
CHAPTER 2 

BLASCHKE TYPE PRODUCTS 

We shall consider a family of Blaschke type products in the lower half-plane 
G~ = {w \ Iva w < {)} and investigate some of the properties of these products. 
The factors of our products depend on a parameter —\<a< +00 and are 
chosen to be of the form 

b^{w,Q=exAj{[r + i{'w-0] ' " + [t(u; - C) - r] ' " V ^ d r l (1) 

For a = 0 this expression becomes ^^^, and the inversion z = w ^ {zk = Wj^ , 

k = 1,2,...) transfers the properties of (1) into ones for several products in 
the upper half-plane G+ — {z \ Im. z > 0}, which for a == 0 coincide with the 
widely known Blaschke product 

^(^'^^^»=nH7l' ^̂ '̂ >̂ '̂'' ^ Zk 
< +00. (2) 

1. ELEMENTARY PROPERTIES OF FACTORS 

1.1. We start by another representation of hoc{w, () . Assuming C, — (^-[-ir] ^ G~ 
a fixed point, for any a G (—1,-foo) we introduce the function 

^ . K C ) = / — — -ZZ7TT^+ 7 - =̂  TiT^- (1-1) 
Jo [r + i{w - C)j Jo [i{w - C) - ^] 

The changes of variables t = —{r + rj) and t = r-i-rj in the above integrals give 

» a K C ) = r ' . . / ' " ^ ' " ' " ^ " l . . - l < a < + o o . (1.10 
J-\n\ [t{w -O-t] 

By (1) and (1.1) 

ba{w, C) = exp{-nc{w, C)}, - 1 < a < +00. (1.2) 
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Sometimes we shall write ilai^^X) i^ the form 

Qaiw, 0 = C/a (^ , C) + Va{w, ( ) , " K a < + 0 0 , (1.3) 

where 

Theorem 1.1. T/ie function ba{wX) (~1 < Q̂  < +00) is holomorphic in the 
region C\{^ -\- ih : 0 < h < +00} anc? z;f vanishes only at the point ( G G~, 
which is a first order zero. 

Proof. By (1.2), (1.3), (1.4) 

w — ( ^ ^ 

The functions Ua{w, () and Uo{w^ C) obviously are holomorphic in C\{^ + ih : 
0 < h < -\-oo}. Thus, it suffices to show that 

F4w,C)=Vo{w,0-Va{w,0 

i\v\-tr -r{i [i{w - ^) - t]^-^"" i{w-i)-t 

is holomorphic in the same domain. To this end, we write 

•dt 

^--HL-Q[,^^^w^-^-^-
and separately prove the holomorphity of la and la . First observe that 

is holomorphic in C\{^ -\-ih : 0 < h < +CXD}, and for —00 < t < \r]\ the same 
function is holomorphic in the smaller domain C\{^H-i/i : —\rj\ < h < +CXD}. 

Next, for any compact K C C 

(fai'wX^t) = 0{t~'^) as t ^ ~oo 

uniformly in respect to IL' G K. Therefore, by uniform convergence, the inte­
grals la {w^ C) and la {w, () represent holomorphic functions in the domains 
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C\{^ -\-ih : 0 < h < +00} and C\{^ + ih : —\r]\ < h < +00} respectively. But 
la {w, C) is a constant. Indeed, considering this function on the ray w = ( — ih 
{0 < h < +00) and taking t — —ah + \r]\ we get 

1.2. The below recurrent formulas for Ua{wX) and Va{w^() lead to some 
representations of Qai'i^X)- We shall assume that a > 0 and p > 1 is the 
natural number deduced from p — 1 < a < p. First observe that integration by 
parts in (1.3') gives 

Ua{w, 0 = - r (1^1 + trd[i{w - C) - r " = - ( ^ ) ^ - Ua-l{w, C). 

Hence 

u^{w, c) = E ^ 3 ^ ( ^ j + {-iru^-Aw, c). (1.4) 

Similar to this, 

^"KO = - E ^ r ^ ( ^ ) +^^-.(-.0. (1.40 

By these recurrent formulas and (1.2), (1.3), (1.4) 

<J 
^ a-p+j \w-^ 

1.3. Lemma 1.1. If a e (—l,+oo) and ( — ^-\-ir] £ G~ are arbitrary, and 
w = u-\-w is an arbitrary point from the cut complex plane C\{C -\-ih \ 0 < 
h < +00}^ such that \w — £^\> \r]\, then: 

l"-(̂ 'C)l < J . i.i+.y'"'". (1-6) 

^f ia (w,C) < 
(l^-^l-W) 2+. ̂ \vr"- (1-6') 

Proof. Evidently \i{w - 0 - ^1^'*'" > i\w - CI - IvW'^" for any t € [-|7?|, |??|]. 
Hence by (1.1') we come to (1.6). For proving (1.6'), one have to repeat the 
same argument after a differentiation of (1.1') by f = Im w. 
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Lemma 1.2. If a e ( - l ,+oo) , then for any compact K C G~ 

2g- i f (l+a) |^ | l+a 
Oc('a;,C + i7/) 

( i t ; - 0 ^ + ' ' 1 + a 

uniformly in respect to it; G K and <̂  G (—00, +00). 

Proof. Integration by parts in (1.3') gives 

+ 0(|77|2+«) as rj^-0 (1.7) 

t / . ( ^ , C ) - T ^ ( - ^ 1 + Q; \ i ( ; — ^ C/l^a('?^,C), 

^.(^,0-
z?7 

1 4- a yu' — ^ 

l + a 

+ ^1+^(^,0. 

Hence by (1.3) 

where Raiw, () = — C/i+a(i(;, C) + Vi^ai"^^ C)- We shall prove that there exists 
a constant C depending on a and on the compact K, for which 

\Ra{wX)\<C\ri\^^'' as rj-^-0 

uniformly in respect to if; G K and ^ G (—00,+00). To this end, we denote 
p = min^^j^ |Im û l and observe that if \r]\ < p/2, then |if; — ^| — \r]\ > p/2 
for any if G K and ^ G (—00, +00). The desired estimate for i?^ follows from 
(1.3'). 

