
CONTROL OF A CONDITIONALLY CORRECT
SYSTEM DESCRIBED BY THE NEUMANN

PROBLEM FOR AN ELLIPTIC-TYPE EQUATION
UNDER CONJUGATION CONDITIONS

2.1 DISTRIBUTED CONTROL WITH OBSERVATION
THROUGHOUT A WHOLE DOMAIN

Assume that the elliptic equation

is specified in a domain Ω that consists of two bounded convex domains,

namely, Ω| and Q2

 e Rn > where Rn is an η-dimensional real linear space.

The second-type boundary Neumann condition

,xi) = g{x) (1.2)

is specified, in its turn, on a boundary Γ = (5Ωιυ9Ω2)\γ (y

f]dQ2 ^ 0 ) \ i*1 this case, ν is an outer normal to Γ,

D\j = 1,2,

< Ci < 00,
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Χ/ξ,·, ξ̂ · € i?1, ι, y = 1,η, α 0 = const > 0;

and the conjugation conditions

and

= co

(1.2')

(1.3)

(1.4)

are specified, also in their turn, on a section γ of the domain Ω; in this

case, COG C(y), [φ] = φ+ - φ", φ* = {φ}* = φ(χ) under χ e γ*, γ+ =

=γ Π 5Ω2, Υ~ = Υ Π dQx, ν is a normal to γ and such normal is directed

into the domain Ω 2 .

Let y(x)eM ={v(x): v^ €^(Ω/)ΠΟ 2 (Ω/), / = 1, 2, D2v <ool

be a classical solution to boundary-value problem (1.1)—(1.4). It is easy to
see that a solution y + c is also classical to it for an arbitrary constant c.

The necessary condition for the existence of the classical solution y to
problem (1.1)—(1.4) is the one under which the equality

[
Ω Γ γ

is met. Find this solution under the constraint

(1.5)

(1.6)

Ω
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where Q is some known real number. Assume the following: Η =

= { v(x): v\Qi e WiiQi), 1 = 1,2}, VQ={ veH: [v] = 0, (ν,1) = β } ,

(φ,ψ) = |φψώχ:.

Ω

Let there be a control Hubert space W and mapping Be2? {%l\ V1),

where V is a space dual with respect to a state Hubert space V. Assume

the following: <M = Ζ2(Ω) .

For every control weW, determine system state y = y{u) as a
generalized solution to the boundary-value problem specified by the
equation

and by conditions (1.2)—(1.4) and (1.6).
Specify the observation

Z(II) = C ^ ( I / ) , (1.8)

where Ce2? (V;Jf) and J^ is some Hubert space. Assume the

following:

Cy(u) = y(u), Je = VaL2(Q). (1.9)

Bring a value of the cost functional

J(u) = \Cy(u) - zgfx + {Au,u)m (1.10)

in correspondence with every control ueil/; in this case, zg is some

known element of 3€, Λ e <Z(1/;'W)9 (J\ru9u\ > v0 \uf , v0 = const > 0

Assume the following: / e L 2 ( Ω ) ? Bu=ueL2(Ω), Jfu = a(x)u,

0 < a0 < a(x) < αλ <οο, α(χ)|Ω / e C(Q/), / = 1, 2; a0, ax = const,

= Ι φ ψ ^ . A unique state, namely, a function ^(w)eFg

Ω
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corresponds to every control ue%, delivers the minimum to the energy
functional [21]

Φ1(ν) = α1(ν,ν)-2/1(ν) (1.11)

on VQ , and it is the unique solution in VQ to the weakly stated problem:

Find an element y^VQ that meets the equation

where V0={veH: [v] = 0, (ν,1) = θ}, ax{u,v) =

+ u)vdx+ \gvdY- |ωνί/γ.

Ω r γ

The following statement is valid [21].

Lemma 1.1. Problems (1.11) and (1.12) are equivalent \/feL2(Q),

Vco e Z<2(Y)> ^ U e ^ and have a unique solution y = y(u) e VQ .

Remark 1.1. If a solution yeVg to problems (1.11) and (1.12) belongs

to a set M , then y is classical to boundary-value problem (1.7),
(1.2)—(1.4), (1.6) under the constraint

(f + u)dx+ \gdT= Ldy. (1.13)

Ω Γ γ

Remark 1.2. If a solution >> to problems (1.11) and (1.12) exists, it is
not necessary to meet constraint (1.13).

