CHAPTER 2

BLASCHKE TYPE PRODUCTS

We shall consider a family of Blaschke type products in the lower half-plane
G~ = {w: Im w < 0} and investigate some of the properties of these products.
The factors of our products depend on a parameter —1 < a < +oo and are
chosen to be of the form

bo(w,¢) = exp{/olnl ([T +i(w - Q)] ey [i(w — ¢ — 7] _1_a>7adr} (1)

—1 (zk — w;l,

k =1,2,...) transfers the properties of (1) into ones for several products in
the upper half-plane G* = {z : Im z > 0}, which for a = 0 coincide with the
widely known Blaschke product

For a = 0 this expression becomes “=%, and the inversion z = w
e

B e = [ 7= (mbcot,

1

Im -—' < +oo0. (2)
Zk

k k

1. ELEMENTARY PROPERTIES OF FACTORS

1.1. We start by another representation of b, (w, ). Assuming { = &+1in € G~
a fixed point, for any « € (-1, +00) we introduce the function

i rodr [7] Todr
ot ) = /0 it — O] /0 li(w—0)— 7] (LY

The changes of variables ¢ = —(7+7) and t = 7+ 7 in the above integrals give

_ (Il Jt)>de /
Qa(w, ) —/~|n| w8 - -1 < a < +oo. (1.1)

By (1) and (1.1)

ba(w,() = exp{—Qa(w, )}, —-1<a<+oo. (1.2)
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Sometimes we shall write {4(w, {) in the form
Qa(w) C) = Ua(wa C) + Va(w?€)7 -l <a<+oo, (13)

where

0 o [nl — )@
Ua(w,C)z/ (In| +¢t)°dt Va(w,C)=/0 [i((lnl t)*dt (1.3)

il [i(w — &) — )T w— &) —

Theorem 1.1. The function bo(w,() (—1 < a < +00) is holomorphic in the
region C\{¢ +ih : 0 < h < 400} and it vanishes only at the point { € G~
which is a first order zero.

Proof. By (1.2), (1.3), (1.4)

ba(w, ) = ngexp{w)(w,c) = Ualw,€) + Vo(w, ¢) = Va(w,0) |-

The functions U, (w, ¢) and Up(w, ) obviously are holomorphic in C\{£ + ik :
0 < h < 4+oo}. Thus, it suffices to show that

Fa(wa C) E%(wv C) - Va(w’ C)

LN B ()
B /0 {[i(w—f)—t}“’a i(w—&)—t}dt

is holomorphic in the same domain. To this end, we write

[/ g (Inl =) 1
Fafw,¢) = (/_oo _/_oo) {[z’(w —o - d(w—§ -t at

= Iél) (’LU, C) - Itgz2) (wv C)

and separately prove the holomorphity of I él) and I&z). First observe that

(W—t)a _ 1 (-—oo<t<0)

li(w— &) -+ ilw—§) —t

Il

(pa(w) C’ t)

is holomorphic in C\{€ + ik : 0 < h < 400}, and for —oco < t < |57 the same
function is holomorphic in the smaller domain C\{£ + ih : —|n| < h < +o0}.
Next, for any compact K c C

pa(w,(,t) =0(t™?) as t— ~o0

uniformly in respect to w € K. Therefore, by uniform convergence, the inte-

grals L(ll)(w, ¢) and Ig) (w, ) represent holomorphic functions in the domains
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C\{¢+ih:0<h < +oo} and C\{¢ +ih : —|n| < h < +oo} respectively. But
Ic(f)(w, () is a constant. Indeed, considering this function on the ray w = { —ih
(0 < h < +00) and taking t = —oh + |n| we get

@ i et 1

I (szh,g):/o {<1+0)1+a—1+U}dcrzconst%oo.

1.2. The below recurrent formulas for Us(w,() and V,(w,() lead to some
representations of Q4(w, (). We shall assume that « > 0 and p > 1 is the
natural number deduced from p—1 < o < p. First observe that integration by
parts in (1.3") gives

Vet = 2 [ (ol it ¢ - = 2 (H2) " a0

— a\w-¢
Hence
p g . a—p+j
_ (=1)p~7 in B
w0 =307 (GTe) Y. A

Similar to this,

p 1 in a—p+j
Va<w7 C) = . ( ) + Voo (U), C) (14/)
zga—p+y w—§ ?

By these recurrent formulas and (1.2), (1.3), (1.4)

ba(w, ¢) =exp{ (~1)* " Uarp(w, ) = Vap(w, )}
o SRS e

1.3. Lemma 1.1. Ifa € (~1,+00) and { =& +in € G~ are arbitrary, and
w = u+ v is an arbitrary point from the cut complez plane C\{{ +1ih: 0 <
h < +oo}, such that |w — | > |n|, then:

2 |,,7,1+a
Qo (w, < , 1.6
el O g = 174 o
0 2
—Qa(w, )| < o, 1.6’
55 0u(0| € Pl 1.8)

Proof. Evidently |i(w — &) — t|1T* > (Jw — £| — |n|)}+2 for any € [—|n], |n]].
Hence by (1.1’) we come to (1.6). For proving (1.6’), one have to repeat the
same argument after a differentiation of (1.1’) by v = Im w.
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Lemma 1.2. If a € (—1,+00), then for any compact K C G~

Qe—i%(l—l-a) |n|1+a
(w—-&He 1+«

Qo (w, € +in) = +0(n**™) as n— -0 (1.7)

uniformly in respect to w € K and € € (—oo, +00).

