Chapter 2

BASICS OF CIRCUIT ANALYSIS

There has been striking progress in linear circuit reduction since the last two
decades or so. Linear circuits that we will discuss throughout the book refer to
parasitic RC' and RLC circuits that represent interconnects on metal layers in
modern ICs.

As we are entering the very deep submicron era with the smallest CMOS
transistor less than 65nm in width, interconnects start playing a significant role
than ever before. Interconnects are important to designers in terms of timing,
crosstalk, electro-migration, power, process variation, etc.

Having stressed on the importance of interconnects, analyzing the effects
caused by congested interconnects are still the bottleneck in state-of-the-art
commercial EDA softwares. The reason is very simple: there are too many to
analyze. A typical interconnect connecting two gates in one design module is
about a few microns long. To accurately model the interconnect, a parasitic
circuit with tens of RC or RLC segments shown in has to be used to model
the interconnects’ electrical characteristics. For all the RC and RLC circuits
that we are interested, each node has one or more resistive path to others. It is
an important assumption. All the reduction methods that will be introduced in
this chapter take it as a prerequisite.

This chapter reviews some, but not all, of the representative work that is well
established in theory and widely used in circuit reduction and simulation. A
trend in linear circuit reduction is that reduced circuits are preferably passive
or realizable, so that they can be simulated in standard circuit simulators such
as SPICE [63].

We start the chapter by introducing time and s domain analysis methods used
in circuit simulation. Then we review linear circuit reduction techniques, which
can be classified into three categories: moment-matching reduction via Padé
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approximation, passive reduction, and realizable reduction, with each more
sophisticated than the previous one.

1. Time Domain Analysis

In this section, we describe RC and RLC network analysis in time domain
progressively in three steps. Our first step is to present an approach to analyzing
RC circuits. And then the second step is to formulate RLC circuits with certain
special structure. Our last step is to introduce the formulation of RLC circuits of
general structure. Each of them begins with a simple example and are presented
formally in matrix terminologies afterwards.

1.1 RC Interconnect Circuit Formulation

RC interconnect circuits can be formulated using nodal analysis formula-
tion. Nodal analysis is a classical circuit analysis method based on Kirchhoft’s
Current Law! (KCL) and branch constitutive equations?. For a given RC linear
circuit with n + 1 nodes, nodal analysis formulates the problem in the following
two steps:

step 1. choose a ground or reference node, which usually is taken to be at a
potential of zero volt. All other node voltages constitute n unknowns?;

step 2. establish KCL equations for all the n nodes by representing branch
currents in terms of node voltages using branch constitutive equations.

Example 2.1. Refer to the RC' tree in Fig. 2.1. In nodal analysis formulation
of the circuit, we first determine the unknowns. Since v, is equal to v, which

U1 G @ G1 @ Go

W —— MW — MW=
0

i/s Cy Ii Cy Ii Cs

Figure 2.1. A RC tree demonstrating nodal analysis formulation: current fowing out of a node
is equal to currents fbwing into the node

is the given input, we use node voltages vg, v3, and v4 as unknown variables to

IKirchhoff’s Current Law: for lumped circuits, the algebraic sum of the currents entering (leaving) a node
is zero.

2A branch constitutive equations are i-v relationships for circuit elements such as resistors, capacitors,
inductors, dependent and controlled sources, etc. For example, the branch constitutive equation for a resistor
of value ris ¢ = v/R.

3The n node voltages are independent because they linearly represent 7 independent voltage drops on tree
trunks on any tree of the circuit.