Remark 1.3. If equality (1.5) takes place, then, to meet constraint
(1.13), it is necessary for a control u to satisfy the condition

judx = 0. (1.14)
Ω

Rewrite cost functional (1.10) as

J(u) = n(u9u)-2L(u) + \\zg -y(0)( ; (1.15)
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in this case, |φ| | = ||φ|| (Q, = (φ,φ)1'2 and the bilinear form π(·,·) and linear

functional !,(·) are expressed as

π(Μ,ν) = (y(u)-y(0), y(v)-y(0)) + (au,v)

Liv) = (zg-y(P),y(v)-y(p)). (1.16)

Let y' = y(u) and yn= y(u") be solutions from VQ to problem (1.12)

under / = 0, g = 0 and ω = 0 and under a function u = w(x) that is equal,

respectively, to u' and u". Then, take the ellipticity condition and

generalized Poincare inequality into account, and the inequality

So\\y'-yf <a0\\yf-yf <ax(y'-y\y'-

is derived, where ||v||K = Σ Η ^ Ω , )
 a n d ΙΗΙ̂ ίΩ,) i s t h e n o r m o f t h e

!«'-w*||-||j/'->q|̂ , a0=const>0,

2

V
1=1

Sobolev space W2 (Ω,·).

On the basis of [58, Theorem 1.1, Chapter 1], the validity of the
following statement is proved.

Theorem 1.1. Let a system state be determined as a solution to
equivalent problems (1.11) and (1.12). Then, there exists a unique element
u of a convex set °ίΙ$ that is closed in % and

J(u)= inf J(v) (1.17)

takes place for u.

Definition 1.1. If an element u e % meets condition (1.17), it is called

an optimal control.
Let the equation
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be specified on the domain Ω instead of equation (1.7). Neumann condition
(1.2) and conjugation conditions (1.3)—(1.4) are specified, in their turn,
respectively, on the boundary Γ and section γ.

Ify is a classical solution to boundary-value problem (1.7), (1.2)—(1.4),
(1.6) (Problem 1), then it is easy to see that;; is classical to problem (1.18),
(1.2)—(1.4) (Problem Γ). It can be shown [21] that a classical solution to
Problem Γ is also classical to Problem 1 if constraint (1.13) is satisfied.

Let observation (1.8) be specified, where the operator C is given by
expression (1.9). Cost functional (1.10) is specified, in its turn, for every
control ue%. Then, a unique state, namely, a function y(u)e

eV = {veH: [v] = 0}, corresponds to every w e t , minimizes the

energy functional

Φ(ν) = *ί(ν,ν)-2/ί(ν) (1.19)

on V9 and it is the unique solution in V to the weakly stated problem: Find
an element y e V that meets the equation

al(y,v) = l[(y), V V E K , (1.20)

where a[(y9v) = ax(y,v) + (y, l)(v, 1) and l[{v) = lx(v) + Q(v, 1) .

Lemma 1.2. Problems (1.19) and (1.20) are equivalent V/eZ 2 (Q),

Vw e °U and have a unique solution y(u) e V.

Remark 1.4. If a solution y e V to problems (1.19) and (1.20) belongs

to a set Μ, thcny is classical to boundary-value Problem Γ, and it is also
classical to Problem 1 if constraint (1.13) is met.

Therefore, there exists such an operator A generated by problems (1.19),
(1.20) and acting from Finto Ζ2(Ω), that

\/ueL2=L2(Q).

Let y' = y(u') and y" = y(u") be solutions from V to Problem Γ under

f = 0, g = 0 and ω = 0 and under a function u = u{x) that is equal,

respectively, to uf and u".

Then, on the basis of the generalized Poincare inequality, the following
one, i.e.
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y - ~yf < ax \\y' - y% ia(y'- y\ y' - y) <

<\u'-u"\-\\y'-y"\\, ax = const > 0 ,

is derived that provides the continuity of the linear functional L{) and
bilinear form π(ν) of expressions (1.16) on W.

On the basis of [58, Theorem 1.1, Chapter 1], the validity of the
following statement is proved.

