
CHAPTER 2

Fiber Bundles

1. Basic Definitions and Examples

We have already encountered examples of manifolds that possess some ad-
ditional structure, such as the tangent bundle TM of an n-dimensional manifold
M . In this case, each point of TM has a neighborhood diffeomorphic to a prod-
uct U × R

n, where U is an open set in M . Of course, TM itself need not be
diffeomorphic to M × R

n. In most of the sequel, we will be concerned with
manifolds that, roughly speaking, look locally like products.

As usual, all maps are assumed to be differentiable.

Definition 1.1. Let F , M , B denote manifolds, G a Lie group acting
effectively on F (i.e., if g(p) = p for all p ∈ F , then g = e). A coordinate bundle
over the base space B with total space M , fiber F , and structure group G is a
surjective map π : M → B, called the bundle projection, together with a bundle
atlas A = {(π−1(Uα), (π, φα)}α∈A on M ; i.e.,

(1) {Uα}α∈A is an open cover of B.
(2) (π, φα) : π−1(Uα) → Uα×F is a diffeomorphism, called a bundle chart.

Notice that for p ∈ Uα, φα|π−1(p) : π−1(p) → F is a diffeomorphism.
If p also belongs to Uβ , then φβ|π−1(p) : π−1(p) → F need not coincide
with φα; however, they must differ by the operation of some element
in G. To be specific:

(3) For α, β ∈ A, there is a smooth map fα,β : Uα ∩ Uβ → G, called the
transition function from φα to φβ given by fα,β(p) = φβ◦(φα|π−1(p))−1 :
F → F ; equivalently, φβ|π−1(Uα∩Uβ) = (fα,β ◦ π) · φα|π−1(Uα∩Uβ).

Statement (3) says that the diagram

π−1(Uα ∩ Uβ) π−1(Uα ∩ Uβ)

(π,φα)

� �(π,φβ)

(Uα ∩ Uβ) × F −−−−→ (Uα ∩ Uβ) × F

(p, m) −−−−→ (p, fα,β(p) m)

commutes. Roughly speaking, the total space M consists of a collection ∪Uα ×
F , where the Uα’s cover B, and copies of F belonging to intersecting Uα’s are
identified by means of elements of G. The projection π is a submersion by (2).
The set π−1(p) is called the fiber over p. Notice that (3) implies that fα,α = e,
(fα,β(p))−1 = fβ,α(p), and fα,γ(p) = fβ,γ(p) · fα,β(p).

57



58 2. FIBER BUNDLES

U1 U2

U1 × F U2 × F

p

f1,2(p)

Figure 1

Definition 1.2. A (real) coordinate vector bundle of rank n is a coordinate
bundle with fiber R

n and structure group GL(n) (or a subgroup of GL(n)).

We will often use Greek letters such as ξ to denote a bundle π : M → B. If ξ
is a rank n vector bundle, then each fiber π−1(b), b ∈ B, is a vector space: Given
a bundle chart (π−1(U), (π, φ)) with b ∈ U , define the vector space operations
on the fiber over b so that φ|π−1(b) : π−1(b) → R

n becomes an isomorphism. The
vector space structure is independent of the chosen chart because any transition
function fφ,ψ(p) at p is an isomorphism of R

n.

Examples and Remarks 1.1. (i) The trivial bundle with base space B
and fiber F is the projection π : B×F → B onto the first factor. The structure
group is {1F }. In general, the size of the structure group measures how twisted
the bundle is.

(ii) The tangent bundle TM of an n-dimensional manifold M is the total
space of a rank n vector bundle over M with the bundle projection π : TM → M
from Chapter 1: If {(Uα, xα)} is an atlas on M , then {(Uα, (π, φα)} is a bundle
atlas on TM , where

φα = (dx1
α, . . . , dxn

α) : π−1(Uα) → R
n.

The transition function from φα to φβ is fα,β = D(xβ ◦ x−1
α ) ◦ xα : Uα ∩ Uβ →

GL(n). A similar argument applies to the tensor bundles Tr,s(M) and the
exterior bundles Λ∗

k(M). The tangent bundle of M will be denoted τM to
distinguish it from its total space TM (which, to confuse things further, is
traditionally also referred to by the same name).

(iii) The Hopf fibration (see also Chapter 1, Examples and Remarks 9.1(i)):
View S2n+1 ⊂ R

2n+2 = C
n+1 as the set of all (z1, . . . , zn+1) ∈ C

n+1 such that∑ |zi|2 = 1, and consider the free action of S1 = {z ∈ C | |z| = 1} on S2n+1

given by z(z1, . . . , zn+1) = (z1z, . . . , zn+1z). Since S1 is compact, this action
is proper, and by Chapter 1, Theorem 14.2, there exists a unique differentiable



1. BASIC DEFINITIONS AND EXAMPLES 59

structure on the quotient S2n+1/S1 for which the projection becomes a sub-
mersion. The quotient is called complex projective n-space CPn of dimension
2n.

We claim that π : S2n+1 → CPn is the projection of a bundle with fiber
and group S1, called the Hopf fibration. In order to establish this, we exhibit
an atlas of bundle charts satisfying Definition 1.1: for i = 1, . . . , n + 1, define
Ûi = {(z1, . . . , zn+1) ∈ S2n+1 | zi �= 0}, and Ui = π(Ûi) ⊂ CPn. It is easily
checked that Ûi = π−1(Ui), so that {Ui} is an open cover of CPn. Define
φi : Ûi → S1 by φi(z1, . . . , zn+1) = zi/|zi|. Then (π, φi) : Ûi → Ui × S1 is a
diffeomorphism with inverse (π(w1, . . . , wn+1), z) �→ (z|wi|/wi)(w1, . . . , wn+1),
and the transition function fi,j : Ui∩Uj → S1 is given by fi,j(π(z1, . . . , zn+1)) =
zjz

−1
i |zi||zj |−1.

Definition 1.3. Let πi : Mi → Bi be two coordinate bundles with fiber F
and group G. A differentiable map h : M1 → M2 is said to be a bundle map if

(1) h maps each fiber π−1
1 (p1) diffeomorphically onto a fiber π−1

2 (p2),
thereby inducing a differentiable map h̄ : B1 → B2 such that π2 ◦ h =
h̄ ◦ π1; and

(2) for any bundle charts (π−1
1 (Uα), (π1, φα)) and (π−1

2 (Vβ), (π2, ψβ)) of π1

and π2, respectively, p ∈ Uα ∩ h̄−1(Vβ), the map ψβ ◦h ◦ (φα|π−1
1 (p))

−1

from F to F coincides with the operation of an element of G, and the
resulting map

fα,β : Uα ∩ h̄−1(Vβ) → G,

p �→ ψβ ◦ h ◦ (φα|π−1
1 (p))

−1

is differentiable.
The two coordinate bundles are said to be equivalent if B1 = B2 and the
induced map is the identity on the base. A fiber bundle is then defined to be
an equivalence class of coordinate bundles. Alternatively, one could define it to
be a coordinate bundle with a maximal atlas.

Notice that if h is a bundle map, then by the second condition above, the
coordinate bundle over B1 with bundle charts of the form (π−1

1 (h̄−1(U)), (π1, φ◦
h)), where (π−1

2 (U), (π2, φ)) is a bundle chart of π2, is equivalent to π1. Its
transition functions fφ◦h,ψ◦h are equal to f2

φ,ψ ◦ h̄, where f2
φ,ψ are the transition

functions of π2.

Exercise 47. (a) Show that the functions fα,β from Definition 1.3 satisfy
fα,γ = fβ,γ · f1

α,β and fα,γ = f2
β,γ · fα,β , where f1

α,β and f2
β,γ are transition

functions for π1 and π2, respectively.
(b) Conversely, suppose πi : Mi → B are two coordinate bundles over B

with fiber F and group G. Show that if there is a collection of maps fα,β as in
Definition 1.3 satisfying the identities in (a), then the bundles are equivalent.

