Chapter 2

LINEAR PIEZOELECTRICITY FOR
INFINITESIMAL FIELDS

In this chapter we specialize the nonlinear equations in Chapter 1 to the
case of infinitesimal deformations and fields, which results in the linear
theory of piezoelectricity. A few theoretical aspects of the linear theory are
also discussed.

1. LINEARIZATION

In this section we reduce the nonlinear electroelastic equations in the
previous chapter to the linear theory of piezoelectricity for infinitesimal
deformation and fields. We consider small amplitude motions of an
electroelastic body around its reference state due to small mechanical and
electrical loads. It is assumed that the displacement gradient is infinitesimal
in the following sense that

[ 2, ¢ JI<<1, (2.1-1)

under some norm, e.g., || u, x |[=max|u, . |. It is also assumed that the
electric potential gradient @, is infinitesimal. We neglect powers of #, ,,

and ¢ , higher than the first as well as their products in all expressions. The

linear terms themselves are also dropped in comparison with any finite
quantity such the Kronecker delta or 1. Under (2.1-1),

Ou, O, M5 vy )=
oX, " o M ey, (2.1-2)
¢,1< =@, Vix = ¢,i5iK’

which implies that, to the first order of approximation, the displacement and
potential gradients calculated from the material and spatial coordinates are
numerically equal. Therefore, within the linear theory, there is no need to
distinguish capital and lowercase indices. Only lowercase indices will be
used in the linear theory. The material time derivative of an infinitesimal
field variable f{y,¢) is simply the partial derivative with respect to ¢:
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of o _o Lol ¥
Dt at X fixed 6t y fixed ayl { fixed at X fixed (2.1_3)
B O A
ot y fixed ayi 6t y fixed
For the finite strain tensor
1 1
Sk =5(uL’K +‘ug, +uM,KuM,L) EE(uL’K +uK’L). 2.1-4)

In the linear theory, the infinitesimal strain tensor will be denoted by
1
Sy = 5(”1,1( +lyy). (2.1-5)

The material electric field becomes
Ex =Ey x=Ebyx >k, (2.1-6)
Similarly,
o; =0, o, =0, o =o) =1,
M, =0, K, =F, =60, Ty =6,6,0,, (2.1-7)
Py > P, D> D,.
Since the various stress tensors are either approximately zero (quadratic in
the infinitesimal gradients) or about the same, we will use T;; to denote the
stress tensor that is linear in the infinitesimal gradients. This is according to
the IEEE Standard on Piezoelectricity [11]. Our notation for the rest of the
linear theory will also follow the IEEE Standard. Then
o, = 0' =7, > T,

K,=F,=68,0,-T, (2.1-8)

Ty = 50,0, > Ty
For small fields the total free energy can be approximated by

po‘//(SKLs Ex) = PoW(Sk»Ex)— EOJE E,

1 1 1

= EgABCD SsScp ~€4scE4Spe _5;2(,43 E,Ey —EEOJEkEk (2.1-9)
1 1
2c,fk,s Su—esES, —Eg,.jE,.Ej =H(S,,E,),

where
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S
5 =q + £,5,- (2.1-10)
ij

The superscript E in c,.f,d indicates that the independent electric constitutive

variable is the electric field E. The superscript S in 6‘5 indicates that the

mechanical constitutive variable is the strain tensor S. We have also denoted
the total free energy of the linear theory by H which is usually called the
electric enthalpy. The constitutive relations generated by H are

OoH
i = S = cifmSkz —e By
;H (2.1-11)
D, = —67 = eikISkI + ‘c"z'iEk'

Hence T, D and P are also infinitesimal. The material constants in Equation
(2.1-11) have the following symmetries:

E _ E _ E

Citr = Cim = Cryyy»

€ = € (2.1-12)
s _ .8

gij _gji‘

We also assume that the elastic and dielectric material tensors are positive-
definite in the following sense:

¢SSy 20, forany S, =85,,
and ¢SS, =0 = §,=0,
giJS.E,.Ej >0, forany E,,
and £, EE, =0 = E, =0.

(2.1-13)

The total internal energy density per unit volume can be obtained from
H by a Legendre transform, given as

U(S,D) = H(S,E(S,D))+E(S,D)-D. (2.1-14)
Constitutive relations in the following form then follow:
Tza—U, Ezgg, (2.1-15)
oS oD
or
T, = ciﬁdskl —hy Dy,

v S (2.1-16)
E = _hikISkI + ﬂika'

It can be shown that U is positive-definite:



34

U=H+E,D,

1 1
= —cS,Sy —e ESk—EgifE,.Ej+Ei(eik,Sk,+8,iEk) (2.1-17)

2 ik =i i

1 1
- Ectfldsysu +585E,-Ej >0.

For small fields, the total internal energy density U per unit volume and the
internal energy density e per unit mass in the previous chapter are related by

U=H+ED,=pw+E,D,
1
=py -7+ ED, = po’//_"z'goEiEi +E.D,
1 (2.1-18)
= poe—EF, _ESOEiEi +E (5 E, +P)

1
= p0e+580E,.E,. = p,e+ 7.