Basics of Circuit Analysis 17

write the three KCL equations

Ci0g = Gg(vs — v2) + G1(v3 — v2) (1.1)
021}3 = G1 (1)2 - U3) -+ G2(1)4 — Ug) (1.2)
C304 = Ga(v3 — v4), (1.3)

or if we order the unknown variables on the right-hand side of the equations,
we may have

Civg = —(Gs -+ Gl)vz +Ghvg +Gsvg (1.4)
Cot3 = Givy —(G1 + G2)vg +Gavy (1.5)
03@4 = GQ’U3 —G2U4 (1.6)

The matrix form of the above three simultaneous equations would be

1 ) Gs + Gy -G 0 Vo Gsvs
s v3| = — -G Gi1+ Gy —Gy v3| + 0
Cs| V4 0 ~Go G2 | |va 0

Note that we have put a minus sign outside the square matrix.
Without loss of generality, we assume that the voltage drop and the current
from @9 to @3 are two output variables that we are interested,i. e., ¢, ans v, are

circuit outputs;
. V2
| (1 =10
AR 0

Uq

Asthe reader can imagine, we can use some linear combination of the unknowns
to obtain voltages between any two nodes or currents on any branch in the circuit.

In(1.7), eachrow is derived from KCL for eachnode in Fig. 2.1. Forexample,
the first equation states that the current flowing out of node @9 through ', 1. e.,
C171, 1s equal to the currents flowing into the node through G and G, which
are Gs(vs — v9) and G (vs — v9), respectively.

In general, RC circuit formulation can be expressed as

Cv(t) = —Gv(t) + Pu(t) (1.9)
Y(t) = Qv(t) (1.10)

where V' denotes the n unknown nodal voltages in RC' circuits. In (1.9), the
matrices G € R™*™ and C' € R™*"™ represent the conductance and capacitance
elements, respectively.

Please note that matrix C may be singular, i. e., some rows in C' may be zero.
It happens when the corresponding node does not connect to any capacitor. Itis
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worth noting as well that the G matrix in (1.7) is non-singular if and only if the
RC interconnect circuits meet the requirement that each node has one or more
resistive path to some other nodes. Being a non-singular matrix is a necessary
condition for the most linear reduction techniques.

1.2 RLC Interconnect Circuit Formulation

Formulation of a type of RLC circuits can be easily obtained by augmenting
the RC formulation we have introduced. The RLC circuits in this class require
that every inductor must be in series with aresistor. Infact when L is considered,
the parasitics of an interconnect segment typically is modeled as a RLC branch
as shown in Fig. 2.2. The branch constitutive equation of L in Fig. 2.2 is given

Layer2
Layer3 | {

< . it T
Layer4 =

(a) (b)

Figure 2.2. RLC parasitics of a segment of interconnect on metal layers:(a) illustration of
orthogonal interconnect layers (b) RLC parasitic model of an interconnect segment in layer 3.

by )
U1(t) - ’Ug(t) = LiL(t), (1.11)

where v1(t) and vo(t) are the two nodal voltages of the inductor.

The formulation method that we described for RC circuits can be used to
formulate RLC circuits with minor modifications. We have known that each
row in the formulation is constituted by KCL. KCL equations are established in
terms of nodal voltages and their derivatives as unknowns. If we want to keep
the formulation, i7,(¢) has to be represented with nodal voltages.

In general, i7,(¢) can be calculated by

ir(t) = = /tt(vl (t) —va(t))dt +ip(to), (1.12)

L 0
This integral equation, however, is apparently not a fit to our RC formulations
because only nodal voltages and their derivatives can be used as unknowns.
Fortunately, provided that the inductor is in series with a resistor in our RLC
circuits, 77,(t) is equal to the current flowing through the resistor as well, i.e.,

ir(t) = G (vo(t) — v1(t)) (1.13)
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where vg(t) and vy (t) are the two nodal voltages of the resistor. Therefore,
insert (1.13) into (1.11), we can rewrite (1.11) into the form of

U] (t) — '1)2(t) = L’}:L(t)
= LG (o(t) —01(t)) . (1.14)

Essentially we have used the nodal voltages of the resistor to represent the
current of the inductor.

RLC circuit formulation can be augmented based on RC formulation as
follows:

step 1. choose a ground or reference node, which usually is taken to be at a
potential of zero volt. All other node voltages constitute n unknowns;

step 2. establish KCL equations for all the inter-branch nodes (those on the
Jjoints of branches) by representing branch currents in terms of node voltages
using branch constitutive equations. For branch that is an inductor, use
(1.13) to represent the current in the inductor.

step 3. establish (1.14) for all intra-branch nodes (those inside branches be-
tween resistors and inductors).