Exercise 48. Identify S4n+3 ⊂ R
4n+4 = H

n+1 with the set of all (n +
1)-tuples of quaternions (q1, . . . , qn+1) such that

∑ |qi|2 = 1 (see Chapter 1,
Example 8.1(iii)). Replace complex numbers by quaternions in Examples and
remarks 1.1 (iii) to construct quaternionic projective space HPn and a fiber
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bundle π : S4n+3 → HPn over HPn with fiber and group S3. This bundle is
often called a generalized Hopf fibration.

Exercise 49. (a) Show that CP 1 is diffeomorphic to the 2-sphere via

CP 1 −→ S2,

[z1, z2] �−→ 1
|z1|2 + |z2|2 (2z1z̄2, |z1|2 − |z2|2).

(b) Show that HP 1 from Exercise 48 may similarly be identified with S4.
Thus, for n = 1, the Hopf fibrations become S3 → S2 with fiber S1, and
S7 → S4 with fiber S3.

2. Principal and Associated Bundles

The Hopf fibration discussed in the previous section is a prime example of
the following key concept:

Definition 2.1. A fiber bundle π : P → B with fiber and group G is called
a principal G-bundle if there exists a free right action of G on P and an atlas
such that for each bundle chart (π−1(U), (π, φ)), the map φ : π−1(U) → G is
G-equivariant; i.e.,

(π, φ)(pg) = (π(p), φ(p)g), p ∈ π−1(U), g ∈ G.

It follows that B is the quotient space P/G: Since π(pg) = π(p), the orbit
G(p) = {pg | g ∈ G} of p is contained in π−1(π(p)); conversely, if (π, φ) is a
bundle chart around p, then for q ∈ π−1(π(p)),

q = (π, φ)−1(π(q), φ(q)) = (π, φ)−1(π(p), φ(p)φ(p)−1φ(q))

= (π, φ)−1(π(p), φ(p)g) = pg,

where g = φ(p)−1φ(q) ∈ G. Furthermore, the structure group is G acting on
itself by left translations: for p ∈ P ,

fφ,ψ(π(p)) = ψ(p)φ(p)−1,

where the choice of the element p ∈ π−1(π(p)) is irrelevant because

ψ(pg)φ(pg)−1 = ψ(p)g(φ(p)g)−1 = ψ(p)gg−1φ(p)−1 = ψ(p)φ(p)−1.

Examples and Remarks 2.1. (i) The Hopf fibrations S2n+1 → CPn and
S4n+3 → HPn are principal S1 and S3 bundles.

(ii) The trivial principal G-bundle over B is the projection B×G → B onto
the first factor. The action of G is by right multiplication (b, g1)g = (b, g1g) on
the second factor.

(iii) Let G be a Lie group, H a closed subgroup of G, and denote by B
the homogeneous space G/H. We first show that the quotient space Gn/Hk

admits a (unique) differentiable structure of dimension n − k for which the
projection π : G → G/H becomes a submersion. This actually follows from
Theorem 14.2 in Chapter 1, but we provide an independent argument, since
that theorem won’t be proved until Chapter 5. Observe that π is an open
map for the quotient topology on G/H: If U is open in G, then so is π(U)
(in G/H), because π−1(π(U)) = ∪h∈HRh(U) is open in G. Furthermore, the
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quotient space is Hausdorff: If π(a) �= π(b), so that a−1b /∈ H, there exists a
neighborhood of a−1b that does not intersect H. Such a neighborhood always
contains an open set of the form U · a−1b · U , where U is a neighborhood
of the identity with U = U−1. Then Ua−1bU ∩ H = ∅, which implies that
bUH∩aUH = ∅. Thus, π◦Lb(U) and π◦La(U) are disjoint open sets containing
π(b) and π(a), respectively.

In order to exhibit a manifold structure on G/H, recall that Frobenius’
theorem applied to the distribution Lg∗He, g ∈ G, guarantees the existence of
a chart (U, x) around e, with x(U) = (0, 1)n, such that each slice

{g ∈ U | xk+1(g) = a1, . . . , x
n(g) = an−k}

is contained in a left coset of H. If S denotes the slice containing e, there exists
a neighborhood V of e such that V ∩ S = V ∩ H (since H is a submanifold
of G), and V = V −1, V · V ⊂ U . For the sake of simplicity, denote V by U
again. Let N = (π1 ◦ x)−1(a), where π1 : R

n → R
k × 0 denotes projection, and

a := π1 ◦ x(e). We claim that π is one-to-one when restricted to N : Indeed, if
π(a) = π(b), then a−1b ∈ U ∩ H = U ∩ S, so that b belongs to La(U ∩ S). The
latter set, being connected, is contained in a single slice. Since it also contains
a, a and b lie in the same slice, so that x(a) = x(b); i.e, a = b.

It follows that π|N : N → W := π(N) is an open, bijective map, hence a
homeomorphism. So is x̃ := π2 ◦ x ◦ (π|N )−1 : W → x̃(W ) ⊂ 0 × R

n−k, where
π2 : R

n → 0 × R
n−k denotes the projection onto the other factor. We may

then take (W, x̃) as a chart around π(e). In order to produce a chart around
π(a), consider the homeomorphism La of G/H induced by left-multiplication
by a in G, La(π(g)) := π(ag). The desired chart is then given by (La(W ), x̃ ◦
La−1). Given b ∈ G, the corresponding transition function is π2 ◦ x|N ◦ La−1b ◦
(π2 ◦ x|N )−1, so that the collection {(La(W ), x̃ ◦ La−1) | a ∈ G} induces a
differentiable structure on G/H.

It remains to check that π is differentiable at g ∈ G. Using the charts
(Lg(U), x ◦ Lg−1) around g and (Lg(W ), x̃ ◦ Lg−1) around π(g), we have

x̃ ◦ Lg−1 ◦ π ◦ (x ◦ Lg−1)−1 = x̃ ◦ Lg−1 ◦ π ◦ Lg ◦ x−1 = x̃ ◦ π ◦ x−1 = π2,

which establishes the claim.
Finally, we show that π : G → G/H is a principal H-bundle: Notice that

for any [g] := π(g), there exists a neighborhood U = Lg(W ) of [g] on which
π has a right inverse sU . In fact, taking sU = Lg ◦ (π|N )−1 ◦ Lg−1|U , we have
π ◦ sU = 1U . Then the map

U × H → π−1(U),

([g], h) �→ (sU [g]) · h
is a diffeomorphism. Its inverse is of the form (π, φU ), where φU : π−1(U) → H
is H-equivariant, since φU (g) = sU (π(g))−1g, so that

φU (gh) = sU (π(gh))−1gh = (sU (π(g))−1 · g)h = φU (g)h.

Thus, the collection of such maps (π, φU ) forms a principal bundle atlas on G
over B.
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We have seen that given a fiber bundle π : M → B with fiber F and
group G, a bundle atlas {(π−1(Uα), (π, φα))} determines a family of transition
functions fα,β : Uα ∩ Uβ → G which satisfy fα,γ = fβ,γ · fα,β . It turns out
that the bundle may be reconstructed from these transition functions. More
generally, one has the following:

Proposition 2.1. Let {Uα}α∈A be an open cover of a manifold B, and G
a Lie group acting effectively on a manifold F . Suppose there is a collection of
maps fα,β : Uα ∩ Uβ → G such that

(2.1) fα,γ(p) = fβ,γ(p) · fα,β(p), p ∈ Uα ∩ Uβ ∩ Uγ , α, β, γ ∈ A.

Then there exists a fiber bundle π : M → B with fiber F , structure group G,
and a bundle atlas whose transition functions are the given collection {fα,β}.
Furthermore, if F = G and G acts on itself by left translations, then the atlas
is a principal bundle atlas.

Notice that taking α = β = γ in (2.1) implies that fα,α ≡ e. Taking α = γ

then yields f−1
α,β = fβ,α.

Proof. Consider the disjoint union ∪α∈A(Uα×F ), and the quotient space
M under the equivalence relation:

(p, q1) ∼ (p, q2) iff q2 = fα,β(p)q1 for some α, β ∈ A.