Similar to (2.1-11) and (2.1-16), linear constitutive relations can also be
written as [11]

_E
S, =SuTy +d,,E,,

(2.1-19)
D, =d,T, + ‘("ziEka
and
S, =shT, +8g.D,,
ij ikt ki kyT k (2.1-20)
E, =-g,Ty + BuD,.
The equations of motion and the charge equation become
T, + A, = pii,
- (2.1-21)
Di,i = P>

in which the difference between the reference and present mass and charge
densities can be ignored. The body force fand charge p. are infinitesimal.

Within linear theory, the conservation of mass and the relation between
the reference and present charge densities take the following form:

Po = p(1+uk,k)9
pE = pe'

The surface loads are also infinitesimal. Hence

(2.1-22)
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T,=t,, 6,=0, (2.1-23)
and
KLJ.NL ETijni, A, N, =Dn,. (2.1-24)
Problem

2.1-1.  Show (2.1-15).

2. BOUNDARY-VALUE PROBLEM

21 Displacement-Potential Formulation

In summary, the linear theory of piezoelectricity consists of the
equations of motion and charge

T_;‘i,j + pf, = pii;, Di,i =P s (2.2-1)

constitutive relations

T, =cuSuy —ek,.]Ek, D, =e,S; +&,E, 2.2-2)

A A
and the strain-displacement and electric field-potential relations

Sij = (ui,j +uj,i)/29 E, :_¢,i s (2.2-3)

ik

where u is the mechanical displacement vector, T is the stress tensor, S is
the strain tensor, E is the electric field, D is the electric displacement, ¢ is
the electric potential, p is the known reference mass density (or py in the
previous chapter), p. is the body free charge density, and f is the body
force per unit mass. The coefficients c;u, ex; and ¢, are the elastic,
piezoelectric and dielectric constants. We have neglected the superscripts in
the material constants. With successive substitutions from Equations (2.2-2)
and (2.2-3), Equation (2.2-1) can be written as four equations for u and ¢

Coallyy + €@ + 2, = il

Couillyy — 4P = P

(2.2-4)

2.2 Boundary-Value Problem

Let the region occupied by the piezoelectric body be V and its boundary
surface be S as shown in Figure 2.2-1. For linear piezoelectricity we use X as
the independent spatial coordinates. Let the unit outward normal of S be n.
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Figure 2.2-1. A piezoelectric body and partitions of its surface.

For boundary conditions we consider the following partitions of S:
S, VS =8, 08, =S8,

2.2-5)
S, NS=8,NS, =0,

where S, 1is the part of S on which the mechanical displacement is
prescribed, and St is the part of S where the traction vector is prescribed.

S, represents the part of § which is electroded where the electric potential
is no more than a function of time, and Sp is the unelectroded part. For
mechanical boundary conditions we have prescribed displacement ¥

u,=u,, on S, (2.2-6)
and prescribed traction £,

T..n.:fj, on St (2.2-7)

iyt

Electrically, on the electroded portion of S,
¢=¢, on S, (2.2-8)

where ¢ does not vary spatially. On the unelectroded part of S, the charge
condition can be written as
Dn;, =-0

e’

on Sp, (2.2-9)
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where o, is free charge density per unit surface area. In the above
formulation, the mechanical effect of the electrode is neglected because we
assume very thin electrodes.
On an electrode Sy, the total free electric charge Q. can be represented
by
Q.= [ -mDds. (2.2-10)
Ss
The electric current flowing out of the electrode is given by
i=—0,. (2.2-11)
Sometimes there are two (or more) electrodes on a body which are

connected to an electric circuit. In this case, circuit equation(s) will need to
be considered.

2.3  Principle of Superposition

The linearity of Equation (2.2-4) allows the superposition of solutions.
Suppose the solutions under two different sets of loads of {f® ,P(ED} and

£, pP1 are {u®,p"} and {u®,9>}, respectively. Then under the
combined load of {f® +f®,p® + pP1, the solution to (2.2-4) is
u® +u®, ¢® +#>} . This is called the principle of superposition and

can be shown as

1 @) 1 (2)
ykl(u()+uk))lj+eky(¢() ¢ )

1 2 (1) 2
+ o0+ £P) - p (u +u?)
_ ) 2) 1) (2)
= Cygly i T Conthy +ekij¢ C o
+ 0O+ P - pii® — pii? (2.2-12)
M) 1) 1) (1)
= (cykluklj + eky¢( + ﬁ; ~ pi;’)
2 2 2 .+ (2)
+(Cuutty) + 95 + o2 - pii?)

=0+0=0,
and
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e)) (2) (l) (2) 1 2
en(uy +u"), —&,(¢ +¢ )y (p()+p£))

1) (2) (1) (2) 1) (2)
=l Tl — &y — P P

— 1 (1 1) 2 2 2)
= (el — €0, - ps )+(e,k,Ll,(€,z-—8 () - p)

=0+0=0.