Example 2.2. We change the circuit in Fig. 2.1 to the one in Fig. 2.3 by adding
two inductors L7 and Lo in series with G and G, respectively. This circuit
structure meets our requirement: L is in series with G1, and Lo is in series
with Gs.

w G ® G B L @ G ® L ®
v G O G

Figure 2.3. RLC circuit meeting the two prerequisites. Shaded ones are the so-called intra-
branch nodes

The circuit can be formulated as (1.15). The first three equations are estab-
lished based on Step 2. While the last two are based on Step 3. In terms of
nodes, the first three rows are derived from KCL for three inter-branch nodes.
The last two rows are modified branch constitutive equations (1.14) for two
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intra-branch nodes.

Ch 0 0 0 0 Vg
0 0 Cy 0 0 U3
0 0 0 0 Cy Vg | =
~Gi1L1 G1L4 0 0 0 U5
0 0 —Goly GoLo 0 Vg
Gs+G1 -G 0 0 0 V9 Gsvg
-Gy G Gy -Gy 0 V3 0
- 0 0 -Gy Gy 0 vq.| + 0 . (1.15)
0 1 -1 0 0 Uy 0
0 0 0 1 —1 Vg 0

Letting the branch current and voltage of L4 be the outputs, we have

v2
v3
vi,| 10 0 0 1 -1
|:iLJ _IVO 0 Go -Gy 0 val - (1.16)
U5
Vg

In general, RLC circuit formulation can be expressed as

Cv(t) = —Gv(t) + Pu(t) (1.17)
Y(t) = Qv(t) (1.18)

Similar to the RC formulation, V' denotes the n unknown nodal voltages in
RLC circuits, and matrices G € R™**™ and C' € R™*"™ represent the conduc-
tance and capacitance elements. In addition, the two matrices contain other
elements such as 1 and GL due to the introduction of modified branch consti-
tutive equations (1.14).

Same as the RC formulation, matrix C' may be singular. We assume that
this will not happen in RLC circuits throughout our discussion. The same
assumption for RC' circuits applies to the RLC' circuits to ensure that matrix
G is non-singular,

1.3 General RLC Interconnect Circuit Formulation

For more general RLC circuits of which our assumption to the topology
of L does not hold, a more general formulation is needed. Modified nodal
analysis is yet another classical circuit formulation method which improves
nodal analysis method by adding currents in inductors as unknown variables.
The introduction of the inductance current variables would help keep modified
nodal analysis formulation in the differential form.
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For example, the branch constitutive equation of an inductor is

v, =L (1.19)

dt’

where L is the inductance value. If we had to use nodal analysis, in the KCL
equations involving the inductor, 7, has to be represented in terms of vy, i. €.,
if, = % ftto vrdt +i(tg). While in the modified version, introducing i, into the
unknowns would keep the KCL equations in the differential form. The cost,
however, is an additional equation (1.19).

Our general RLC circuit formulation can take one step further from modified
nodal analysis, additional inductance current variables can be removed from the
formulation by block Gauss elimination. However, this can be done only in s
domain.

step 1. choose a ground or reference node, which usually is taken to be at a
potential of zero volt. All other node voltages constitute 7 unknowns;

step 2. create a current variable for each inductor with certain direction defined;

step 3. establish KCL equations for all the n nodes by representing branch
currents of RC elements in terms of node voltages and current variables
pre-defined in step 2;

step 4. establish the branch constitutive equation of inductance in differential
form of (1.19) using pre-defined current and nodal voltage variables;

step 5 (optional). remove current variables using block Gauss elimination in
s domain.

Step 14 are the procedure of modified nodal analysis on general RLC circuits.
Step 5 is the post-procedure for removal of current variables.

Example 2.3. Fig. 2.4 shows an RLC circuit with a mutual inductance M
between L; and Ly. Note that Ls in the circuit does not meet our assumption
in 1.2, i. e., it does not run in series with any resistor.

