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Discussion of Maxwell’s Equations

2.1 Introduction

The history of electromagnetism, and in particular that part which lead in
the 19" century to the formulation of the equations governing the electro-
magnetic fields, is studded with the names of the leading scientists of the
time. Starting with Gauss, there was a more or less ongoing effort to under-
stand the relationships and to model their interactions, and included efforts
by B. Riemann, W. Thompson, M. Faraday, as well as Neumann, Kirchhoff
and Weber and Helmholtz. Building on all this work, Maxwell’s great insight
was the introduction of the notion of the so-called displacement current, D,
a generalization of Faraday’s idea of charge polarization or displacement. Us-
ing Faraday’s work and the ideas of elastic continua, Maxwell developed his
famous equations, and noting the close agreement between the electric ratio
c and the velocity of light, asserted the coincidence of the two phenomena.’

His, and his contemporaries’ assumption was that it was necessary to postu-
late the existence of some medium (the ether) through which the electromag-
netic waves would be propagated, and idea finally put to rest by the famous
experiment of Michaelson and Merely.

In this chapter, we will present Maxwell’s equations and some of the related
theory of electromagnetic potentials.

2.2 Geometry of the Radiating Structure

We will consider a prescribed radiating structure S as some subset of the
usual three-dimensional Euclidean space R? which represents a physical body

L Tt is interesting to realize that much of the development of the theory by Thomp-
son, Maxwell, and others, which culminated in the model described by what are
now called Maxwell’s Equations, was made with the fluid dynamical model firmly
in mind. We refer the interested reader to the interesting historical essay on the
work leading to this system of equations in [143].
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capable of supporting a flow of electric current. The following shapes are of
particular interest:

(a) S consists of finitely many points with position vectors y,...,y,, € R3.
Such a configuration will be called an antenna array. The points could lie
on a line (linear array) or in a plane (plane array) or be more generally
distributed within a three dimensional volume.

(b) S is a curve of finite length in R? (a wire) or a collection of such curves.
This case could also be considered as the limiting case of (a) where the
number m of points tends to infinity and the distances between them tend
to zero.

(c) S is a connected part of the boundary 0D of some open and bounded
subset D of R3. This class includes, as particular cases, both reflector-
and slot antennas and, more generally, so called conformal antennas.

(d) S is an infinite cylinder with axis in some direction (e.g. in the z3-
direction) with constant cross section S’ which could be considered as
a subset of the two dimensional Euclidean space R?. S’ could be a disc,
an annulus, a curve, or even a more complicated domain.

The first chapter was devoted to an elementary discussion of examples which
fall under the first category. In this chapter, we will give a discussion of the
equations governing electromagnetic radiation from structures of a general
type which will include all the cases enumerated above.

2.3 Maxwell’s Equations in Integral Form

Electromagnetic wave propagation is described by particular equations relat-
ing five vector fields €, D, H, B, J and the scalar field p, where £ and
D denote the electric field (in V/m) and electric induction (in As/m?)
respectively, while H and B denote the magnetic field (in A/m) and mag-
netic induction (in Vs/m? = T =Tesla). Likewise, J and p denote the
current (in A/m?) and charge distribution (in As/m?) of the medium.
Here and throughout the book we use the rationalized MKS-system, i.e.
V, A, m and s (see [130], section 1.8). All fields will be assumed to depend
both on the space variable € R? and on the time variable ¢ € R.

The actual equations that govern the behavior of the electromagnetic field,
first completely formulated by Maxwell, may be expressed easily in integral
form. Such a formulation, which has the advantage of being closely connected
to the physical situation, has been used to effectively by a number of authors,
in particular by Sommerfeld [125] and by Miiller [105]. The more familiar
differential form of Maxwell’s equations can be derived very easily from the
integral relations as we will see below in Section 2.5.

In order to write these integral relations, we begin by letting S be a connected
smooth surface with boundary 05 in the interior of a region D where elec-
tromagnetic waves propagate. In particular, we require that the unit normal
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vector n(x) for © € S be continuous and directed always into “one side” of S,
which we call the positive side of S. By t(x) we denote the unit vector tangent
to the boundary of S at & € 5. This vector, lying in the tangent plane of S
together with a vector v(zx), € 95, normal to JS is oriented so as to form
a mathematically positive system (i.e. ¢ is directed counterclockwise when we
sit on the positive side of S). Furthermore, let 2 € R? be an open set with
boundary 92 and outer unit normal vector n(x) at x € 952. Then Maxwell’s
equations in integral form state:

/’H-tdﬂz %/’D-ndS + /J-ndS (Ampere’s Law) (2.1a)
s 5 5

/8 -tdl = f% /B -ndS (Law of Induction) (2.1b)
as 5
/’D -ndS = /pdV (Gauss’ Electric Law) (2.1c)
Y] Q
/ B-ndS =0 (Gauss’ Magnetic Law) (2.1d)
o0

The initial goal of using such equations to model the electromagnetic field is
to enable us to determine uniquely the five field quantities which result from
a given distribution of currents and charges. From this point of view, the
four equations are incomplete and must be supplemented by equations which
describe the interaction between the fields and the medium through which the
fields propagate. These constitutive relations, characteristic of the medium,
may be either linear or nonlinear. In this book we will deal exclusively with
linear constitutive relations which we describe in the next section.

2.4 The Constitutive Relations

In light of the preceding comments, we will consider electromagnetic wave
propagation in linear, isotropic media. This means, first, that there exist
linear relationships (the constitutive relations) between £ and D, H, and
B:

D =¢c¢&, and B =pH. (2.2)

In general, the quantities € and p may be space dependent, but we assume
that they are independent of time and of direction and are therefore scalar
(as opposed to tensor) quantities. Hence the term isotropic.

The permittivity or dielectric constant, ¢, has a unit As/Vm, and is
related to the ability of the medium to sustain an electric charge. Its value,
€0, in a vacuum has been experimentally determined and is approximately
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8.854 - 107!2 As/V'm while that, say, in fused quartz it is approximately
3.545 - 107 As/Vm.

The magnetic permeability for most substances, u, is close to its value in
vacuo pg = 4m - 1077 Vs/Am. Those substances for which y is significantly
different from this value are called magnetic, either paramagnetic or dia-
magnetic if © > pg or p < pg, respectively. In the following, however, we
always will assume that p = pug.