Theorem 1.2. Let a system state be determined as a solution to

equivalent problems (1.19) and (1.20). Then, there exists a unique element

u of a convex set %$ that is closed in %, and relation like (1.17) takes

place for u.
Remark 1.5. If equality (1.13) is satisfied, then problems (1.11) and

(1.19) are equivalent. Therefore, optimal controls coincide when states are
described by boundary-value Problems 1 and Γ.

Here is the problem of finding the control uety/$ that satisfies relation

(1.17). It is optimization Problem 1 if a system state is a generalized

solution to boundary-value Problem 1, and it is optimization Problem Γ if

a system state is a generalized solution to boundary-value Problem Γ.

Remark 1.6. If constraint (1.5) is met and % =

= < W G Z 2 ( Q ) : |ttdk = o k then optimization Problems 1 and Γ are

Ω J
equivalent.

If u e °l/d is the optimal control, then the following inequality is true

Vv G %:

(y(u)-zg9 y(v)-y(u)) + {au9v-u)ZO . (1.21)

As for the control ν e %, the conjugate state p(v) eV = V is specified

by the relations
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Φ
dv .*

[p] = 0,

= 0,

Φ = 0, xey, (1.22)

where

Φ

^ 1,7=1

(1.23)

The equality

-ΣίΣΛ

- y(u)) = a[ (p, y(v) - y{uj) =

•cos(y9Xi)p(u

f U=i

i.e. i^(w)-zg,3;(v)->y(w)) = (j9? v-w) is obtained. Take it into account,

and the inequality

(p + au,v-u)>0, Vve%, (1.24)

is derived from inequality (1.21).

To make the element w e t 5 the optimal control of a state described by

boundary-value Problem 1', it is necessary and sufficient to meet inequality
(1.24) and the relations

*ίϋ>,ν) = /!(«,v), yeV,\/veV, (1.25)

and

(1.26)
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where

ΑΟ,ν) = (/ + £>, v) + (w,v)+
Γ

and

If the constraints are absent, i.e. when °Ud=°ii, then the equality

p + au = 0 (1.27)

follows from condition (1.24). Therefore, when the constraints are absent,
the control u can be excluded from equality (1.25) by means of equality
(1.27). On the basis of equalities (1.25) and (1.26), the problem

Ay + p/a=f, yeV, (1.28)

A*p-y=-zg9 peV\ (1.29)

is derived, and the vector solution (y,p) is found from this problem

along with the optimal control u = -p/a of the system specified by

boundary-value Problem Γ.
τ

If the vector solution (y,p) to problem (1.28), (1.29) is smooth

enough on Ω,, viz., y\^ , p\^ e C ^ f i ^ n C 2 ^ , ) , 1 = 1,2, then the

differential problem of finding the vector-function (y,p) , that satisfies

the relations

*J)

:-y = -zg, χ€Ω ι υΩ 2 ,

'.7=1 ' V J J Ω
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η

η

t,J=l

= (0,

>ΛΪ/ — 6 ' A d i ,

,xt) = 0, xeT,

= 0, xey,

Φ = 0, Λ€γ,(1.30)

corresponds to problem (1.28), (1.29).
Definition 1.2. A generalized (weak) solution to boundary-value

problem (1.30) is called a vector-function (y,p)T eH =

= j ν = (vj, v2 )
T : vf | Ω G W\ (Qj), /, j = 1,2; [v] = 0 J that satisfies the

following integral equation \/zeH:

^ , dy ΟΖΛ

l 7 l

dp oz2Loz2 ,L-yz2\dx +
ax ' 2

\ydx iz^x-l· \pdx \z2dx =

Ω Ω Ω Ω

(1.31)

Ω Γ γ

Let u = (ul,u2) and ν = (ν1 ?ν2) be arbitrary elements of the complete

Hubert space //with the norm |NL = i > ll-ILi/n N > . Specify the bilinear

form
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a(«,v)= j ^ ^ [
Ω [ /=1 / J=l XJ Xi J /=1 Q Ω

and linear functional

Q)vx - zgv2 )dx+ jg vxdT - Jco ν
Ω

o n / / .