If ρ : ∪α(Uα × F ) → M denotes the projection, then each restriction ρ :
Uα×F → ρ(Uα×F ) is a homeomorphism, and its inverse (π, φα) may be taken
as a bundle chart. By construction, the transition functions of this atlas are
the fα,β . �

As a simple application, consider the group G = {±1} acting on R by
multiplication. The circle B = S1 of unit complex numbers admits U1 =
S1 \ {−i} and U2 = S1 \ {i} as open cover. Then the map

f1,2 : U1 ∩ U2 → G,

z �→
{

1, if Re z > 0,
−1, otherwise,

determines a rank 1 vector bundle over the circle, called a Moebius band.

Definition 2.2. Let π : M → B be a fiber bundle with fiber F and group
G. The principal G-bundle obtained as in Proposition 2.1 from the transition
functions of π is called the principal bundle associated to π.

Thus, a fiber bundle with group G induces an associated principal G-bundle.
One can recover the original bundle from the principal one: More generally, let
πP : P → B be a principal G-bundle, F a manifold on which G acts effectively
on the left. Define an equivalence relation ∼ on the space P × F by setting
(p,m) ∼ (pg, g−1m), and denote the quotient space (P × F )/ ∼ by P ×G F .
There is a well-defined map π : P ×G F → B given by π[p, m] = πP (p).

Theorem 2.1. Let πP : P → B be a principal G-bundle, F a manifold on
which G acts on the left. Then the map π : P ×G F → B constructed above
is a fiber bundle over B with fiber F and structure group G, called the fiber
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Figure 2. A Moebius band.

bundle with fiber F associated to the principal bundle πP : P → B and the
given action of G. Furthermore, the principal G-bundle associated to π is πP .

Proof. If (πP , φ) : π−1
P (U) → U × G is a principal bundle chart, define

φ̄ : π−1(U) → U × F by φ̄[p, m] = φ(p)m. We claim that (π, φ̄) is a candidate
for a bundle chart; i.e., it is invertible. Indeed, define s : U → π−1

P (U) by
s(b) = (πP , φ)−1(b, e); then f : U × F → π−1(U), where f(b, m) = [s(b),m], is
the inverse of (π, φ̄) : On the one hand,

(π, φ̄) ◦ f(b, m) = (π, φ̄)[s(b),m] = (πP (s(b)), φ(s(b))m) = (b, m);

on the other, given p ∈ π−1
P (U), we have s(πP (p)) = pφ(p)−1, so that

f ◦ (π, φ̄)[p, m] = f(πP (p), φ(p)m) = [s(πP (p)), φ(p)m]

= [pφ(p)−1, φ(p)m] = [p, m].

This establishes the claim. Since both (π, φ̄) and f are continuous, they are
homeomorphisms. Now, let (πP , φ) and (πP , ψ) be two principal bundle charts
with overlapping domains. Given b in the projection of their intersection and
m ∈ F , the transition function of the (candidates for) associated bundle charts
at b is given by

fφ̄,ψ̄(b)m = ψ̄ ◦ (π, φ̄)−1(b, m) = ψ̄[(πP , φ)−1(b, e),m]

= (ψ ◦ (πP , φ)−1(b, e))m = (fφ,ψ(b)e)m

= fφ,ψ(b)m.

The collection of charts therefore induces a differentiable structure on P ×G F
and satisfies the requirements for a bundle atlas. Since the transition functions
of the bundle coincide with those of πP , πP is the principal G-bundle associated
to π. �

Example 2.1 (The Frame Bundle of a Vector Bundle). Let π : E → B
denote a rank n vector bundle over B. We shall construct a principal GL(n)-
bundle πP : Fr(E) → B, called the frame bundle of E, with the same transition
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functions. It will then follow from Proposition 2.1 and Theorem 2.1 that the
frame bundle of E is the principal GL(n)-bundle associated to π, and that
E → B is equivalent to Fr(E)×GL(n) R

n → B. Denote by Eb the fiber π−1(b)
over b ∈ B, and let Fr(Eb) be the collection of all frames of the vector space
Eb; i.e., the collection of ordered bases p = (v1, . . . , vn) of Eb. Each such frame
can be viewed as an isomorphism R

n → Eb mapping ei to vi for 1 ≤ i ≤ n.
Given two frames pi : R

n → Eb, there exists a unique g ∈ GL(n) such that
p1 = p2g. Identifying any single frame p with e ∈ GL(n) yields a bijective map
Fr(Eb) ↔ GL(n).

Let Fr(E) := ∪b∈BFr(Eb), πP : Fr(E) → B the map that assigns the
point b to a frame of Eb. If (π, φ̄) : π−1(U) → U × R

n is a vector bundle chart
for E, define

φ : π−1
P (U) → G = GL(n),

p �→ φ̄|EπP (p)
◦ p.

φ is G-equivariant by construction, and (πP , φ) : π−1
P (U) → U × G is therefore

bijective. Given another vector bundle chart (π, ψ̄) over U , we have

(πP , ψ) ◦ (πP , φ)−1(b, g) = (πP , ψ)(φ̄−1
|Eb

g) = (b, ψ̄ ◦ (φ̄−1
|Eb

)g).

The collection of maps (πP , φ) therefore induces a differentiable structure on
Fr(E) and forms a principal bundle atlas with transition functions fφ,ψ = fφ̄,ψ̄.
This establishes the claim.

Notice that there is an explicit equivalence between Fr(E)×GL(n) R
n → B

and π: if p = (v1, . . . , vn) is a frame of Eb, the equivalence maps [p, (α1, . . . , αn)] ∈
Fr(E) ×G R

n to
∑

αivi ∈ Eb.

Exercise 50. Consider a principal G-bundle πP : P → B and an associated
bundle π : P ×G F → B.

(a) Show that ρ : P × F → P ×G F , where ρ(p, q) = [p, q], is a principal
G-bundle, and that the projection π1 : P × F → P onto the first factor is a
G-equivariant map inducing π on the base spaces.

P × F
π1−−−−→ P

ρ

� �πP

P ×G F −−−−→
π

B

(b) Show that for any p ∈ P , the map F → π−1(π(p)) given by q �→ ρ(p, q)
is a diffeomorphism.

(c) If F is a vector space and G acts linearly on F , show that π is a vector
bundle.

Exercise 51. Let H be a Lie subgroup of G, πG : PG → B, πH : PH → B
two principal G and H-bundles over B respectively with PH ⊂ PG. PH → B
is said to be a principal subbundle of PG → B if for any b ∈ B, there exists
a neighborhood U of b and principal bundle charts (πH , φ), (πG, ψ) of πH , πG

over U such that

(πG, ψ) ◦ (πH , φ)−1 : U × H → U × G
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is the inclusion map. Show that in this case, given an action of G on a manifold
F , the total spaces PH ×H F and PG ×G F of the associated F -bundles are
diffeomorphic via a fiber preserving map. We say the structure group G of
PG ×G F → B is reducible to H.

Exercise 52. Prove that the structure group G of a bundle is reducible
to H (see Exercise 51) iff the bundle admits an atlas with H-valued transition
functions.

3. The Tangent Bundle of Sn

In this section, we apply some of the concepts introduced above to discuss
a basic example, that of the tangent bundle of the n-sphere.

The standard action of SO(n + 1) on Sn yields a map SO(n + 1) → Sn

that sends g ∈ SO(n + 1) to g(e1). The subgroup of SO(n + 1) acting trivially
on e1 may be identified with SO(n), and one has an induced map

SO(n + 1)/SO(n) → Sn,

[g] �→ ge1,

which is one-to-one by construction. It is also onto since SO(n + 1) acts tran-
sitively on the unit sphere. This map is a homeomorphism (SO(n + 1)/SO(n)
being compact) which is easily checked to be a diffeomorphism. By Examples
and Remarks 2.1(iii), SO(n + 1) → Sn is a principal SO(n)-bundle.

