reductions at the points representing the links is called a free body
diagram.

Example 6.2 Bar B is linked to the guide A by means of a mechanism
that includes a pivot and a runner (see Fig. 6.5a).

Figure 6.5

Point O, the intersection of the axes of the bar and guide, can be chosen to
represent the contact and origin of a system of coordinates for the decom-
position of the force and torque vectors involved. This is a compound link;
the runner permits free displacement in the direction x; and free rotation
in the same direction; the pivot admits a free rotation in the direction xs
(see Appendix B). The force component in the direction x; and torque
components in the directions x1 and z3 will vanish. Taking B, then, as
the subject for study, its link with the guide is modeled by a system of
forces whose reduction at point O comprises a force applied on O, with
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components Fy and F3 and one torque, T2. Figure 6.5b illustrates the free
body diagram of the bar in which the gravitational action P is included.
Note that the orientation of the axes was chosen to bring to the fore the
suppression of the null components (F1, T1, and T3).

2.7 Friction

When two bodies touching at a single point have as a bound force only
one component orthogonal to the tangent plane common to their surfaces
at the point of contact, this force is called normal force, N, and the
contact surfaces are said to be smooth. When, on the contrary, there are
components parallel to the tangent plane, the contact is said to be with
friction and these components, added up vectorially, form the friction
force, F,, (see Fig. 7.1).

Figure 7.1

When two solid bodies have surfaces touching each other with-
out the presence of a fluid, it is then said that dry friction or Coulomb
friction is present. In this model, the friction component acting on one
of the bodies is always a force whose direction is opposite to the relative
motion between the surfaces, when sliding occurs, or on its tendency of
motion where there is none. We understand that this motion tendency
is the one to be expected if the contact were smooth, which sometimes is
not easy to identify. In order to establish the direction of a tendency to
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the slide, it is necessary, in most cases, to analyze other links involved, as
we will see in the following examples. When the direction of the friction
force is unknown, the alternative is to consider two mutually orthogonal
force components parallel to the plane tangent to the surface.

In the dry friction model without relative sliding, it is consid-
ered that the friction force magnitude has an upper limit depending
linearly on the normal component present in the contact, a condition
expressed by the inequality

[Fa| < p|NJ, (7.1)

where F, is the friction force, N is the normal force, and the adimen-
sional constant y, called the friction coefficient, expresses, in a simplified
form, the complex interaction between two rough surfaces, depending
on the material and surface finishing of the bodies in contact. Equa-
tion (7.1), consisting of an inequality, merely establishes an upper limit
value for the magnitude F, of the component of the contact force par-
allel to the tangent plane, a function of the magnitude N of the compo-
nent orthogonal to the plane. The effective value of the friction force,
nonetheless, may only be determined from the dynamic solution of the
problem.

Example 7.1 The isosceles triangular plate is at rest, with its vertices
A, B, and C lying on the sloping plane 7, also having its vertex A pivoted
on the fixed pin P, as illustrated in Fig. 7.2a. The action of the pin on the
plate consists of the force components A1 and As, parallel to the plane,
and there are no torque components (why?). As the pin prevents the vertex
A from moving, that is, it inhibits any tendency to sliding, the action of
the plane on this support is reduced to the normal N 4. Assuming that
the plane is not smooth, the contact on the other two vertices will include
normal and friction components. Due to pivoting, the tendency to sliding
of the support at B is orthogonal to the edge AB, hence the arbitrated
direction for the friction force Fp (see Fig. 7.2c). Similarly, the friction
force F¢ will be orthogonal to the edge AC. Figure 7.2b shows a similar
situation, differing, however, by the link at the pin, which is no longer
a pivot but a simple contact that we will consider smooth. The action
applied by it on the plate can be reduced, then, to force N, parallel to the
plane and orthogonal to edge CA, applied at vertex A. The action of the
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plane on the vertices can be modeled in this way: On vertex A there is no
tendency to sliding in the direction orthogonal to the edge AC, due to the

Figure 7.2

presence of the pin, with the result that the contact of the plane is re-
duced to the normal N 4 and to the friction force F 4, parallel to that edge
(see Fig. 7.2d); at vertex B there is a sliding tendency in an unknown di-
rection (at least in principle) and the contact must be modeled with three
components (normal, Nz, and friction, By and Bs); at vertex C, as with
B, we have the normal, N¢, and friction components, C; and Cs.