Assume that the constraint ax =min^ — , 1>μ — \ l· l > > 0 is met,

[ 2 J 2 [a0 J
where μ is the constant in the generalized Poincare inequality. Take the
generalized Poincare inequality [21] and Cauchy-Bunyakovsky one into
account, and the relations

— ii n2 —

a(y, v) > a j ||v|L· Vv e H, ax= const > 0 ,
and

|a(w,v)| < cx 11̂ 11̂  Hvjl̂  Vu9veH, q = const > 0 ,

are true for the bilinear form a(v)> i-e. this form is //-elliptic and

continuous [49] on H.
Consider the Cauchy-Bunyakovsky inequality and embedding theorems

[55], and the following inequality is obtained Vv e Η :

| /(v) |< c2 \\v\\H, c2 = const.

Use the Lax-Milgramm lemma [16], and it is concluded that the unique
solution (y, p) to problem (1.31) exists in //.

Problem (1.31) can be solved approximately by means of the finite-

element method. For this purpose, divide the domains Ω, into Nt finite

elements e/ (j = l,Ni9 i = l92) of the regular family [16]. Specify the

subspace Η? α Η (Ν = ΝΧ+Ν2) of the vector-functions V^(x). The
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components
_ ,Ω

Ni_ e C^Q,) (/= 1,2) of Vj? (x) are the complete
Η

polynomials of the power k that contain the variables jq, x2> ··> x« a t

every e·*7, and F ^ = 0. Then, the linear algebraic equation system

AU = B (1.32)

follows from equation (1.31), and the solution U to system (1.32) exists

and such solution is unique. The vector U specifies the unique

approximate solution U^ e Η% to problem (1.31) as the unique one to the

equation

( ΐ η (η{<*Η?. (1.33)

Let U = U(x) e Η be the solution to problem (1.31). Then:
N

S*(TT TTN

a\U-Uk , J Vk
Therefore,

and the inequality

|[/-C/f| < c o | t / - C 7 | ^ , co = const, (1.34)

is thus derived since the bilinear form #(·,·) is continuous on H.

Suppose that JJ e Hk is a complete interpolation polynomial for the

solution [/at every e/. Take the interpolation estimates [16] into account,

assume that every component J7j and U2 of the solution U on Ω/ belongs

to the Sobolev space ^ + 1 ( Ω / ) (l = 1,2), and the estimate
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|f/-£/f| <chk, (1.35)

where h is a maximum diameter of all the finite elements e/\ c = const,

follows from inequality (1.34).
Take estimate (1.35) into consideration, and the estimate

L - w f | x<*c2\p-pU ,<c3h
k, (1.35')

VV2 rv2

Γ
where ||-|[ ĵ =\ Xjl'll^roΛ \ ·> takes place for the approximation2 J
uk(x)-~Pk /a(x) °f the control u = u(x) of a state described by

Problem Γ and ^ = w^ is the second component of the vector U^.

Remark 1.7. If constraint (1.13) is met, then the first component of a
classical solution to problem (1.30) is a classical solution to boundary-
value Problem 1.

2.2 DISTRIBUTED CONTROL WITH OBSERVATION ON
A THIN INCLUSION

Assume that equation (1.1), where the coefficients and right-hand side

meet conditions (1.2'), is specified in the bounded, continuous and strictly

Lipschitz domains Qj and Ω 2 . Condition (1.2) is specified, in its turn, on

the boundary Γ and the conjugation conditions have the form of
expressions (1.3) and (1.4).

For every control u^^U-I^iO)^ determine a system state as a

generalized solution to the boundary-value problem specified by equation

(1.7) and by conditions (1.2)—(1.4), where Bu=u and ueL2 (Ω).

Equality (1.13) is the necessary condition under which there exists a

classical solution y = y(u) to boundary-value problem (1.7), (1.2)—(1.4)

(Problem 2). Find this solution under constraint (1.6).
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Bring a value of the cost functional

2 u ) u (2.1)

γ

in correspondence with every control M6i/ = L2(O); in this case, zg is a

known element from the space L2(yy,

ο ο< a" < oo, α (χ) Ω . e C(Q,), i = 1,2; a0, a" = const.