On the other hand, the tangent bundle of Sn is a vector bundle with group
GL(n). For p ∈ Sn, the derivative of the inclusion map Sn ↪→ R

n+1 induces
an inner product on the tangent space of Sn at p. By requiring the second
component φ of each bundle chart (π, φ) to be a linear isometry φ|Sn

p
: Sn

p →
R

n, we obtain a reduction of the structure group to O(n); cf. Exercise 52.
Since the sphere is orientable, the group may further be reduced to SO(n).
(More generally, we will see in the next section that any vector bundle admits
a reduction of its structure group GL(n) to O(n). The bundle is said to be
orientable if its structure group is further reducible to SO(n). The Moebius
band from the preceding section is an example of a nonorientable bundle.)

In terms of principal bundles, we are reducing the frame bundle Fr(TSn) of
Example 2.1 to the SO(n)-subbundle SO(TSn) → Sn of oriented orthonormal
frames whose fiber over p ∈ Sn consists of all positively oriented orthonormal
frames of Sn

p .
We claim that SO(TSn) → Sn is equivalent to SO(n + 1) → Sn: In fact,

the map f : SO(n + 1) → SO(TSn) which sends g ∈ SO(n + 1) to the ordered
orthonormal frame (Jge1ge2, . . . ,Jge1gen+1) of Sn

ge1
induces the identity on

Sn. Its inverse maps an orthonormal frame v1, . . . , vn of Sn
p to the element

g ∈ SO(n + 1) defined by ge1 = p, gei+1 = J−1
p vi, 1 ≤ i ≤ n. Since f is

SO(n)-equivariant, the claim now follows from the following theorem:

Theorem 3.1. Let πi : Pi → B, i = 1, 2, be two principal G-bundles over
B. If h : P1 → P2 is a G-equivariant map inducing the identity on B, then the
two bundles are equivalent.
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Proof. If (π−1
1 (Uα), (π1, φα)) and (π−1

2 (Vβ), (π2, ψβ)) are bundle charts of
π1 and π2, there are smooth maps π−1

1 (Uα) → G and π−1
1 (Vβ) → G given by

p �→ φα(p) and q �→ (ψβ ◦ h)(q) respectively. Thus, the assignment
fα,β : Uα ∩ Vβ → G,

b �→ (ψβ ◦ h)(p)φα(p)−1,

where p is any element of the fiber over b, is a well-defined smooth map. The
bundles are then equivalent by Definition 1.3, since fα,β(b) = ψβ◦h◦(φα|π−1

1 (b)):
Indeed, let g ∈ G, a := φα(p); then g = aa−1g = φα(p)a−1g = φα(pa−1g), so
that

ψβ ◦ h ◦ (φα|π−1
1 (b))

−1(g) = ψβ ◦ h(pa−1g) = ψβ(h(p)) · a−1g

= (ψβ ◦ h)(p) · φα(p)−1 · g.

�
Corollary 3.1. Let πi : Ei → B, i = 1, 2, be two rank n vector bundles

over B. If h : E1 → E2 is a diffeomorphism mapping each fiber π−1
1 (b) linearly

onto π−1
2 (b), then the bundles are equivalent.

Proof. Define f : Fr(E1) → Fr(E2) by f(p) = h ◦ p, where p : R
n →

π−1
1 (b) is a frame of E1. By Theorem 3.1, the two frame bundles are equivalent,

and therefore so are the associated vector bundles Ei → B. �
Corollary 3.1 provides another approach to the tangent bundle of the sphere,

or more generally, to the tangent bundle TM of any homogeneous space M =
G/H: Let p = eH ∈ M , so that H is the isotropy group at p of the action;
i.e., H = {g ∈ G | gp = p}. The linear isotropy representation at p is the
homomorphism ρ : H → GL(Mp) given by ρ(h) = h∗p. It is not difficult to
show that if M is connected and G acts effectively on M , then ρ is one-to-one;
in this case, ρ induces an effective linear action of H on Mp.

Proposition 3.1. If G acts effectively on the homogeneous space M =
G/H, then the tangent bundle of M is equivalent to the bundle G×H Mp → M ,
where H acts on Mp via the linear isotropy representation at p.

Proof. Consider the map f : G ×H Mp → TM defined by f [g, u] = g∗u,
which is clearly smooth, and linear on each fiber. Its inverse is given as follows:
if v ∈ Mq, then by transitivity of the action of G, there exists some g ∈ G such
that gp = q. Then f−1(v) = [g, g−1

∗p v]. This is well-defined, for if q = ḡp = gp,
then g−1ḡ ∈ H, so that ḡ = gh for some h ∈ H, and

[g, g−1
∗p v] = [gh, ρ(h)−1g−1

∗p v] = [gh, h−1
∗p g−1

∗p v] = [gh, (gh)−1
∗p v] = [ḡ, ḡ−1

∗p v].

�
The hypothesis that G act effectively on M in Proposition 3.1 is not re-

strictive: Exercise 54 shows that M can always be realized as Ḡ/H̄, where Ḡ
acts effectively on M .

Exercise 53. Let S3 denote the group of quaternions of norm 1. Identify
SO(3) with the special orthogonal group of span{i, j, k} = R

3, and define ρ :
S3 → SO(3) by ρ(p)q = pqp−1 (quaternion multiplication).



4. CROSS-SECTIONS OF BUNDLES 67

(a) Show that ρ is a homomorphism with kernel {±1}. It is not hard to
see that ρ is onto, so that SO(3) is diffeomorphic to RP 3 and ρ is the standard
double covering.

(b) Consider the principal SO(2)-bundle π : SO(3) → S2. Prove that
π ◦ ρ : S3 → S2 is equivalent to the Hopf fibration.

Exercise 54. Let M = G/H be a homogeneous space.
(a) Show that the subgroup of G which acts trivially on M is the largest

normal subgroup N(H) of G which lies in H.
(b) Show that Ḡ = G/N(H) acts effectively on M , and that M = Ḡ/H̄,

where H̄ = H/N(H).

4. Cross-Sections of Bundles

A trivial bundle B × F → B has the property that through any point
(b, m) ∈ B × F , there is a copy B × {m} of B; alternatively, the map s : B →
B × F given by s(b) = (b, m) is a lift of the identity 1B (in the sense that
π ◦ s = 1B) through (b, m). It is by no means clear that such lifts exist in
general, and they have a special name:

Definition 4.1. Let ξ = π : M → B be a fiber bundle. A map s : B → M
is said to be a cross-section of ξ if π ◦ s = 1B .

For example, a vector field on a manifold M is a cross-section of the tan-
gent bundle of M ; a differential k-form on M is a cross-section of the bundle
Λ∗

k(M) → M . It is common practice to abbreviate cross-section by section.
Before looking at further examples, we point out that one can construct from a
given vector bundle ξ many other vector bundles whose structure is induced by
that of ξ. We illustrate the procedure in detail for the dual ξ∗ of a vector bundle
ξ. It is convenient to denote the fiber π−1(b) of a vector bundle π : E → B over
b by Eb, and we will often do so.

Proposition 4.1. Let ξ = π : E → B be a rank n vector bundle, and
define E∗ = ∪b∈BE∗

b . For α ∈ E∗
b , let π∗(α) = b. There exists a natural rank

n vector bundle structure on ξ∗ = π∗ : E∗ → B induced by ξ. ξ∗ is called the
dual bundle of ξ.

Proof. Let (π, φ) be a bundle chart of ξ over U ⊂ B. Since φ|Eb
: Eb → R

n

is an isomorphism for each b ∈ U , so is φ̄|E∗
b

: E∗
b → R

n∗ ∼= R
n, where φ̄|E∗

b
:=

(φ|Eb
)−1∗ (recall that the transpose of a linear transformation L : V → W is

the linear map L∗ : W ∗ → V ∗ given by (L∗α)v = α(Lv) for α ∈ W ∗, v ∈ V ).
Then (π∗, φ̄) : π∗−1(U) → U × R

n is one-to-one, onto, and its restriction to
each E∗

b is linear; if (π, ψ) is another bundle chart, then

(π∗, ψ̄) ◦ (π∗, φ̄)−1(b, α) = (b, ψ̄ ◦ (φ̄|E∗
b
)−1α) = (p, (φ ◦ ψ−1

|Eb
)∗α).