Usually € and p are independent of the field strength although in some impor-
tant situations this is not the case. As we will mention below, one concomi-
tant effect of attempting to synthesize a highly focused beam, is the storage
of power close to the antenna itself, which may degrade performance because
of dramatic alterations in these constitutive parameters of the atmosphere.

The quantity co := 1/,/€ofio has the dimension of velocity. It is a consequence
of the field equations that this quantity is the velocity of propagation of the
electromagnetic field disturbance through free space. Experimental measure-
ments have shown that, in vacuo, this velocity is the same as that of light and
hence ¢y ~ 2.9979 - 10%m/s.

Two special cases will be considered in the following: media in which the con-
stitutive parameters vary smoothly, and media in which there are manifolds
of discontinuity (interfaces) of these parameters. In a medium where € and pu
vary smoothly, Maxwell’s equations are equivalent to a system of partial dif-
ferential equations. In the second case where an interface exists, the behaviour
of the constitutive parameters together with the correct choice of S and (2
lead to boundary conditions for these equations.

2.5 Maxwell’s Equations in Differential Form

First, we consider a region D where u and € are constant (homogeneous
medium) or at least continuous. In regions where the vector fields are smooth
functions we can apply the Stokes and Gauss theorems for surfaces S and
solids {2 lying completely in D:

/curlF -ndS = /F -tdl  (Stokes), (2.3)
S as
/diVFdV = /F -ndS (Gauss), (2.4)
Q o0

where F' denotes one of the fields H, £, B or D. With these formulas we
can eliminate the boundary integrals in (2.1a-2.1d). We then use the fact that
we can vary the surface S and the solid (2 in D arbitrarily. By equating the
integrands we are led to Maxwell’s equations in differential form so that
Ampere’s Law, the Law of Induction and Gauss’ Electric and Magnetic Laws,
respectively, become:
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curl H = %’D +J (2.5a)
curl € = —%B (2.5b)
divD =p (2.5¢)
divB=o (2.5d)

Taking the divergence of (2.5a), using (2.5¢), and noting that divcurl = 0 we
derive an equation relating the current and charge densities:

0
divg + —p = 0. 2.6
T + 5P (2.6)
We may consider (2.6), as analogous to the continuity or conservation equa-
tion in fluid dynamics. It expresses the fact that charge is conserved in the
neighborhood of any point.

The current density J commonly consists of two terms: one, J., associated
with external sources of electromagnetic disturbances and the other, J., as-
sociated with conduction currents produced as a result of the electric field. In
many cases we will be considering source free regions for which J. = o.

To the linear constitutive relations, we add a third, namely Ohm’s Law,
which relates the quantities J. and £ by a linear relation,

J. = €. (2.7

The scalar function o which is called the conductivity has units of %. Sub-
stances for which o is not negligibly small are called conductors. Metals, for
example, are good conductors as is brine. In general, the conductivity in met-
als decreases with increasing temperature, but in the case of other materials,
the semiconductors, conductivity increases with temperature over a wide
range.

By way of contrast, substances for which o is negligibly small are called di-
electrics or insulators. For such substances, their electromagnetic properties
are completely determined by the other constitutive parameters € and u. For
the purposes of analysis, it is often convenient to approximate good conduc-
tors by perfect conductors, characterized by o = oo, and good dielectrics
by perfect dielectrics characterized by o = 0. Examples of conductors are
given in the following table:

The constitutive relations (2.2) and Ohm’s law (2.7) allow us to eliminate D,
B and J. from Maxwell’s equations. Thus in a linear, isotropic, conducting
medium we see that the propagation of the electromagnetic field is described
by
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Material Conductivity
in siemens/meter at 20°C
Copper, annealed 5.8005 - 107
Gold 4.10 - 107
Steel 0.5—1.0-107
Nickel 1.28 10"
Silver 6.139 - 107
Tin 0.869 - 107
Glass, ordinary 10712
Mica 10 —10""
Porcelain 3.10718
Quartz, fused <2-10717
Methyl Alcohol 7.1-107%
Water, distilled (18°C)|2-107*
Sea Water 3-5

Table 2.1. Table of Conductivities

curl H = e%g +0& + Te, (2.8a)
curl€ = —p %’}L (2.8b)
div (e€) = p, (2.8¢)
div(uH) =0. (2.8d)

Another remarkable equation which holds in isotropic homogeneous conduc-
tors in source free regions follows directly from these equations. Indeed observ-
ing that in this situation J. = o, taking the divergence of the equation (2.8a),
and differentiating (2.8¢) with respect to time, we find the two equations

0 = ediv%—f + odiv &

and
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In this manner we arrive at the differential equation

U+8_0
ep 3tp_’

which (since ¢ and € are constant) has the unique solution for ¢ > 0:
pla,t) = pla,0)e~7"/*.

We can interpret o/e as an angular frequency characteristic of the medium,
and call the reciprocal ¢/c the relaxation time. For copper this is approxi-
mately 1.5-1079s. Thus, for an electric disturbance incident from the exterior
of a conductor, the electric charge density falls off exponentially with time.
From this analysis it is clear that a metallic conductor does not support a
charge and it is a reasonable approximation to replace (2.8¢) with div(e£) = 0.

2.6 Energy Flow and the Poynting Vector

The description of the performance of antennas, which is the central theme of
this book, often involves numerical measures which depend for their definition
on the notion of power contained in the field. The power in the electromagnetic
field is most often described using the Poynting vector & = £ x H, and we
are interested next in understanding how it arises. From the vector identity

div(ExH) = H-curl€ — & curlH
and Maxwell’s equations (2.5a), (2.5b) we get immediately

. 0B oD

which is valid in any medium. In light of the constitutive relations, the terms
involving time derivatives in (2.9) lead to

0B oD OH o0&
Hogr T8 G =nt 5 + by
10 10
10

It can be shown (see e.g., [86]) that this equation expresses conservation of
energy. In particular the right hand side of this equation represents the rates
of increase of electric and magnetic internal energies U, := %’D -& and U, :=
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%’H - B, respectively, per unit volume. Using the Poynting vector & = & x H
we can rewrite (2.9) as
0

g(UeJrUm) +divSs = -€- 7. (2.10)

The term & - J is the rate per unit volume at which the electric field is doing
work. In the absence of external currents this will represent heat dissipation.
We note that this equation takes the form of a conservation law.

