Chapter 2

A SURVEY ON LOCATION PROBLEMS WITH
APPLICATIONS IN TELECOMMUNICATIONS

The aim of this survey is to gather some significant examples of location
problems that arise in the design of telecommunications networks and review
the polyhedral properties of these problems. The survey in Gourdin et al. [37]
gives a more detailed analysis of the models and solution methods for most
of the problems presented here. For earlier surveys, one can also refer to
Boffey [10] and Klincewicz [46]. There is a very recent survey by Campbell
et al. [13] on hub location problems. Here, we review only the hub location
models for the single assignment version.

The basic questions related with the design of a telecommunications
network are where should the concentrators be located, what type of machinery
should be used, how should the terminals be connected (assigned) to
the concentrators and how should the concentrators be connected among
themselves or to some central node, how should the traffic be routed and what
type of links and how many of these links should be installed on the edges of
the network. It is quite hard to come up with answers to all these questions
simultaneously. So, in most methods, the design is done in an iterative
manner. Initially, the concentrator locations and assignments of terminals to
the concentrators are determined. Then the design of the access networks and
the design of the backbone network become independent and can be handled
separately. Thus the location of concentrators is a crucial issue.
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2.1  Facility Location Problems

The facility location models for telecommunications networks are
concerned with the location of concentrators and the assignment of terminals
to these concentrators.

The basic problems in most of these models are the Uncapacitated Facility
Location Problem (UFLP), the Capacitated Facility Location Problem (CFLP)
and the Capacitated Facility Location Problem with Single Assignment
(CFLPS).

2.1.1  Uncapacitated Facility Location Problem

In this section, we formulate the UFLP and present some of its variants that
have applications in telecommunications. The UFLP is as follows. Given the
set of clients IV and the set of possible locations for the facilities M, determine
the location of facilities and assign the clients to these facilities in order to
minimize the sum of the cost of installing facilities and the cost of serving
clients via the installed facilities.

Let y; be 1 if a facility is installed at location j € M and O otherwise.
Define z;; to be the fraction of demand of client ¢ € N that is served by the

facility at location j € M.

Using these two sets of variables, the UFLP can be formulated as follows:

min z Z Cijxij -+ Z ijj 2.1

€N jeM jeEM

st Y =1 Vie N 2.2)
jeEM
;5 < yj VieN,jeM  (23)
255 > 0 VieN,jeM (24
y; € {0,1} VieM 2.5)

where Cj; denotes the cost of serving client ¢ € N by facility at location
J € M and Fj denotes the cost of installing a facility at location j € M.

By constraints (2.2) and (2.4), the demand of each client is served, and by
constraints (2.3), it is served by a facility only if this facility is installed. The
cost function (2.1) is the sum of the cost of serving clients and the cost of
installing facilities.
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For more information about the UFLP, one may refer to, e.g., Cornuejols et
al. [22], Krarup and Pruzan [48], and Labbé et al. [49].

In the context of telecommunications, clients are terminals and facilities
are concentrators. The UFLP can be solved to decide about the locations
of concentrators and the assignments of terminals. Then the design of the
backbone and access networks can be done separately. It can also be solved to
design a network where both the backbone and access networks are stars (see
Chapter4).

For polyhedral properties of UFLP, see, e.g., Canovas et al. [14], Cho et
al. [18, 19], Cornuejols and Thizy [24], and Guignard [40].

Next, we present examples of network design problems where UFLP is
either generalized or appears as a subproblem. These examples are about the
design of networks where at least one component is a star or a tree.

Helme and Magnanti [43] consider the design of a satellite communications
network where each terminal is directly assigned to a concentrator and
concentrators are directly assigned to a central unit. Thus the backbone and
access networks are stars. There is an operating cost for the concentrators,
which is the cost of using the capacity of concentrators. To compute this
cost, it is necessary to differentiate the traffic between terminals assigned to
the same concentrator and the traffic between terminals assigned to different
concentrators. This results in a quadratic cost function. The authors present a
linearization for the problem and a branch and bound algorithm to solve it.

Chardaire et al. [17] consider the design of a two level network where
backbone and access networks are stars. Each terminal is connected to a first
level concentrator which is connected to a second level concentrator. All
second level concentrators are connected to a central unit. They present two
integer programming formulations, a simulated annealing algorithm and a
family of cuts.