Thus, there exist unique topological and differentiable structures on E∗ for
which the maps (π∗, φ̄) become local diffeomorphisms. These maps form a
bundle atlas, since the transition functions are given by fφ̄,ψ̄(b) = fψ,φ(p)∗. �
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Given two vector bundles ξi = πi : Ei → B, one defines in a similar fashion
the tensor product bundle ξ1⊗ξ2 with fiber E1b⊗E2b over b, the homomorphism
bundle Hom(ξ1, ξ2) whose fiber over b consists of all linear transformations
E1b → E2b, etc. The isomorphism Hom(E1b, E2b) ∼= E∗

1b ⊗ E2b induces an
equivalence Hom(ξ1, ξ2) ∼= ξ∗1 ⊗ ξ2.

Definition 4.2. A Euclidean metric on a vector bundle ξ = π : E → B
is a section s of the bundle (ξ ⊗ ξ)∗ such that s(b) is an inner product on Eb

for each b ∈ B. A Euclidean metric on the tangent bundle of a manifold M is
called a Riemannian metric on M .

Loosely translated, a Euclidean metric on ξ is just an inner product on the
fibers that varies smoothly with the base point.

Theorem 4.1. Every vector bundle ξ = π : E → B admits a Euclidean
metric.

Proof. Consider a locally finite cover of B by sets {Uα} whose preimages
are the domains of bundle charts {(π, φα)}. Define a Euclidean metric sα on
each π−1(Uα) so that φα becomes a linear isometry: sα(u, v) = 〈φαu, φαv〉,
where 〈, 〉 denotes the standard inner product on R

n. Let {ψα} be a partition
of unity subordinate to {Uα}, and extend sα to all of B by setting s̄α(b) =
ψα(b)sα(b) if b ∈ Uα and s̄α(b) = 0 otherwise. Then s =

∑
α s̄α is a Euclidean

metric on ξ. �

Theorem 4.1 implies that every rank n vector bundle admits a reduction of
its structure group to O(n), by requiring that charts be linear isometries when
restricted to each fiber.

Notice that a vector bundle always admits a section, namely the zero section
given by s(b) = 0 ∈ Eb. Principal bundles, on the other hand, do not, in general,
admit sections:

Theorem 4.2. A principal G-bundle π : P → B admits a section iff it is
trivial.

Proof. If π : B × G → B is trivial, then for any fixed g ∈ G, the map
s(b) := (b, g) defines a section of π. Conversely, suppose s : B → P is a
section. Since p ∈ P and s(π(p)) belong to the same fiber, there is a well-defined
equivariant map φ : P → G such that p = s(π(p))φ(p). (π, φ) : P → B × G is
then an equivalence by Theorem 3.1. �

Example 4.1. Recall from Section 3 that the principal SO(n)-bundle over
Sn associated to the tangent bundle of Sn is π : SO(n + 1) → SO(n +
1)/SO(n) = Sn. When n = 3, S3 is identified with the group of quaternions of
norm 1, and e1 = 1 ∈ H.

Consider the map s : S3 → SO(4) given by s(q)u = qu, for q ∈ S3 ⊂ H,
u ∈ H = R

4. Then (π ◦ s)(q) = s(q)1 = q; i.e., s is a section of π : SO(4) → S3,
and SO(4) is diffeomorphic to S3×SO(3) (although not isomorphic, as a group,
to the direct product S3×SO(3)). Since π is trivial, so is the associated tangent
bundle TS3 → S3. We saw in Chapter 1 that even-dimensional spheres do not
admit a nowhere-zero vector field; i.e., their tangent bundle does not admit a
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nowhere-zero section, and is therefore nontrivial. Thus, none of the bundles
SO(n + 1) → Sn admit sections when n is even.

Exercise 55. Consider the map

φ : S3 × S3 → SO(4), φ(q1, q2)u = q1uq−1
2 , qi ∈ S3, u ∈ H = R

4.

Show that φ is a Lie group homomorphism, and determine its kernel. It is not
hard to see that φ is onto, so that S3 × S3 is the two-fold covering group of
SO(4), denoted Spin(4). Notice that if ı, ∆ : S3 → S3 ×S3 are the imbedding-
homomorphisms given by ı(q) = (q, e) and ∆(q) = (q, q), then φ◦ı is the section
from Example 4.1, and φ ◦ ∆ is the two-fold covering from Exercise 53.

Exercise 56. Let ξi = πi : Ei → B be vector bundles over B, i = 1, 2, and
denote by Γξi the collection of sections of ξi.

(a) Show that Γξi is a module over the ring of smooth functions B → R.
(b) Show that Γ Hom(ξ1, ξ2) and Hom(Γξ1, Γξ2) are naturally isomorphic

as modules.

Exercise 57. A complex vector bundle is a bundle with fiber C
n whose

transition functions are complex linear. Show that a real rank 2n vector bundle
ξ admits a complex vector bundle structure iff there exists a section J of the
bundle Hom(ξ, ξ) such that J2 equals minus the identity on the total space. J
is called a complex structure on ξ.

5. Pullback and Normal Bundles

Let ξ = π : M → B denote a fiber bundle with fiber F and group G. Given
a manifold B̄ and a map f : B̄ → B, one can construct in a natural way a
bundle over B̄ with the same fiber and group: Consider the subset

f∗M = {(b, m) ∈ B̄ × M | π(m) = f(b)}
together with the subspace topology from B̄×M , and denote by π1 : f∗M → B̄,
π2 : f∗M → M the projections.

Proposition 5.1. f∗ξ = π1 : f∗M → B̄ is a fiber bundle with fiber F and
group G, called the pullback bundle of ξ via f , and π2 : f∗M → M is a bundle
map covering f . Furthermore, f∗ξ is uniquely characterized by the property
that π ◦ π2 = f ◦ π1;

f∗M π2−−−−→ M

π1

� �π

B̄ −−−−→
f

B

i.e., if ξ̄ = π̄ : M̄ → B̄ is a fiber bundle with fiber F and group G, and there
exists a bundle map f̄ : ξ̄ → ξ covering f : B̄ → B, then ξ̄ ∼= f∗ξ.

Proof. A bundle chart (π, φ) of ξ over U ⊂ B induces a chart (π1, φ̄) of
f∗ξ over f−1(U), where φ̄ = φ ◦ π2. It is easily checked that the transition
functions satisfy fφ̄,ψ̄ = fφ,ψ ◦ f , so that f∗ξ is a bundle as claimed, and π2

is a bundle map by definition. For the uniqueness part, let ξ̄ be a bundle
as in the statement. By the remark following Definition 1.3, the coordinate
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bundle over B̄ with bundle charts of the form (π̄−1(f−1(U)), (π̄, φ ◦ f̄)), where
(π−1(U), (π, φ)) is a bundle chart of π, is equivalent to ξ̄. Since it has the same
transition functions as f∗ξ, f∗ξ is equivalent to ξ̄. �

Observe that the structure group of f∗ξ may very well be smaller than G,
since its transition functions are those of ξ composed with f .

If ξi = πi : Ei → B are two vector bundles of rank ni over B, then ξ1×ξ2 =
π1 × π2 : E1 × E2 → B × B is a vector bundle of rank n1 + n2. Consider the
diagonal imbedding ∆ : B → B × B, ∆(b) = (b, b).

Definition 5.1. The Whitney sum ξ1 ⊕ ξ2 is the rank (n1 + n2) vector
bundle ∆∗(ξ1 × ξ2).

The fiber of ξ1 ⊕ ξ2 over b ∈ B is E1b ⊕ E2b.

Definition 5.2. Let ξi = πi : Ei → B be two vector bundles over B. A
map h : E1 → E2 is said to be a homomorphism if it maps each fiber E1b

linearly into E2b.