Using Gauss’ Theorem (2.4) in (2.10), we find that, for any volume (2 with
smooth surface 02,

0
E/(Ue—&-Um)dV—i—/JfldV—k/S-ndS:O. (2.11)
Q 0 on

This equation is sometimes called Poynting’s Theorem or the energy bal-
ance equation. Setting W := [,(Ue 4+ Up,)dV and Q = [, J - € dV, then W
and @) represent, respectively, the total energy and the resistive dissipation
of energy, called Joule heat in the conductor. There is a further decrease
of energy if the field extends to the bounding surface of the volume, so the
surface integral

P = /S-ndS: /(é'x’H)-ndS (2.12)
o o

in (2.11) must represent the flow of energy across the boundary. Therefore,
we may think of & = £ x H as representing the amount of energy crossing
the boundary per second, per unit area.

It is important to understand, however, that the vector & is a construct; the
actual quantity of importance in the energy balance equation is & - n. In light
of Gauss’ theorem, we can add the curl of an arbitrary field without changing
the value of the integral in (2.11) and so the choice of the vector S is not
unique.

From this analysis, one may conclude that the conductivity of a medium is con-
nected to the appearance of Joule heat. Thermodynamically irreversible, this
process transforms the electromagnetic energy into heat and, consequently,
the wave is attenuated as it penetrates the conductor. This effect is particu-
larly pronounced in metals with high conductivity. This leads to the so-called
skin effect which we will make more precise below in our discussion of time-
harmonic fields.

2.7 Time Harmonic Fields

From now on we assume that all fields vary periodically in time with the same
angular frequency w = 27 /T and period T'. This could be insured by assuming
periodic time dependence of the applied external currents or fields.
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It is very convenient to use the complex representation of the fields in the
form
E(x,t) = Re (E(m)e ™), D(z,t) = Re (D(z)e ™) ,
H(z,t) = Re (H(z)e ™), B(z,t) = Re (B(z)e ™),
J(x,t) = Re (J(z)e ™),
as well as for p. Here, E, D, H, B and J are now space dependent complex
vector fields. By using these formulas the derivative with respect to time trans-

forms into multiplication by —iw. Thus, Maxwell’s equations (2.8a)—(2.8d) in
conducting and isotropic media read for the space dependent parts

curl H = (—iwe+0)E + J., (2.13a)
curl B =iwp H (2.13b)
div (eE) = p, (2.13¢)
divH =0. (2.13d)

We assume, for the following analysis, that u = po is the magnetic perme-
ability of vacuo. We remark that in this case (2.13d) follows directly from
(2.13b) while for homogeneous media equation (2.13c) follows from (2.13a)
(with p = divJ,./(iw — o/€)). In these cases, both of them can be omitted
from the system. In source free media in particular, div E = 0 and therefore
no distributed charge p exists.

By taking the curl again we can eliminate either E or H from the system:

—cwrlPE + iwpg (0 —iwe) E = —iwpgJ., div(eE) = p, (2.14a)

1
—curl( - curlH) + dwpo H = —curl(

g — 1Wwe

Je) . (2.14b)

o — 1We

With E or H from (2.14a) or (2.14b), respectively, one has to compute H or
E by formulas (2.13b) or (2.13a), respectively.

It is convenient to introduce the complex wave number k£ € C by
k> = diwpo (0 —iwe) = w’uoe + iwpgo. (2.15)

Since only k2 occurs we can choose that branch of the square root with Re k >
0 and also Imk > 0.

In homogeneous media ¢ and o are constant. In this case we note that
curl®> = graddiv — A and arrive at the inhomogeneous (vector-) Helmholtz
equations

AE + K°E = Vpje — iwpgJ., AH + kK*H = —curlJ,., (2.16)

divE = p/e, and div H = 0.
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Writing €(z,t) = 3[E(x) exp(—iwt) + E(x) exp(iwt)] and analogously for H
we have for the Poynting vector S from Section 2.7 (after a short calculation)

S(x,t) = E(x,t) x H(x,t)
_ %Re |E(z) x H(@)] + %Re [E(x) x H(z)e 2] .

The first term £ Re[E x H] is real and constant with respect to the time
variable t. The second term is also real but varying in time with frequency
2w, so that its time average is zero. Hence the time average of £ x H is equal
to the real part of S where

S = —[E x H (2.17)

denotes the complex Poynting vector.

The time average of the power flux from the volume into the region outside
is then given by (cf. (2.12))

P = Re/S-ndS. (2.18)
o

2.8 Vector Potentials

The advantage of the vector Helmholtz equations (2.16) over the original
Maxwell system (2.13a)—(2.13d) is that every Cartesian component u of the
fields satisfies the scalar Helmholtz equation Au+k%u = f where f denotes the
corresponding component of the right hand side. However, since the condition
on the divergence couples the components again, it is not an easy task to
construct solutions of (2.13a)- (2.13d) or, equivalently, (2.16) directly. This is
the main reason why it is very convenient to introduce vector potentials A.
In this section, we assume that the medium is homogeneous, i.e. €, u and o
are constant.

It is well known (see, e.g., [94]) that in regions {2 without interior boundaries
the condition div H = 0 is equivalent to the existence of a vector field A
such that H = curl A. Vector fields A with this property are called wvector
potentials for the field H. Note that they are not unique. Indeed, with A also
A + Vy for any differentiable function ¢ is also a vector potential for H.
Substitution of H = curl A into the second equation of (2.16) yields

curl (AA + sz) = —curlJ,
which is certainly satisfied if

AA + KA = —J. + Vo (2.19)
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where ¢ is any differentiable scalar function.
On the other hand, if A satisfies (2.19) then

H = cwrlA and E = iwpug A + V(div A — p) (2.20)

0 — lwe
satisfies the Maxwell system (2.13a)—(2.13d) with p = div J./(iw — o /¢€). The
vector potential A used to express the magnetic field H is also called mag-
netic Hertz potential. The following example is of particular importance:

Ezample 2.1. (TM-mode)

Let A be a solution of (2.19) of the form A(x) = u(x) p(z) with scalar field
u and vector field p such that curl p = o. This situation is called TM-mode
(transverse-magnetic mode) since H = curl (up) = Vu x p has no component
in p—direction.