Proof. Integration by parts in (1.3") gives

Ua<w,<>=#( i )Ha—Uua(w,c),

1+a\w—¢&
. 1+«
Va(wa C) = 1 _il_ o (w—zﬁ—g> + V'l-i-a(w:(:)'

Hence by (1.3)

2€—i§(1+a) |,’7|1+a
w-97 1+a

Qo(w, & +in) = + Ry (w, (),
where R (w, () = —Uira(w,{) + Viza(w, ). We shall prove that there exists
a constant C depending on a and on the compact K, for which

|Ra(w, Q) < Ol as 5 — —0

uniformly in respect to w € K and £ € (—o0,400). To this end, we denote
p = min g |Im w| and observe that if |n| < p/2, then |w —&| —[n| > p/2
for any w € K and & € (—o0, +00). The desired estimate for R, follows from
(1.3").

Remark 1.1. If jw| > Ry > 4/¢|, then |w — &| — In] > |w| — 2|¢| > |w|/2 since
2|¢| > |&| + In|- Hence by (1.2), (1.6) and (1.6")

24«

2
< < 140 —(14a) .
[log [ba (w, )l < 1Qa(w, ) < 77— i/ L ; (1.8)

0 0
‘% 10g|ba<w,<)ll = ’%Qaw,c){ < 2%t eyt (1))

for any w € C\{¢{+ih: 0 < h < 400} (Jw| > Ry). More simple representations
than (1.5) are true for bo(w, () for a = p, where p is an even or odd number
(see [54], formulas (1.6)-(1.8")).

1.4. Assuming that s = § + i)\ is an arbitrary fixed point from Gt and ¢ =
£+in € G~ =s"! (e G7), consider the ray

[*[¢,00] = {w =¢+ih: 0 < h < 400} (1.9)



BLASCHKE TYPE PRODUCTS 25

and the arc
LHe71,0] = {D*[¢,00)} P ={z=w"!: we [*[¢,00)}. (1.10)

One can see that L*[¢71,0] is contained in the closed half-plane G— = {w :
Im w < 0} and for ¢ # 0 it becomes a semi-circle connecting £ ~! = |s|2/§ with
the origin, and the center is on the real axis. Now introduce the functions

ba(z,8) = ba(w, ) , —1 <o <400, (1.11)

wm=z~1, (=s—1

and observe that their properties are simple restatement of those of b, (w, ¢).

Particularly,
1—2z/s

1-2/3
Further, in view of (1.2), (1.27) and (1.5)

bo(2,8) = exp {_/_Flm - (Jtm 571 - )" dt } (1.13)

tm s-1| [i(z~1 = Re s—1) — ]!

ba(2,8) = (1.12)

for —1 < o < 400, and the following similarity of Theorem 1.1 is true.

Theorem 1.1*. The function ba(z,s) (=1 < a < +00) is holomorphic in
C\L* [|s|2/6, O] and vanishes only at the point s € G, which is a 2ero of first
order.

2. INTEGRO-DIFFERENTIAL PROPERTIES OF FACTORS

Assuming ¢ = £ + in a fixed point in G~, we shall apply Liouville’s integro-
differential operator W% (formulas (1.13)-(1.15) in Ch. 1) to logba{w,() =
—Qq(w, z) and consider the properties of the function

W™%log |ba(w, )] = =W ™%Re Qu(w,(), —1<a<+oo.
2.1. Introduce the following line intercepts:

(¢, 8) ={&€+ih: —|n| <h < |n|},
[(,{l={¢+ih: —[n| <A < In|}, (2.1)
(¢,&) = {¢+ih: —|n| < h < 0}.

Lemma 2.1. The function W~*logba(w,() (=1 < a < +0o0) is holomorphic
in the domain C\[(, (], where

Inl — Ithe
W logba(w, () = — W™ Qu(w,() = r(11+a) /—Inl i'"_’i(fg gt. 2.2)
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Proof. As W9 is identical, for & = 0 our assertion is trivial by (1.1’) and (1.2).
The cases o > 0 and a < 0 have to be considered separately.

(a) 0 < a < +o0. By (1.1), (1.2) and (1.13) of Ch. 1
W_a log ba(wa C) = _W_aQa (wa C)

SR S ey b (el Vi
= F(Ol)/o g d /_|7]| [i(w—§)~t+0]1+a

for w € C\{¢ +1ih; 0 < h < +oo}. It is obvious that the right-hand side
integral in this equality is absolutely convergent. Therefore, using the well-
known formula

=—, a>0, (2.3)

/+°° o ldo 1 o \°
o (z+o)*e  az\z+0 o
we come to (2.2) for w € C\{{ +4h: 0 < h < +o0}. From (2.2) it follows that

W=%Qq(w,¢) permits a holomorphic continuation onto C\[¢ ,C]. Therefore,
(2.2) is true in whole C\[(, (].

(b) -1 < a<0. By (1.1"), (1.2) and (1.15) of Ch. 1
W~ *logba(w,() = ~W ™ *Qq(w, ()

Cdga ol (] = fe)odt
- 'r<1+a>/o "d”/-m fi(w—¢&) -t + 0]

for w € C\{¢ +ih: 0 < h < +oc}. Hence we again come to (2.2).
Remark 2.1. From (2.2) it follows that

2 l,nll-i-a
W™log |ba(w, ¢)]| < ,
R TR T R

for any w € C such that |w — £| > |n|. The proof of this estimate is similar to
that of (1.6).

Lemma 2.2. 1°. For any a € (—1,+00) and any w € C\[¢, ]
W= log [ba(w, ()| = —Re W™ *Qa(w, ()

_ 2Im w L]l Iw £|2_t .
- F(l—i—a)/ |(w_§) | (|"7| H)dt. (2.5)

“+oo

—1<a < 4o, (2.4)

2°. For any o € (0, +00) and any w € C
W™%log |ba(w, ¢)] = —Re W™*Qu(w, ()

1 |77| it
‘%‘%‘_—%‘ (Inl —t)>dt

" T(a) // ‘w—:j‘ € — s|* 1 X (s)do(s),  (2.6)

_F
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where X¢(s) is the characteristic function of the interval (¢,€) and do(s) is the
area element.