Also with regard to the above example, it is worth noting that,
in both situations studied, the signs chosen for the friction components
are arbitrary. In other words, only the directions to be considered in
each case are part of the links modeling; magnitudes and signs may only
be determined — and not always fully — after a dynamic analysis of
the problem. (Of course, there are situations, such as the weight of a
body or a normal exerted by a simple support, where the sign is known.)
The reader can always infer, using strictly personal guidelines (common
sense, experience, etc.), the direction of an unknown link force; the final
result of the dynamic analysis will indicate, by the sign, if the choice
is right or not. It is recommended, when there is no clear indication



2.7 Friction 69

which sign is correct, to infer components in the positive direction of the
Cartesian axes adopted; anyhow, the choice will not entail any error.
In the preceding example, it is assumed that there is no sliding
of the plate. In principle, therefore, there is not necessarily any relation
between the normal and friction components at each link. When the
touching surfaces between two bodies have relative motion, it is said
that there is dynamic friction; the model, in this case, assumes a linear
relationship between the friction and normal components, in the form

Fo| = 1/INJ, (7.2)

where p’ is a constant, called the dynamic friction coefficient, and is
generally dependent on the material and surface finishing of both bodies
in contact. If there is sliding, the friction force will always be opposite
to the relative motion.

Example 7.2 The homogenous bar B relies on the inclined plane 7 and
pivoted on the pin P, fixed on the plane (see Fig. 7.3). B moves over the
plane, turning around P, under the action of gravity. This is reducible, as
we have already seen, to its weight P, applied to B*, the mass center of B.
As the bar is homogenous and is fully supported by the plane, the normal
force exerted by it can be considered uniformly distributed, as shown in
Fig. 7.3b. The resultant of this distribution will be

N:/ dN.
0

The friction component exerted by the plane will also be distributed along
the bar, having as a resultant

Fa:/ dF,.
0

As there is sliding, each friction force element will have an opposite direc-
tion to the motion of the respective point in relation to the plane, result-
ing in a parallel distribution; on the other hand, sliding guarantees that
|dF,| = u'|dN|, with the result that the distribution, besides parallel, is
uniform, as shown in Fig. 7.3b. It is easy to see that the central axis of
this distributed system passes through B*; the action of the plane on the
bar can, then, be reduced to F, = ¢/ Nn; and N = Nng3 applied at B*, as
indicated in Fig. 7.3c.
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Figure 7.3

When a fluid intervenes in the contact between the bodies (typ-

ical case of contact with a lubricant), one then has viscous friction. In

this model, much more complex than that of dry friction, the friction

force depends, essentially, on the relative velocity between the surfaces

in contact and the viscosity and thickness of the fluid film between the

surfaces. The viscous friction will not be studied here. The following

example, illustrating quite a simple case, intends to give only a general

idea of the difference in treatment given to the viscous friction model

compared to that of dry friction.

Example 7.3 Two flat plates are displaced at a constant relative
velocity v, as illustrated in Fig. 7.4, with an oil film of uniform thickness e
completely filling the region of mutual contact over area A.

The shearing stress inside the fluid (the dragging force per unit of area
exerted by a layer of fluid on its neighboring layer) is given by the ratio

Ovg
TR

where 7 is the shearing stress, in the direction of the relative motion,
with dimension [ML~*T~2], p is the viscosity of the fluid, with dimension
[ML™'T™'], and v, /9y is the gradient, in the direction normal to the
motion, of the velocity of the fluid. This model of linear relationship be-
tween the shearing stress and the velocity gradient is attributed to Newton,
and the fluids that satisfy this hypothesis are called Newtonian fluids. For
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Y
N
v )
v Fo |e
T —
Figure 7.4

a fine film (small e) moving on a steady state (constant v), the velocity
profile in the fluid can be assumed to be linear, as shown, and

vy, v

oy e

The magnitude of the friction force applied on the upper plate will then be

vy pAv

oy e

F,=7A=puA .
Note that, in this model, there is no ratio established between the mag-
nitude of the friction force, Fj,, and the normal force, N, present between

the surfaces in contact.