Remark 1.1. If \w\ > Ro > 4|C|, then \w - ^\ - \ri\ > \w\ - 2|C| > \w\/2 since 
2|CI > 1̂1 + 1̂ 1- Hence by (1.2), (1.6) and (1.6') 

22+a 
|log|6„(«;,C)|| < |i)a(ii^,C)l < f - — | r ? | ' + " k r ( ' + ° ^ 

l + a 

— log|6a(^,C)| < 
d_ 

dv Qa{w,C) 

(1.8) 

for any w G C\{(-\-ih : 0 < h < +00} {\w\ > RQ). More simple representations 
than (1.5) are true for ba{w,() for a = p, where p is an even or odd number 
(see [54], formulas (1.6)-(1.80). 

1.4- Assuming that 5 = 5 + iA is an arbitrary fixed point from G^ and ( = 
^ -\-ir] e G~ — s~^ (G G~), consider the ray 

r*[^, 00] = {w = ^ + ih: 0<h< +00} (1.9) 
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and the arc 

L*[r\0] = {T*[^, 00)}-^ ={z = W-' : w G r [C,oo)} . (1.10) 

One can see that L*[^~-^,0] is contained in the closed half-plane G~ = {w : 
Im. w <0} and for ^ 7̂  0 it becomes a semi-circle connecting ^~^ = k P / ^ with 
the origin, and the center is on the real axis. Now introduce the functions 

ba{z,s) =ba{w,C)\ , - 1 < a < + 0 0 , (1-11) 

and observe that their properties are simple restatement of those of 6a(^^',C)• 
Particularly, 

Further, in view of (1.2), (1.2') and (1.5) 

N^"'l {\lm s-'\-\t\)"dt 

|Im s-i | [«(-2~-' - Re S-1) - t] 

(1.12) 

6 „ ( z , s ) = e x p < ; - / ... ' , ^ ' ly . , !+, > (1-13) 

for — 1 < a < 4-00, and the following similarity of Theorem 1.1 is true. 

Theorem 1.1*. The function ba{z^s) (—1 < a < +oo) is holomorphic in 
C\L* [|5p/J, O] and vanishes only at the point s G G^, which is a zero of first 
order. 

2. INTEGRO-DIFFERENTIAL PROPERTIES OF FACTORS 

Assuming ( — ̂  -{- irj a, fixed point in G~, we shall apply Liouville's integro-
differential operator W~^ (formulas (1.13)-(1.15) in Ch. 1) to logba{wX) = 
—Qa(^, z) and consider the properties of the function 

W-"^ log \ba{w, 01 = - W - ^ R e 0« (^ , 0 , - 1 < a < +oo. 

2.1. Introduce the following line intercepts: 

[C,C] = {^ + ih 

-\v\<h<\v\}, 

-\v\<h<\v\}, (2.1) 
-\v\<h<o}. 

Lemma 2.1. The function W "log6a(w,C) (~1 < a < +00) is holomorphic 
in the domain C\[C, C]; where 

1 f™ (M -
W~" \ogbo.{w, C) = -W-'^^o.iw,C) = :p7T—^ / T ^ 

T{l + a) 7_|^| t - i 
I"! (|7?| - \t\rdt 

(2.2) 

file:///t/rdt
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Proof. As W^ is identical, for o; = 0 our assertion is trivial by (1.1') and (1.2). 
The cases a > 0 and a <0 have to be considered separately. 

(a) 0 < a < -foe. By ( l . l ^ , (1.2) and (1.13) of Ch. 1 

W^-"log6,(^,C) = -W^-"Oa(^,C) 
r»+oo p\rj\ 

for w e C\{C -{- ih; 0 < h < +00}. It is obvious that the right-hand side 
integral in this equality is absolutely convergent. Therefore, using the well-
known formula 

I +CXD 

a > 0, (2.3) 

(")yo J-Mli{w-()-t + t,]'+' 

I + ^ a^'-^da 1 
az z + a 

a = 0 

1 
az^ /o (z + a ) i+-

we come to (2.2) for w G C\{C + ih : 0<h< +oc}. From (2.2) ̂ t follows that 
W~^fta{'w,C) permits a holomorphic continuation onto C\[C,C]- Therefore, 
(2.2) is true in whole C\[C,C]' 

(b) - 1 < a < 0. By (1.10, (1-2) and (1.15) of Ch. 1 

W-" l0g6 , (^ ,C) =-W^-"f ia(^ ,C) 

1 + ^ f"-^ . . r'^' {\v\-\t\rdt ^ r .'4. r 
r ( l + a) io ^ ^^ J-\r,\ [i{w - 0 - ^ + ^l""^" 

for w G C\{C + ih : 0 < h < +oc}. Hence we again come to (2.2). 

Remark 2 .1 . From (2.2) it follows that 

2 |77|i+^ 
\W-''log\b^{w,C)\\< -1 < a < +CXD, (2.4) 

\w-^\~\ri\r{2 + a)' 

for any w eC such that |w — ^| > \r]\. The proof of this estimate is similar to 
that of (1.6). 

Lemma 2.2. 1°. For any a € (—l,+oo) and any w € C\[C,C] 

M^-"log|6„(w,C)| = - R e W-"naiw,(:) 

_ 2Imw /"I"! \w-^\'^-t^ 
~T{l + a)Jo | (w_^)2+i2 |2< 

2°. For any a G (0, +oo) and any w £ C 

W-"log\bc.{w,0\ = - R e W-'^n^iwX) 

- t)°'dt. (2.5) 

r( 

1 rM ^ — it — w 

5 i / I -
^ -\-it — w 

w — s 

r(a) W 

{\v\-trdt 

(2.6) 

file://{/v/-/t/rdt
file://{/v/-trdt
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where X(^{s) is the characteristic function of the interval (CO ^^^ da{s) is the 
area element. 

Proof. 1°. Denoting z = i{w — ^), from (2.2) we obtain 

Hence (2.5) follows. 
2°. Observe that Re {dt/[t - i{w - ^)]} = dt log \t - i{w - C)\ ^ov w e C 

and t G (—oo,+oo). Therefore, integration by parts in (2.2) gives 

W-^\og\bc.{w,C)\ 
r ( i + cx)j_ 

hi 1 

rlnl ^ — it — w 

^-\-it — w 

w — s 

d{\v\-ty 

t)'^dt 

w — s 
\^-s\'^-^Xc{s)da{s), 

and the proof is complete. 

From (2.5) it follows that W~^ log \ba{WyQ\ is harmonic outside the in­
tercept [C, C], and also that this function vanishes on the real axis, i.e. 