A unique state, namely, a function y(u)eVQ corresponds to every

control we'?/, minimizes energy functional (1.11) on VQ, and it is the

unique solution in VQ to weakly stated problem (1.12). Lemma 1.1 and

Remarks 1.1 and 1.2 hold here.
Rewrite cost functional (2.1) as

J{u) = π( ii, u) - 2L(u) + ||zg - tfO)^ ( γ ) , (2.2)

where

and

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

i.e.
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<-j^=\\uf-u"l α ΐ 5 α 2 = const>0,

is derived, where y' = y(ur) and y" = y(u") are the generalized solutions

from VQ to boundary-value Problem 2 under / = 0, g· = 0 and ω = 0 and

under a function w = u(x) that is equal, respectively, to u' and w".

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 2.1. Let a system state be determined as a solution to
equivalent problems (1.11) and (LI 2). Then, there exists a unique element
u of a convex set % that is closed in °ll = Ζ2(Ω), and relation like (1.17)

takes place for u, where the cost functional J(u) is specified by expression
(2.1).

Let equation (1.18) be specified on Ω instead of equation (1.7).
Neumann condition (1.2) and conjugation conditions (1.3) and (1.4) are
specified, in their turn, respectively, on Γ and γ. I.e., boundary-value
problem (1.18), (1.2)-(1.4) (Problem 2') is obtained.

Remark 2.1. Boundary-value Problems 1, 2 and Γ, 2' coincide
pairwise. Optimization Problems do not coincide because their cost
functionals J(u) are different.

Consider optimization Problem 2': Find a control M G 1 / 5 C 1 / = L2(Q),

for which relation like (1.17) is satisfied, where the cost functional J(u) is
specified by expression (2.1), and a state y(u) is a generalized solution to
boundary-value Problem 2'.

If ue% is the optimal control for optimization Problem 2', then the

following inequality is true:

(y{u)-zg9 y(v)-y(u)) +(au9v-u)*0, \/ve%. (2.3)

As for the control ν e %, the conjugate state p{v) eV = V is specified

by the relations

A*p(v) = 0, x e Q U
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[ρ] = Ο,

Φ
δν *

= 0,

, xey, (2.4)

where the operators A* and are specified, in their turn, by

expressions (1.23).
The equality

0 = [jCp(u\ y(v) - y(uj} = a[ (p9 y(v) - y(uj) -

i.e. iy(u) - zg,y(v) - y(u)\ = (/?, ν - w) Vv e °Ud is obtained. Take it

)>0, Vve%, (2.5)

into account, and the inequality

is derived from inequality (2.3).

An element ue% is an optimal control for optimization Problem Τ if

and only if inequality (2.5) and the equalities

α ί ( * ν ) ^ ( w , v ) , yeV, VveF, (2.6)

and

, VveF, (2.7)

are met; the bilinear form a{(v) and functional /j(w,v) are specified in

point 2.1, and
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If the constraints are absent, i.e. when % = °ll , then the equality

p+au=0 (2.8)

follows from condition (2.5). Therefore, when the constraints are absent,
the control u can be excluded from equality (2.6) by means of equality

(2.8). Let the solution (y,p)T to problem (2.6), (2.7), where

I\(u9y) = li(u(p)9y)9 be sufficiently smooth on Ωγ and Ω 2 . Then, such

solution satisfies the relations

',7=1

= 0, xey,

= ω,

= -y + z xey. (2.9)
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Definition 2.1. A generalized (weak) solution to boundary-value

problem (2.9) is called a vector-function (y,p) eH that satisfies the

following integral equation \/zeH:

f
J

oy ΟΖΛ . \7 , φ 9ζ2

, . . _ dXj dXj

+ jydxjzxdx + jpdx jz
Ω Ω Ω Ω

-' + Q)z±dx+ \gz\dT- ωζ^γ+ ί^-ζ^ )ζ2ί/γ. (2.10)

Ω Γ γ γ
ι-ρ ηρ

Let u = (w1? u2) and v = (v1? v2) be arbitrary elements of the complete

Hubert space H. Specify the bilinear form

[/1

jujdx jvldx^julv2dy
/=1 Ω Ω γ

and linear functional

J dT -
Ω

on Η. If the constraint

minî S-, πύηί^, ΐ ΐμΐ- — ~^.>0 ? (2.11)
1 2 1 2 J μ / 2α0 2

where μ and c0 are the positive constants, respectively, in the generalized

Poincare inequality and embedding theorem, is met, then the unique

solution (y,p)T to problem (2.10) exists in H. Problem (2.10) can be

solved by means of the finite-element method. Estimates like (1.35) and
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(1.35') are true, respectively, for its approximate solution U^ e H^ a H

and for the approximation u^(x) of the control u.