As mentioned at the beginning of the previous section, the cor-
rect modeling of the force system acting on an element or a mechanical
system whose motion we wish to study is the starting point for a suc-
cessful solution. If a force or torque component is not considered at this
initial stage of analysis, this will give a wrong result; if a component
is unduly included, although this would not introduce an error, it will
hinder or even make the solution unfeasible, unnecessarily increasing the
number of unknown quantities to be determined. It is, therefore, desir-
able to take special care when modeling the links and distance action
systems. A careful study of Appendix B may be of value to the reader.

Example 7.4 Figure 7.5a illustrates a disk welded to a horizontal axis,
moving around a second vertical axis in the indicated direction. The link



2. Vectors and Moments

between the axes consists of a joint. The disk relies on the horizontal plane,
rolling over it under the action of the torque T, parallel to z2, as shown,
with its center B describing a circular path around point A. Figure 7.5b
shows the diagram of the corresponding free body.

Figure 7.5

The forces C3 (normal) and C; (friction) act on the point at which the
disk touches the plane. Note that a friction component was not included
in the direction of x2 because, if the contact were smooth, point C would
describe a circular path, parallel to the center of the disk. Vertical weight
P acts on point G, the mass center of the set. Three force components,
A4, Ao, and Ajs, are applied to point A. As there are no other efforts to
be considered, we have a system acting on the set consisting of six forces
and one torque, whose resultant is

R = (A1 +Ci)n; + Aony + (A3 + C3 — P)n3
and whose resultant moment with respect, say, to point A is

M”74 = pP % (C1 +C3) +p* x P+ T
= (aCs5 — bP)ny + (T — rC1)nz — aCing.

Example 7.5 Plate P, with mass m and mass center P*, is pivoted
on O on the fork G that, in its turn, can revolve around the fixed bear-
ing M (see Fig. 7.6a). A light rope, with one end fixed at point A, is
being stretched as shown. The Cartesian axes {1, z2,z3} have origin in
O, with x2 aligned with the bearing axis and xs orthogonal to the plate.
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The orthonormal basis ni, ns, ng is parallel to the chosen coordinated axes.
Adopting this basis for the decomposition of the vectors, the force system
applied to P will consist of three force components, F1, Fa, and F3, exerted
by the pivot on O; vertical weight P, applied to P*, traction F, in the di-
rection of the rope, applied to A; and the torque T, exerted by the link on
O, which permits free rotations in the directions n> and n3 (see Fig. 7.6b).

Figure 7.6

The resultant of this system is
R = (F + F1 + mgsin€)ny + Fons + (F3 — mg cos0)ns.
Its resultant moment with respect to point O is

M”70 =pP /P x P4+ pY° xF+ T,
= (T1 — mgd cos ¢ cos 0)n1 + mgd sin ¢ cos Ons
— (F'b 4+ mgd cos ¢ sin f)ns.

When a particle is fixed, that is, at rest, it is said that it is in
equilibrium. The condition for the equilibrium of a particle P is that the
resultant of the system of forces acting on P is null, that is,

R=0 if P is in equilibrium. (7.3)

In fact, every force system acting on a particle is necessarily a concurrent
simple system and, therefore, equivalent to a force equal to its resultant,
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applied to the particle. Now, Newton’s first law establishes exactly
that if the resultant of the forces applied to a particle is null, then it
will remain at rest or in uniform motion. (Strictly speaking, it will
remain at rest or in uniform motion on an inertial reference frame, but
this subject involving of the reference frames will be discussed later.)
Although both conditions characterize the equilibrium, the equilibrium
is usually understood as the condition of rest.

The force system acting on a rigid body is not, as already men-
tioned, necessarily simple or concurrent. It so happens that stricter
conditions must be imposed to characterize its equilibrium. In fact, it is
said that a rigid body C'is in equilibrium when three of its noncolinear
points are fixed. The condition for such a situation to occur is that the
force system F acting on the body is a null system. In other words, a
rigid body will be in equilibrium, that is, all its points will be at rest,
when the resultant force and the resultant moment with respect to some
point are both null.