W '^\og\ba{uX)\=0, -oo<u<+oo, u^i a > - 1 . (2.7) 

Further, for [it; — (̂ | > \r]\ the integrand in (2.5) is nonnegative. Hence, for 
\w-i\ >\r]\ 

W - ^ log 16a (if; ,01 { < 0, if weG~, 
> 0, if we G+, 

1 < a < +CXD. (2.8) 

2.2. For further analysis of W ^\og\ba{w,()\ we use some well-known prop­
erties of Cauchy type integrals. From (2.2) it follows that for z 0 C\[—[ryl, \r]W 

w-^'iogKi-iz + tOl 

where 

Im ^cx{z), -l<a< +00, (2.9) 

^. 1 r 

r(i + a) 

'"' (1̂ 1 -1^1) 
I'?! t - z 

-dt. (2.90 

In view of these formulas 

W-''log\b^{-iz + ^,0\=-W-"log\ba{iz + ^,0\, ZGC. (2.10) 
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The function ^a{z) is holomorphic in C\[—[r/l, I?;!]. Besides, ^a{t) = {\v\ ~ \A)^ 
satisfies the Lipschitz condition (for a = 0 and a > 1 of order 1 on [—17/|, |ry|], 
for 0 < Q; < 1 of order a on [—\r]\, \r]\] and for —1 < a < 0 of order 1 on 
(—|ry|,|77|)). Therefore, the below statements are true by the well-known theory 
of Cauchy type integrals (see, for instance, [34], Ch. 1). 

1°. The Cauchy type integral 

^o.{x) = ^ 1^ M^^^dt, - 1 < a < +00, 0 - - I 
I t — X 

is a continuous function of Lip A in (—Ir/I, Ir/I) for some A G (0,1). 

2°. For any a G (—1, +00) and any x G (—|ry|, \r]\) the limits 

\im ^oc{z) = ^t{^), lim ^a{z)=-^-{x) 
z^-x, zEG'^ z-^x, zEG~ 

exist, are finite and connected by the following formulas: 

*+(a;) - ^-{x) = {\v\ - \t\r, ^t{x) + ^-{x) = 2$„(x). 

3°. For a > —1 these limits are continuous functions of Lip A on (—1^|,|^|) 
with some A G (0,1). 

4°. If a > 0, then ^a{z) is continuous at the points —1?7| and \r]\, as a function 
of complex variable. 

5°. If — 1 < Q; < 0, then the following representations are true in enough small 
neighborhoods of the points —\rj\ and \rj\: 

where '^^(2:) and il^l,{z) are holomorphic in the same neighborhoods. 

In view of (2.9) and (2.9') we come to the following 

Lemma 2.3. The function W~^ log \ba{wX)\ (—1 < a < +00), which is 
harmonic in C\[C,C]; ^̂  continuous on [C,C] /^^ a > 0, and is continuous on 
iCX) for -1 < a <0. Besides, for -1< a <0 

W^-"log|6«(^,C)i 
f r ( l — a) 
I 1'̂  — Cr^osfaarg i{w — Q] -{-u^{w), 

rn-a) - - ^̂ -̂ ^̂  
\w — CTcos [aarg i{( — w)] -\-ul^(w), 
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in enough small neighborhoods of ( e G~ and ( G G'^, where ul^{w) and ul^{w) 
are harmonic. 

In contrast to the properties of log |6o(tf, C)!? it appears that the entire intercept 
[C, C] is the support of the mass of W~^ log \ba{w, Q\. 

Theorem 2.1. 1°. For a G (0,+CXD) the function W~^ log \ba{wX)\ ^̂  (con­
tinuous in the closed w-plane, harmonic out of [C^C]; subharmonic in G~ and 
superharmonic in G^. Besides, 

< 0 for w eG~ 

> 0 for we G+, 

2°. For a G (—1,0) the function W~^ log \ba{wX)\ ^^ continuous in the closed 
w-plane, except the points ( G G~ and ( G G'^, is harmonic out of [C,C]; 
superharmonic in G~\C and subharmonic in G'^\(. Besides, for — 1 < a < 0. 

, . .J <^ for weG~, \w-i\>\r]l 

t > 0 for weG^, \w-^\>\ri\. 

3°. For any a G ( - 1 , +oo) 

W"" log \bcc{u, 0 1 = 0 , -oQ<u< +00. (2.14) 

Proof. Whatever be a G (—1,-foo), by (2.2) W~^\og\ba{wX)\ is continu­
ous in the closure of i(;-plane (by (2.2) W~^\ogboc{ooX) — 0), with possible 
exception of points C, and C- Therefore, 3° follows from (2.7). 

1^ Let a > 0. Then in view of (2.9) and (2.9') VK"^ log 16^(^,01 is 
harmonic in i(;-plane, except [QX]- Because of continuity of this function, it 
suffices to prove that for any 5 G [C, C] ^^^ enough small /? > 0 

1- j ^ W-^\ogK{s-\-pe'\0\dd 

Hence our assertion will follow by the maximum and the minimum principles 
of subharmonic and superharmonic functions. Before proving (2.15), observe 
that by (2.10) and (2.14) 

1 C"^^ 
~ j W-'^\og\b^{^ + pe'\C)\d^ = W-'^\ogK{U)\=Q (2.16) 

for any a e (—1, +oo) and p > 0. Now assume that ^ < h < \r]\ and 0 < p < 
max{/i, |ry| - h}. Then by (2.2) 

1 /"̂ ^ 

= WT̂ —̂T / ' ' (l^|-|<l)"Re 1;^ / -, "f . , \dt 
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for any 1 < a < +00. The last inner integral vanishes ior \t — h\ < p and equals 
{t - h)~^ for \t-h\> p. Hence 

^ rW-^\ogK{i-ih^pe'\0\dd 

1 (['-' • /'^'^ {\v\-\t\r 
r(i + a) l̂ y_|,, 7;,+,; 

Consequently, by (2.2) we obtain that 

/>27r 

27r 

t - / i 
(î . 