Chung et al. [21] consider the design of a network where the backbone
is fully connected and the access networks are stars. The authors develop
a formulation to find such a network that minimizes the cost of installing
concentrators, cost of assigning terminals to concentrators and the cost of
interconnecting concentrators. The total cost function is quadratic due to
the last component. They linearize the formulation and present a dual-based
solution procedure.
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Mateus et al. [60] design a network, where the backbone and access
networks are trees, in three phases. In the location phase, they solve a UFLP
where the number of concentrators to be installed is bounded from above.
Then, for each concentrator and the set of terminals assigned to it, they find
a minimum cost tree network with the concentrator as the root. In the third
phase, the backbone network is designed.

Current and Pirkul [26] consider the problem where the concentrators
are conhected to each other by a path of primary arcs and the terminals are
connected to the concentrators by paths of secondary arcs. Two heuristics
based on Lagrangian Relaxation are given.

Pirkul and Nagarajan [70] and Lee et al. [55] consider the design of a
network where the backbone is a tree and access networks are stars. Pirkul
and Nagarajan (1992) use a two-phase algorithm where in the first phase, they
divide the set of nodes into regions and in the second phase, they determine,
for each region, a path from the furthest node of the region to the central node
such that the nodes of this path are concentrators. Lee et al. [55] present a
formulation and apply Lagrangian Relaxation.

Gavish [35] formulates the problem of designing a network where the
backbone is a star and access networks are trees. The objective function
involves the cost of establishing the links and installing the concentrators.
The model chooses among different types of links with different costs and
capacities.

Gavish [36] discusses the evolution of the network topologies and the
network design process and gives a model to design a network with no a
priori topology. The author presents a Lagrangian Relaxation based solution
procedure.

2.1.2  Capacitated Facility Location Problems

Capacitated location problems in telecommunications, relax the assumption
that a concentrator can serve all terminals. These models are mostly variants
of CFLP and CFLPS.

The CFLP is defined as follows. Given a set of clients N with known
demands d; for each client 7« € N, and a set of possible locations for facilities
M with a given capacity (); for each j € M, the aim is to install facilities and
serve the demands of the clients respecting the capacities of the facilities and



A Survey on Location Problems with Applications in Telecommunications 13

to minimize the total cost of installing facilities and the cost of serving clients.

The CFLP can be formulated as follows:
minz Z C’ijxij + Z Fjy;
i€EN jeM jEM
s.t. (2.2), (2.4), and (2.5)
Zdﬂij < Qjy; Vi e M. (2.6)
ieN
Constraints (2.6) ensure that client ¢ is served by facility j only if a facility
is installed at location j and if the capacity of that facility is not exceeded.

Sridharan [77] gives a survey of the CFLP. Cornuejols et al. [23] compare
relaxations and heuristics. Aardal [1] gives a branch and cut algorithm.

The CFLPS (also known as the CFLP with single sourcing or capacitated
concentrator location problem) has an additional constraint that asks the

demand of each client to be satisfied by exactly one facility.

The CFLPS can be formulated as follows:

minz Z C’ij:cij -+ Z ijj

1EN jeM jeEM
s.t. (2.2), (2.5), and (2.6)
zi; € {0,1} Vie NjjeM. (2.7

Neebe and Rao [64] formulate the CFLPS as a set partitioning problem and
solve it by a branch and price algorithm. The pricing problem decomposes
into | M| knapsack problems.

Heuristics based on Lagrangian relaxation can be found in, e.g., Beasley [9],
Cortinhal and Captivo [25], Darby-Dowman and Lewis [27], Klincewicz and
Luss [47], Mirzaian [63], Pirkul [69], Sridharan [76].

Variants of CFLP and CFLPS exist. In the first variant, multitype facilities
are available. Each type of facility has a different cost and capacity. For this
problem, Lee [54] proposes an algorithm based on cross decomposition, which
combines Benders Decomposition and Lagrangian Relaxation and presents
computational results. Amiri [3] studies a variant with delay costs. He models
the system as a M/M/1 queuing system and gives two Lagrangian Relaxation
based heuristics to solve this problem.
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If reliability is an important issue, it is possible to serve one client by
several facilities. Tang et al. [78] consider the problem where it is necessary
to connect client ¢ to exactly [; facilities. This variation is called CFLP with
multiple homing. Pirkul et al. [71] study the case where every client is served
by two facilities, once for the primary coverage and then for the secondary or
backup coverage.