R=0 and M”79 =0 ifC is in equilibrium, (7.4)

where O is an arbitrary point. This result may only be strictly shown
further in the text, in Chapter 7, when the dynamics of the rigid body
will be studied, but we can assume it as true for this section’s require-
ments.

Example 7.6 Figure 7.7 reproduces the situation studied in Example 4.5

T Figure 7.7
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(take another look at it). The disk undergoes a force system F, consisting
of the forces P, F, and F’ and torque T. As determined in the example, the
resultant force R is null and the resultant moment with respect to point O,
M7/ is also null. The force system F, therefore, is a null system and the
disk is in equilibrium. In fact, the disk would be at rest under the action
of the weight and vertical tractions on the ropes if torque T was not there.
By applying the torque, the resultant moment with respect to point O will
be compensated by the moment produced by the horizontal components
of the tractions on the ropes, while the weight will be counterbalanced by
the vertical components of the tractions on the ropes, resulting in a null

system.

Example 7.7 Returning now to Example 5.2 (take another look at it),
the force system consisting of the three forces of magnitude F' applied to
the crown of the hat, as illustrated in Fig. 7.8, plus the force

242

P=-
2

F(n1 —+ 1’12)

exerted by the nail stuck in point P* = 0.879r (1,—1,0) will be a system
with both a null resultant and resultant moment, thus guaranteeing the
hat’s equilibrium.

Z,

n,fl AF

/

n
or fa — T

Figure 7.8
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Exercise Series #2 (Sections 2.1 to 2.6)

P2.1 A horizontal force of 40N is applied to the arm of the torquimeter, as
shown. Determine the magnitude of the moment produced by this force at
point O. What is the component of this moment that loosens the screw?

Figure P2.1

P2.2 In order to drill a wall with the help of a bit, a vertical force of 90N
is applied to the arm B and a horizontal force of 60N on handle C, as shown.
What is the vertical force that must be applied to the handle so as not to
bend the bit at A? What is the reduction of this new system to point A?

Figure P2.2
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P2.3 A system of forces and torques, consisting of the weight P, the forces
on supports A and B and the torques at the input and output axes, equal to
20 N'm and 50 N m, respectively, is applied to the gear box. For the box to stay
motionless, this system must be null. Determine the forces on supports. If
the input torque is increased to 25 N m, it is necessary to screw down support
B. Calculate the effort on this screw. (Assuming that there are no losses, the
input and output powers always remain equal to each other.)

Figure P 2.3

P2.4 A system S consists of four bound vectors, whose components and
respective points of application on a given system of Cartesian axes are
vi=(2,0,0) in (0,1,2); vo = (0,1,1) in (0,0,3); vs = (3,—2,1) in (1,2,0);
vs = (0,0,4) in (—1,0,2). Determine the magnitude of its resultant, its re-
sultant moment with respect to the origin, and its minimum moment.

P2.5 Referring to the preceding exercise, determine the coordinates of the
point closest to the origin where the system can be reduced to a wrench.
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P2.6 Consider the system made up of the sliding vectors v;, i =1,...,4,
associated to the indicated lines of action, and the free vector M. Determine
the vector vs, bound to the vertex A of the cube, with an edge equal to 1 m,
whose inclusion in the system permits its reduction to a single nonnull vector.
Is there more than one solution?

L3

V,=3u

Figure P2.6

P2.7 Acting on a solid cube with an edge a = 2m are forces f1, associated to
the edge AB, and of 30N magnitude, f2, associated to the line of action s and
of 50N magnitude, f3, associated to diagonal CF, and f4, applied to vertex
E. Determine the f3 magnitude and the f4 components so that the system
can be substituted by the action of a screwdriver applied to point O, in the
direction of the straight line s. Also determine the efforts to be applied on the
screwdriver.