1 /"̂ ^ 
- y W^-" log |6„(^ - ih+pe''', 0\d^ - W-" log |64^ - i/i, C)| 

r( i 
ir^M^^ (2.17) 
+ a)Jh-p t-h ^ ^ 

for a G (—l,+oo), 0 < /i < |7y| and 0 < p < max{/i, |r/| — /i}. One can be 
convinced that also 

27ryo 

27r 

T ^ - log |6,(C + pe^^ C)M^ - W log |6a(C, 01 

1 p^ 

r ( l + a ) a 

for any a > 0 and p G (0, Ir/I). Now observe that 

''-"'{\v\-\t\r.._ r i\v\-x-hr-{\v\+x-hr 

> 0. (2.170 

Jh-p t-h Jo 
dx. 

h-p i — II Jo X 

Consequently, 

^27r 

27r./o 
1 PP n-nl 4- ^ - M « - (\n\ - ^ _ M« 

-da: 

^ y ' " w - ^ log |6,(^ -ih + pe'\ C)\d^ - W - ^ log |6«(^ - 2/1,01 

^ {\rj\-hx-h)^-{\rj\-x-h)'' 1 Z*̂  

> n. n <- rv <r -i-oo 
(2.18) 

r ( l + a) Jo X 

J > 0, 0 < a < +00 

1 <0, - l < a < 0 

for any a G (—l,+oo), 0 < h < \r]\ and 0 < p < max{/i, Ir/I — /i}. Hence the 
estimates (2.15) follow by (2.17') and (2.10). 

2°. As we have shown, the function W~^ log \ba{wX)\ (—1 < a < 0) 
is continuous in the closure of w-p\3,ne, except the points ( and (. Besides, 
this function is harmonic out of the intercept [C, C] ^^^ the estimates (2.13) 

file://{/v/-/t/r
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(see (2.8)) are true. Therefore, it suffices to see that by the second inequahty 
in (2.18) and (2.10) W~^ log \ba{w, ()\ is superharmonic in G~\C and subhar-
monic in G"^\C-

2.3. Lemma 2.4. For any a G (-1,4-CXD) 

/

+00 

IW"^ log \bJu + iv, C)\\du = 0. (2.19) 

Proof. By (2.2) 

for any u, v G (—oo,+oo). Hence, changing the order of integration we get 

/

+ 00 

W-''\og\ba{u + iv,0\du 
-OO 

r\ri\ 
— ^ / {\rj\-\t\rsign {t + v)dt^U\rjlv). 

For calculation of the last integral, observe that sign {t+v) — sign v for \v\ > \r]\ 
and —\rj\ <t< \r]\. Hence, for \v\ > \r]\ 

r\v\ 
\l+ot 

TT Z"'^' 27r 
lailvlv) = (sign v) / (|r/| - \t\rdt = (sign v)———\r]\' 

On the other hand, 

U\r,lv) = (sign ^ ) p ^ ^ [|r?|^+" - {\v\ - k l ) ' + 1 

for \v\ < \r]\. Consequently, for any v G (—oo,+oo) 

/

+ 00 

W-''\og\ba{u + iv,C)\du 
-OO 

2n 
(sign ^)p.^_^ .1̂ 1̂ "̂ ^ if 1̂1 > 1̂ 1, 

( s i g n i ; ) | , ^ ^ ^ [ | r 7 r - ^ - - ( M - | H ) ' - ^ 1 if H < M-
(2.20) 

As the function W'"^ log |6a('?i;, C)l (<̂  > 0) keeps its sign in G' and G+, (2.20) 
implies (2.19). For proving (2.19) with a G (—1,0), note that in view of 
(2.10) it suffices to prove (2.19) as t* —> —0. To this end, suppose v < 0 and 

file://{/rj/-/t/r
file:///t/rdt
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denote by S^ the part of the Hne {w = u -}- iv : —oo<u<-{-oo}, where 
W~^ log \ba{w, ()\ > 0, and by S~ the remaining part of the same hne, where 
W^-"log|6a(^,C)l < 0 . Then 

/ IW-'^loglbaiu + iv.Olldu^ (J ^ - J ^W-^'loglbaiu + W 

= f 2 [ - f ^W-'^loglbaiu + iv^Oldu. (2.21) 

But the last integral in the right-hand side of this formula vanishes as i; -> — 0. 
Therefore, it remains to show that 

lim / W-'^log\ba{u-\-iv,C)\du = 0. 

To this end, observe that in virtue of first inequality in (2.13) S^ is contained 
in the semidisc {w : \w — ^\ < \rj\^ w e G~} for \v\ < \rj\ {v < 0). Hence 

0 < / W-'^loglbaiu-^-iv.OlduK / IW-^'loglbaiu-^-iv^QWdu. (2.22) 

Further, by Theorem 2.1 W~^ log \ba{w, Q\ is continuous in the closed quadrat 
{w = u -\- iv : \u — ^\ < \r]\, r]/2 < f < 0}, and therefore is bounded there. 
Thus, by Fatou's lemma and (2.14) 

lim sup / \W~'^\og\ba{u-\-ivX)\\d'^ 

< / lim \W-'^log\ba{u + iv,C)\\du = 0. 

2.4. Note that by (2.20) and (2.21) 

/

+ OO r^ 

|W^-" log \b4u + iv,0\\du< ^^^ ^ ^^ | 7 ? r " (2.23) 
for any — 1 < a < -f-00 and —00 < v < +00. Further, note that the results of 
this section can be inverted to similar results on properties of W~^ log \ba{z, s)|, 
where W~^ is the integro-differential operator mentioned in Ch. 1 (formulas 
(1.21)-(1.23)) since by our notation (1.11) 

W-^\og\b^{z,s)\\ ^ ^ =W-^\og\b^{wX)l zeC. (2.24) 
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3. BLASCHKE TYPE PRODUCTS 

Now we proceed to the convergence and main properties of the products 

Bc,{w, {wk}) = Yi ^ociw, Wk), - 1 < a < -f oo, (3.1) 
k 

with zeros {wk} in the lower half-plane G~. These will result in similar prop­
erties of the product 

Boc{z, {zk}) = WK{Z, Zk), -l<a< +00, (3.2) 
k 

the zeros Zk — W^^ (/c = 1, 2 , . . . ) of which lie in the upper half-plane G+. 

S.l. For p < 0 we set G~ — {w \ \v^w < p) and G^ — {w \ Im tt; < p}. 