In order to formulate the circuit using modified nodal analysis, 41 and i, are
two current variables in addition to the four nodal voltages. The modified nodal
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Figure 2.4. A RLC tree demonstrating modifi ed nodal analysis formulation.

analysis formulation of the circuit is given by

01 0 0 1}2
0 0 0 03
Cs 0 0 U4 _
C3| 0 0 Vs |
0 0 0 0L M| |n
| 0 0 0 0 |M Ly |i
Gs+Gy =G1 0 0|0 =17Tv] [Gevs]
e G. 0 0/]-1 0 v3 0
0 0 0 0|1 0 v4 0
- 0 0 0 0]0 1 ||u|T| o | @2
0 I -1 00 o0 iy 0
L1 0 0 —1/0 0 |[ia] | O |
Let vg be the output voltage; then we have
oy
U3
(%
[vg] =[0 0 0 0 1 0 0] |vs]. (1.21)
Vs
i1
_7:2_

In (1.20), the first four rows are derived from KCL for the five circled nodes.
The last two rows are branch constitutive equations of the two inductors and
the mutual one, which are added because of the two extra variables, 71 and .

In general, modified nodal analysis formulation can be expressed as

Mx(t) = -Gx(t) + Pu(t) (1.22)
Y(t) = Qx(t) (1.23)
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where

ws(if] welf f) o[ %] e

where V' and [ are the modified nodal analysis variables (yielding a total number
of n unknowns in (1.22)) corresponding to the node voltages and the branch
currents for floating voltage sources and inductors. In (1.22), the matrices
G € R ™ and M € R"™*" represent the conductance and susceptance matrices
(except that the rows corresponding to the current variables are negated). In
(1.24), C' and L are generally capacitance and inductance matrices of the circuit.
However, please note that C may be singular, i. e., some rows in C' may be zero.
It happens when the corresponding node does not connect to any capacitor.
Similarly, L may be singular too, and it happens when the corresponding branch
is a floating voltage source.

To go one step further to remove the extra variables in s domain, (1.21) can
be symbolically represented by

T

KA A IV T

. Gi+Cs WT] [v B
oo -l

Using block Gauss elimination, 7 can be first written as
1= (Ls)'W. (1.27)
Replace 1 in (1.26) with (1.27),

([G1+Cs] + [WT (Ls)"' W]) [v] = [B] (1.28)

1.4 Remarks

We reviewed three kinds of circuit analysis approaches: 1) RC formula-
tion, 2) RLC' formulation, and 3) general RLC formulation. The first one,
also known as nodal analysis, is widely used in circuit simulation tools such
as SPICE[63] for its robustness and simplicity in implementation. The sec-
ond formulation method is augmented based on the RC formulation and it is
different from the well-known modified nodal analysis, for it does not intro-
duce current variables into the formulation. Therefore, our RLC formulation is
more compact, and has the nice property that it guarantees the non-singularity
of matrix M in (1.22) under certain assumptions. The last one is to be used
on general RLC circuits which may also contain mutual inductance. Further
simplification can be done to reduce the matrix size in s domain.
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In the next subsection, we will give a closed form for circuit responses to
RC and RLC formulations that we have introduced. In some ill cases, matrix
M in (1.22) may be singular. When it happens, the closed form solution will
not be available. Therefore we reiterate our assumptions to the RC and RLC
circuits of our interest: when an inductor is present in circuits, there has to be
a series resistor with it; each inter-node has a coupling or ground capacitor.
Under these assumptions, M is non-singular.

2. Responses in Time Domain
2.1 Responses in Closed Form

Before proceeding to s domain analysis, we discuss the time domain solution
of linear networks derived from RC and RLC' formulations in the previous
subsection. Let us pre-multiply matrix M ~* on both sides of (1.22); then we
have

x(t)

~M71Gx(t) + M~ Pu(t)
= Ax(t) + Bu(t), 2.1

where A = —M~1G and B = M~ P. Pre-multiply e ~“* on both sides, (2.1)
can be written as

e Ax(t) — e MAX(t) = e Bu(t)
d [e= 4 x(¢)] _
— e~ Bul(t) (22)

The solution to the above differential equation is the time-domain response on

circuit nodes: ,

x(t) = X0 + / A=) Bu(r)dr (2.3)
to
where X is the initial condition, i. e., Xo = X(t)]¢=t,-
The output response in time domain is derived from (2.3) by pre-multiplying
matrix Q:
t
v(t) = Qx(t) =Qxo+Q | A Bu(r)dr (2.4)
to
The first term is the output at time ¢ = ¢g. The second term is the convolution
of the impulse response and the input waveform. The result can be verified by
Laplace and inverse Laplace transformations.