Figure P2.7



Ezercise Series #2 79

P2.8 The figure illustrates a child’s swing in a public square. Among the
forces acting on the homogeneous horizontal bar B, consider the subsystem S,
comprising the tractions on the four cables and the weight of the bar (200 N).
Show that the central axis of this sytem intercepts the axis x;. If; at a given
time, F; = F2 = 100N, F3 = F4, = 120N, 81 = 60°, B2 = 30° (children are
playing there), determine the x1 coordinate of the intersecting point.

a=50cm

b=40cm
c=7120cm
Figure P2.8

P2.9 A rectangular channel, with width 1, contains water of density p,
trapped by a cylinder with radius  and mass m, that lies on the rough bottom
surface, being kept in position by a horizontal cable, as shown. Determine the
traction on the cable to keep the cylinder at rest.

Figure P2.9
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P2.10 Two segments were cut and shaped from a wire with linear density
p: one rectilinear, with length a, and another in the form of a semicircle with
radius 7, both fixed in the illustrated configuration. Analyze the gravitational
action exerted by the rectilinear segment on the curvilinear one, determining
the gravitational torque with respect to point O. Can this system of vectors
be reduced to a single force?

L

a x1

Figure P2.10

P2.11 Two particles P; and P2, of masses 2m and m, respectively, are
interconnected by two cords, one with length a and the other 8a, the latter
suspended around a cylinder with a diameter of 2a, set horizontally on bearings
without friction. The system is in equilibrium in the illustrated configuration.
Determine the angle 6.

Figure P2.11



Ezercise Series #2 81

P2.12 The telescopic antenna, of mass m, is pivoted on the point O at the
support S and can turn freely around the axis x1. The antenna is at rest in
the vertical position (the friction existing between the elements is sufficient
to support its own weight), when a force F, with components Fi, Fs, F3, is
applied to the end P, on the Cartesian basis of the figure. Reduce to point G,
the antenna’s mass center, the system of external forces acting on the antenna
at this instant.

L5

Figure P2.12

P2.13 The balloon has volume V and specific mass po/3, where po is the
density of the atmosphere. The AO rope is flexible (does not resist bending),
with length a and mass m. Determine the height b of the balloon, the dragging
force of the wind, and the force at point O, knowing that the slope at this
point is fp.

Figure P2.13
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P2.14 Particle P, with a mass of m, is r away from the mass center B*
of the homogeneous bar B, with mass M and length 2a. By reducing the
system of gravitational forces exerted by P on B at point B*, this results in a
gravitational force and a gravitational torque. Calculate the limit of this pair
when a/r — 0.

@® U

B*

.

Figure P 2.14

P2.15 To turn the axis, the monkey wrench weighing 30 N would be applied
to the hexagonal end, a horizontal force of 40 N being applied at its end B,
as illustrated. When ascertaining, however, that the monkey wrench was
slightly smaller than necessary, someone suggested that the same result would
be obtained by applying a screwdriver (a wrench, therefore) at some point on
groove A. Determine the r-coordinate of this point.

R=27cm

Figure P2.15
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P2.16 The figure is a sketch of a ceiling fan. The rotor/blades set (H)
revolves around the symmetry axis, in relation to the motor cover (C), which is
fixed on the support (S) by a ball connection that can be tightened to a greater
or lesser degree, using a butterfly screw (B). Point G is the mass center of the
suspended set. The fan weighs 50 N and is switched off, with its symmetry axis
on the horizontal (§ = 0). Tightening the butterfly screw permits the joint
to support torques to the maximum limit of 8 N m, guaranteeing, therefore,
immobility of the set. When the fan is switched on, the system of forces exerted
by the air in motion on the blades is equivalent to a wrench applied at point Q,
with resultant F = —30n; N and a resultant torque of T = —6n; Nm. Does
the cover stay still? Assuming that the tightening moment on the butterfly is
proportional to the maximum resistant torque on the joint, how much extra
percentage in tightening the butterfly is needed to keep immobility (or, if
one concluded that the first tightening is sufficient, what is the percentage of
loosening that would still keep this mobility)?

Figure P2.16



84 2. Vectors and Moments

P2.17 The system consists of the sliding vectors F1, F2, F3, and Fy4, as-
sociated to the straight lines indicated and of magnitudes equal to 5N, 3N,
10v/2N and 2N, respectively, and the free vectors M, of magnitude 10 Nm,
and Mz, of magnitude 8 N m. The cube in the figure has edges with a length
of 2m. Determine the position vector, with respect to A, of the point of the
central axis closest to it.