As a particular example we take p being constant, without loss of generality
p = é3, the unit vector in xz—direction, and J. = ges. If u is a solution of
the three dimensional scalar Helmholtz equation

Au + ku = —g (2.21)
we have
. ou ou T
H = Curl(ueg) = (85[;2’ —871.1 y O) s (222&)
1
E=1 e . 2.22
iwpgues + p—— V(au/axg) ( b)

If we choose g and u to be constant with respect to x3 then E has only a
x3—component. This mode is also called E-mode. In this case equation (2.21)
reduces to the two dimensional scalar Helmholtz equation for u.

Analogously, we can introduce electric Hertz potentials. Indeed, if J. = o
then div E = 0 and we substitute the ansatz E = curl A into the first equation
of (2.16). This yields

curl (AA + k2A> )

which is certainly satisfied if
AA + k’A = Vo (2.23)

where again ¢ is any differentiable scalar function. If, on the other hand, A
satisfies equation (2.23) then

E = curlA and H = (0 —iwe) A +

divA — 2.24
Do VivA—g) (220

satisfies the Maxwell system (2.13a)—(2.13d). Analogously to above we con-
sider the following example:
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Ezample 2.2. (TE-mode)

Let J. = o and A be a solution of (2.23) of the form A = up with curl p = o.
This situation describes the TE-mode since now E has no component in
p—direction. With the particular choice p = ez and a scalar solution u of the
three dimensional Helmholtz equation Au + k*u = 0 we have

E = curl (ézu) = Ou Ou 0 : (2.25a)

B 3 N 8$2 ’ 8331 ’ ’ .

H = (0 —iwe)ués + L V(0u/0x3) . (2.25b)
iwiio

The case where u is independent of x3 is also called H-mode.

We observe that in both, the H- and the E-mode the electric and magnetic
fields are perpendicular to each other. This is not true, in general, for the TE

or TM mode or even for arbitrary solutions of Maxwell’s equations (except in
the far field, cf. (2.32)).

2.9 Radiation Condition, Far Field Pattern

We will see that solutions of Maxwell’s equations decay or increase expo-
nentially for conducting media, i.e. when o > 0. For ¢ = 0, however, every
solution must decay as 1/r for r — oo. To illustrate this let us consider one
of the simplest possible magnetic Hertz potentials, namely those which are
radially symmetric. Therefore, let us assume that g = g, €, and o are con-
stant, A = A(r), r > 0, and J, = 0, ¢ = 0. The Helmholtz equation (2.19)
in spherical coordinates reduces to the ordinary differential equation

10 (L0A0)Y e,
2% (7’ ar ) + k*A(r) = o, r>0, (2.26)

which has the two linearly independent solutions

eikr efikr

A(r) = p and A(r) = p

r

as it is readily seen. The corresponding magnetic- and electric fields are given
by (2.20), i.e.

tikr
H(z)=curlA(z) = V

+ikr 1 +ikr
E(w):iwﬂope + V<p~VeT > .

r 0 — IWE

From the asymptotic behaviour
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e:tikr e:l:ikr
\Y = +ik [ + O(1/r)] asr— o0,
r r
82 eiikr eiikr )
=k — |22 4 01 — 00,
Ox;0xe 7 r + O(1/r) as e

uniformly in & € S?, we observe that

H(x) = +ik ei:kr Exp + O1/r), (2.27a)
Blz) = iwpo o [p — #(&-p) + O(1/r)

oo o o x (px &) + O] (2.27h)
S(x) = %E(:c) x H(x) (2.27c)

1 7e:|:27'11‘ﬂk 5 . o .
= iiwuok —a [(|p| —lz-pl )& + (9(1/7‘)}. (2.27d)

Here we clearly see the asymptotic behavior as » — oo: for ¢ > 0 we have
that Imk > 0, i.e. H, E, and S are exponentially decreasing or increasing,
respectively, depending on the sign in the exponential term. If ¢ = 0, however,
k is real valued and the fields E and H decay as 1/r while S decays as 1/r%.
This is different from the static case where it is well known that the fields
could decay more rapidly (see also Section 5.2).

We now formulate radiation conditions on E and H which are independent of
the special example for A and distinguish between the two possible solutions.

If the medium is conducting i.e. if Im & > 0, then, from conservation of energy,
the radiated power cannot increase with r, thus we must take the positive sign
in the exponential terms of A, E and H. Formulated in terms of E and H
it is sufficient to require that

E and H are bounded. (2.28)

In vacuo, € = ¢g and ¢ = 0, i.e. k is real valued and positive. We observe that,
by using the Cauchy-Schwarz inequality, the Poynting vector
1 1 2 a2y 4
S(@) = Jemk — |(pf —lz-pl*) & + 01/r)

is directed into the direction @ which represents outgoing rather than in-
coming fields. Therefore, we also choose the positive sign in the exponential
terms of A, E and H. Then, E and H satisfy the Silver-Miiller radiation
conditions:

E(x)xa + Y%H(a:) =0 (1/r%), (2.29a)

H(z)x& — Yy E(x) =0 (1/r) (2.29b)
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as r — oo uniformly with respect to & € S2. Here,

€0 k weQ
v, = [0 -~ _ %0 2.30
0 V o who k (2:30)

denotes the admittance in non-conductive media. In vacuo it is Yy ~ 2.654 -
1073 A/V.