Thus, a homomorphism h : E1 → E2 is just another word for a section s of
the bundle Hom(ξ1, ξ2): We can go from one to the other via s(b) = h|E1b

. By
Corollary 3.1, if h is an isomorphism on each fiber, then h is an equivalence.
Conversely, an equivalence is a homomorphism (and a bundle map). More
generally:

Proposition 5.2. Let ξi = πi : Ei → Bi be vector bundles over Bi, i = 1, 2.
If h : E1 → E2 maps each fiber π−1

1 (b1) linearly into a fiber π−1
2 (b2), then

h = f ◦ g, where g is a homomorphism and f a bundle map.

Proof. Consider the pullback bundle h̄∗ξ2, where h̄ : B1 → B2 is the map
induced by h. If pr2 : h̄∗E2 → E2 is the bundle map given by projection onto
the second factor, then h = pr2 ◦ g, where g : E1 → h̄∗E2 is the homomorphism
g(u) = (π1(u), h(u)).

E1
g−−−−→ h̄∗E2

pr2−−−−→ E2

π1

� pr1

� �π2

B1 −−−−→
1B1

B1 −−−−→
h̄

B2

�

Theorem 5.1. Let ξi = πi : Ei → B denote vector bundles over B, h :
E1 → E2 a homomorphism.

(1) If h is one-to-one (on each fiber), then coker h = ξ2/h(ξ1) is a vector
bundle over B.

(2) If h is onto, then ker h is a vector bundle over B.

Proof. (1) Suppose that for each b ∈ B, the restriction h : E1b → E2b is
injective. If ξ1 has rank n and ξ2 rank n + k, then the vector space E2b/h(E1b)
has dimension k. We construct a bundle atlas for cokerh = ∪b∈BE2b/h(E1b):



5. PULLBACK AND NORMAL BUNDLES 71

Let b ∈ B, (π1, φ) and (π2, ψ) be bundle charts on π−1
i (U), where U is a

neighborhood of b. Consider the map g : U → Hom(Rn, Rn+k) given by

g(p) = ψ ◦ h ◦ (φ|E1p
)−1.

g(p) has rank n for all p ∈ U , and we may assume, by reordering coordinates
if necessary, that the first n rows of the matrix M(b) of g(b) with respect to
the standard bases are linearly independent; i.e., that pr1 ◦ g(b) : R

n → R
n is

an isomorphism, where pr1 : R
n+k → R

n is the projection. By continuity, this
holds for all p in a neighborhood (which we also call U) of b. It follows that for
each p ∈ U , the map

R
n+k = R

n × R
k → R

n+k,

(u, v) �→ g(p)u + (0, v)

is an isomorphism, and f : U × R
n × R

k → U × R
n+k, where f(p, u, v) =

(p, g(p)u + (0, v)), is an equivalence of trivial bundles. Thus, (π2, Ψ) := f−1 ◦
(π2, ψ) is a bundle chart for ξ2. By construction, v ∈ E2p belongs to h(E1p)
iff (π2, Ψ)(v) ∈ p × R

n × 0 ⊂ U × R
n × R

k. Therefore, if π : coker h → B is
the natural projection and pr2 : R

n × R
k → R

k the projection onto the second
factor, then the bundle chart (π2, Ψ) of ξ2 induces a diffeomorphism

π−1(U) → U × R
k,

w + h(E1p) �→ (p, (pr2 ◦ Ψ)w),

which is linear on each fiber. This yields a bundle atlas on cokerh → B:
smoothness of the transition functions follows from smoothness of h and of the
transition functions of ξi.

(2) Suppose h : E1b → E2b is onto for each b ∈ B, with n+k and n denoting
the ranks of ξ1 and ξ2 respectively. Let U , g : U → Hom(Rn+k, Rn) be as in
(1). We may assume that g(p)e1, . . . , g(p)en are independent for each p in U .
Define a bundle equivalence

f : U × R
n+k → U × R

n × R
k,

(p, a) �→ (p, g(p)a, an+1, . . . , an+k),

so that (π1, Φ) := f ◦ (π1, φ) is a bundle chart for ξ1 over U . By construction,
h(v) = 0 for v ∈ π−1

1 (U) iff (π1, Φ)(v) ∈ U × 0×R
k. (π1, pr2 ◦Φ) is therefore a

bundle chart for kerh. �

If h : ξ1 → ξ2 is a one-to-one homomorphism, then h(ξ1) is a subbundle of
ξ2 equivalent to ξ1. An exact sequence of bundle homomorphisms is a sequence
of homomorphisms

0 −→ ξ1
h−→ ξ2

f−→ ξ3 −→ 0

such that the kernel of each map equals the image of the preceding one; thus,
h is one-to-one, f is onto, and h(ξ1) = ker f .

Proposition 5.3. If 0 −→ ξ1
h−→ ξ2

f−→ ξ3 −→ 0 is an exact sequence
of homomorphisms, then there exists an equivalence g : ξ2 → ξ1 ⊕ ξ3 with
g ◦h : ξ1 → ξ1⊕ξ3 being the inclusion, and f ◦g−1 : ξ1⊕ξ3 → ξ3 the projection.
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Proof. Consider a Euclidean metric 〈, 〉 on ξ2 (cf. Theorem 4.1). Since
the metric is smooth as a section, the orthogonal projection π : ξ2 → h(ξ1) is a
bundle homomorphism. Being onto, its kernel h(ξ1)⊥ is a bundle, and the map

L : h(ξ1) ⊕ h(ξ1)⊥ → ξ2,

(v, w) �→ v + w

is an equivalence. The restriction h̄ : ξ1 → h(ξ1) of h is also an equivalence.
Furthermore, the restriction f̄ : h(ξ1)⊥ → ξ3 of f is a one-to-one homomorphism
because ker f = h(ξ1), so that by rank considerations, it is an equivalence. Thus,
g := (h̄−1 ⊕ f̄) ◦ L−1 : ξ2 → ξ1 ⊕ ξ3 has the required properties. �

Example 5.1. Let ξ = π : E → B be a vector bundle over B, and denote
by τE , τB the tangent bundles of E and B. Since π∗ : TE → TB maps the fiber
over u ∈ E linearly onto the fiber over π(u) ∈ B, π∗ induces an epimorphism
h : τE → π∗τB by Proposition 5.2. Its kernel kerh = ker π∗ is therefore the
total space of a bundle Vξ = πV : VE → E over E, called the vertical bundle of
ξ. By Proposition 5.3,

τE
∼= Vξ ⊕ π∗τB .

The fiber VEu of Vξ over u ∈ E can be described as follows: If b = π(u), and
ı : Eb = π−1(b) → E denotes inclusion, then VEu = ı∗(Eb)u as an immediate
consequence of Proposition 6.2 in Chapter 1 (here, (Eb)u is the tangent space
of Eb at u).

Let f : M → N be an immersion. Since f∗ : TM → TN is linear and
one-to-one, it induces a monomorphism h : τM → f∗τN .

Definition 5.3. Let f : M → N be an immersion. The normal bundle of
f is the bundle ν(f) = f∗τN/h(τM ) over M .

Since 0 → τM → f∗τN → ν(f) → 0 is an exact sequence of homomor-
phisms, Proposition 5.3 implies that f∗τN

∼= τM ⊕ ν(f). In fact, given a Eu-
clidean metric on f∗τN (for instance one induced by a Riemannian metric on
N), ν(f) is equivalent to the orthogonal complement of h(τM ).

Example 5.2. Consider the inclusion ı : Sn → R
n+1. By the remark

following Proposition 5.1, the pullback of the trivial tangent bundle of R
n+1

via ı is the trivial rank (n + 1) bundle εn+1 over Sn. The normal bundle of ı is
also the trivial rank 1 bundle ε1 over Sn: Indeed, the restriction of the position
vector field p �→ Jpp to the sphere is a section of the frame bundle of τ⊥

Sn . Thus,

τSn ⊕ ε1 ∼= εn+1,

even though τSn is not, in general, trivial.