Proof. 1°. Denoting z = i(w — §), from (2.2) we obtain

. 1 Inl 1 1 N
W loglbaw, )l = ey [, Re {2 = g | ol -0t

Hence (2.5) follows.
2°. Observe that Re {dt/[t — i(w — £)]} = d¢log|t —i(w — &)| for w € C
and t € (—oo, 4+00). Therefore, integration by parts in (2.2) gives

. 1 7l 1 N
W™ log [ba(w, Q)| = m/_w log md(ml - 1)
1M e—it-w N
Zm/o log m’(ml‘t) dt

“t@ [,

and the proof is complete.

02 - o (o)),

From (2.5) it follows that W~ log [ba(w, ()| is harmonic outside the in-
tercept [(, (], and also that this function vanishes on the real axis, i.e.

W™%log |ba(u, )] =0, —co<u<+oo, u#& a>-1. (2.7)

Further, for |w — &| > |n| the integrand in (2.5) is nonnegative. Hence, for
lw — & > [n|
<0, if weG,

W™ log [ba(w, —l<a<+oo. (28
Ogl(wC)'{>o,if w e G, a <o (28)

2.2. For further analysis of W~%log |bs(w, ()| we use some well-known prop-
erties of Cauchy type integrals. From (2.2) it follows that for z ¢ C\[—|n], |n|]

2
W~ log |ba(—iz +£,¢)| = —mlm ®,(2), —-l<a<-+oo, (2.9)
where
|7l _ e
%@:%/ @%@%t (2.9)
T J—n| o

In view of these formulas

W=%log [ba(—iz + &,()| = —W ™ %log|ba(iz + £,¢)], z€C. (2.10)
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The function ®,(z) is holomorphic in C\[—{n}, |n|]. Besides, va(¢) = (In]—|t))*
satisfies the Lipschitz condition (for & = 0 and « > 1 of order 1 on [—{n|, |n|],
for 0 < a < 1 of order & on [—|n]|,|n|] and for —1 < a < 0 of order 1 on
(=Inl,In1)). Therefore, the below statements are true by the well-known theory
of Cauchy type integrals (see, for instance, [34], Ch. 1).

1°. The Cauchy type integral

[l _ #he
B,(z) = i/ Mdt, -1 < a< +oo,
271' "|"7| t—zx

is a continuous function of LipA in (—|n|, |n|) for some A € (0,1).

2°. For any « € (—1,+00) and any z € (—|n|, [n|) the limits

lim  &,(z) = &1 (z), lim @,(z) =&_(2)

z—x,z€GT @ z—z, 266G~

exist, are finite and connected by the following formulas:
ol (2) — g () = (Inl - [t)*, 2(z) + 25 (z) = 2%a(z).
3°. For a > —1 these limits are continuous functions of Lip A on (—|n], |n|)

with some A € (0, 1).

4°. If @ > 0, then ®,(2) is continuous at the points —|n| and |n|, as a function
of complex variable.

5°. If —1 < a < 0, then the following representations are true in enough small
neighborhoods of the points —|n| and |n|:

—iTo —iTm
€

(24 [0+ 92(2), @al2) = s (=2 n)" + Y (2)

e
P, =
(z) 2isinmo

where 99 (2) and 11 (z) are holomorphic in the same neighborhoods.

In view of (2.9) and (2.9') we come to the following

Lemma 2.3. The function W™%log|ba(w, ()| (=1 < a < +00), which is
harmonic in C\[¢, (], is continuous on [{,(] for o > 0, and is continuous on
(¢,¢) for =1 < @ < 0. Besides, for -1 <a <0

W% log |ba(w, ¢)|

B @[w—(ia cos [aarg i(w — ¢)] +ul (w), 1)
P9y 71 cos [warg (€ — )] 4w ),
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in enough small neighborhoods of ¢ € G~ and ¢ € GF, where ul (w) and ul,(w)
are harmonic.

In contrast to the properties of log |bo(w, ()|, it appears that the entire intercept
[¢, ¢] is the support of the mass of W~ log |b, (w, {)|.

Theorem 2.1. 1°. For a € (0,+00) the function W~%log |ba(w, ()| is con-
tinuous in the closed w-plane, harmonic out of [(,(], subharmonic in G~ and
superharmonic in GT. Besides,

<0 for weG™,
W% log |ba (w, 0<a<+4oo. 2.12
oxlbalw O 5o G DEC O<acm @2
2°. For a € (—1,0) the function W~log |ba(w, ()| is continuous in the closed
w-plane, except the points { € G~ and { € G7, is harmonic out of [(,(],
superharmonic in G~\( and subharmonic in Gt\(. Besides, for -1 < a < 0.

<0 fOT WEG_7 [w*§|>|77|,

2.13
>0 for weGT, |w-—£& >|nl. (2.13)

W—alogwa(w,m{

3°. For any a € (-1, +00)
W=%log ba(u,{)| =0, —o0<u< +o0. (2.14)

Proof. Whatever be a € (—1,+c0), by (2.2) W~log |bs(w, ¢)| is continu-
ous in the closure of w-plane (by (2.2) W~*logbq(o0,() = 0), with possible
exception of points ¢ and {. Therefore, 3° follows from (2.7).