(2.2-13)

The principle of superposition can be generalized to include boundary loads.
24  Compatibility

Since the six strain components are derived from three displacement
components, it is natural to expect some relations among the strain
components whether they are linear or nonlinear. The following can be
verified by direct substitution:

Sias = (S5, +S123 23,1),1=
2231 =(Si23 +S231 31,2),2:
Si310 =Sy, + 83, — S123) 35

2S23,23 = S22,33 + S33,22 s

2S31,31 = S33,11 + S11,33a

2S12,12 = Sn,zz + S22,11-

(2.2-14)

Equations (2.2-14) are called compatibility conditions. The compatibility
conditions are necessary conditions for the six strain components derived
from three displacement components. They are also sufficient in the sense
that for six strain components satisfying these compatibility conditions,
there exist three displacement components from which the six strain
components are derivable. The sufficiency of (2.2-14) is true over a simply-
connected domain only. For a multiply-connected domain, some additional
conditions are needed. The compatibility conditions are useful when solving
a problem using stress components rather than displacement components as
the primary unknowns. In more compact form, Equation (2.2-14) can be
written as

Sij,kl + SkI,ij - Sik,jl - Sjl,ik =0, (2.2-15)
of which the six independent relations are (2.1-25), or

i ErmSam = 0- (2.2-16)



3. VARIATIONAL PRINCIPLES

3.1 Hamilton’s Principle

39

The equations and boundary conditions of linear piezoelectricity can be

derived from a variational principle. Consider [4]
h |
N(u,g)= [ dt | |=pii, ~ HSE)+ pfyu, - p.g [dV
o 2
!y - h _
+f [, TudS - j dt Lbae;ﬁdS,

where

Sij = (ui,j +uj,i)/2’ k=4,

(2.3-1)

(2.3-2)

u and ¢ are variationally admissible if they are smooth enough and satisfy

ou, |, =ou; |,=0, in V,
u,=u,, on S, t,<t<i,

g=¢, on S, I, <t<t.
The first variation of I is
4 .
o= ["df |1, +af, - pii)ou, +(D,, - ) RV
) - t —_
-fa LT (T;n, —1,)0u,dS - j di _LD(D,.ni +5,)5¢dS,

where we have denoted
OH H
p 2 o o
oS OE
Therefore the stationary condition of IT is
T,,+pof=pii,, in V, t,<t<t,
D,=p, n V, t,<t<t,
T,n,=t, on S, t,<t<t,

D,n, = -0,

e’

on §,, t,<t<t,.

(2.3-3)

(2.3-4)

(2.3-5)

(2.3-6)
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Hamilton’s principle can be stated as: Among all the admissible {u, ¢}, the
one that also satisfies (2.3-6) makes IT stationary.

3.2  Mixed Variational Principles

If the functional in Equation (2.3-1) is viewed to be dependent onu, ¢, S
and E, then Equation (2.3-2) should be considered as constraints among the
independent variables. These constraints, along with the boundary data in
Equations (2.3-3),3, can be removed by the method of Lagrange multipliers.
Then the following variational functional will result [12]:

II(u,$,S,T,E,D)

!y | 1
- I, d | {Epuiui—H(S,E)+T,.J.{Sij—E(ui’j+uj,i)}

~Dy(E, +¢,)+ pfu, — p.¢ }dV
2.3-7

[ di [ Tnu, -)ds

+ j dtjs¢ D,n,(¢—$)dS

h - h —
+ [ LT fuds - | i LD F.4dS.
u, ¢,S, T, E and D are admissible if they are smooth enough and satisfy
ou, |, =ou,|,=0, in V. (2.3-8)

The first variation of I'T is

ol = J‘Iol dtJ‘V { (T, + pf; — pii,)ou, +(D,, — p,)5¢
1
+[S,j ~5(ui’j +tuy, )]éTij —(E, +¢,)oD,

A1, -l | b+ g lav (23-9)
v 758, |0 3,

i i

+ j dtjsu(ui —1,)T ,n,dS + j dtL¢(¢—¢7)6DinidS

[ arf @, ~ipsuwas - [ dif (Dn +5,)5pdS.
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Therefore the stationary condition of ITis

T,,+af, =pii,, D,=p, in V, t,<t<t,
S, =@, +u, )2, E, =-¢,, in V, t,<t<t,

Tij=£}£, Diz——qli, in V, t,<t<t,
oS, OF

ij i

u,=u, on S, l,<t<t, (2.3-10)

T.n =t, on S,, t,<t<t,
p=¢,, on S, ,<t<t.
Dn,=-0,, on §,, t,<t<t,.

Hence, among all the admissible {u, ¢, S, T, E, D}, the one that also
satisfies Equation (2.3-10) makes IT(u, ¢ , S, T, E, D) stationary. The
functional in Equation (2.3-7) has all of the fields as independent variables.
Its stationary condition yields all the equations and boundary conditions.

Variational principles like this are called mixed or generalized variational
principles.

33 Conservation Laws

From Noether’s theorem on variational principles invariant under
infinitesimal transformations, the following relations can be shown [13]:

o, . 0
—é;(pujuj,i)-i-g_(z;&ik Jl ]k ¢ D) 0

k

0
Egy.kp(xj m mk+u u,)

lmj
k

+636c (x,26,; —x,u, T, —x,6,D, +T,u,)=0,
o, . .
a[puj(uj+xmuj,m+tuj)+t2]

+ai[xkz—Tjk (u, +x,u,, +1,)-D(p+x,4, +1$)]=0,
xk ’

(2.3-11)
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where

1

L= H(SsE)_.TijIZSij —E(ui,j +uj,i)j|

(2.3-12)

1
+ D,(E, +¢,,.)—5pa,.u,..