A L3 <|>M1
F
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Figure P2.17

P2.18 Counsider the system illustrated in the figure, consisting of two small
disks P and Q, of the same mass m each, joined by two rigid light bars of the
same length r, at a vertical axis that is revolving in relation to the reference
frame R, as indicated. The axes {x1, 22,3} are fixed on the vertical axis and
the articulations at O and Q are pivots revolving around the x3-axis the z-and
axis respectively, so that the bars always stay on the plane x1x2. Indicate the
system of external forces acting on the mechanical system.

Figure P2.18
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P2.19 Counsider the lid, shown in the figure, consisting of a homogeneous
rectangular plate of mass m, joined at the support by two hinges, being opened
using a cable, passing through a pulley, to which a force of magnitude F is
applied. Draw a free body diagram of the plate, indicating all the force and
torque components applied. Reduce this system to vertex B.

Figure P2.19

P2.20 A gate, in the shape of a fourth of a cylinder with radius r, is being
designed to regulate the level of a canal. The gate shall be able to rotate
freely around the axis x, thanks to the pivots at A and B. Specify the relative
density d of the building material of the gate, so that it opens when the water

level reaches the height a = %7“.

Q“

Figure P 2.20
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P2.21 The homogeneous bar B, of mass M, is partly lying on the fixed
circular base A being pivoted at its end O to a vertical pin fixed on the base,
as illustrated. At the other end, Q, a light wire, with length a, is fixed, with
a small sphere P, of mass m hanging from it. Consider the mechanical system
consisting of B and P and draw a diagram of the external forces applied to it
(there is friction between B and A, but the friction on the pin is negligible).

Figure P 2.21

P2.22 The light beam is supported at its ends, subject to the vertical load-
ing q(z) = Q(1 — %) and to torque T' = %QCQ, in the direction indicated.
Determine the forces Vi and V2 on the supports, knowing that the beam is at
rest. Now, removing the right support, the force on the left support assumes a
new value V{ and the system is no longer a null system (the beam will move).

Can this new system be reduced to a single force applied at one point?

Yy n,
L
a(z)
“M o
0 [ // ] T
v, T |V2
C

Figure P2.22
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P2.23 Bar B is connected to the guide rod G by a compound link, described
below. The axes {x1,x2,23} are fixed to the bar, with z; orthogonal to the
cursor C' and x2 parallel to its longitudinal axis. The bar can turn freely in
relation to the cursor around the axis z3, while the latter can freely slide with
respect to the guide rod, as shown. The axis x3, however, is built to make
a constant angle «, with the guide rod axis. How many force and torque
components does this link offer, and how many degrees of freedom does it
permit?

Figure P2.23

P2.24 A series of n identical blades, with length 2a each, are piled on top of
each other, as illustrated. What is the maximum balance of each to guarantee
the set’s equilibrium?

Figure P 2.24
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P2.25 Two cylinders with radius r are lying at rest on a horizontal surface,
kept together by a rope with length 27, joining their centers, and supporting a
third homogeneous cylinder, with mass m and radius R, as shown. Assuming
that the frictions are negligible, calculate the stress on the rope.

A

i

Figure P 2.25

P2.26 A uniform bar with length ¢ can slide inside a cylindrical surface with
a radius of r. Determine the maximum angle 6 that guarantees the equilibrium
of the bar if the friction coefficient at the points of contact is p.

Figure P 2.26
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P2.27 Three homogeneous identical balls are lying at rest on a horizontal
surface, touching each other and kept together by a rope passing through the
common equatorial plane. A fourth ball, with mass of m = 10 kg, lies on
top of the other three. Calculate the stress on the rope, not considering all
frictions.

Figure P2.27

P2.28 A prismatic and homogeneous block of concrete, with density equal
to double that of the water, is at rest lying on the bottom of a canal of width
a, damming water to a height of a/2, as illustrated. The distributed forces
exerted by the bottom of the canal on the block have horizontal components
(whose resultant is known as friction force) and vertical components (whose
resultant is called normal force). The vertical distributed force is equivalent
to a force equal to its resultant applied at a certain point. Determine the
coordinate b of this point.

‘ —= Q
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‘* © Figure P 2.28
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