1°. Let o > 0. Then in view of (2.9) and (2.9") W~%log |bs(w, ()] is
harmonic in w-plane, except [¢,(]. Because of continuity of this function, it
suffices to prove that for any s € [¢,¢] and enough small p > 0

1 27 i
— [ W loglba(s+pe?, )l

2m Jg
{ > W=*log|ba(s,{)l, s€(,8),
<Wloglba(s,Q)l, s€ (&)
Hence our assertion will follow by the maximum and the minimum principles
of subharmonic and superharmonic functions. Before proving (2.15), observe

that by (2.10) and (2.14)

1 2w

27 |, W oBlha(€ +pe”, Ol = W loglba(6, 0 =0 (216)

(2.15)

for any o € (—1,+00) and p > 0. Now assume that 0 < h < || and 0 < p <
max{h,|n| — h}. Then by (2.2)

1 27 .
— [ Wlog |ba (€ — ik + pe'®, ¢)|dY

2 0
1 In| N 1 ds
- F(1+Oé) /_|n|(ln| - |t]) Re {5—7;/|s|=p S(t_h_is) }dt
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for any 1 < o < +o00. The last inner integral vanishes for |t — h| < p and equals
(t —h)~! for |t — h| > p. Hence

1 2w

> W% log |ba(€ — ih + pet?, ¢)|dd

e (L ) O

Consequently, by (2.2) we obtain that

2
51; W2 10g |ba(€ — ih-+pe™, €)|d® — W2 10g |ba(€ — ih, C)|
1 (=)
- /h_,, g @)

for @ € (—=1,4+), 0 < h < |n| and 0 < p < max{h,|n| — h}. One can be
convinced that also

1 27
ar ), W loglba (¢ + pe™, Q)|dd — W~ *logba(¢, <)
1 p*
—— 17
F(1+a) >0 (217)

for any @ > 0 and p € (0,|n}). Now observe that

PRl =1t P (Inl =z = R)* = (In| + = = h)°
/h_p Th dt—/o . dz.

Consequently,

1 27

o= | Wlog [ba(€ —ih + pe'”, ¢)|dd — W™ log |ba(é — ih, ()|
0

2w
1 P (Inl+a—h)*—(nl—z - h)*
I(1+a) / x de

>0, 0<a<
{ &<+ (2.18)

<0, -l1<a<0

for any a € (—1,400), 0 < h < |n| and 0 < p < max{h,|n| — h}. Hence the
estimates (2.15) follow by (2.17') and (2.10).

2°. As we have shown, the function W=?log |bs(w, ()| (-1 < a < 0)
is continuous in the closure of w-plane, except the points ¢ and (. Besides,
this function is harmonic out of the intercept [¢,(] and the estimates (2.13)
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(see (2.8)) are true. Therefore, it suffices to see that by the second inequality
n (2.18) and (2.10) W log |bs(w, {)| is superharmonic in G~\¢ and subhar-
monic in GT\(.

2.3. Lemma 2.4. For any o € (—1,+00)

+oo
lim |W~*log |ba (u + iv, ¢)|| du = 0. (2.19)
v—=0 f_
Proof. By (2.2)
I t+wv
W= log |ba(u + iv, {)| / n| — [¢])*dt.
a el o e L)

for any u, v € (—00,400). Hence, changing the order of integration we get

+coco
W™%*log |ba(u + v, () |du

—0o0

. Inl o B
T T(l+a) /_lm("’” — [t])*sign (¢ +v)dt = La(|n], v).

For calculation of the last integral, observe that sign (t+v) = sign v for |v| > |n]
and —|n| <t < |n|. Hence, for |v| > |n]

27

7]
™
Ia — : v . o — : e 1+a
(o) = s o)y [ (= )°de = (s o) 57
On the other hand,
Talnl, ) = (sign v) s [+ = (] = o)) *+*]
for |v| < |n|. Consequently, for any v € (—oo, +00)
“+o00
W~%log |bo(u + v, () |du
. 2m 1+a .
P e — >
(sign ”)r(2+a) n| if v > In,
- . 2m 1+ I+a] (220
(sign U)m [l —(Inl = loD**] if |of < [n].

As the function W~ log |ba(w, )| (o > 0) keeps its sign in G~ and G, (2.20)
implies (2.19). For proving (2.19) with @ € (-1,0), note that in view of
(2.10) it suffices to prove (2.19) as v — —0. To this end, suppose v < 0 and
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denote by S the part of the line {w = u+ v : —o0 < u < +oo}, where
W=%log |ba(w, )| > 0, and by S, the remaining part of the same line, where
W—*log |ba(w, )| < 0. Then

“+o0
/ W= log ba(u + v, ¢)||du = ( / - / )W—alogwa(um,omu
oo sf Jsy

_ (2 /5: —/_:o) W= log |ba (1 + i, ¢)|du. (2.21)

But the last integral in the right-hand side of this formula vanishes as v — —0.
Therefore, it remains to show that

lim W=%log |bo{u + v, {)|du = 0.

v——0 S,j"

To this end, observe that in virtue of first inequality in (2.13) S is contained
in the semidisc {w : [w —¢&| <|n|, w € G7} for |v] < |n| (v < 0). Hence

£+(nl

OS/ W_alog|ba(u+iv,{)|du</ |W=*log |ba(u + iv, )| du. (2.22)
ST £—inl

—In

Further, by Theorem 2.1 W% log |bs(w, ¢)| is continuous in the closed quadrat
{fw=u+iv: ju—¢& <|n|,n/2 <v <0}, and therefore is bounded there.
Thus, by Fatou’s lemma and (2.14)

&+nl
limsup/ ]W‘“loglba(uﬂ’v,C)Ildu
13

v——0 —|n|

£+inl
< / lim |W~%log |ba(u + v, ¢)|| du = 0.
£

—ln| v——0

2.4. Note that by (2.20) and (2.21)

+oco 67 L
—a . < +a )
/oo ’W log|ba(u+w,C)|’du_ —F(2+a) 9] (2.23)

for any —1 < & < 400 and —oo < v < +oo. Further, note that the results of
this section can be inverted to similar results on properties of W% log |ba(z, $)|,
where W™ is the integro-differential operator mentioned in Ch. 1 (formulas
(1.21)—(1.23)) since by our notation (1.11)

W% log |ba(z, s)| =W %log|ba(w,()|, z€C.  (2.24)

z=w— 1L, s=(—1
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3. BLASCHKE TYPE PRODUCTS

Now we proceed to the convergence and main properties of the products

w, {we}) Hb w,wg), —1<a<+oo, (3.1)

with zeros {wy} in the lower half-plane G~. These will result in similar prop-
erties of the product

2, {z}) = Hb (z,2), —1<a<+oo, (3.2)

the zeros 2, = w;* (k= 1,2,...) of which lie in the upper half-plane G+.