2.2 Taylor Expansion in Time Domain
The matrix exponential e“? is defined by Taylor expansion:

) € N )

At __
e -—1+At+—2! 3 .y
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Therefore, the solution (2.3), with ¢y = 0 without losing any generality, can be
rewritten as:

t
x(t) = Xo+ / A7) Bu(r)dr
0

X0+ /Ot ; MBU(T) dr

I

ZVA'B [t ,
X+ 5 /O (t — 7)u(r) dr. 2.6)
=0

If we approximate x(t) by first k terms:

k—1

i t
x(t) = Xo+ZAZ.,B / (t-7)'u(r)dr Q.7
i=0 Y0
Define
a; = AZB (2.8)
7!
t
xi(t) = / (t - 7)u(r) dr 2.9
0
Therefore,
k-1
x(t) = X0+ Y [a:xi(t)]. (2.10)
i=0

We can get all the a; by k& Matrix-Vector multiplications. If the matrix is in
Harwell-Boeing Format, the complexity of Matrix-Vector multiplication grows
linearly with the number of non-zero elements in Matrix.

The evaluation of x;(t) needs to take the source vector U (t) into account.
For a vector of constant sources, U(t) = «,

ti-l—l
Xl(t) = - o 2.11)

For a vector of linear sources, U(t) = of,
ti+2
TN L&
(t+1)(E+2)
Sources with classical waveforms, such as exponential or sinusoidal function,
have also closed form representation of (2.10). Some sources, on the other hand,

are combinations of different ones mentioned above. One of its kind is piece-
wise linear voltage or current source, which is a combination of a series of timed

x;(t) = (2.12)
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ramp inputs. Because system analyzed here is a linear network, if system has
different kinds of source, we can calculate x;(¢) for each independent source
alone and sum the response together.

Please note that a; and b; have no relation to source U(t) and time ¢, thus
a; and b; need to be computed only once. For each interested time point ¢,
calculate the x;(t), substitute into (2.10), we can get the result value.

The choice of & will greatly affect the accuracy of this method. For a given
error tolerance, we want to find out the smallest k that satisfies the accuracy re-
quirement. Since the value of U(t) is bounded in real circuit(e. g., less than 5V),
We consider U(t) is constant o. Substitute (2.11) into (2.10), local truncation
error LT E can be approximated as:

2 (]| A Ba || tit!
ZI Il || Be |

LTE =
(i + 1)!
i=k
A Ba tk-}-l
ALY sl o o
(k+ D! - 557)
Here || . || is I-norm(|| . ||1) or co-norm(]| . ||oc) of matrix. i}|€+||2 must be

smaller than 1, otherwise the local truncation error does not converge. Because
| A || is a fixed value for a given circuit, k& and ¢ can be adjusted mutually to
satisfy the convergence condition. Specifically, if ¢ is equal to 7", the time point
when circuit response is desired, then k has to be large enough such that k 4 2
is greater than || A || 7. On the other hand, if & is set to a fixed value, e. g., 100,
T may have to be time stepped such that individual time step ¢ is small enough
to make || A || ¢ smaller than k£ + 2. In summary, the smaller ¢ is, the smaller
k could be.

For a given time point 7', the absolute truncation error AT E = %LTE, ie.,

| A[*]| Bo || t* '
(k -+ 1)1(1 — Al

ATE < (2.14)

Theoretically because self-multiplication of matrix A is more expensive than
matrix-vector multiplication in (2.10), and A’ B is much smaller than the square
matrix A in terms of dimension, we can select time step ¢ as small as possible.
Thus for the same absolute truncation error, smaller & is allowed.