In the remainder of this section, we review the polyhedral results on CFLP
and CFLPS.

The CFLP is a relaxation of CFLPS. So, the valid inequalities for the
CFLP are also valid for the CFLPS. Moreover, under some conditions, the
facet defining inequalities of the polytope associated to CFLP are also facet
defining for the polytope associated to CFLPS. We first survey the valid and
facet defining inequalities for the CFLP polytope.

CFLP: Valid Inequalities and Facets

Leung and Magnanti [56] study the valid inequalities and facets of the
polytope associated to the CFLP. They consider the case where all facilities

have the same capacity ¢). Let F' be the set of (z,y) € RK\]”M’ x {0, 1}1M]
such that (z, y) satisfies constraints (2.6) and

> @ <1 VieN
JjEM
and let PF' = conu(F). Leung and Magnanti [56] prove that PF is

full-dimensional and give facet defining inequalities.

For N' C N, define D(N') = ¥,.pvdic Let N ¢ N, M Cc M
and 7 = D(N')(mod Q) with r = Q if D(N') is a multiple of Q. If
[D(N')/Q] — 1 facilities serve the demands of clients in N’ with full
capacity, then the residual demand to be satisfied by the last facility is r.

THEOREM 2.1 (Leung and Magnanti [56]) Residual capacity inequality

33 dimy—r >y <DW) —r[DV)/Q] 2.8)

ieN’ jeM’ jeM’

is valid and defines a facet of PF when 1 < r < Q—1and |M| >
[D(N')/@Q].



A Survey on Location Problems with Applications in Telecommunications 15

Aardal et al. [2] study the valid inequalities and facets of the polytope
associated to the CFLP. Define v;; to be the flow between client ¢ and facility
J. In other words, v;; = d;x;;. Consider the set X defined by the following
constraints:

Zvij:di Vie N

JEM

Z’Uij < Qjy; VieM

1EN

v > 0 Vie N,jeM
y; € {0,1} Vje M.

Let PX = conv(X). The authors assume that ), _,, Qr — Q; > D(N)
forall j € M. Then dim(PX) = |M||N|+ |M| — |N|. Below we review
results due to Aardal et al. [2].

Let M' C M be such that 3., Q; > 3 e Q5 — D(N). Set M is
called a cover with respect to N and M and a minimal cover if, in addition,
forall S C M, wehave } ;s Q; < > iy Qj — D(N).

As the demand of all clients cannot be satisfied through facilities in M\ M /,
at least one of the facilities in M has to be installed. So Zj em' Yi 21 is a
valid inequality.

THEOREM 2.2 (Aardal et al. [2]) IfM/ is a minimal cover with respect to
M and N, Qmin = min; Q; and ZjeM\M’ Q; + Qmin > D(N) then
ZjeM’ y; > 1 defines a facet of conv(X N {y € {0,1}IM] yy =1 Vje
M\M'}).

A subset M' C M such that A = 32\ Q5 — D(IN) > Ois called a flow

cover set with respect to M and V. If facility at node j € M " is closed, then
the maximum amount of flow between facilities in M and clients does not
change if Q; < A and decreases by @); — A otherwise.

THEOREM 2.3 (Aardal et al. [2]) Let M’ be a flow cover with respect to M
and N such that maz;c,pQ; > X and Yiem Qi > D(N) + Qg for all

k € M'. Then the flow cover inequality
D2 vt D (@ =N (1w < D(N)
€N jemM’ jeMm’

defines a facet of PX.
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Flow cover inequalities/ can be generalized as _follows. Let M’ C ,M and
NIQ N.Foreachj € M ,let N; C N D?ﬁne Q; = mz’n@j,D(le)}. Set
M is a flow cover with respect to M and N if A = ZjeM’ Q;—D(N')>0.

THEOREM 2.4 (Aardal et al. [2]) Let M' c M be a flow cover with respect
to M and N' C N. Let K C M’ be the set of facilities for which Q; < @Q;.