23 DISTRIBUTED CONTROL WITH BOUNDARY
OBSERVATION

Assume that equation (1.1), where the coefficients and right-hand side
meet conditions (1.2'), is specified in the bounded, continuous and strictly
Lipschitz domains Qj and Ω 2 . The conjugation conditions have the form
of expressions (1.3) and (1.4) and the boundary condition has the form of
expression (1.2).

For every control weW = Ζ2(Ω), determine a system state as a
generalized solution to the boundary-value problem specified by equation
(1.7) and by conditions (1.2)—(1.4). Equality (1.13) is the necessary
condition under which there exists a classical solution y to boundary-value
problem (1.7), (1.2)—(1.4) (Problem 3): Find a solution y that meets
constraint (1.6).

Bring a value of the cost functional

J(u)= \Μΐ4)-ζ8ΥάΓ + (Λη,ύ)ν (3.1)

r

in correspondence with every control u e W = L2(Q); in this case, zg is a

known element from the space L2(T), Λη = αη, 0<α0<α(χ)<

<a1°<oo? a (x)L E C X Q ; ) , Z = 1 , 2 ; a09 a® = const.

A unique state, namely, a function y(u)eVQ corresponds to every

control we?/, delivers the minimum to energy functional (1.11) on VQ9

and it is the unique solution in VQ to weakly stated problem (1.12). Lemma

1.1 and Remarks 1.1 and 1.2 take place here.
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Rewrite cost functional (3.1) as

J(u) = n{u,u) -2L(u) + \\zg - jKO)|^( r ) , (3.2)

where

and

L(v) = (zg-y(0), y(v)~

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

<ax{y-yry'-y)<\\ur-u«\\\\y-y
i.e.

y\\

α1 ? α 2 = const > Ο,

is derived, where y = y(u') and y" = y(u") are the generalized solutions

from VQ to boundary-value Problem 3 under / = 0, g = 0 and ω = 0 and

under a function w = u(x) that is equal, respectively, to u' and w".

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 3.1. Let a system state be determined as a solution to

equivalent problems (1.11) and (1.12). Then, there exists a unique element

u of a convex set °Ud that is closed in % and relation like (LI 7) takes

place for u, where the cost functionalJ(u) is specified by expression (3.1).
Let equation (1.18) be specified on the domain Ω instead of equation

(1.7). Neumann condition (1.2) and conjugation conditions (1.3) and (1.4)
are specified, in their turn, respectively, on Γ and γ. I.e., boundary-value
problem (1.18), (1.2)-(1.4) (Problem 3') is obtained.
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Remark 3.1. Boundary-value Problem 3 coincides with Problems 1
and 2. Problem 3' coincides with Problems Γ and 2'. Optimization
Problems do not coincide because their cost functionals J(u) are different.

Consider optimization Problem 3': Find a control ue^cz^ = Ζ2(Ω),

for which relation like (1.17) is satisfied and where the cost functional
J(u) is specified by expression (3.1). A state y = y(u) is a generalized

solution to boundary-value Problem 3' and such solution is unique for one
of equivalent problems (1.19) and (1.20).

If u e % is the optimal control for optimization Problem 3', then the

following inequality is true:

-zg9y(v)-y(u))^+(au9v-u)*09 Vve%. (3.3)

As for the control ν e 9/, the conjugate state p(y) eV* =V is specified

by the relations

— ^ - = -z +J/, xeT,
dv * *

A

[p] = o, vP — c\ ~ ^ *, (3 4)

where the operators A* and are specified, in their turn, by

expressions (1.23).
The equality

0 = (A*p(u), y(v) - y(u)) = a[ (p, y(v) - y(u)) -

= -(y(u)-zg,y(v)-y(u)) +(p, v-u),
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i.e. [y{u)-zg,y{v)-y{u)^ =(p 5 v-w) V v e % is obtained. Take it

into account, and the inequality

(p + au,v-u)>09 \/ve%, (3.5)

is derived from inequality (3.3).