Equation (2.3-11),,3 are obtained by the invariance of the functional in
Equation (2.3-7) under translations, rotations, and scale changes,
respectively. They can be verified by direct differentiation. The relations in
Equation (2.3-11) are in divergence-free form and are called conservation

laws. They can be transformed to path-independent integrals by the
divergence theorem.

Problems

2.3-1.  Show (2.3-4).
2.3-2.  Show (2.3-9)
2.3-3.  Study the conservation laws for linear, static piezoelectricity [13].

4. UNIQUENESS
4.1 Poynting’s Theorem

We begin with the rate of change of the total internal energy density,
given as
=95 +%%p 15 +ED
oS, oD,
= TijSij +ED, = 7:j1’.li,j ~¢.D,

= (Tu), - 7;‘/',_1'1"li —(¢ Di),i + ¢Di,i (2.4-1)

g%
= (T;'jz’.li),j _(piii —pﬁ)ili —(¢ Di),i +¢pe
. ol .. . : .
= (Tjiuj),i _a(apuiuij'*‘ pf;'ui _(¢ Di),i + ¢pe9
where (2.2-1) has been used. Therefore,

0 . . . .
"'a_t(T + U) = pfu, +¢p,— (¢ D, _Tjiuj),i’ (2.4-2)
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where

T = % P, (2.4-3)

is the kinetic energy density, and ¢D,. is the quasistatic Poynting vector.

Equation (2.4-2) may be considered as a generalized version of Poynting’s
theorem in electromagnetics.

4.2  Energy Integral
Integration of (2.4-2) over V gives

d o
.Ep’@+yyyzilmfm+@%MV
+ Lu T,n,,dS + LT 7,11,dS (2.4-4)

- js D,n.pds + J’S g, 4dSs,
# D

where Equations (2.2-6) through (2.2-9) have been used. Integrating
Equation (2.4-4) from £, to f, we obtain

[ C+U)ar = [ (rev),av
+[dtf, p(i, +gp)dv
+ :dt.[s Tj,-njfl,-dS+ det.[s, £ i dS (2.4-5)

- ’:dtJ‘% D,n.gdS + J;:dt J, o.pds.

Equation (2.4-5) is called the energy integral which states that the energy at
time 7 is the energy at time # plus the work done to the body from # to .

4.3 Uniqueness

Consider two solutions to the following initial-boundary value problem:
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T,,+pf=pi, in V, t>4,

D, ,=p,, in V, t>t,

T, =cpSy—eyk,, in V, t>1t,
D =e,S,+e,E,, in V, t>1,
S; =@, +u,;;)/2, in V, t>1,
E =-¢,, in V, t>14,

ijk

_ (2.4-6)
u,=u, on S

1 i u?®

T.,n,=t, on S,, t>t,

t>t,,

=¢, on S¢, t>t,,

u,=v), in V, t=t,

From the principle of superposition, the difference of the two solutions
satisfies the homogeneous version of (2.4-6). Let u’, ¢*, S*, T, E', and
D" denote the difference of the corresponding fields and apply (2.4-5) to it.

The initial energy and the external work for the difference are zero. Then the
energy integral (2.4-5) implies that, for the difference, at any ¢ > #,

[ [+ut)av=0, t>1, (2.4-7)
Since both T'and U are nonnegative,
U' =0, T"=0, in V, t>t,. (2.4-8)
From the positive-definiteness of Tand U,
=0, E'=0, w =0, in V, t>t¢,. (2.4-9)

Hence the two solutions are identical to within a static rigid body
displacement and a constant potential.

S. OTHER FORMULATIONS

5.1 Four-Vector Formulation

Let us define the four-space coordinate system [14]
x, ={x,1}, (2.5-1)
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and the four-vector

Up = {uia¢ } ’ (25'2)
where subscripts p, g, r, s will be assumed to run 1 to 4. Also define the
second-rank four-tensor

p 0 0 O
- PSs Pg=123, |0 p 0 0 25.3)
b 0, pg=4, 0 0 p ol
0 0 0 0

and the fourth-rank four-tensor Mg, where
M = M4jkl=ejk19 M, =ey, (2.54)
My =85 Mo = =P .
and all other components of Mp,s = 0. Then
U, oM ), =W, My, +U, ;M + UisMip + Uy M oyy) ,

= (Ui,j Mijkl + U4,jM4jkI + Ui,4Mi4kI + U4,4M44k1 ),k
+ (Ui,jMyM + U4,jM4j4I + Uz',4Mi44I + U4,4M4441 ),4 (2.5-5)
= (ui,jcijkl + ¢,jejkt),k +(-t,04) 4

=Culy o t ejk1¢,jk — pPu;,
and

ijrl

(Up,q Mpqr4 ),r
= (Ui,jMijr4 + U4,jM4jr4 + Ui,4 Mi4r4 + U4,4M44r4 ),r
= (Ui,jMijk4 + U4,jM4jk4 +U; oM + UgaM i)
+(U; ;Mg U, ;Mg +U Mgy 2 U M) 4

= (ui,jekij _¢,j8jk),k

(2.5-6)

=U € — P al i
Therefore,
(Up,qM =0 (2.5-7)

yields the homogeneous equation of motion and the charge equation.