3.1. For,o<0wesetG;:{w:Imw<p}andG_;:{w:Imw§p}.

Theorem 3.1. 1°. Let {w}° C G~ be any sequence of complex numbers
satisfying

Z [Im wg [T < 400 (3.3)
k=1

for a given a € (—1,4+00). Then for any p < 0 the infinite product

[ee)

w, {wg}{°) = H (w,wg) = exp{—iQa(w,wk)} (3.4)
k=1

is absolutely and uniformly convergent in the closed half-plane G_;, and the
function Bo(w, {wk}$°) is holomorphic in G~, where {wx}$° are its zeros.

2°. If {we}3° C G~ is a bounded sequence, and for a given o € (—1,+00)
the product (3.4) is absolutely and uniformly convergent inside G—, then {wy }3°
satisfies (3.3).
Poof. 1°. Let p < 0 be a fixed number. Since by (3.3) Im wx, = —0ask — oo,
one can choose a natural number N, > 1 such that wy & G, for k > N, + 1.
Besides, wr € G, then |w — Re wi| > [Im w| > |p| > [Im wy| for k> N, + 1.
Therefore, by (1.6)

1 [Im wk|1+°‘
(Ipl = Im we)1+> 1+

Q0 (w, wg)| = log bo(w, wi)| <

for any wy, € -CE and k > N,+1. Together with (3.3), this implies the absolute
and uniform convergence of the series

o0 oo

> logba(w,wi) =— Y Qalw,wk) (3.5)

k=N,+1 k=N, +1
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in G,. Hence, also the product (3.4) is absolutely and uniformly convergent
in G, . Consequently, Bq(w, {ws}$°) is holomorphic in G~ and {w}{° are its
ZEr0S.
2°. The function B, (w, {wg}$?) # 0 is holomorphic in G~ since (3.4)
is assumed uniform convergent inside G~. Besides, Im wy — 0 as k£ — oo
since the sequence {wy}$° is bounded. Observe that the absolute convergence
of the product (3.4) in any fixed point a € G~ is equivalent to the absolute
convergence of the series (3.5) (where p = Im a and N,, is chosen by p as above)
in the same point. Besides, by our requirements sup, |Re wg| < supy |wi| =
M < +oco. Hence
2e—i%(l+a) |Im ,wk|1+a
(a — Re wi)1 T2 (1 4 )
Since Im wy, — 0 as k — oo, (1.7) and the last inequality lead to
[Qa(a, wg)| > ClIm we|*™*, k> ko,

for enough great kg > 1, where C = C(a, a, M) > 0 is a constant independent
of k. Therefore, the absolute convergence of (3.5) in w = a implies (3.3), and
the proof is complete.

2|Im wy |1+
1+«

> (la+ M|+ |a— M)

Remark 3.1. Considering the convergence of B, (w, {w }5°) on compacts K C
C, one can show that under (3.3) Bq(w, {wk}5°) (@ > —1) admits holomorphic
continuation into the strip {w : @ < Rew < 5,0 < Imw < +o0} C G,
through any interval (a,b) disjoint from the points ux = Re wy (kK =1,2,...).

Let {wr} C G~ be a bounded sequence (finite or infinite) satisfying (3.3)
for a given a € (=1, +00). Denote sup;, |wi| = M (< +00) and assume w € G~
a fixed point such that |w| > 4M. Then, in view of absolute convergence of
(3.5) and (1.8)

[log | Ba (w, {wi})|| < Y [log b (w, )|

22+a
<4 T 2o mwne wT0 . (3.6)
k

3.2. The below lemmas are to be used in investigation of the properties of
W~log|Ba(w, {wk})|. Let the sequence {wg};® C G~ satisfy (3.3) for a
given a € (—1,400). Then Im wy — 0 as k — oo and, as it was mentioned
above, for any closed half-plane _C—v’—p: = {w: Imw < p < 0} one can choose
N = N, + 1 such that wy & G_; for k > N + 1. Introduce the function

N
Ya(w) = log | Ba(w, {wi}°)| — Y log b (w, w)|

k=1

Z log |ba(w, wg)| (3.7)

k=N+1
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For k > N + 1 the summands in the last series are harmonic functions in G .
On the other hand, from the proof of Theorem 3.1 it follows that this series is

absolutely and uniformly convergent in G, . Therefore 9),(w) is harmonic in

G, . Using the inequalities (1.6") one can show that in G there is also another
absolutely and uniformly convergent representation:

0 > 5 ,
3(Im w) Yal(w) = kz%;l m log |64 (w, wk)|, (3.7

Lemma 3.2. If (5.8) is true for a given a € (—1, +00), then the series

Z W™%1og |ba(w, wg)]
k=N+1

is absolutely and uniformly convergent in the closed half-plane G_;.

Proof. We have wy, ¢ Z}E for £ > N +1 by the choice of N = N,. Besides,
fork>N+1

2 |Im wg|tte

TR wy €G5;,  (3.8)

]W—alog]ba(w,wk)H < T

where § = maxg>n+1 [Im wi| < |p|. Hence the desired assertion follows.

Lemma 3.3. If (3.3) is true for a given a € (—1,400), then

W% (w) = Z W= log |ba(w, wk)|, wEG_,T, (3.9
k=N+1

where the series is absolutely and uniformly convergent in _G—_;;:.