Theorem 3.1. 1°. Let {wk^T ^ ^~ ^^ ^^2/ sequence of complex numbers 
satisfying 

oo 

^ | I m ^ ^ | ' + " < + o o (3.3) 
k=l 

for a given a G (—1, +oo). Then for any p < 0 the infinite product 

oo • oo N 

k=l ^ k=l J 

25 absolutely and uniformly convergent in the closed half-plane G'^, and the 
function Ba{w, {wk}i^) is holomorphic in G~, where {wk}^ are its zeros. 

2°. If {wk}^ C G~ is a bounded sequence, and for a given a G (—1, +oo) 
the product (3.4) is absolutely and uniformly convergent inside G~, then {wk}i^ 
satisfies (3.3). 

Poof. 1°. Let p < 0 be a fixed number. Since by (3.3) Im 1̂ ;̂ ; -^ — 0 as fc -> oo, 

one can choose a natural number Np > 1 such that Wk ^ G'^ ioi k > Np -\-l. 

Besides, Wk G G^, then \w — Re Wk\ > |Im w\ > \p\ > |Im Wk\ for k > Np-\-l. 
Therefore, by (1.6) 

for any Wk G G^ and k > Np-{-l. Together with (3.3), this implies the absolute 
and uniform convergence of the series 

oo oo 

y ^ logba{w,Wk) = - ^ fla{w,Wk) (3.5) 

k=Np+l k=Na+l 
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in G~^. Hence, also the product (3.4) is absolutely and uniformly convergent 
in G~^. Consequently, Ba{w^ {'^k}T) ^^ holomorphic in G~ and {wkj'i^ are its 
zeros. 

2°. The function Ba{w,{wk}f) ^ 0 is holomorphic in G~ since (3.4) 
is assumed uniform convergent inside G~. Besides, Im Wk -> 0 3.8 k -> oo 
since the sequence {wk}i^ is bounded. Observe that the absolute convergence 
of the product (3.4) in any fixed point a G G~ is equivalent to the absolute 
convergence of the series (3.5) (where p = lin a and Np is chosen by p as above) 
in the same point. Besides, by our requirements sup^ |Re Wk\ < sup^ \wk\ = 
M < -hoc. Hence 

2 g - i f ( l + a ) | j ^ ^ ^ | l + a 

(a-Reif;fc)^+^(l + a) 
>(|a + M| + |a-M|)-^-"'l^"^"'=l'''" 

Since Im IC'A; —> 0 as fc -> oo, (1.7) and the last inequality lead to 

\fta{ci,Wk)\ > C\lm Wkl^'^'^, k > fco, 

for enough great ko > 1, where C = C{a, a, M) > 0 is a constant independent 
of k. Therefore, the absolute convergence of (3.5) in w = a implies (3.3), and 
the proof is complete. 

Remark 3.1. Considering the convergence oiBa{w, {tffc}i°) on compacts K C 
C, one can show that under (3.3) Ba{w, {^k}T) {^ > ~1) admits holomorphic 
continuation into the strip {w : a < Re w < b, 0 < Im w < +00} C G" ,̂ 
through any interval (a, b) disjoint from the points Uk = Re Wk (AJ = 1, 2 , . . . ) . 

Let {wk} C G~ be a bounded sequence (finite or infinite) satisfying (3.3) 
for a given a G (—1, +00). Denote sup;. \wk\ = M (< 4-oo) and assume w G G~ 
a fixed point such that \w\ > 4M. Then, in view of absolute convergence of 
(3.5) and (1.8) 

\\0g \Ba{w,{Wk})\\ < ^\\0g\ba{w,Wk)\\ 

k 

< 1 1 ^ Yl ii"i "''̂ i'̂ " I kr^'+"^- (3-6) 
3.2, The below lemmas are to be used in investigation of the properties of 
W~^\og\Ba{w,{wk})\' Let the sequence {wk}i^ C G~ satisfy (3.3) for a 
given a G (—l,+oo). Then lui Wk -^ 0 3,s k -^ 00 and, as it was mentioned 
above, for any closed half-plane G^ = {w : lin w < p < 0} one can choose 
N = Np-i-1 such that Wk ^ G~^ iov k > N -\-l. Introduce the function 

N 

ija{w) =\og\Bcy{w,{Wk}T)\ -^\0g\bc,{w,Wk)\ 
k=l 

0 0 

= Yl iog\ba{w,Wk)\. (3.7) 
k=N+l 
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For k > N -\-l the summands in the last series are harmonic functions in G^. 
On the other hand, from the proof of Theorem 3.1 it follows that this series is 
absolutely and uniformly convergent in G^. Therefore '0a ('^) is harmonic in 
G~. Using the inequalities (1.6') one can show that in G^ there is also another 
absolutely and uniformly convergent representation: 

— -^^{w)= V — log \ba{w,Wk)\. (3.70 
9(Im w) ^ J ^ ^ a(Im w) 

Lemma 3.2. If (3.3) is true for a given a G (—1, +00)^ then the series 

00 

J2 W-'^loglbaiw^Wk)] 
k=N-\-l 

is absolutely and uniformly convergent in the closed half-plane G^. 

Proof. We have Wk ^ G^ for A: > Â  + 1 by the choice oi N = Np. Besides, 
for /c > AT + 1 

2 llm wi.\^'^^ 
\W--\og\bo.{w,Wk)\\< ^^^_^^^^ ^^^^'^ , wueG^, (3.8) 

where 6 — max/c>Ar+i |Im W]^\ < \p\. Hence the desired assertion follows. 

Lemma 3.3. / / (3.3) is true for a given a G (—1, +oc); then 

oo 

l ^ - > , ( ^ ) = J2 W l o g | 6 a ( ^ , ^ f e ) | , wGGp, (3.9) 
k=N+l 

where the series is absolutely and uniformly convergent in G^. 