Pars ),r

5.2 Vector Potential Formulation

Consider the case when there is no body charge. Since the divergence of
D vanishes, we can introduce a vector potential y; by
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1
D, = Eg'jkl//k’j’ (2.5-8)
which satisfies the divergence-free condition on D. Corresponding to vector

D, we introduce an anti-symmetric tensor by [15]

1
D, = > i D,. (2.5-9)
which, when substituted into (2.5-8), yields
1

D, = -2—(1//“. ¥, ;). (2.5-10)

Similarly, for the electric field E, we introduce an anti-symmetric tensor by

1

E, =EgijkEjk' (2.5-11)

Then the curl-free condition on E takes the following form:
E,, =0. (2.5-12)
In summary, the equations for this formulation are
T;, = pii;, E;; =0,
T ou E oU

i == E;=——, (2.5-13)
v7as,” ' oD,

1 1
S,-j :E(ui,j +uj,i)a Dy :E(WJ'J' —W"»J')'

Note that in this formulation the internal energy U is used, which is positive
definite.

6. CURVILINEAR COORDINATES

Cylindrical and spherical shapes are often used in piezoelectric devices.
To analyze these devices, it is usually convenient to use cylindrical or
spherical coordinates.

6.1 Cylindrical Coordinates

The cylindrical coordinates (7, , z) are defined by
x, =rcosf, x,=rsinf, x,=z. (2.6-1)
In cylindrical coordinates we have the strain-displacement relation



1
— — 4 —
Srr =U,,, SBH =—Upy t— Szz =U;
¥ ¥
1 u
_ 6 _ 2
28, = Uy, +;u,’0 - o 28, =—u,,+tu,,,

2Szr = ur,z + uz,r'
The electric field-potential relation is given by

1
Er = —-¢,r s E0 = —_r_¢,0’ Ez = _¢,z'

The equations of motion are
aTrr 1 aTHr aTzr Trr — T0z9 "
+— + + +of, = pii,,
or r 00 0z r A, = pi,
aTrB + l 6T019 + aTzB
or r 06 0z

or, 101, or, 1 ..
O +—=+-T_+ = .
o0 ro0 oz r " Al = P,
The electrostatic charge equation is

_l-(rDr),r +_1_D0,0 +Dz,z :pe'
¥ ' r

2 .
+;T,g +pfy = piiy,

6.2 Spherical Coordinates

The spherical coordinates (r,&,¢) are defined by
x, =rsinfcosep, x, =rsinfsing, x;=rcosd.

In spherical coordinates we have the strain-displacement relation

o
Srr :aur’ 800:lﬂ+u_r’
or rog r
0
= 1 " + 2 %o coto,
¥ rsin@ op r r
25, = 10U U,
or rof r
ou o u
28, 1%, 1 Yo _ 2% cot,
Y r 00 rsin@ dp r
ou, u
28 L ou +—2 -2

or

:rsinH op Or ¥

47

(2.6-2)

(2.6-3)

(2.6-4)

(2.6-5)

(2.6-6)

(2.6-7)
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The electric field-potential relation is
E=-% - 10 p_ 1 9 (2.6-8)
r 06 rsiné op

oo’
The equations of motion are
oT, N orT, 1 o7,

rr

+
or r 00 rsin@ O¢

Lor -1, ~T,, +T, cotd) + of, = pii,,
¥

T, +_1_6T90 + 1 aTrp@
or r 00 rsin@ Ogp

(2.6-9)
1 .
+:[3Tr9 +(Tyy - T,,)cot 01+ pfy = piiy,
a7, +16T6¢ N 1 o7,

or r 00 rsin@ O¢

1 ..
+~@T,, +2T,, cotO) + pf, = pil,,.
r
The electrostatic charge equation is

r’ i(r2D )+ 1
or

0
D =p,. (2.6-10
"7 rsin@ o =P )

rsin@%

%(De sin) +

7. COMPACT MATRIX NOTATION

We now introduce a compact matrix notation [11]. This notation
consists of replacing pairs of indices ij or k/ by single indices p or g, where i,
J, k and [ take the values of 1, 2, and 3, and p and ¢ take the values 1, 2, 3, 4,
5, and 6 according to

ijorkl: 11 22 33 230r32 3lorl3 12o0r21

(2.7-1)
porg: 1 2 3 4 5 6
Thus
Cig > Cpgs €y €, T, >T,. (2.7-2)
For the strain tensor, we introduce S, such that
170 52 =5 5 25 (2.7-3)

S, =28,, S,=28;, S4=25,.
The constitutive relations in (2.1-11) can then be written as
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— E _
T,=c,S, e, L