Proof. Setting § = maxg>n+1 [Im wy|, preliminarily we give two estimates
which are consequences of (1.6) and (1.6 ’) and are true for v € (—o0, +00),
te(—oo,p)and k> N+ 1

, 2 |Im wk[Ha
1 (a4 H S ) '1
fogba(u +it, 00| € g (3.10)
gloglb (v +it, wg)|} < ——-—2————|Im w1 (3.10)
ot = ’ = ([t - 8)He ' '

(a) Let o > 0, then from (3.10) it follows that the integral

I(w)EL/U (v — ) i llog b (u + it, wy)]|| d

I(e) Jooo b


file:///logKiu

36 CHAPTER 2

is convergent for w = u +iv € 5;,:. Indeed, since —oo <t <v < p

2 1 > vo(w—t)et
I < I 1+a / dt <
(w) < 17 a a—F(a) (kg\];J m wg| ) o (It = 8)1He oo

by (3.10) and the convergence of the series (3.3). Hence, for w =u+iv € G

o>

— — 1 h _ poe-1 .
W™ % (w) ) /_oo(v t) kz%;rllogwa(u-l-zt, wy)|dt
(oo 1 /v . ]
= Z — (v —1)*" " log |ba(u + it, wg)|dt
k=N+1 F(a) >
= Z W™%log |be(w, wi)]
k=N-+1

in view of the definition (3.7) of 1, (w) and the convergence of I(w).
(b) Let —1 < o < 0. Similar to previous case, (3.10) implies the conver-

gence of

R T |
J(w):m/_oo(v—t) kz%:ﬂ 2 10 ba(u + it, wi) || dt

forw:u+z"UEG_;. Hence, at anywzu-l—ive—CE
1 O

W™ %0 (w) E____/U (v—t)* Z %log|ba(u+it,wk)|dt

Ml+a) J_o Py

v

- 1 / 9 ,
= Z — (v —1)*—= log |ba (u + it, wy)|dt
k=N+1 F(l + Oé) o ot

= Z W™ log |ba(w, wi)|.
k=N+1

3.3. The following theorem is a consequence of formula (3.7), Lemmas 3.2 and
3.3 and the properties of W~*log |bs(w, wk )| stated in Theorem 2.1.

Theorem 3.2. 1°. If a sequence {wx} C G~ satisfies (3.3) for a given
a € (0,400), then the function W log |Bo(w, {wk})| is continuous and sub-
harmonic in G~ and harmonic in the domain G\ Uy [wk, Re wy), and

W™%log|Ba(w, {we})| <0, weG.
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2°. If {wx} C G~ satisfies (8.3) for an o € (=1,0), then the function
W=%log |Ba(w, {wg})| is continuous and superharmonic in G~\ {wi} and is
harmonic in the domain G~\ Uy, [wg, Re wy). Besides,

W™%log|Ba(w, {wr})] <0

for any w € G~ such that lw — Re wi| > [Im wi| (k=1,2,...).

Remark 3.2. By a similar argument, one can also show that under (3.3) the
series

W™%*log |Ba(w, {wk})| = ZW“" log |ba(w, w)|, o€ (—1,400), (3.11)
k

is absolutely and uniformly convergent in any compact K C C disjoint from
condensation points of the sequence {Re wg}. Therefore, by Theorem 2.1
W~ log |Ba(w, {wk})| permits continuous extension from G~ through any in-
terval (a,b) containing not more than finite number of points vy = Re wg.

Besides,
W=%log|Ba(u, {wr})] =0, a<u<b (3.11")

Theorem 3.3. If a sequence {wr} C G~ satisfies (3.3) for a given a €
(—1,400), then

+oo
lim |[W~*log |Ba(u + v, {wi})|| du = 0. (3.12)

v—>—0 f_ o
Proof. By (3.7) for w € G \{wx}

|[W=*log | Bo(w, {w})|] < Z |W =% log |ba (w, w)]| , (3.13)
k
where the series is convergent. Therefore, by (2.23)

+oo
/ ‘W“"log|Ba(u+iv,{wk})|’du

67

< 1+a .
Tra 2 > [Im we['+* < 400 (3.14)

for any v < 0. Hence, by (2.19) and Fatou’s lemma

+o00
0 <lim sup/ ‘W_O‘ log | Bo(u + iv, {wi})|| du

v——0

<thsup/ |W~*log |ba(u + v, {wi})|| du = 0.



38 CHAPTER 2

Remark 3.3. Since W™ *log | B (w, {wr})| (o > 0) is subharmonic in G~ and
satisfies (3.12), one can use the well-known Littlewood’s theorem on boundary
values of subharmonic functions (see, for instance, [105], Ch. IV, Sec. 10,
Theorem IV.34) to prove that for almost all 4 € (—o0, +00)

lim W™%log|Bo(w, {wr})| =0, (3.15)

w—ug, wEl(ug)
where [(up) is the image of a radius for any conformal mapping of |z| < 1 onto
G~.
Lemma 3.4. If {wyx} C G~ is a bounded sequence (i.e. supy |wg| =19 < +00)
satisfying (3.3) for a given o € (—1,+00), then for w € G~ ({w| > 4rg)

(W2 log| Ba(w, {ws})] < { lemwwa}!wrl (3.16)

Proof. Assume w € G~ and |w| > 4ry. Since |w — Re wg| — |Im wy| >
|w| — (Re wi| + |Im wi]) > |w| = 2Jw| > |w|/2 +2(ro — |wk|) > |wl/2, (24)
implies

4
|W~*log |ba(w, {we})]| < I IIm wg |+ | L.

2+0a)
Therefore, (3.16) follows from (3.11).
3.4. Now we pass to the properties of the products

z,{z}) = Hb z,25), —1< <400, (3.17)

with zeros in the upper half-plane G*. Some of these properties are described
by means of the integro-differential operator W~ (formulas (1.23)-(1.25) in
Ch. 1). One can verify that the inversion w = 27! (wg, = zk"l, k=1,2,...)
transforms Theorems 3.1, 3.2 and 3.3 into the following equivalent assertions.