Assume Yy Qr > Q5 + D(N) forall j € M'. The effective capacity

inequality
D 2wt )@= N (1-y) < DIV)

jGM 'LGNJ 3€M

defines a facet of PX if and only ifN]/-1 ﬂNJ/-,Z = Qforall ji,j2 € K, N; =N
forall j € M'\K, UjegN; C N', Q; > A forall j € K and if | K| < 1 then
there exists § € M'\K with Q; > \.

Another family of valid inequalities by Aardal et al. [2] is the family of
submodular inequalities. A set function f on N = {1,..,n} is submodular if

f(A) + f(B) > f(AUB) + f(ANB) forall A,B C N. Let N' C N,
M CcM andN C N’ forall j € M. The function

JjeEM zGNj
s.t. Z vij < _Q—j Vi€ M
iEN;
Z Vij <d; Vi € N,
jEM'HeN;
vij 20 VieN.,jeM

is submodular on M.

Define ¢;(A) = f(AU {j}) — F(A) for j € N\A.
THEOREM 2.5 (Aardal etal. [2]) Let N' C N, M’ C M and N; C N’ for
all j € M'. The submodular inequality

YDt Y ai(MN\GH —yy) < f(M)
jeM' ieN; jeM’
is valid for PX.

Conditions under which submodular inequalities define facets of PX are
given in Aardal et al. [2].
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CFLPS: Valid Inequalities and Facets

Let PF' = conv(FN{z;; € {0,1} Vi € N,j € M}). PF is the polytope
associated to the CFLPS. Assume that all facilities have the same capacity Q).
As CFLP is a relaxation of the CFLPS, the residual capacity inequalities are
also valid for this polytope. But they are not facet defining in general.

Consider the case where the demands of the clients are equal. Then we can
assume that each client has unit demand and the capacity of a facility is in
terms of the number of clients assigned to it.

THEOREM 2.6 (Leung and Magnanti [56]) Assume that the demands of all
clients are equal. Let Q) be the maximum number of clients that can be served
by a facility. Let N' € N and M' C M and define v = |N'|(modQ) with
v = Qif |N'| is a multiple of Q. The residual capacity inequality

SN w-r Y g <IN = [IN/Q] 2.9)

ieN' jeM’ jeM’
is facet defining for PF' when1 <1 < Q —land |M'| > [%]

Leung and Magnanti [56] develop an alternative formulation for the CFLPS
with unit demands and different capacities. The capacity of a facility is viewed
as a collection of unit capacity facilities. Define z;;; to be 1 if client ¢ is
assigned to unit &k of facility j and O otherwise forall¢ € N, 5 € M and
k=1,..,Q; and define also J; = 1 — y; for all j € M. Then the feasible set
of CFLPS is defined by the following set of constraints:

Qj
S < Vie N (2.10)
JEM k=1
> mie+7y; <1 Vie Mk=1,.,Q; (2.11)
iEN
Q;
> mip+7; <1 VieN,jeM (2.12)
k=1
CL‘Z'jkG{O,l} ViGN,jEM,kZL..,Qj (2.13)
7; € {0,1} Vj e M. (2.14)

Constraints (2.10) imply that a client can be assigned to at most one unit
of capacity of a facility. Constraints (2.11) ensure that if a client is assigned
to the kth unit of capacity of facility j, then there has to be a facility at node
7 and that no other client can be assigned to this capacity unit. If client % is



18 CONCENTRATOR LOCATION IN TELECOMMUNICATIONS NETWORKS

served by some unit of capacity of facility 7, then there has to be a facility at
node j, by constraints (2.12).

Leung and Magnanti [56] use the set packing structure of the problem to
derive facet defining inequalities. They show that the cliques of the conflict
graph associated to this set packing give rise to families of facets which are
constraints (2.10), (2.11) and (2.12). They also investigate the odd holes in the
conflict graph and derive valid inequalities.

Deng and Simchi-Levi [28] study the general case where clients can have
different demands and they give the following valid inequalities:

THEOREM 2.7 (Deng and Simchi-Levi [28]) Let N C Nand M C M.
Define b(N ’) to be the minimum number of facilities needed to serve all clients
in M'. The binpacking inequality

DY mi— Yy <IN|-bN)

ieN' jeM’ jeM’
is valid for PF’.