Exercise 58. Show that if ξ is a vector bundle, then ξ⊕ξ admits a complex
structure, see Exercise 57. Hint: Let J(u, v) = (−v, u).

Exercise 59. If ξ = π : E → B is a vector bundle, show that the vertical
bundle of ξ is equivalent to the pullback π∗ξ. Hint: Recall the canonical iso-
morphism Ju of the vector space Eb with its tangent space (Eb)u at u. Show
that f : π∗E → VE is an equivalence, where f(u, v) = Juv.
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Exercise 60. If ξ = π : E → B is a vector bundle, then by Example 5.1
and Exercise 59, τE

∼= π∗ξ ⊕ π∗τB . Prove that if s is the zero section of ξ, then

s∗τE
∼= ξ ⊕ τB .

Thus, the normal bundle of the zero section in ξ is ξ itself.

6. Fibrations and the Homotopy Lifting/Covering Properties

Although we have so far only considered bundles over manifolds, the defi-
nition used also makes sense for manifolds with boundary (and even for topo-
logical spaces—the traditional type of base in bundle theory— if we replace
diffeomorphisms by homeomorphisms). Let B be a manifold, I = [0, 1], and for
t ∈ I, denote by ıt : B → B × I the imbedding ıt(b) = (b, t). Recall that two
maps f, g : B̄ → B are said to be homotopic if there exists H : B̄ × I → B with
H ◦ ı0 = f and H ◦ ı1 = g. H is called a homotopy of f into g.

Homotopies play an essential role in the classification of bundles: In this
section, we will see that if ξ is a bundle over B, then for any two homotopic
maps f, g : B̄ → B, the induced bundles f∗ξ and g∗ξ are equivalent.

We begin by introducing the notion of fibration, which is weaker than that
of fiber bundle:

Definition 6.1. A surjective map π : M → B is said to be a fibration if
it has the homotopy lifting property : namely, given f : B̄ → M , any homotopy
H : B̄ × I → B of π ◦ f can be lifted to a homotopy H̃ : B̄ × I → M of f ; i.e.,
π ◦ H̃ = H, H̃ ◦ ı0 = f .

In order to show that a fiber bundle ξ = π : M → B is a fibration, we first
rephrase the problem: Notice that a homotopy H : B̄ × I → B can be lifted
to H̃ : B̄ × I → M iff the pullback bundle H∗M → B̄ × I admits a section.
Indeed, if H̃ is a lift of H, then (b, t) �→ (b, t, H̃(b, t)) is a section. Conversely, if
s is a section of H∗M → B̄× I, then π2 ◦s is a lift of H, where π2 : H∗M → M
is the second factor projection. In other words, the homotopy lifting property
may be paraphrased as saying that if ξ is a fiber bundle over B × I, then any
section of ξ|B×0 can be extended to a section of ξ.

We begin with the following:

Lemma 6.1. Let ξ be a principal bundle over B × I. Then any b ∈ B has
a neighborhood U such that the restriction ξ|U×I is trivial.

Proof. By compactness of b×I, there exist neighborhoods V1, . . . , Vk of b,
and intervals I1, . . . , Ik such that {Vi×Ii} is a cover of b×I, and each restriction
ξ|Vi×Ii

is trivial. We claim that U may be taken to be V1 ∩ · · · ∩ Vk. The proof
will be by induction on k.

The case k = 1 being trivial, assume the statement holds for k − 1. Order
the intervals Ij by their left endpoints, so that if Ij = (t0j , t

1
j ), then t0j < t0j+1

(if t0j = t0j+1, then either Ij or Ij+1 can be discarded). We may also assume
that t11 < t12 since otherwise I2 may be discarded. If t0 ∈ (t02, t

1
1), then by the

induction hypothesis, ξ is trivial over U1 × [0, t0), and over U2 × (t0, 1], where
U1 = V1 and U2 = V2 ∩ · · · ∩ Vk. Let s1 and s2 be sections over these two sets.
For each (q, t) ∈ (U1 ∩U2)× (t02, t

1
1), there exists a unique g(q, t)) ∈ G such that
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s1(q, t) = s2(q, t)g(q, t), and g : (U1 ∩ U2) × (t02, t
1
1) → G is smooth because the

sections are. Extend g to a differentiable map g : (U1 ∩ U2) × (t02, 1] → G. We
then obtain a section s of ξ restricted to (U1 ∩ U2) × I by defining

s(q, t) =

{
s1(q, t), for t ≤ t0,
s2(q, t)g(q, t), for t ≥ t0.

�

Theorem 6.1. Let ξ = π : P → B × I be a principal G-bundle, and
consider the maps p : B × I → B × 1, p(b, t) = (b, 1), and j : B × 1 → B × I,
j(b, 1) = (b, 1). Then

ξ ∼= (j ◦ p)∗ξ = p∗ξ|B×1.

Proof. Denote by πB : P → B and u : P → I the maps obtained by
composing π with the projections of B×I onto its two factors. We will construct
a G-equivariant bundle map f : P → π−1(B × 1) covering p; the theorem will
then follow from Theorem 3.1 and Proposition 5.1.

By Lemma 6.1, there exists a countable cover {Un} of B such that ξ is
trivial over each Un×I. Let sn denote a section of ξ|Un×I , and {φn} a partition
of unity subordinate to {Un}. Since any element in π−1(b, t) with b ∈ Un can
be written as sn(b, t)g for a unique g ∈ G, the assignment

fn : π−1(Un × I) → π−1(Un × I),

sn(b, t)g �→ sn(b, min{t + φn(b), 1})g
is a G-equivariant bundle map. Furthermore, fn is the identity on an open set
containing π−1(∂Un × I), and may therefore be continuously extended to all of
P by defining fn(q) = q for q /∈ π−1(Un × I). Finally, set f = f1 ◦ f2 ◦ · · · . The
composition makes sense because all but finitely many fn are the identity on
a neighborhood of any point. f is G-equivariant since each fn is, and u ◦ f =
min{u + (

∑
φn) ◦ πB , 1}, so that u ◦ f ≡ 1. Thus, f maps into π−1(B × 1),

and furthermore, f is differentiable, because although u ◦ fn is in general only
continuous, u ◦ f is differentiable. This completes the proof. �

Corollary 6.1 (Homotopy Lifting Property). A fiber bundle is a fibration.

Proof. As noted at the beginning of this section, what needs to be shown
is that if ξ is a fiber bundle over B × I with group G and fiber F , then any
section s of ξ|B×1 can be extended to the whole bundle. With the notation of
Theorem 6.1, if π : P → B × I denotes the principal G-bundle associated to ξ,
then there exists a bundle map f : P → π−1(B×1) covering p. f then induces a
bundle map f : ξ → ξ|B×1 between the associated bundles with fiber F . Thus,
f−1 ◦ s ◦ p is a section of ξ. Furthermore, the restriction of f to π−1(B × 1) is
the identity, so f−1 ◦ s ◦ p is an extension of s. �

Recall that ıt : B → B × I denotes the imbedding ıt(b) = (b, t).

Corollary 6.2. Let ξ be a fiber bundle over B × I. Then ı∗0ξ ∼= ı∗1ξ.
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Proof. We may assume that ξ is a principal bundle. Let p1 : B × I → B
denote the projection onto the first factor. With notation as in Theorem 6.1,
j ◦ p = ı1 ◦ p1, and ξ ∼= (j ◦ p)∗ξ = p∗1ı

∗
1ξ. Thus,

ı∗0ξ ∼= ı∗0p
∗
1ı

∗
1ξ = (p1 ◦ ı0)∗ı∗1ξ = ı∗1ξ,

since p1 ◦ ı0 = 1B . �

Corollary 6.3 (The Homotopy Covering Property). Let ξ denote a fiber
bundle over B. If f, g : B̄ → B are homotopic, then f∗ξ ∼= g∗ξ.

Proof. Let H : B̄×I → B be a homotopy with H ◦ ı0 = f and H ◦ ı1 = g.
By Corollary 6.2,

f∗ξ = ı∗0(H
∗ξ) ∼= ı∗1(H

∗ξ) = g∗ξ.
�

Exercise 61. Show that a bundle over a contractible space (one for which
the identity map is homotopic to a constant map) is trivial.