(2.7-4)
D =e,S, + £ E,.
In matrix form, Equation (2.7-4) becomes
rTl ch o clE3 cllfl s Clg (SI € €y €y
T, cfl czEz czEs c;; czEs cf(, S, €n €xn €3 E
T, _ C3El c3Ez C'f3 c3b4 caEs cabzs S5 |63 € €3 El
T, c4El cfz cf3 cﬁ; cfs cfe Sy €14 €y €y E2 |
T cSEI csEz CsEa 054 Cfs cfﬁ S €5 € O35 ?
Ts Cq Co Co Cat Cos  Cos (Ss) \ews €y ey
Sy
S )
D, €y € €3 €, €5 € S2 ‘C"ISI ‘9152 51S3 E,
D, € €y € €y € €y S3 + 851 ‘952 552 E,
D €31 €3y €3 €3 €3 €y S4 551 552 553 E,
5
S |

(2.7-5)
Similarly, Equations (2.1-16), (2.1-19) and (2.1-20) can also be written in
matrix form. The matrices of the material constants in various expressions
are related by [11]

—5 clsP =6

progr rq’

ﬂ —51111’ ﬂ _§uq’

_ D _ B _
pq*c +ekphkq, Spg =S dkpgkq,

T _ pSs
g“ ”8 +dlqejq’ ﬂij _ﬂij _githq’
_ T
=d,c,, d,=5,8,

iq™ pq? ip

(2.7-6)

T D
gip =lBik kp® hip =gichp‘
As an example, some of the relations in (2.7-6) are shown below. In matrix-
vector notation (2.7-4) can be written as

{T} =1c" 1S} ~[e]' {E},

(2.7-7)
{D} = [e]{S} + [ 1{E}.

From (2.7-7h,
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[c®1{S} = {T} +[e] {£} . 2.7-8)
Multiplication of both sides of (2.7-8) by the inverse of [¢”] yields
{S}=[c" 1T} +[c" ][] {E}. (2.7-9)
Substituting Equation (2.7-9) into (2.7-7), gives
{D} = [e)([c" 1T} +[c" T [e} {E}) +[¢" 1{E}
=[e][c* 1T} +([ellc” T [e]" +[&" DLE}.

Compare Equations (2.7-9) and (2.7-10) with (2.1-19) which is rewritten in
matrix form below:

{8} =[s" T} +[d]" {E},
{D}=[dI{T} +[" HE},

(2.7-10)

(2.7-11)

we identify
[s“1=[c"T", [dl=[ellc"]",

(2.7-12)
[e"1=[e°1+[ellc” ][]

8. POLARIZED CERAMICS

Polarized ceramics are transversely isotropic. Let a, a constant unit
vector, represent the direction of the axis of rotational symmetry or the
poling direction of the ceramics. For linear constitutive relations we need a
quadratic electric enthalpy function H. For transversely isotropic materials, a
quadratic H is a function of the following invariants of degrees one and two
[16] (higher degree invariants are not included):

I,=a-S-a, I,=uS, I,=a-E,
II,=a-S%-a, II,=tS?, (2.8-1)
II,=E-E, II,=a-S-E+E-S-a.
A complete quadratic function of the above seven invariants can be written
as [16]
H=cI} +c,1; +e, 1, +c, 11, + ¢,
+ell +&,ll, (2.8-2)
+el,I;+e,l, I, +e,l,,
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where ¢;, ¢,, ¢;, ¢,,and ¢; are elastic constants, & and &, are dielectric
constants, and e,, €,, and e, are piezoelectric constants. Differentiation of
Equation (2.8-2) yields

T—aH -éﬂa®a+—a£1+—6£(a®s-a+a-S®a)

s al oI,  all,
oH . oH
2 S+ a®E+E®a -
oL >, ( ) (2.8-3)

=Q2c 1, +c;1, +tel)a®@a+ (2,1, +c,1, +e,1))1
+c,(a®S-a+a-S®a)+2c,S+e,(aQFE +E®a),

and
D:—a—H—z—(—a—Iia—Z of E-2 oH S-a
JOE ol, oll, oll, (2.8-4)
=—-(2¢1, +el, +e,1,)a-2¢,E—-2e,S-a.
Let a = i3, and rearrange (2.8-3) and (2.8-4) in the form of (2.7-5). The
following matrices will result:

[}

~

i}

o

b

<
o O O O
S O O O O

0 0 O 0 ¢5 O0)(e;, O 0
0 0 0 e O 0,0 &, 0], (2.8-5)
e;, e, e, 0 0 O 0 0 gy

where c¢es = (c11 —c12)/2. The matrices in Equation (2.8-5) have the same

structures as those of crystals class Cg, (or 6mm). The elements of the
matrices in (2.8-5) are related to the material constants in (2.8-2) by
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€ =6 —20; + 0y —dey, ¢ =0,/2
€3 =C3—Cpyy €4 =—Ct0y +204, ¢ =(c —cpp) 2,
(2.8-6)
& =(&,—€x) 2, & =—6,/2,
e =€y +2e5—ey, € =—ey, € =—e;.
With Equation (2.8-5), the constitutive relations of ceramics poled in the x3
direction take the following form:

T =y + 0y, +C3Uy 5 + €305,
T, = Cialhyy +Cply 5 O3l 5 + 331¢,3=
Ty = eyt + 03Uy 5 + 03055 €530,
Ty =cyyuyy +usy,) +es8,,
T;, =cy (u3,1 + u1,3) + e15¢,1 s