For non-stiff systems, Taylor expansion method can approach the accuracy of
SPICE with about one or two order less computing time. For stiff systems, this
method requires small time steps compared to the interested time interval. It will
generate extremely long simulation time. Practically, £ = 10 is a reasonable
number for most of systems.
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3. s Domain Analysis

In this section, we discuss how to obtain the transfer function matrix of a
linear network from the modified nodal analysis formulation in s domain, and
how to convert the responses in s domain to the time domain.

3.1 Transfer Function
The Laplace transformation of the modified nodal analysis equations (1.22)
and (1.23) is given by
sMx(s) — Mxy=-Gx(s) + PuU(s) 3.1
Y(s) = Qx(s). (3.2)

Recall that X is the initial condition of the time domain vector x(t). Pre-
multiply G~ on both sides of (3.1) and obtain

(I +sG™'M)x(s) = G~ Pu(s) + G~ M xq, (3.3)
or
(I —sA)x(s) = Bu(s) + CXy, 3.4
where
=-G'M B=G'P C=G'Mx, 3.5)
Therefore, we can derive the solution to (3.1) as
x(s) = (I —sA)"'Bu(s) + (I — sA)"*Cxq. (3.6)
Insert (3.6) into (3.2); the output, Y(s), can be represented by
v(s) = QI —sA)"'Bu(s) + Q(I — sA)"1Cxq. (3.7

So the transfer function matrix defining the relationship between the input U(s)
and the output Y(s) is given by

H(s)=Q( —sA)™'B. (3.8)

Example 2.4. To interpret the definition of the transfer function matrix H(s), let
us consider a linear network with two input terminals and three output terminals
shown in Fig. 2.5. The I/O terminals are related by the transfer function matrix
below:

Yl(s) HU(S) ng(s) U (S)

Yo(s)| = |Hai(s) Haa(s) {Ul (SJ : (3.9)

Yg(s) H31(8) H32(S) 2

In the transfer function matrix, H;;(s) is the impulse response at output ¥; when
U; has an impulse input and the other input terminal is off*.

4To turn off the input terminal, if it is connected to a voltage source, it has to be grounded; if connected to a
current source, it has to be disconnected.
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Figure 2.5. A linear network with two inputs and three outputs.

3.2 Responses from s Domain to Time Domain

In general, matrix H (s) in (3.8) would be a M x N matrix, where M and N
are the numbers of inputs and outputs of the system, respectively. Due to term
(I — sA)~!in(3.8), each entry in H (s) is a real rational function of s, i. €.,

Yi(s)
Hii(s) = & (3.10)
? Uj(s)
_ apta1s+as’ 4o+ ams 3.11)
bo + b1s + bas? + -+ + bys” '
_ am(s—zl)(s——zg)'n(s—zm)’ 3.12)
bm(s = p1)(s —p2)--- (s — pn)
where a; and b; are real coefficients of the polynomial expressions of s, and z;
and p; are the zeros and poles of the transfer function, respectively.

Furthermore, all the entries share the same denominator. In fact, the partial

fraction decomposition of H;;(s) is given by
k k k
Hy(s) = —— 4+ —2— oo 4 —"—, (3.13)
§—M §—p2 S —Pn

or
T 2

'n
_l+S/\1+1+8)\2+ +1+S>\n’
where J; is the i-th eigenvalue of square matrix A, xn,. It is worth noting that
p; = —1/A;, which is the relationship between system poles and eigenvalues.
Particularly, from the expression in partial fraction decomposition, the time
domain impulse response at output terminal Y to the impulse input at input
terminal U; can be obtained via inverse Laplace transformation:

y;(t) = k1Pt + koeP? + - oo + kpePrt. (3.15)

Hy;(s) (3.14)

For an arbitrary input signal at U, performing convolution on the impulse
response and the signal gives us the time domain response at Y;. For arbitrary
input signals at all input terminals, time domain output responses at Y; can be
obtained via principle of superposition.
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4. Preliminaries of Symbolic Analysis

In this section, we briefly review some mathematic notations and theories
relevant to the graph-based symbolic analysis techniques to be discussed in
details in the later chapters.