Proof. Setting 6 = maxfc>iv+i |Ini Wk\, preliminarily we give two estimates 
which are consequences of (1.6) and (1.6 ') and are true for u G (—OO,+CXD), 
t G (-00, p) and fc > AT + 1: 

\logKiu+ it,w,)\\ < ( | , | _ ' ^ ) i ^ J ^ " ; ^ ' i ] ^ " , (3.10) 

— log\ba{u + it,Wk)\ ^ ( | , | _ j ) 2 + J I " ^ ^ ^ l ' ^ " - (3-10') 

(a) Let a > 0, then from (3.10) it follows that the integral 

i{w)^-— {v-tr-' Yl i^ogKiu+it,wk)\\dt 
i [a) 7 _ o o i,_Ar_Li k=N+l 

file:///logKiu
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is convergent for w = u-hiv G C^. Indeed, since —oo <t <v < p 

"»)^Ti^fibClj--ii/-' dt < +00 
(|«|-<5)i+« 

by (3.10) and the convergence of the series (3.3). Hence, iov w = u + w G G~^ 

-J pv 00 

W-''Mw)=—— {v-t^-^ Y. ^og\ba{u + it,Wk)\dt 
l ^ y ^ - 0 0 k=N+l 

00 ^ pv 

= YJ W^ {v-t)''-Hog\baiu + it,Wk)\dt 
k=N+l ^"' '^-°° 

0 0 

= Y, W-^\0g\ba{w,Wk)\ 
k=N+l 

in view of the definition (3.7) of '0a(tt') and the convergence of I{w). 
(b) Let — 1 < a < 0. Similar to previous case, (3.10') imphes the conver­

gence of 

k=N-\-l 

\og\boc{u + it,Wk) dt 

iov w = u + iv G Gp . Hence, at any w = u-\-iv£Gp 

= J2 fvTTTT̂  / iy-tT^^ogK{u + it,Wk)\dt 

CO 

= ^ W-"log|6,(^,^,) | . 
k=N+l 

3.3. The following theorem is a consequence of formula (3.7), Lemmas 3.2 and 
3.3 and the properties oiW~^ log \hoc{w^Wk)\ stated in Theorem 2.1. 

Theorem 3.2. 1°. If a sequence {wk} C G~ satisfies (3.3) for a given 
a G (0,+oo)^ then the function W~^\og\Ba^{w^{wk})\ is continuous and sub-
harmonic in G~ and harmonic in the domain G~\ Uk [wk^Re Wk), and 

W-^log|5,(i/;,{^^})|<0, weG-
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2°. / / {wk} C G~ satisfies (3.3) for an a e ( -1,0); then the function 
W~^\og\Boc{w,{wk})\ is continuous and superharmonic in G~\{wk} and is 
harmonic in the domain G~\Uk [wk^Ke Wk)- Besides, 

W-''\og\Ba{w,{wk})\<0 

for any w G G~ such that \w — Re Wk\ > |Im Wk\ (fc = 1,2,. . .) . 

R e m a r k 3.2. By a similar argument, one can also show that under (3.3) the 
series 

H^-^ log \Ba{w, {wk})\ = 5 ^ 1 ^ - " log \ba{w, Wk)l a G ( - 1 , +oc), (3.11) 
k 

is absolutely and uniformly convergent in any compact K C C disjoint from 
condensation points of the sequence {Re Wk}- Therefore, by Theorem 2.1 
W~^ log \Ba{w^ {'̂ /c})| permits continuous extension from G~ through any in­
terval (a,6) containing not more than finite number of points Uk = Rewk-
Besides, 

^ - ^ log \Ba,{u, {wk})\ = 0 , a<u<b, (3.110 

Theorem 3.3. If a sequence {wk} C G~ satisfies (3.3) for a given a G 
(—l,+oo); then 

/

+ 00 

l iy -^ log \Boc{u + iv, {wk})\\ du = 0. (3.12) 

-oo 

Proof. By (3.7) for w G G-\{wk} 

\W-''\og\B^{w,{wk})\\<Y,\W-^\og\b^{w,Wk)\\, (3.13) 
k 

where the series is convergent. Therefore, by (2.23) 

I W " log \Ba{u + iv, {wk})\\du 

for any v <0. Hence, by (2.19) and Fatou's lemma 

/

+ 00 
{W-"^ log \Boc{u + iv, {wk})\\ du 

-oo 

/

+ 00 
{W'"^ log \ba{u + iv, {wk})\\ du = 0. 

-oo 

/

+ 00 

-oo 
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Remark 3.3. Since W~^ log \Ba{w, {wk})\ {a > 0) is subharmonic in G~ and 
satisfies (3.12), one can use the well-known Littlewood's theorem on boundary 
values of subharmonic functions (see, for instance, [105], Ch. IV, Sec. 10, 
Theorem IV.34) to prove that for almost all ix G (—oo, +oo) 

lim T^-" log \Ba{w, {wk})\ - 0, (3.15) 

where l{uo) is the image of a radius for any conformal mapping of |2:| < 1 onto 
G-. 

Lemma 3.4. If {wk} C G~ is a bounded sequence {i.e. sup^ \wk\ = TQ < +CXD) 
satisfying (3.3) for a given a G ( - 1 , 4-oo)^ then for w e G~ {\w\ > 4ro) 

\W-'^log\B^{w,{wk})\\ < | ^ ^ ^ E | I ^ ^ ^ I ' ^ 4 H " ' - (3-16) 

Proof. Assume w G G and \w\ > 4ro. Since \w — Re Wk\ — |Im Wk\ > 
\w\ - (|Re Wk\ + |Im Wk\) > \w\ - 2\wk\ > \w\/2 + 2(ro - \wk\) > \wk\/2, (2.4) 
implies 

4 l + a . 1-1 

Therefore, (3.16) follows from (3.11). 

3.4- Now we pass to the properties of the products 

Ba{z, {zk}) = Y[ba{z, Zk), -l< a < +00, (3.17) 
k 

with zeros in the upper half-plane G^. Some of^these properties are described 
by means of the integro-differential operator W~^ (formulas (1.23)-(1.25) in 
Ch. 1). One can verify that the inversion w — z~^ {wk = z^^^ fc = 1,2,...) 
transforms Theorems 3.1, 3.2 and 3.3 into the following equivalent assertions. 

Theorem 3.1*. 1°. Let {zk^'i^ he a sequence of complex numbers in the upper 
half-plane G^ and let 

oo j ^ I l + a 

Im — 
Zk E 

for a given a G (—1, +oo). Then the infinite product 

< +00 (3.18) 

Ba,{z,{zk}T)^\{K{z,Zk) (3.19) 
k=l 

is absolutely and uniformly convergent inside G~^, and Bct{z^{zk}) is a holo-
morphic function in G^, with zeros {zk}-
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2°. / / an infinite sequence {zkyf^ C G"̂  lies out of some neighborhood 
of the origin, and for an a G (—1,+CXD) the product (3.4) is absolutely and 
uniformly convergent inside G^, then {zk}^ satisfies (3.18). 