Theorem 3.1*. 1°. Let {z}5° be a sequence of complex numbers in the upper
half-plane Gt and let

< 400 (3.18)

for a given a € (—1,4+00). Then the infinite product
Ea(zv{zk}i}o) = Hga(zyzk) (3.19)

is absolutely and uniformly convergent inside G*, and Ea(z, {zx}) is a holo-
morphic function in G, with zeros {zi}.
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2°. If an infinite sequence {z;}5° C G* lies out of some neighborhood
of the origin, and for an a € (~1,400) the product (3.4) is absolutely and
uniformly convergent inside G, then {z;}$° satisfies (3.18).

In the next theorem L[s,Re s7') (s € G*) means an arc with the endpoints
2z and Re 2, ™!, which is the part of a tangential to the imaginary axis circle
centered on the real axis.

Theorem 3.2*. 1°. If a sequence {zx} C GT satisfies (3.18) for a given
a € (0,+00), then W—%log|Ba(z,{2x})| is continuous and subharmonic in
G and this function is harmonic in GT\ Uy L[zx, Re 2x). Besides

W—log|Ba(z,{z:})| <0, z€G™".

2°. If a sequence {z} C G satisfies (3.18) for some o € (—1,0), then
W=log|Ba(z,{21})| is continuous and superharmonic in GT\{zx} and is
harmonic in GT\ Uy, L[zk, Re z). Besides,

W log|Ba(z, {z})| < 0
for any z € Gt such that |1/2 —Re 1/z) > |Im 1/z| (k= 1,2,...).
Theorem 3.3*. If {zx} C G satisfies (3.18) for an a € (—1,+00), then

/7T did
sup
0<R<+o0 Jrr

W~ log | Ba(R sin de™, {zk})|’

Rsin? ¥

6 14+
Im — 2
T2+ a) Xk:’ m - <+oo,  (320)
lim i W~ log | B (R sin 9™ {zk})w ___ (3.21)
Rodoo | “ ’ Rsin? ¢

4. A REPRESENTATION OF THE PRODUCT
4.1. Below we shall prove a representation which will be used later, in Ch. 5,
for investigation of boundary properties of our Blaschke type products.
Theorem 4.1. Let oo € (—1,1) be any number, and let {wg} C G~ be a
sequence of complex numbers such that simultaneously

Z IIm wy|'T* < 400 and Z Im wg| < +o0. (4.1)

k k

Then for any w € G~
Ba(wa {wk}) = Bo(’w, {’LUk})
+oo
X exp {F(l: a)e—ig(pra) /- : du(t) } 7 (4.2)

w — t)lte
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where pu(t) is a nonincreasing, bounded function in (—oo,+00) for -1 < a <0,
and for 0 < o < 1 this function is nondecreasing in (—oo, +00) but such that

teo du(t
/_oo -1$<+oo (4.3)

for any € > 0. Besides, whatever be a € (—1,1) there exists a sequence &, | 0
by which

a — i0n, {wi })
- n]l)ngo/ wWlo rBo (u — ibp, {wi}) du, oo <t< oo (44)

4.2. Before establishing some necessary lemmas, note that for o =0
logbo(w, () = —Qu(w,(), w,{€G, a>-1,

becomes the main branch of the logarithm.
Lemma 4.1. Let a € (—1,1) and { =€ +in € G~ be any fized numbers. Then
the function

ba (11), C)

bO (’U), C)
is holomorphic in C\{¢€ +ih: 0 < h < +oo} where

Pa (’Uh C) =W log

(4.5)

+oo

P+ apa(wq) = [ {lo+itw-0" = [o+iw-0] "} oo

7l
|U| — -1 —_ -1
+ /0 {[a —i(w={)] " = [o+i(w~7)] } o%do. (4.6)
Proof. Preliminarily we shall show that

W~ log bo(w, ()

1

—— m /0+°° {[o+i(w - C)]_1 — o +i(w— C)]_l} o%do (4.7)

for w ¢ {¢ +ih: 0 < h < 4o0}. Indeed, for o = 0 (4.7) is trivial since W© is
identical operator. For 0 < o < 1 integration by parts gives

—a _ 1 oo o 0'+Z(’UJ—Z)
W logbo('w,g) —m/{) a d10g0_+z<—w_<)'

which implies (4.7). If —1 < a < 0, then

W= log bo(w, ¢) = W01+ {[i(w ~O) 7 = fi(w - C)]"l} .
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Hence (4.7) follows. The representation (4.6) providing the holomorphity of
¢a(w, ) in the required domain follows from (4.7) and (2.2).

Lemma 4.2. Let o € (—1,1) and { = £ +1in € G~ be fived. Then the function
Re @o(w, ) is harmonic in G~ and continuous in G—.

Proof. By Lemma 4.1, it suffices to prove the continuity of Re ¢ (w, () at the
point w = £ or, which is the same, the continuity of

pa(w, () =T(1+ a)palw +¢,() (4.9)

at the origin. To this end, we subtract from (4.6) the similar formula for
@wo(w, ¢) (= 0) multiplied by |n|*. This gives

o, = [ {lo = bl = o+l ™o i

I
o[ il o a1} (07 — i)

But [0* — |n]*| < Calo — 0] (0 < ¢ < +00), where C, depends only on
a and |n|. Therefore, estimating the real parts of integrands and using the
Lebesgue theorem on dominated convergence, we conclude that Re ¢ (w, () is
continuous in G~ and

a

; T g% — |
im Re ¢g(w,() = 2|n] s do.

Im w<0

4.8. Lemma 4.3. For any { € G~ and w € G—

<0, if —1<a<0,

4.10
>0, if 0<a<l. ( )

Re 3 (w,0) {

Proof. We shall initially prove these estimates for w = u € (—o0, +00). By
(4.9) and (4.6)

o o — o] + iu
R *dlog | —————| =1 Ir(u).
e Pa(u, () = </ / )0 8| S+ 1(u) + Ix(u)
Besides, if 0 < o < ||, then
G, o - |n| +iu u? +n? —o?
5_10 —| = —2n| Y 512
o o+ n +iu |(o +iu)? —n?|

But ¢ < |n|* for @ > 0, and o > [n|* for @ < 0. Consequently,

2|n| + iu >h{u) if —-1<a<,
—a — 00 < u < +00.