It turns out that these radiation conditions describe the correct asymptotic
behavior of electromagnetic waves generated by sources lying in a compact
set. It can be shown (see [29]) that these conditions are equivalent (i.e. any
solution (E, H) of the time harmonic Maxwell’s equations which satisfies
one of (2.29a), (2.29b) also satisfies the other one) and that they imply the
following asymptotic behavior of E and H:

eikr
E(z) = . [Eoo(ﬁ:) + (9(1/7")], (2.31a)
H(z) = Y e: [HOO(:E) + 0(1/@] (2.31D)

as r — oo uniformly with respect to & € S2. The vector fields E., and
H _, are defined on the unit sphere S? and are called far field pattern. In the
particular example above the far field patterns are given by
ik
H. (%) = z?m xp = iwpod xp, BEel(@) = iwpod® x (px &).
0
In general, they enjoy the following properties (cf. [29]):

H.(2) = @axEy(2), @ E. (&) = &-Hy(z) = 0 for& e S% (2.32)

To explain the physical meaning of the far field pattern we consider the energy
distribution which is given by the complex Poynting vector %[E x HJ| (cf.
(2.17)) in any nonconducting medium, i.e. we assume k and Yy are both real
valued and positive. The time averaged power radiated through the sphere S,
of radius a can be written as (cf. (2.12)):

P, = Re /n~SdS = %Re /ﬁ:~(Exﬁ)dS : (2.33)
a Su

and so the power radiated into the far field is given by

1 __
P, := —Re | lim /:AB(E X H)dS . (2.34)
2 a—00
Sa

Using the definitions of the far field patterns (2.31a), (2.31b) and the proper-
ties (2.32) we can express Py, in terms of E, alone:

P, = %/|Em|2d5. (2.35)
S2
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2.10 Radiating Dipoles and Line Sources

The construction of solutions of the Maxwell equations (2.13a)—(2.13d) by in-
troducing vector potentials is a purely mathematical approach. In this section
we will briefly connect this construction with the physical electromagnetic
fields radiated by infinitesimal or finite linear current elements.

To derive the fields for an electric dipole we start with a small volume element
AV (z) centered at z which e.g., can be, but doesn’t have to be, a ball with
center z and radius e. Assuming the total current to be I a for some unit
vector a we define the current density J. by Je.(z) = j(x)a where j €
C1(R?) is any function with the properties that j(x) = 0 for z ¢ AV (2z) and
fAv(z)j(y) dy = 1.

We solve Maxwell’s equations (2.13a)-(2.13d) for this particular current dis-
tribution by introducing a magnetic Hertz potential A = wa. Then u must
satisfy the Helmholtz equation

Au + k*u = —j inR3. (2.36)
The following theorem is well known (see, e.g., [41])

Theorem 2.3. Let 2 C R? be a bounded domain and

o S 2.37
(:B,y) T Ma w#yv ( )

denote the fundamental solution of the Helmholtz equation in R3. Then, for
every j € C1(82), the volume potential

u() = / S(x,y)j(y)dy, @cRS, (2.38)
N

with density j is two times continuously differentiable in 2 and in R3\ 2 and

Au 4+ Ko = —jin 2, Au + kEu = 0inR3\ 2.
Furthermore, u satisfies the Sommerfeld radiation condition
gu(m) —diku(z) = O(1/r?) asr— oo, (2.39)
r

uniformly with respect to & = x/ |x| € S2.
Applying this result to the current distribution yields that w, defined by
ue) = [ ey
AV (z)

— I d(z,z) + / i) [B(,y) - B, 2)] dy
AV (z)
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solves (2.36). For fixed @ # z we let the region AV(z) shrink to the point
z while keeping the total current I fixed. Then u(x) converges to u(x) =
I1d(x, z).

Remarks:

e Actually, the function @_(z,y) := %

solution. As we have made clear in the previous section, however, the
fields based on potentials with @_ do not satisfy the radiation condition
and are therefore physically not relevant.

e By this “shrinking process” the current density j has to tend to infinity
since the total current I is kept fixed. The limit of these currents j cannot
be a function in the ordinary sense. Therefore, by this limiting process, we
extend the concept of a function to the wider class of “ distributions”. We
actually take j(x) = I 6(x — z) where ¢ denotes Dirac’s delta-distribution
introduced formally by the property [, 0(y)g(y) dy = g(0) for every g €
C(R3). We can write formally

is also a fundamental

Ap®P(x,2) + E*®P(x,2) = —6(x — 2).

This formulation can be made mathematically rigorous by using the theory
of distributions (see [136]).

The magnetic and electric fields corresponding to the potential A(x) =
IP(x, z) a are given by (2.20), i.e.

H(z)=Icwl(®(x,2z)a) = IV, d(x,z) xa (2.40a)

E(z) =iwpo I (x,z)a + Va (Vmi)(w, z) - d) . (2.40b)

o — 1we
These are the fields of an electric dipole with dipole moment Ia.

We now want to derive the fields of a magnetic dipole. Let again AV(z)
be a volume element with center z and j,,(x) as before an approximation of
M é(x). The vector field J.(x) = curl (j,(x) @) = Vi, (x) x @ describes the
current distribution of a small circular wire. We set J,,, := j,(x) @ and call
this auxiliary quantity a magnetic current distribution. It is our aim to
solve Maxwell’s equations (2.13a)- (2.13d) with this choice of J. = curl J,,.
Instead of going through the details again we make use of a mathematical
trick:

We define the purely mathematical vector fields
E:=H -J, and H = E.
Then, since div J,. = 0, the fields E, H solve the system

curl E = (o — iwe) H, cuwlH= iwpo E+ iwpod m
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divE = —divJ,,, divH =0.

Formally, this looks like a Maxwell system with the roles of o — iwe and iwpg
interchanged. The current density in this case is iwpgd ,,. Therefore, we solve
this system as in the case of an electric dipole and arrive at the potential
A(x) = iwpoM @(x, z) @ and thus:

E(z)=cul A(z) = iwuo MV, P(x,z) x a, (2.41a)
H(z) = ﬁcurlE(m) = M (-A+ Vdiv)((z, z)a)
= kM ®(x,z)a + MV, (Vxé(a:, z) - d) . (2.41b)

These are the fields of a magnetic dipole with dipole moment Ma.

To find the asymptotic behaviour of these fields and the corresponding far
field patterns we have to study the fundamental solution @(x, z) as r = ||
tends to infinity. From the representation

e — 2| = |z| — Tz a(x,z) with |a(x,z)] < 4

2
z- Iz[C
|z -

Ed
for all z,z € R® with & # o, |z| < % |&|, we derive the asymptotic represen-

tation of the fundamental solution @ of the Helmholtz equation in the form
(using polar coordinates r, § and ¢ with respect to the origin):

ikr R
&(x,z) = Z [e*®= 1 O(1/r)] asr=|z| - o0, (2.42a)
o
ikr
V. P(x, z) =ik Z [e*ik“&z & + O(1/r)] asr— oo, (2.42b)
o
0?d(z, z) 5 etFT kiz Tj Tt
— o —ikx-z ) L 1 - 242
78%-8@ k - [e palin + O( /7“)] as r — 00, ( c)

uniformly in #, ¢ and 2z in any compact subset of R?. Again, we have set
& = x/r. From this we see that the fields generated by an electric dipole or
magnetic dipole with moment Ia and M a, respectively, satisfy
ikr
H(z) = z’kli— [ %z x &) + O(1/r)], (2.43a)
wr

eikr o
E(z) = iwpo I — [e™*®2(2 x (a x &)] + O(1/r)] (2.43b)

and

eikr
4dmr
eikr .