In the next theorem I/[5,Re s~^) {s G G"̂ ) means an arc with the endpoints 
Zk and Re Zk~^, which is the part of a tangential to the imaginary axis circle 
centered on the real axis. 

Theorem 3.2*. 1°. / / a sequence {zk} C G^ satisfies (3.18) for a given 
a € (0,-hcxD)̂  then W~^\og\Boc{z^{zk})\ is continuous and subharmonic in 
G^ and this function is harmonic in G^\ U^ L[zA;,Re Zk). Besides 

W-^\og\Bo^{z,{zk})\<^, zeG^. 

2°. / / a sequence {zk} C G'^ satisfies (3.18) for some a e (—1,0); then 
W~^\og\Ba{z,{zk})\ is continuous and superharmonic in G~^\{zk} and is 
harmonic in G~^\ Uk L[zk,Re Zk)- Besides, 

W-^log\B^{z,{zk})\<0 

for any z G G'^ such that \l/z — Re l/zk\ > |Im l/zk\ (/c = 1 ,2, . . . ) . 

Theorem 3.3*. If {zk} C G+ satisfies (3.18) for an a E ( - l ,+ o o ) , then 

d^ 

l+a 
< 4-00, (3.20) 

sup / \w-''log\Ba{Rsm^e'^,{zk})\\ 

-r(2 + a)4- Zk 

lim 
R^-\-oo 

r \w-^\og\Bo,{Rsm^e'\{zk})\\ - ^ = 0. (3.21) 

4. A REPRESENTATION OF THE PRODUCT 

4.1. Below we shall prove a representation which will be used later, in Ch. 5, 
for investigation of boundary properties of our Blaschke type products. 

Theorem 4.1. Let a G (—1,1) be any number, and let {wk} C G~ be a 
sequence of complex numbers such that simultaneously 

^^\lm Wk\^^'^ <-^00 and ^ |Im tt;^! < + 0 0 . (4.1) 
k k 

Then for any w G G~ 

Ba{w, {wk}) = Bo{w, {wk}) 
+00 

- - {^^- - - / r i^^} ' <"' 
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where fi{t) is a nonincreasing, bounded function in (—00, +00) for —1 < a < 0̂  
and for 0 < a < 1 this function is nondecreasing in (—00, +00) but such that 

<+oo (4.3) 
J-00 1 + 1*1"+̂  

for any e > 0. Besides, whatever be a G (—1,1) there exists a sequence dn iO 
by which 

fi{t) = lim / W-"" log 
Bcc{u-i6n,{wk}) 

du, -cxD <t < +00. (4.4) 
BQ{u-i8n,{wk}) 

4.2. Before establishing some necessary lemmas, note that for a = 0 

l0gba{wX) =-^a{w,C), W,CeG~, Q; > - 1 , 

becomes the main branch of the logarithm. 

Lemma 4.1. Let o; G (—1,1) and ( = ^-^ir] e G~ be any fixed numbers. Then 
the function 

^ „ K C ) = W ^ - ' * l o g ^ ^ (4.5) 

is holomorphic in C\{^ + i/i: 0 < h < +00} where 

r ( l + a)Mw, 0= \[a + i{w- or' -[<T + iiw - 0] (^"da 
J\r,\ ^ -" 

+ / \^[a-i{w-C)]''-[a + iiw-C)]~''^a"da. (4.6) 

Proof. Preliminarily we shall show that 

VF-"log6o(w,C) 

= -fiTTa)i {W + i{^-Or'-[<r + i{u>-Or'}<^''da (4.7) 

ioi w ^ {(-\-ih : 0 < h < +00}. Indeed, for o; = 0 (4.7) is trivial since W^ is 
identical operator. For 0 < a < 1 integration by parts gives 

r ( l -i-a) JQ O- + i{w - C) 

which implies (4.7). If - 1 < o; < 0, then 

w-'^iogboiw.o = w-(i+") {[i(^ - 0 ] " ' - [i{w - o r ' } . 
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Hence (4.7) follows. The representation (4.6) providing the holomorphity of 
(Pa{wX) in the required domain follows from (4.7) and (2.2). 

Lemma 4.2. Let a G (—1,1) and ( = ^-{-ir] e G~ be fixed. Then the function 
Re (pa{wX) 5̂ harmonic in G~ and continuous in G~. 

Proof. By Lemma 4.1, it suffices to prove the continuity of Re (fai"^, C) ^^ the 
point If; = ^ or, which is the same, the continuity of 

<pl{w,C)=r{l + a)^^{w + tC) (4.9) 

at the origin. To this end, we subtract from (4.6) the similar formula for 
^o{wX) (= 0) multiplied by \rj\^. This gives 

^aiw,C) = \[a- \v\-hiw]-' ~ [a + \rj\+iw]-H{a^ - \rjnda 
J\rj\ ^ ^ 

+ / {W- \v\ - H ~ ' -W- \v\ + H " ' } K - IvHdcT. 

But \a^ — \rj\^\ < CaW — \rj\\ (0 < a < +oo), where Ca depends only on 
a and \r]\. Therefore, estimating the real parts of integrands and using the 
Lebesgue theorem on dominated convergence, we conclude that Re cp'^{w,Q is 
continuous in G"~ and 

/'+00 a _ I la 
lim R e ^ ; K 0 - 2 M / ^ r ^ d a . 

Im w<0 -^0 I /I 

4^3. Lemma 4.3. For any ( ^ G and w G G~ 

< 0, if - 1 < a < 0, 
Re(/:^*(ii;,C) 

> 0, if 0<a<l. 

Proof. We shall initially prove these estimates iov w = u G 
(4.9) and (4.6) 

(4.10) 

-oo,+oo). By 

J^ +J ja^dlog a — \r]\ -f m 

( j+ IT̂ I +iu 
= Il{u)-\-l2{u), 

Besides, if 0 < cr < |?7|, then 

_9_ 
da 

log 
(J — \r]\ -{- in 

cr-f- \rj\ + m \{a + m)^ — 7/21 

But a"^ < Ir/I'" for a > 0, and a"^ > Irj]"^ for a < 0. Consequently, 

-i^riog 
2\rj\+iu > Ii{u) if - 1 < a < 0, 

<Ii{u) if 0 < Q : < 1 , 
OO < U < + 0 0 . 

file:///v/-hiw]-'
file:///rjnda
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On the other hand, integration by parts gives 

l2{u)^\ririog 
2|r/|-hm / '4-00 

-a log 
J\ri\ 7l 

a — \rj\ i-iu 

cr+ \r]\ -{-iu 
^a-l da. 