< Li(u) if O0<ax<l,

—[n|*log


file:///v/-hiw]-'
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On the other hand, integration by parts gives

+o0
— a/ log
|7l

The above estimates of I;(u) imply (4.10) for Re ¢} (w,() (Im w = 0). For
extending the inequalities (4.10) to all w € G, it suffices to use the Phragmén-
Lindel6f principle and the estimate

o —|n| +iu
o+ |n| +iu

a—1

20| +iu
u

Iz(u) = [n|* log

!1+a

. 8 1 _
atw 0 < § |+ g | we 6 Tl > 2,

which follows from the representation (4.7), (4.9) of ¢*(w, () by evaluation of
modules of integrands.
Remark 4.1. The last estimate of ¢ (w, ¢) implies that

, 8 ul 1 [nl**e
+ <
[pa(u+iv, )] < 301+ a) {|v|1‘a 1+a |v

] , v<=2n. (4.11)

On the other hand, using (4.6) and (4.10) one can verify that if v < 0 is enough
small, then for any n € (—1,0)

Colnllv|™®  if 0<a<1,

4.12
Cllnl*ew™t if —1<a<0, (412)

|Re wa(iv, in)| > {

where C,, and C/, are positive constants depending solely on a.

4.4. Assuming {wg} C G~ an arbitrary sequence satisfying the conditions (4.1)
for an @ € (—1, 1), consider the following function which is holomorphic in G™:

i g B )
Bl ) s B
- ZW“"I B3t 2)} Z: Zgoa wowg).  (4.13)

Note that the last two series are absolutely and uniformly convergent inside G~
(this follows by (4.11) and by the convergence of the series of W ~%|logb,|). On
the other hand, the first two equalities in (4.13) are true by Fubini’s theorem
(see (1.8) and (2.4)).

Lemma 4.4. Let a € (—1,1) be arbitrary, and let a sequence {wg} C G~
satisfy (4.1). Then

& (w, {we}) = %/M ) e g (4.14)

w—t’

hade el
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where u(t) is a nonincreasing and bounded function (—oo, +00) for —1 < a < 0,
and for 0 < a < 1 this function is nondecreasing in (—o0,+00) but satisfying
(4.8) for any € > 0. Besides, for any a € (—1,1) there exists a sequence o, | 0
by which (4.4) holds.

Proof. By (4.13), (4.10) and the Herglotz-Riesz’ theorem, in both cases —1 <
a<Oand0<a<l1

B, {wr}) = pr+—/+°°{ +pi (0 i, we G,

where p and C are some real numbers and the function u(t) is nonincreasing
for —1 < a < 0, nondecreasing for 0 < a < 1 and such that

oo ldu(t
/ }'u()l<+oo, -1 < a<+oo.

14¢2

Besides (see, for instance, [4], Ch. I, Sec. 4), there exists a sequence d,, | 0 by
which (4.4) holds. Now observe that by (4.11) and (4.13)
|®a(u +iv, {wi})|

8
<
“ 31+«

|’U|1 azum wk|+ 1+ lZIIm wk|1+a

for v < —2maxy [Im wg|. Consequently, sup, o [v®q(iv, {wr})] < +oo for
~1 < @ < 0. Hence (4.14) and the boundedness of u(t) follows (see, for
instance, [4], Addendum I, Sec. 4). As to the case 0 < o < 1, it is obvious that

+o0
lim ®,(iv, {wx}) =0 and / |®o(—it, {wr})] tits < 4o
1

v—>—00

for any € > 0 (we cannot get rid of ¢ in view of the below estimate for Re @,
which follows from (4.12)). Hence we come to the representation (4.14) and to
the relation (4.3) with obligatory € > 0 (see [4], Addendum I, Sec. 3).

4.5. Lemma 4.5. Under the conditions of Lemma 4.4,

Ba(w, {ws})

= log ———% I — I .
w, {w}) = log Bow. {wxd)’ mw < ml?x|mwk|

Proof. We start by the case when the sequence {wy} consists of a single term
¢ =& +1in € G~ and use the formula

t® o%de D(y+n)T(1-7) 1
/0' (Z + 0’)”+1 = nl n? z ¢ (_OO, O], (415)
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which particularly is true for any integer n > 0 and any v € (—n,1).

Let —1 < a < 0 and Im w < 7. Then by formulas (2.2), (1.15) of Ch. 1
and (1.1)—(1.2)

WeW ~*log b (w, ()

1 I too o~ %o
— t))*dt
Fr1+a)l(1-a) /M(W 14) /0 [i(w—¢&) —t+0]?
= log ba(w, {).

Besides,

WeW =% log bg(w, ()

[l +o0 "O‘da
l—a/ dt/ 5 = logbo(w,(
I —t+al* ol )
since by formula (1.13) of Ch. 1 and (4.15)
(nl dt
W™%logbg(w, 1-« / -
0( ) ( ) i) [z(w — 5) — t]l_

For 0 < a < 1 and Im w < 7 one can obtain the same equalities in a similar
way. Thus

ba(w, )
bO(w’ C) ’

Hence the desired formula follows by (4.5) and the absolute and uniform con-
vergence of the series

w, {wy})
1 log
og w, {wi ) Z
for Im w < — maxy [Im wy| (see. (3.5)).

Proof of Theorem 4.1. In view of Lemmas 4.4 and 4.5, it is sufficient to
prove the equality

Wa{i/+°°du(t)}=F(1+a)/+°° W) e

i w—t T oo i(w — 1)1t

under the assumption that wp(t) is as required. One can directly verify this
equality using (4.15).

W%pu(w, ) = log Imw<n, ac(-1,1).
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