— [e7* 2z x (ax &) + O(1/r)],  (2.43d)

47r

E(x) = —kwuo M [e™*®2(& x a) + O(1/r)], (2.43c)

H(x) =k M
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respectively, as r — co.

The far field patterns of an electric dipole have been computed in Section 2.9
already. (This was the motivation for the Silver-Miiller radiation condition).

We repeat that the far field patterns generated by an electric or
dipole are given by

13 S
H. (%) = ’47 e 2 (3 % a)
R wol  _ipaen s A
E(z) = %e M2 (3 x (6 x &)].
and
—k M ..
Eoo(@) = — 0 e "% (a x @),
™
KM s
Hoo(#) = = — e k2 (3 x (a x &)].

Ezxample 2.4. As a special example we consider the case a = eé3

magnetic

(2.44a)

(2.44D)

(2.44c¢)
(2.44d)

(the unit

vector in z3—direction). Using spherical polar coordinates (r, 0, ¢) of x with

respect to z and coordinate vectors &, 8, ¢ we compute

1 eikr
VI@ ) = k - o Av
(@) <Z r) amr ©
. ) 1 eikr ) R
V.P(x,z) x é3 = — | ik — — sinf ¢
r ) 4nr
(since & x &3 = —sinf ¢), and
) 3 3ik etkr ik 10 etk
e, 2) = 5 — — —k? 0a — - =
v Oxs (@, 2) (7‘2 T ) oy T (7’ r2) 4y
and thus for the electric dipole by (2.40a), (2.40b):
) 1 eikr ) .
H(x)=-1 (zk - r) gy sin 6 ¢,
E(z) =iwpol P(xz,z)és — ! Vicﬁ(w z)
= Who oIS o —iwe Oz ’
i.e., since e3 = cosfx — sin6 6,
21 (1 etkr
Ele) — . .
(x) P (7" zk) i cos &
T ; 1 ikr .
- - <k2 L 2>e sing 0
0 — iwe r rs) dnr

(2.45a)

(2.45b)

é3(2.45¢)

(2.46a)

(2.46b)
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Analogously, we have for the magnetic dipole

) ' 1 eikr ] R
E(x)=—iwuM (zk - r) T sin 0 ¢, (2.47a)
1 etkr ik 1Y e -
H(z)=2M(-—i t— I(K+——— i 2.4
(x) (7" zk) i cos & <k + . r2> - sin 6 0 (2.47Db)

In the special case 0 = 0 and z = o the far field patterns are given by

wpol

iwpol
— S

E(0,¢) = indd, Hy(0,¢) = sinf ¢ (2.4%a)

for the electric dipole and
kwpoM  kwpo M
47 47

E.(0,¢) = sinf@,  Ho(0,0) = sinf ¢ (2.48b)

for the magnetic dipole. The radiated power from (2.35) takes the form

]{,‘2 2 2M2
Yo,,  Pa = %YO, (2.49)

w212
127

Py =

respectively.

We would like now to return to our example in Section 1.2. There we intro-
duced the notion of an array by assuming a (finite) number of electric dipoles
at locations y,,, n = —N,...,N. Let a, p be the common dipole moment.
Then, according to (2.44b), the n'" dipole generates the electric far field pat-
tern )

WHO  —iky,, &

e n
4
The whole array generates the far field pattern by superposition, i.e.

E, (@) = a, (& x (pxx)].

. N
Eo(@) = S0@x (px@) Y ae
n=—N

This formula coincides with (1.3).

The electromagnetic fields of a finite line current flowing along the straight
line x = ses, s € [—¢, (], of length 2¢ and direction é3 can be modeled by the
limiting process of an array, when the distance d between the elements tends to
zeros and the number of elements to infinity. This leads to the determination
of H and FE from the potential

exp(ik |z — sé3|)

d 2.50
4 |x — sés| 8 (2:50)

u(@) = f I(s) B(, se5) ds = / 1(s)
¢
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via

H(x) = curl (u(x) és), E(z) = iwpou(x) és + V (0u(z)/0x3) .

(2.51)

o — lWe

The far field patterns are computed, using (2.44a)—(2.44d), by

¢
Ex(z) = Zc:go [ x (é3 x &)] /I(s) e—iks®es g

. Zjﬂ [& x (&3 X &)] / I(s) e thscost gg (2.52a)
7
—L

4
H. (&)= % (& x é3) / I(s)e hs®es gg

l
" _
= % (& x é3) /I(s)eﬂ’mos@ds. (2.52b)
7
—L

2.11 Boundary Conditions on Interfaces

If we consider a situation in which a surface S separates two homogeneous
media from each other, the constitutive parameters €, 4 and o are no longer
continuous but piecewise continuous with finite jumps on S. While on both
sides of S Maxwell’s equations (2.5a)—(2.5d) hold, the presence of these jumps
implies that the fields satisfy certain conditions on the surface.

To derive the mathematical form of this behaviour (the boundary conditions)
we apply the law of induction (2.1b) to a narrow rectangle-like surface C),
containing the normal n to the surface S and whose long sides C;. and C_
are parallel to S and are on the opposite sides of it, cf. Figure 2.1.

When we let the height of the narrow sides, AA’ and BB’, approach zero
C4 and C_ approach a curve C on S, the surface integral % I} g B-vdS wil
vanish in the limit since the field remains finite (note, that the normal v is
the normal to R lying in the tangential plane of S). Hence, the line integrals
Jo €4 -tdl and [, E_ -tdl must be equal. Since the curve C' is arbitrary the
integrands £ -t and £_ - t coincide on every arc C, i.e.

nx& — nxE&E_ = o0 onlbS. (2.53)

A similar argument holds for the magnetic field in (2.1a) if the current distri-
bution J = ¢&€ + J. remains finite. In this case, the same arguments lead to
the boundary condition
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Fig. 2.1. The derivation of the boundary conditions

nxHy —nxH_ = o0 onlb. (2.54)

If, however, the external current distribution is a surface current, i.e. if 7,
is of the form J.(x + ™n(x)) = J(x)d(7) for small 7 and ¢ € S and with
tangential surface field J; and o is finite, then the surface integral f pJevdS
will tend to fC Js - vdl, and so the boundary condition is

nxHy —nxH_ = FJ;, onbS. (2.55)

We will call (2.53) and (2.54) or (2.55) the transmission boundary condi-
tions.