T, =cos(uy, +uy,),

(2.8-7)

and
D, =e(us; +u, ;) - &9,
D, =e;s(uy; +us,)—6,10,, (2.8-8)

Dy = ey (uy, +uy,)+eus 3 — €539
The equations of motion and charge are

Cullin + (¢} + )u2,12 +(Cp3 + €y )u3,13 t Coelhy 22
+ Oyt 33 + (€5 T €5 )¢,13 = pii;,

Coslhany +(C1y + Ce Uy 1y + 0yl 5 +(Cp3 + €Ut 5,
T Cyylty 35 + (e5 + els)¢,23 = Py,

Caqlizyy +(Cyy + €55 uy 5+ Cpall3 5 + (€3 + ¢4y )
T Cyly 55t els(¢,11 + ¢,22) + e33¢,33 = piiy,

€5ty + (€5 + e )y g3 +egsiy 5 + (65 +ey Uy 5,

t ey U5 — ‘911(¢,11 + ¢,22 )= &33Py = 0.

(2.8-9)

Sometimes a piezoelectric device is heterogeneous with ceramics poled
in different directions in different parts. In this case it is not possible to
orient the x; axis along different poling directions unless a few local
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coordinate systems are introduced. Therefore, material matrices of ceramics
poled along other axes are useful. They can be obtained from the matrices in
(2.8-5) by rotating rows and columns properly. For ceramics poled in the x;

direction, we have

Cs3

Ci3

Ci3

0

€3, €3
0 o0
0 0

€3

0

0

0 0
0 0

0 0 O
0 0 0
0 0 0
ce 0 0
0 ¢, O
0 0 ¢
0Y(&, O O
es || 0 &, 0| (2.8-10)

0 0 ¢, O 0 0 g

For ceramics poled in the x, direction, we obtain

0 0 0
0 0 0
0 0 0
cw 0 0
0 ¢ O
0 0 ¢

0 0,0 & O] (2.8-11)

9. QUARTZ AND LANGASITE

Quartz is probably the most widely used piezoelectric crystal. It belongs
to crystal class 32 (or D3). Langasite and some of its isomorphs (langanite
and langatate) are emerging piezoelectric crystals which have stronger
piezoelectric coupling than quartz and also belong to crystal class 32. For
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such a crystal with x; a trigonal axis and x; a diagonal axis, the material
matrices are

‘b Cn Gz Oy 0 0
€y €y €3 —¢¢ 0 0
€3 €3 Cy 0 0 0
Gy —cu 0 ¢y 0 0
0 0 0 0 ¢y cy
0 0 0 0 ¢, c

e, —e; 0 ¢, 0 0 &g 0 0
0 0 0 0 -¢, —¢,[,|]0 & 0] (2.9-1)
0 0 0 0 0 0 0 0 &
The independent material constants are 6 + 2 + 2=10.
Quartz plates are often used to make devices. Plates taken from a bulk

crystal at different orientations are referred to as plates of different cuts. A

particular cut is specified by two angles, ¢ and 6, with respect to the crystal
axes (X,Y,Z).

VA

X3

X2

Figure 2.9-1. A quartz plate cut from a bulk crystal.
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Plates of different cuts have different material matrices with respect to
coordinate systems in and normal to the plane of the plates. One class of
cuts of quartz plates, called rotated Y-cuts, has ¢ = 0 and is particularly
useful in device applications. Rotated Y-cut quartz exhibits monoclinic
symmetry of class 2 (or C;) in a coordinate system (x1,xz) in and normal to
the plane of the plate. Therefore we list the equations for monoclinic crystals
below which are useful for studying quartz devices. For monoclinic crystals,
with the diagonal axis along the x; axis,

o
@
N
&
o
w
w
o
w
E
o O o o
o o o ©

0 0 0 0 ey exl|,| 0 & &yl (2.9-2)
0 0 0 0 ey ey 0 &, &5

The constitutive relations are

T = cpqtyy + Cpllyy + O3l 5 + 0y (U5 + U5 ) +ey0,

Ty = Cppliy; + Cpplly 5 + Colly 5 + oy (U3 T U35 )+ €50,

T33 =0l t+ Cxlly, + C33ls 3 +Cyy (u2,3 + u3,2) + e13¢’1 ’ (2.9-3)
Tyy = Cyqllyy + Colly 5 + Cogly 3 + € (Uy 5 +15,) + €8, :

Ty =css(uyy +uys) + Css(Uyy + 1y ) + ey, ey,

Ty =cseus) +uy3) +og(uy, + u2,1) + ezs¢,2 + e36¢,3 s
and

D, = e, u,, +e,u,, +e;u,; ey, (uz,s tus,) -8,
D, = e, (u3,1 + u1,3) t ey (“1,2 + u2,1) - 522¢,2 - ‘923¢,3 > (2.9-4)