To make the element M G ^ the optimal control for optimization

Problem 3', it is necessary and sufficient for inequality (3.5) and the
equalities

*i(*v) = /!(«,v), yeV,\/veV, (3.6)

and

9v)9 peV,\/veV, (3.7)

to be met; the bilinear form a[(-,·) and linear functional ^(-,·) are specified

in point 2.1, and

Γ

If the constraints are absent, i.e. when % = °ll, then the equality

p+au=0 (3.8)

follows from condition (3.5).
Therefore, when the constraints are absent, the control u can be

excluded from equality (3.6) by means of equality (3.8), and the following

may be written: l\(u,y) = li(u(p),y). If the solution (y,p) to problem

(3.6), (3.7), where l\(u9y) = lx(u(p),y), is smooth enough on Qj and Ω 2 ,

then such solution satisfies the relations

Ω
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Λ
c o s ( v > **) = g> * e r>

xeT,

= 0, χ€γ. (3.9)

Definition 3.1. A generalized (weak) solution to boundary-value

problem (3.9) is called a vector-function (y,p) eH that satisfies the

following integral equation \/zeH:

Ω Uy=i J l

\ydx \z\ dx 4- Ι ρ dx \z2dx =

9z2 ,
—~>dx

d

Ω Ω Ω Ω

Ω

(3.10)
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Let u - (w1?w2)
T a n d ν = (vl 5v2)

T be arbitrary elements of the complete

Hubert space //. Specify the bilinear form

/ \ \ui dx iv/ dx- \ux v2 dY

Ω

and linear functional

'(v) = J(/ + 0V! dx + - Jco v2 Jy - jzgv2 dT
Ω

on//.

Let constraint like (2.11) be met. Then, the unique solution (y,p) to

problem (3.10) exists in //. Problem (3.10) can be solved by means of the

finite-element method. Estimates like (1.35) and (1.35') take place,

respectively, for the approximate solution uj* e H^ to problem like

(3.10) and for the approximation uj^(x) of the control u.

2.4 CONTROL UNDER CONJUGATION CONDITION
WITH BOUNDARY OBSERVATION

Assume that equation (1.1), where the coefficients and right-hand side

meet conditions (1.2'), is specified in the domains Ωχ and Ω 2 . Neumann

condition (1.2), constraint (1.3) and the condition

xey, (4.1)
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where ω is a fixed function from ^ ( Y ) a n ( ^ the control is w e t = L2(y),

are specified, in their turn, on the boundary Γ.
For every control u^°U, determine a system state as a generalized

solution to the boundary-value problem specified by equation (1.1) and by
conditions (1.2), (1.3) and (4.1) (Problem 4). The equality

f / dx + \g dT = f(o + u) dy (4.2)

Ω Γ γ

is the necessary condition under which there exists a classical solution to
the latter problem. Find this solution under constraint (1.6).

Bring a value of the cost functional

J(u) = j(y(u)-zgfdr + (^u,u)L2(y) (4.3)
r

in correspondence with every control u e °1ί = L2(y); in this case, zg is a

known element from the space L2(T), Λη = αη, 0<aQ<a(x)<

<a{<co, a e L2(y), a0, ax - const.

A unique state, namely, a function y(u)eVQ corresponds to every

control M G W , minimizes the functional

Φ(ν) = α4(ν,ν)-2/4(ν) (4.4)

on VQ , and it is the unique solution in VQ to the weakly stated problem:

Find a function y EVQ that meets the equation

0 4 (*v) = /4(v) V V G F O , (4.5)

where

Ω 1,7=1

/ (v)= \fidx+ \gvdr-\(<o + u)vdy. (4.6)
4

Ω
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Lemma 4.1. Problems (4.4) and (4.5) are equivalent V/eZ,2(Q),

V(o e L2(γ), V M G W and have a unique solution y EVQ.

Rewrite cost functional (4.3) in the form of expression (3.2), where

π(w, v) = (y(u) -y(0), y(v) - yiP))^(r)+(au9

and

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

^ - y't * aA (y' - y"> y' - y") ζ

| ΐ 2 ( γ )

i.e.