In many applications it is also important to consider the case in which the
interface S is covered by a thin layer of very high conductivity, i.e. o(x +
™(z)) = os(x)d(7) for small 7 and € S and with surface conductivity
os. If J. remains finite then the surface integral |, rJ - mdS will tend to
Joos€-ndl+ [ T:-ndl,ie.

nxHy —nxH_ =o,nx(Exn) + J; onS. (2.56)

We will call this the conductive boundary condition. This condition has
been used (see e.g. [121],[122]) to model the situation in which the field pene-
trates the object only to a small depth. Thus this condition is closely related
to the transmission conditions as well as to the impedance, or Leontovich,
condition which we mention below.
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A special and very important case is that of a perfectly conducting
medium with boundary S. Such a medium is characterized by the fact that
the electric field vanishes inside this medium, and (2.53) reduces to

nx€& = o onfS (2.57)

Another important case is the impedance- or Leontovich boundary con-
dition
nxH = Inx(Exn) onS (2.58)

which, under appropriate conditions, may be used as an approximation of the
transmission conditions [120].

Finally, we specify the boundary conditions to the E- and H-modes de-
rived Section 2.8. We assume that the surface S is an infinite cylinder in
r3—direction with constant cross section. Furthermore, we assume that the
volume current density j vanishes near the boundary S and that the surface
current densities take the form J¢ = jsé3 for the E-mode and J; = j (n X ég)
for the H-mode. We use the notation [v] := v|; —v|_ for the jump of the func-
tion v at the boundary. Also, we abbreviate (only for this table) o' = o — iwe.
We list the boundary conditions in the following table.

Bound. cond. E-mode H-mode
transmission [k2u] =0on S, [,u %] =0on S5,
[J/g—Z] = —json S, [k?u] = js on S,
conductive [kQU] =0on S, [,u %] =0on S,
— [U’%] = o k%u + js, [k2u] = Usiwug—z + Js,

1 0u

impedance [Ak?u+0'9% = —j, on S, |k*u— NiwpdY = j, on S,

perfect

u=0on S, 9u — () on S.
conductor

on

2.12 Hertz Potentials and Classes of Solutions

In this section we recall some of the most important classes of solutions of
Maxwell’s equations (2.13a)—(2.13d) in homogeneous, isotropic and source free
media. We use the constructions with the Hertz potentials in the TM and TE
modes described in Section 2.8.

(A) Plane waves:
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First, we take A, = o, A, (x) = —1/(kwpu) exp(ik& - @) a for some fixed
vector a € C? and unit vector & € R3. This results in plane waves:
E(x) = (& x a)e**® (2.59a)
k .
H(x) = — & x (& x a) e, (2.59b)
Wit

The corresponding time dependent waves are
£($,t) _ (d % a) eflmkam eiReka-:cfiwt ,

’H(:c,t) = " &ax (d % a) eflmlca-a: ezRekcx-mfzwt )
wp
The phase factor is constant on the planes Rek & - @ = wt + § traveling with

velocity v = w/Re k (phase velocity) in the direction &. For non-conductive
media v = 1/,/pe. We see that H = £ & x E = Yy & x E. The quantity

wh

Yy = — (2.60)

is called the intrinsic admittance of the medium which is equal to /¢/u
for non-conductive media (see (2.30)).

(B) Spherical waves:

As a second class of solutions we take A, = oand A,,,(z) = Y, (0, ¢) A (kr)r&
where r, 0, ¢ are the spherical polar coordinates of z and & denotes the co-
ordinate vector in r—direction. Y;""(0,¢) = PI*(cosf)exp(ime), |m| < n,
n € Ny, denote the spherical harmonics where we have denoted the associated
Legendre function of order n and degree m by Y,*. By \,, we denote either
the spherical Bessel function j, or the spherical Hankel functions h%l)
or hg) of the first and second kind, respectively, and order of n. We refer
to [139, 50, 30] for an introduction into Bessel- and Hankel functions. Since
Y™ (0, ¢) A\ (kr) are solutions of the Helmholtz equation (2.21) for r > 0 it is
easily seen that A,, satisfies the inhomogeneous vector Helmholtz equation

AA,, + KA, = 2V[Y™(0,¢) \(kr)] for r > 0.

The fields
E(x) =iw pcurl [Y;"(0, ) A (kr) r ] (2.61a)
= —iwpx x VY, (0,0) \,(kr)r] (2.61b)
H(x) = ﬁcurlE(m) = curl 2 [Y,"(0, ¢) N (kr) 7 2] (2.61c)

are called toroidal fields. Analogously, A,, = oand A.(x) = Y,"(0, ¢) A\, (kr)r &
lead to spheroidal fields of the form
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H(zx) = (0 —iwe)curl [Y,"(0,¢) A\ (kr)r&], (2.62a)
curl H(z) = curl?[Y™(0, ¢) A, (kr)r&]. (2.62b)

n

E(x) = o —1lweE

The fields with A, = j, are smooth at the origin while the fields with A, =
A are singular at the origin.

(C) Cylindrical waves:

Electromagnetic waves in waveguides are described by using cylindrical co-
ordinates p, ¢, z. We set A, = 0 and A,,(x) = a exp(iBz) A, (kp) exp(ingd)
with constant vector a € C* and 3 € R where k = \/k? — 32 (with Rex > 0
and Im s > 0). Here, A, denotes one of the cylindrical Bessel functions

J,, or Hankel functions Hfil), Hff) of the first and second kind, respectively,
and of order n. Then A,,(kp) exp(ing) solves the two dimensional Helmholtz
equation Au + k?u = 0 for p > 0. We arrive at the fields

E(xz) = —iwpa x Vexp(ifz) A, (kp) exp(ing)], (2.63a)
H(x) = ﬁcurlE(w) = curl? [exp(i32) A, (rp) exp(ine) a] (2.63b)

which are smooth at the line p = 0 only if A,, = J,.