Under some conditions, these inequalities define facets of the convex hull of
the feasible set when the values of some of the variables are fixed. Other valid
and facet defining inequalities are presented by Deng and Simchi-Levi [28].

2.2 p-Median Problems

Given a set of demand points, the p-median problem asks to locate p
facilities on a subset of these nodes to minimize the total distance from each
demand point to the closest facility. In the p-median problem, different from
the UFLP, the number of facilities to be located is given. So to obtain a
formulation for the p-median problem, we add the constraint 3\, y; = p to
the formulation of UFLP.

Refer to Bozkaya et al. [11], Labbé et al. [49] and Mirchandani [62] for
surveys on the p-median problem.

Consider the case where N = M. Let d;; be the distance between nodes ¢
and j.

If a facility is located at node j then node j is assigned to itself as d;; = 0.
Soyj = Zjj forall j € N.
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Avella and Sassano [4] eliminate variables z;; by substituting z;,; = 1 —
37 Y 7d
Zie N\{j} Tii- Then the p-median problem can be formulated as follows:

min Z Z dijxij

iEN jeN\{i}

st > mj+am <1 Vie N,m € N\ {i} (2.15)
JeN\{i}
Yo D> mi=IN|l-p (2.16)
€N jeN\{i}
z;; € {0,1} Vie N,je N\ {i}. (2.17)

Fori € N, if node m € N \ {¢} is assigned to node 4, then by constraints
(2.15), node ¢ cannot be assigned to any other node and so there is a facility
at node ¢. If no node is assigned to node ¢, then constraint (2.15) implies that
node % can be assigned to at most one node.

As we require p facilities to be located, the number of nodes that are
assigned to other nodes is |N| — p and this is given in constraint (2.16).

If we remove constraint (2.16), we obtain a special stable set problem. This
means that valid inequalities known for the stable set polytope are also valid
for the p-median polytope. Let P, be the convex hull of vectors x that satisfy
(2.15)-(2.17).

Avella and Sassano [4] study the properties of F,.

THEOREM 2.8 (Avella and Sassano [4]) For p > 2, the polytope P, has
dimension |[N|(|N| —1) — 1.

Avella and Sassano [4] present two families of valid inequalities for the
p-median polytope F,, namely W — 2 inequalities and I*-cover inequalities.
Here we review the results on the W — 2 inequalities.

Define A = {(i,5) : i € N,j € N\ {i}}.

THEOREM 2.9 (Avella and Sassano [4]) Let W C N with 3 < |W| < |N|—
p+land H C Aw = {(i,5) € A : i € W,5 € W} such that for each
J € W there exists exactly one i € W such that (i,j) € H. LetU = {i € W :
there is no j such that (i,j) € H}. The W — 2 inequality

Z Cl?ijle|—2

(4.5)E(Aw \HU{(2,§) €V, \W})
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is valid for P,. The inequality defines a facet of the p-median polytope if and
only if [U| < max(1,|W| - 3).

W — 2 inequalities include families of well known inequalities like clique,
lifted odd hole, lifted odd anti-hole, etc.

Avella and Sassano [4] give separation algorithms for the two families of
inequalities and present computational results.

The capacitated p-median problem is not studied much. Lorena and
Senne [57] apply column generation and Maniezzo et al. [58] propose a
heuristic method to solve this problem.

2.3  Hub Location Problems with Single Assignment

The hub location problems are different from the facility location problems
in the sense that they consider the communication between pairs of nodes.
There is a traffic between any pairs of nodes. The traffic from node ¢ to node
m goes from node ¢ to the facility (hub) to which node i is assigned, then to
the facility to which node m is assigned and finally to node m. There is a cost
for routing this traffic in the network.

We review the models for hub location problems with single assignment.

2.3.1 Uncapacitated Hub Location Problem with Single
Assignment

Let ¢;;, denote the traffic from node 4 to node m. Let C;; denote the cost of
routing the traffic between demand point 4 and facility j and let Bj; denote the
cost of routing the traffic between two facilities j and /. Then Uncapacitated
Hub Location Problem with Single Assignment (UHLP) can be formulated as
follows (O’Kelly [66]):

iENjEM  meN jeM

DY By, Y tmTitm (2.18)

jeEMleM €N meN
s.t. (2.2), (2.3), (2.5), and (2.7).