The above estimates of Ii{u) imply (4.10) for Re (^*(i(;,C) (Im if = 0). For 
extending the inequalities (4.10) to all w G G~, it suffices to use the Phragmen-
Lindelof principle and the estimate 

IV :KC) I<3 \v\ 1 1̂1 l+a 

\W 1-a l + a \w\ 
, If; G G " , \w\ > 2\r]\, 

which follows from the representation (4.7), (4.9) of ^ ^ ( ' ^ ' 0 by evaluation of 
modules of integrands. 

Remark 4.1. The last estimate of (/?* (ti;,C) implies that 

\rj\ , 1 |77|i+-
\ipa{u+iv,C)\ < 

3r(H-a) ii; | i-" l+a \v\ 
, v<-2\r]\. (4.11) 

On the other hand, using (4.6) and (4.10) one can verify that if i; < 0 is enough 
small, then for any rj € (—1,0) 

\Re ipaiiv,ir])\ > 
CalvM'^^" if 0 < a < l , 

| r/ | i+"|t;ri if - l < a < 0 . 
(4.12) 

where Ca and C^ are positive constants depending solely on a. 

4-4- Assuming {wk} C G~ an arbitrary sequence satisfying the conditions (4.1) 
for an Q; G (—1,1), consider the following function which is holomorphic in G~: 

^a{w,{Wk})=W-''log 
Ba{w,{wk}) 
Bo{w,{wk}) 

= E^-°>»«^-E-(»-). ("3) 
k ^ ^ k 

Note that the last two series are absolutely and uniformly convergent inside G ~ 
(this follows by (4.11) and by the convergence of the series of VK" '̂! log ba\)- On 
the other hand, the first two equalities in (4.13) are true by Fubini's theorem 
(see (1.8) and (2.4)). 

Lemma 4.4. Let a G (—1,1) be arbitrary, and let a sequence {wk} C G~ 
satisfy (4-V' Then 

1 /"^^ 
^oc{w,{Wk}) = — 

7̂ ^ J-oo 

d^i{t) 

W — t 
w G G~, (4.14) 
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where ^{t) is a nonincreasing and hounded function (—00, +00) for — 1 < a < 0; 
and for 0 < a < 1 this function is nondecreasing in (—00, +CXD) but satisfying 
(4-3) for any 5 > 0. Besides, for any a G (—1,1) there exists a sequence 6n i^ 
by which (4-4) holds. 

Proof. By (4T3), (4T0) and the Herglotz-Riesz' theorem, in both cases — 1 < 
a <0 and 0 < a <1 

1 f^"^ ( I t ] 
^a{w, {wk}) = ipw-\- — < 7 -h :——^ > dfi{t) +iC, w eG , 

TTZ J_^ [w-t 1+t^ } 

where p and C are some real numbers and the function //(t) is nonincreasing 
for —1 < a < 0, nondecreasing for 0 < a < 1 and such that 

/ . 
' \i^ < +00, - 1 < a < +00. 
1 H- r̂  

Besides (see, for instance, [4], Ch. I, Sec. 4), there exists a sequence J^ i 0 by 
which (4.4) holds. Now observe that by (4.11) and (4.13) 

\^a{u + iv,{Wk})\ 

< 
3r ( l + a) u i^Eii--^i + 7 r : ^ a+.)r -'"" 

for V < —2in3,Xk\lT0[iWk\' Consequently, supy^Q\v^a{iv,{wk})\ < +00 for 
— 1 < a < 0. Hence (4.14) and the boundedness of fj,{t) follows (see, for 
instance, [4], Addendum I, Sec. 4). As to the case 0 < a < 1, it is obvious that 

f^"^ dt 
lim ^a{iv, {wk}) = 0 and / \^a{~it, {wk})\ —— < +00 

for any e > 0 (we cannot get rid of e in view of the below estimate for Re $«? 
which follows from (4.12)). Hence we come to the representation (4.14) and to 
the relation (4.3) with obligatory e > 0 (see [4], Addendum I, Sec. 3). 

4.5. Lemma 4.5. Under the conditions of Lemma 4.4; 

W'^^aiw.iwk}) = log J^)^' e l l ^ Imw < -max|Imt<;fe|. 

Proof. We start by the case when the sequence {wk} consists of a single term 
C = ^ + ir/ G G~ and use the formula 

/ 
,+°° <^-''da r ( 7 + n ) r ( l - 7 ) 1 ^ / nl ,A ,<,^ 
[ ( . + a ) » + i = nl ^ ^ ' - ^ ( — ' 0 ] ' (4.15) 
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which particularly is true for any integer n > 0 and any 7 G (—n, 1). 
Let - 1 < a < 0 and Imw <r]. Then by formulas (2.2), (1.15) of Ch. 1 

and (1.10-(1.2) 

WW-'^logbaiwX) 

= ~r(i-f-a)r(i-a) y_|,|̂ l̂ l" Î Î ^̂ Vo [i(^-0-t + a]2 
==log6a(if;,C)-

Besides, 

W^«lpy-«log6o(u;,C) 

= -(l-a) dt — - 7— T7^-—=logbo{wX) 

since by formula (1.13) of Ch. 1 and (4.15) 

/"'"̂ l df 
W-^ log6o(., C) = - r ( l - a) j_^^^ [ , (^_^) _ , , , _ . • 

For 0 < a < 1 and lmw<r] one can obtain the same equalities in a similar 
way. Thus 

W > a ( ^ , C ) = l o g ^ 4 ^ ' Ini t i ;<r/ , a G ( - l , l ) . 

Hence the desired formula follows by (4.5) and the absolute and uniform con­
vergence of the series 

Ba{w,{Wk}) ^ Y ^ i ba{w,Wk) 

bo{w,{wk}) ^ bo{w,Wk) 

for Im If; < — max/c |Im Wk\ (see. (3.5)). 
Proof of Theorem 4.1. In view of Lemmas 4.4 and 4.5, it is sufficient to 
prove the equality 

, w eG , 

under the assumption that ii{t) is as required. One can directly verify this 
equality using (4.15). 
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