Exercise 62. Suppose M → B is a fiber bundle, and let H̃ : B̄×I → M be
a lift (the existence of which is guaranteed by Corollary 6.1) of some homotopy
H : B̄ × I → B. Show that H̃ may be chosen to be stationary with respect to
H; i.e., if H(b, t) is constant in t for some b ∈ B̄, then so is H̃(b, t).

Exercise 63. Let π : M → B be a fibration, b ∈ B, p ∈ π−1(B).
(a) Show that any curve c : I → B with c(0) = b may be lifted to a curve

c̄ in M with c̄(0) = p.
(b) Let ci, i = 1, 2, denote two curves in B from b to b̃, and H a homotopy

of c1 into c2 with H(0, s) = b, H(1, s) = b̃ for all s ∈ I. Prove that, if c̄i is a
lift of ci to M with c̄i(0) = p, then c̄1 is homotopic to c̄2, and the two curves
have the same endpoint.

(c) Prove that the lift of c in (a) is unique.

7. Grassmannians and Universal Bundles

The collection Gn,k of all n-dimensional subspaces (or n-planes) of R
n+k

is called the Grassmannian manifold of n-planes of R
n+k. Consider the map

π : O(n + k) → Gn,k given by π(L) = L(Rn), where R
n denotes the subspace

R
n ×0 ⊂ R

n+k. π is onto, and π(L) = π(T ) iff L−1 ◦T (Rn) = R
n; i.e., iff L−1 ◦

T ∈ O(n) × O(k) ⊂ O(n + k). π therefore induces a bijective correspondence

O(n + k)/O(n) × O(k) ←→ Gn,k,

and we endow Gn,k with the differentiable structure for which this correspon-
dence becomes a diffeomorphism. Gn,k is then a compact homogeneous space
of dimension

(
n+k

2

) − (
n
2

) − (
k
2

)
= nk. G1,k, for example, is just RP k.

One can explicitly describe a differentiable atlas for Gn,k: Given an n-plane
P in Gn,k, decompose R

n+k = P ⊕ P⊥, and denote by π1, π2 the projections
of R

n+k onto P and P⊥ respectively. Let U be the open neighborhood of P
consisting of all n-planes V such that π1|V : V → P is an isomorphism, and
define x : U → Hom(P, P⊥) by x(V ) = π2 ◦ π−1

1|V . x is a homeomorphism with
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inverse x−1(L) = {u + Lu | u ∈ P}. Since Hom(P, P⊥) ∼= P ∗ ⊗ P⊥ is a vector
space of dimension nk, x may be considered as a coordinate map x : U → R

nk.
It is straightforward to check that the transition maps for the collection of all
such charts are differentiable.

There is a canonical rank n vector bundle γn,k over Gn,k: its total space is
the subset E(γn,k) of Gn,k ×R

n+k consisting of all pairs (P, u) such that u ∈ P ,
and π : E(γn,k) → Gn,k is given by π(P, u) = P . Thus, the fiber over P ∈ Gn,k

is P itself. The differentiable atlas of Gn,k described above induces a bundle
atlas on γn,k: given P ∈ Gn,k, the orthogonal projection p : R

n+k → P , and
U = {V ∈ Gn,k | p|V is an isomorphism}, let φ : π−1(U) → P ∼= R

n be given
by φ(v) = p(v). Then (π, φ) : π−1(U) → U × R

n is a diffeomorphism which
maps each fiber isomorphically onto R

n.
γn,k is called the universal rank n bundle over Gn,k, the reason being that

any rank n vector bundle over a manifold B is equivalent to f∗γn,k for suffi-
ciently large k and some map f : B → Gn,k. Recall that the pullback of a
bundle is less twisted than the original, since the transition functions of the
former equal those of the latter composed with the pullback map. Roughly
speaking, the universal bundle is so twisted that any other bundle is a diluted
version of it. Some more work is needed before we are in a position to prove
this, but it can already be established in the case of a tangent bundle:

Example 7.1. A classical theorem in topology states that any n-manifold
M can be immersed in Euclidean space R

n+k, provided k is large enough. If
f is such an immersion, then f∗Mp is an n-dimensional subspace of R

n+k
f(p) for

each p in M , and J−1
f(p)f∗Mp is an element of Gn,k. The map

h̄ : TM → E(γn,k),

v �→ (J−1
f(p)f∗Mp,J−1

f(p)f∗v),

for v ∈ Mp, is a bundle map covering h : M → Gn,k, where h(p) = J−1
f(p)f∗Mp.

Thus, the tangent bundle of M is equivalent to h∗γn,k by Proposition 5.1.

p

Mp

h(p)

Figure 3. A classifying map h : S2 → G2,1 for τS2.

In order to deal with the general case, we will need the following:
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Lemma 7.1. Let ξ denote a vector bundle over an n-dimensional manifold
B. Then B can be covered by n + 1 sets U0, . . . , Un, where each restriction ξ|Ui

is trivial.

Proof. Choose an open cover of B such that ξ is trivial over each element.
It is a well-known theorem in topology that this (and in fact any) cover of an
n-dimensional manifold B admits a refinement {Vα}α∈A with the property that
any point in B belongs to at most n + 1 Vα’s. Let {φα} be a partition of unity
subordinate to this cover, and denote by Ai the collection of all subsets of A with
i+1 elements. Given a = {α0, . . . , αi} ∈ Ai, denote by Wa the set consisting of
those b ∈ B such that φα(b) < φα0(b), . . . , φαi

(b) for all α �= α0, . . . , αi. Then
(1) each Wa is open,
(2) Wa ∩ Wa′ = ∅ if a �= a′, and
(3) ξ|Wa

is trivial.

Statements (1) and (2) follow immediately from the definition of these sets;
(3) holds because Wa ⊂ ∩i

j=0 suppφαj ⊂ ∩i
j=0Vαj , and ξ is trivial over each

Vα. Define Ui = ∪a∈Ai
Wa. By (1), Ui is open, and by (2) and (3), ξ is trivial

over Ui.
It remains to show that U0, . . . , Un cover B. For any fixed b ∈ B, consider

the set a = {α ∈ A | φα(b) > 0}. a is nonempty because φα(b) > 0 for some α,
and a ∈ Aj for some j ≤ n because at most n + 1 of the sets Vα contain b, so
that at most n+1 of the functions φα are positive at b. Then b ∈ Wa ⊂ Uj . �

Theorem 7.1. Let ξ be a rank n vector bundle over B. For large enough
l, there is a map f : B → Gn,l such that ξ ∼= f∗γn,l.

Gn,l is then called a classifying space and f a classifying map for ξ.

Proof of Theorem 7.1. By Lemma 7.1, there is an open cover U1, . . . , Uk

of B with the restriction of ξ over each Ui being trivial, so that there exist bun-
dle charts (π, φi) : π−1(Ui) → Ui × R

n. Let ψ1, . . . , ψk be a partition of unity
subordinate to U1, . . . , Uk, and define Φi : E(ξ) → R

n for each i = 1, . . . , k by

Φi(u) =

{
(ψi ◦ π)(u)φi(u), u ∈ π−1(Ui),
0, u /∈ π−1(Ui).

Φi is linear on each fiber of ξ, but not one-to-one in general. However, Φ =
(Φ1, . . . ,Φk) : E(ξ) → R

nk is one-to-one: suppose Φ(u) = 0; if b = π(u), then
ψj(b) > 0 for some j, and b ∈ Uj . Since Φ(u) = 0, Φj(u) must also vanish. But
Φj is an isomorphism on Eb, so that u = 0, and Φ is one-to-one. Then

f̄ : E(ξ) → E(γn,n(k−1)),

u �→ (Φ(π−1(π(u))), Φ(u))

is a bundle map covering

f : B → Gn,n(k−1),

b �→ Φ(π−1(b)),

and ξ ∼= f∗γn,n(k−1) as claimed. �
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