4.1 Matrix, Determinant, and Cofactors

Let e = {1,...,n} be a set of integers. Let A denote a set of m elements,
called symbolic parameters or simply symbols, {a1,...,am}, where 1 < m <
n? and each symbol is labeled by a unique pair (r,c), where » € e and ¢ € e.
Often, we write A as an n X n (square) matrix, denoted by A, and use a, . to
denote the element of matrix A at row r and column ¢. We sometimes use 7(a)
and c(a) to denote, respectively, the row and column indices of element a.

al’l a,1’2 e Q1p

a a e a
A= 2,1 2,2 2,n

Gp,1 Ap,2 ... Opnp

If m = n? the matrix is said to be full. If m << n? the matrix is said to be
sparse. The determinant of A, denoted by det(A), is defined by

a1,1 CI,LQ al,n
a a e @
2.1 2,2 Zn | - E (__1)11 " Q151 A2 gy an, j, - (41)
NFEJFFJ
Gn1 Qpn2 ... Opn "

Here (41, j2, ..., jn ) is a permutation of e, and p is the number of permutations
needed to make the sequence (ji,j2, ..., jn) monotonically increasing. The
right hand side of (4.1) is a symbolic expression of det(A) in the expanded
form, more precisely, the sum-of-product form, where each ferm is an algebraic
product of n symbolic parameters. We note that each symbol can be assigned
a real or complex value for analog circuit simulation.

Letp,p C e, and g, ¢ C e such that |p| = |g|. The square matrix obtained
from the matrix A by deleting those rows not in p and columns not in ¢ forms
a submatrix of A, and is represented by A(p, ¢). It has dimension |p| by |q|.

Let a, . be the element of A at row r and column ¢. Let A,  be the (n—1) x
(n— 1)-matrix obtained from the matrix A by deleting row r and column ¢, and
let Az, , be the n X n-matrix obtained from A by setting a,.. = 0. Then, the
determinant of matrix A can be expanded as below in a way similar to Shannon
expansion for Boolean functions:

det(A) = arc(—1)""Cdet(A,, ) + det(Ag, ), 4.2)

where (—1)""det(A,, ) is referred to as the cofactor of det(A) with respect
to G, and det(Ag, ) as the remainder of det(A) with respect to a,.. The
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determinant det(A,, . ) is called the minor of det(A) with respect to a, .. We
note that the following two special cases of the expansion above are well known
as Laplace expansions along row r and column c, respectively:

det(A) =Y aro(~1)" " det(A,,,), (4.3)
r=1

det(A) =Y aro(—1)""det(A,, ). (4.4)
c=1

4.2 Cramer’s Rule

Cramer’s rule gives the explicit solution of a system of linear equations which
is foundation for all the symbolic analysis. Give a n X n system of a linear
equations A, x,Tn = by!

a1 a1 ... G1p z1 b1
azi1 G622 ... Qa2n zy | _ | b2 (4.5)
an,1 Gn,2 . Qpn Tn bn

Assuming det( A, xr) # 0, based on the Cramer’s rule, the unknown z, can be
written as

det(Ak)
T = . (4.6)
det(A)
Where Ay, is an x n matrix defined as
a1l o Qrk-1 b1, A4l o Q1gm
a ve. Q2g-1 b a @
Ay = 2,1 2,k—1 02, G2k41 2n | @7
an1 - OGpk—1 by, Ank+1 .- Qnn

With the Cramer’s rule, we can solve for any any unknowns 1, ...z, explicitly.
The solution can be represented by the ratio of two determinants as shown in
(4.6).

If we determine det(Ay) along the kth column, the Cramer’s rule for the
unknown z;, can be written in the following form:

iy by (—1)7F det(Aq, )

- det(A) 48

Tp —

Where det(A,, ) is the minor of det(A) with respect to element a; . As a
result, symbolic simulators are targeted at finding various network functions,
each being defined as the ratio of an output unknown from 2 to a input from
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b. These are special cases of (4.8) or (4.6). The critical issue left is how to
efficiently represent the determinants symbolically given the fact the number of
symbolic product terms will grow exponentially with the size of the determinant.
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