Now we check which of these special solutions of Maxwell’s equations satisfy
the radiation conditions (2.28) or (2.29a), (2.29b). We restrict ourselves to the
case of k being real.

From (2.31a), (2.31b) we conclude that a necessary (but not sufficient!) con-
dition for the Silver-Miiller radiation condition (2.29a), (2.29b) to hold is that
the fields decay as 1/r when r tends to infinity. From this we see that no
plane or cylindrical wave satisfies the Silver-Miiller radiation conditions (for
the latter see Section 2.13!).

From the asymptotic behaviour of the spherical Hankel functions

1 ..
BD-() () = geil(t*”“)”/?) 1+ O1/t)} ast— oo (2.64a)

1 .
D) = 202 (1 00/} ast - o (2.64b)

in(t) = % cos(t — (n+1)m/2) {1 + O(1/H)} ast oo (2.64c)

%jn(t) = —% sin(t — (n+1)7/2) {1 + O(1/t)} ast— 00.(2.64d)

we conclude that only the spherical wave functions

E(x) = iw pcurl [Y,;”(H, o) BV (kr) r ﬁ:]

H(z) = ;CuﬂE(g;) = curl? [YTZ”(Q,QB) hgll)(k:r)rﬁ:}

W b
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and

H(z) = (0 —iwe) curl [Y,;n(a, &) hD (kr) m} :

g —lwe

B@) = — culH(x) = cuﬂ?[yﬁ(e,qs)hgp(kr)rﬁ:}

satisfy the Silver-Miiller radiation condition with far field patterns

_ M —m(n+1)i/2 2 m S 1 2 m A:|
Be(0.0)= 1 S Y0.006 - oo L 0.6)8] (6%)
and
_ G —we —m(n+1)i/2 2 m S 1 é m o

Ex(0,9) = Hoo(0,0) x T,

respectively.

2.13 Radiation Problems in Two Dimensions

We have seen in the previous sections that the outgoing spherical waves and
the fields generated by electric and magnetic dipoles satisfy the Silver-Miiller
radiation condition (2.29a), (2.29b) if & is real. As we mentioned above, this ra-
diation condition describes the correct behaviour of the radiating fields gener-
ated by sources lying in a compact set. If, however, the sources are distributed
on an unbounded set e.g., along an infinite line, the fields decay more slowly.
First we look at the cylindrical waves again for the special case where k is

)

real and positive, 3 =0, a = é3 and A,, = H,Sl . With cylindrical coordinates

p, ®, z we now have
E(x)=—iwpes xV [Hél)(lip) exp(ingzﬁ)} , (2.66a)

H(x) = ﬁcurlE(az) = curl? [H,,(Ll)(/fp) exp(ing) é3:| (2.66D)
We have seen that E and H do not satisfy the Silver-Miiller radiation condi-
tion (2.29a), (2.29b) since they are only bounded in z3—direction but do not
decay to zero. We will now show that they satisfy a weaker form of the radia-
tion condition in the (21, x2)—plane. Let us set u(p, ¢) = y(Ll)(Fap) exp(ing).
Then u satisfies the two dimensional Helmholtz equation

Au + k*u = 0 inR*\ {o}. (2.67)

Furthermore, from the asymptotic behaviour of the Hankel functions
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5
HM(t) = 76’(“””/2‘”/4){1 + O(1/t)} ast— oo (2.68)
s
d 7,
SHD(r) = —tel(t_””/2+”/4) {1+ O/t)} ast—s oo (2.68b)
s

we conclude that u satisfies the two dimensional Sommerfeld radiation
condition

au(x) — iku(r) = O(l/p?’/Q) as p — 00 (2.69)

uniformly with respect to ¢ € [0, 27].

Let u be any solution u of the Helmholtz equation (2.67) satisfying the radi-
ation condition (2.69). Then it can be shown (see [29]) that u and Vu decay
as O(1/,/p). Furthermore, for

E(x) = —iwpéz x Vu(p, §)

EM/@ du(p, 9)

o dp
1 _ 2 5
mcurlE(w) = curl“(u(p, ¢) &3)

é (2.70a)

=
&
I

= —Au(p,p)é3 = K ulp,¢)es (2.70b)

since div (égu) = 0. From this we conclude that the cylindrical waves E and
H from (2.70a), (2.70b) satisfy the cylindrical Silver-Miiller radiation
condition

E(x)xp + YLOH(w)z(’)(l/p?’/Q), p— 00, (2.71a)
H(z)x p — YoE(z)=0(1/p*?), p— 0, (2.71b)

uniformly with respect to ¢ € [0, 7]. Again, Yy = j—u denotes the admittance
from (2.30).

The Sommerfeld radiation condition (2.69) implies that v and Vu have the
asymptotic forms

u(p, @) = exl[:(;pﬁp)uoo(cb) + 0(1/p*?), p— o0, (2.72a)
Qlpn)  ZOVOI L (0) + 00/, oo,

= i“(m\/?muoo(@ + O0(1/p*?), p—roo, (272b)
ou(p,¢)  exp(irp) duos(e) ,
9% v T O1/p*?), p—oo, (2.72c)
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uniformly with respect to ¢. Again we call the non-radial function u., the
far field pattern of the scalar potential u. This asymptotic form of u yields
immediately the corresponding asymptotic behaviour

E(x) =wme){p(\;?uoo(¢)& + 01/p%?), p—oo, (2.73a)

exp(ik . )
Hiz) —ﬁpf/ﬁ”)uoo(w és + O(1/p2), p—oo, (2.73b)
The vector fields

Eoo(¢) == wpkus(d)d and Hoo(¢) 1= wpk uso(d) €3

are called the far field pattern of the two dimensional vector fields E and
H. They satisfy also

E(x) = em(\/?p)Eoo(m + O0(1/p*?), p— oo, (2.74a)
H(w)=Yow\;;mHm(¢) + O(1/p*?), p—oo, (2.74b)

and

Heo(9) = px Exo(0), p Ec(d) = p-Huo(9) = 0 forall ¢, (2.75)

compare with (2.32).
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