If constraints (2.7) are replaced by constraints (2.4), then one obtains
a formulation of the Uncapacitated Hub Location Problem with Multiple
Assignment. Even though for the UFLP, there exists always an optimal
solution which satisfies (2.7), this is no longer true for the Uncapacitated Hub
Location Problem with Multiple Assignment.
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Notice that the objective function (2.18) is quadratic. Several
linearizations exist in the literature (see Campbell [12], Ebery [29], Ernst and
Krishnamoorthy [31], Labbé et al. [53], and Skorin-Kapov et al. [75]).

For i and m in N and j and [ in M, define Xﬁn = T;jTml. Skorin-Kapov
et al. [75] give the following linear formulation:

minz Z Cij Z (tim + tmi)Tij + Z Fiy;

iEN jeM meN jeM
DD Bad > tm X
JjEMleM iEN meN
s.t. (2.2), (2.3), (2.5), and (2.7)

DX =y Vie NmeN,je M
leM

Xt =z Vie Nyme N,le M
JEM

>0 Vie Nyme N,j e M, € M.

For the case where the routing costs satisfy the triangle inequality, Ernst and
Krishnamoorthy [31] propose the following formulation. Forz € N, j € M

and ! € M \ {j}, define f;z to be the flow of traffic originating at node ¢ and
traveling on the direct link from j to l.

minz Z Cij Z (tim + tmi)2ij + Z Fyy; + Z Z Bji Z fJZl
i€NjeM  meN JEM JEMieM\{j} €N
s.t. (2.2), (2.3), (2.5), and (2.7)
leM\{j} leM\{j} mel
h>0  YieN,jeM,leM\{j}

Fori € N and j € M, define Q;; = ZleM\{j} Bj1 Y men timTijTmi.
Ebery [29] derives the following formulation:

minz Z Cij Z (tim + tmi)mij + Z Fy; + Z Z Qij
iENJEM  meN jEM ieN jEM
s.t. (2.2), (2.3), (2.5), and (2.7)
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Q> > B Y tim(@ij+ o —1) VieN,je M
leM\{7} meN
Qij =20 Vie N,je M.

The formulation by Skorin-Kapov et al. [75] uses O(| N|?|M|?) variables.
Ernst and Krishnamoorthy [31] decrease the size of variables by an order of
|N| by modeling the traffic as multicommodity flow aggregated by origins.
But the LP relaxation of this formulation is weaker than the one of the first
formulation. The formulation by Ebery [29] uses O(|N|| M |) variables but the
author mentions that solving this formulation takes longer than solving the
formulation of Ernst and Krishnamoorthy [31].

A branch and bound algorithm and an exact method based on shortest
paths for the case where the number of hubs is fixed can be found in Ernst
and Krishnamoorthy [31] and [32], respectively. A Lagrangian Relaxation
heuristic is given in Pirkul and Schilling [72].

2.3.2 Capacitated Hub Location Problem with Single
Assignment

The Capacitated Hub Location Problem with Single Assignment (CHLP)
generalizes the UHLP by introducing capacity constraints. Ernst and
Krishnamoorthy [30] study the CHLP. They derive a formulation by adding
capacity constraints to the formulation by Ernst and Krishnamoorthy [31].
They develop heuristics based on simulated annealing and random descent.

2.4 Conclusion

Having reviewed the literature on location problems for telecommunications
networks, we did not encounter any work on the QCL-C. Chung et al. (1992)
consider a simpler version where there are no capacity constraints and the cost
of connecting two concentrator nodes is independent of the terminals assigned
to them and thus is independent of the traffic.

Hub location problems are closer to QCL-C. But, the type of capacity in
QCL-C is not considered in this literature.

Polyhedral approaches are rarely used to solve concentrator location
problems. In fact, exact methods are rare in general. There are polyhedral
results on location problems (UFLP, CFLP, CFLPS, and p-median) but not
for versions where routing decisions are involved or where there is a cost
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associated to traffic.

This is also the case for hub location problems. Campbell et al. (2002)
mention that little is known about the polyhedral structure of hub location
problems.

Chapters 4, 5 and 6 of this book attempt to fill this gap by presenting
polyhedral properties of the QCL-C and its variants.
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