Dy = eys(uy; +1uy5) + ey (U, +uy,)— @, — £330 5.
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The equations of motion and charge are
Cpttyyy (6 + €4 )u2,12 +(03 + 055Uy 5 + (e +C56 )u2,13
+(cy, + 05 sy, + 20451y 53 + Coglhy 3y + Csslhy 3
+e, @, + €560 2 + (€35 + €55 )¢,23 + ey 33 = Py,
Cogllz + (56 + €14 )“1,13 +(Ce6 + clz)u1,12 + Coslhs 1y
+Colly 5y +(Cp3 + €y Yy g3 + 20541, 53 + Coylly 5
F Cyylly 33 + Cglly 33 + (€55 + €5 )¢,12 + (e + el4)¢,13 = pil,, (2.9-5)
Cssyyy +(C55 0y )u1,13 +(Cs6 + 014 )ul,lz T Cssls 11 .
tCyully 5 + 2034”3,23 +(C4y + €3 )”2,23 + Chqlly 5,
+ O3y 53 + Caylly 33 (€5 +€,)P 1, + (€35 + €13 5 = pils,
ety (e, +ey )u2,12 + (e + e )u3,13 + (e +e35)U,;
+(ey tey s 15 + (€55 + €5 Y, 93 + €l 2

teysll 33— 60, —Endy — 2523¢,23 — €305 =0.

For rotated Y-cut quartz, motions with only one displacement
component, u, are particularly useful in device applications. Consider

u, =u (x,,%5,8), U, =u; =0,
¢ = (xy,X3,1).

Equation (2.9-6) yields the following non-vanishing components of strain,
electric field, stress, and electric displacement:

(2.9-6)

Ss=u5, S =1,

E, :_¢,2: E,= _¢,3a

Ty, = Csstty 3 +Cslty 5 + ezs¢,2 + e35¢,3a
T, = Csgtty 3 + Coglhy 5 + e26¢,2 + e36¢,3’
D, = eysu, 5 +exu, 5 — Epdy— 823¢,3=

D; =ej5u, 5 +exu,, — £y, — 533¢,3'

(2.9-7)

The equations left to be satisfied by #; and ¢ are
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CoeUyp T Csslly 33 + 2056“1,23
+ ezs¢,22 +e;;5 ¢,33 +(ey5 +e35)9 5 = Pl
€5ty 3y + €35y 53 (€5 + €3 ) 3

- 522¢,22 — &3P 33 —2600,, =0.

(2.9-8)

10. LITHIUM NIOBATE AND LITHIUM TANTALATE

Lithium niobate and lithium tantalate have stronger piezoelectric
coupling than quartz. For these two crystals the crystal class is Cs, = 3m.
The material matrices are

g}
=
iy
iy
w
|
o
=
S © o O

0 0 0 0 e, —-e,)(&, 0 O
—e, €, 0 e5 0 0 [,L|] 0O ¢, 0] (2101
e;;, e, e; 0 0 0 0 0 &5,

When a rotated Y-cut is formed, the material apparently has m-monoclinic
symmetry with the following matrices

S O O O

o
=
o
&
S
o
)
g
o o o o

e, €y €y e, 0 01,10 g, &l (2.10-2)
e €, € e, 0 0 0 &, &5

The constitutive relations are
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T, = Cplly +CplU, 5 + 03U 5+ 0y (uz,s +u,, )+ e21¢,2 + e31¢,3 s
Ty = Cppthyy +Cpplly 5 +Cp3lly 3 + o (U5 + U35 ) + e, +e3,0 5,
Tys = cj3tyy +Cpaly y +Cy3lly 3 + Cog (U3 + U35 ) + €30, + 5385,
Ty =cpquyy +Cpqyy +Caqs 3 + 0y (U3 + s y) H 0@, + 3,05,
Ty = Css(usy 1y 3) +ese(uy, +uy ) +e50,,

T, =cy (usy +u ) +og(u, + u2,1) + e16¢,1’

(2.10-3)
and

D = es(u; + u3,1) + "’16(”1,2 + u2,1) - ‘911¢,19
D, = ey uy, +enu,, + eyl ;5 +e,, (uz,s ‘Uy,)—EpP, —Exbs,
D, = €3,U) T e3lUy, t eyl ey (uz,s + us,z) - 523¢,2 - 533¢,3-

(2.10-4)
The equations of motion and charge are

Cpthy gy (1 + €6y 1y +(C13 + € )“3,13 +(C14 +C56 )y 13
+ (€ +Cs6 )31y + 20561, 53 + Coglhy ) + Cssly 33
+(ey + e, )¢,12 +(ey +e5)p,;, = piiy,

Csglly ;) +(Cs6 + €1y )”1,13 +(Cgs + €1 )u1,12 t Coglly 11 T Cpplly 5
+(Cy + 0y )u3,23 + 2024”2,23 F Coqlly 5y + C3ulhs 53 + Cyylly 33
+ e16¢,11 + ezz¢,22 +(e5 + ey )¢,23 + e34¢,33 = pii,,

Cssthz gy +(Css + €3y 15 + (€56 + €Uy 1y + Csglly 5y + €l 5
+203,U; 55 +(Cyy + €3 Y, 55 + Caqlls p F Cy3lly 33 + C3yl; 43
+esP ) T euPy + (e teyn)p, +ends = pis,

(ers +e3 )5 +esityy + (e +ey))uy , + ety + eyl 5
+(€y; +e3 )y, +(ey tey, )uz,zs T €Uy T €33l 33 T 34Uy 53

— 0Py —EnPa — 26530, — 533¢,33 =0.
(2.10-5)
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