< q \u'-«1|ΐ2(γ)\y-y"\\v, aj, a 2 , q = const > 0,

is derived, where y' =y(u') a n d y" ~y{u") a r e the generalized solutions

to boundary-value Problem 4 under / = 0, g = 0 and ω = 0 and under a

function u = u(x) that is equal, respectively, to ur and u".

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 4.1. Let a system state y be determined as a solution to

equivalent problems (4.4) and (4.5). Then, there exists a unique element

u = u(x) of a convex set % that is closed in W, and relation like (LI 7)

takes place for u = u{x), where the cost functional J(u) is specified by

expression (4.3).
Let the equation
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be specified on Ω instead of equation (1.1). Neumann condition (1.2) and
conjugation conditions (1.3) and (4.1) are specified, in their turn,
respectively, on Γ and γ. I.e., boundary-value problem (4.7), (1.2), (1.3),
(4.1) (Problem 4') is obtained.

Consider optimization Problem 4': Find a control u e % c 91 = L2(y),

for which relation like (1.17) is satisfied and where the cost functional

J(u) is specified by expression (4.3). A state y = y{u) is a generalized

solution to boundary-value Problem 4', where the energy functional is

Φ(ν) = *ί(ν,ν)-2/;(ν), V V E F , (4.8)

and the weakly stated problem is to find a function yeV that meets the

following equation Vz e V :

a'A{y,z) = l'A{z)· (4.8')

in this case:

a4(y,v)= jfdkiJ-^^dx+ jydxjvdx,
Ω U=l J l Ω Ω

/;(v)= Uf + Q)vdx+ \gvdT- ί(ω + ιφ;6/γ. (4.9)

Ω Γ γ

If ue% is the optimal control for optimization Problem 4', then the

following inequality is true Vv e 9/d :

) 0 . (4.10)

As for the control ν e 91, the conjugate state p(v) eV = V is specified

by relations like (3.4). The equality

0 = I A p(u), y(v) - y{u) I = a4 yp, y(v) - y(u)) +
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(y(u)-zg,y(y)-y(u))

i.e.

is obtained. Take it into account, and the inequality

(-p + au,v-u)L2(y)>0, \/ve%, (4.11)

is derived from inequality (4.10).

An element ue% is an optimal control for optimization Problem 4' if

and only if inequality (4.11) and the equalities

fli(^v) = /!(«,v), yeV9 VveF, (4.12)

and

4 ( A v ) = /2(^v), peV, V V G F , (4.13)

are met; in this case, the bilinear form ^ ( v ) is specified by the first

formula of expressions (4.9) and the functionals ^(v) and /2(·,·) a r e

Ω

and

r
If the constraints are absent, i.e. when °lld = W, then the equality

t/ = 0, xey, (4.14)

follows from condition (4.11).
τ

Therefore, when the constraints are absent and if the solution (>>,/>) to

problem (4.12)-(4.14) is smooth enough on Ωι·(/ = 1,2), then the

boundary-value problem is obtained:
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/ν

Ω

Σ**—
ώ dxJ

= 0, [/?] = 0, xey,

= ω+ρ/α, xey,

= 0, χ€γ.
dp

(4.15)

Definition 4.1. A generalized (weak) solution to boundary-value

problem (4.15) is called a vector-function (y,p)T eH that satisfies the

following integral equation VzeH:

/,/=!
; 5χ·

Ι ρ dx \z2dx= I (/ + β)^ι dx +

Ω Ω Ω Ω Ω

g) fo /afody. (4.16)
Γ Γ γ

τ τ
Let u = (wj, w2) and ν = (vj, ν2) be arbitrary elements of the complete

Hilbert space H. Specify the bilinear form
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2

/=1 Ω Ω Γ γ

and linear functional

/(ν) = J(/ + 0vj Λ + Jg n </Γ - Jzgv2 </Γ - Jco η
Ω Γ Γ γ

on H.
If the constraint

{ , H , l L U ^ - ^ > 0 , (4.16')
1 2 1 2 J μ\ 2α0 2

where μ is the constant in the Poincare inequality and c'o and c0 are the
positive constants derived on the basis of the inequalities proved within the
framework of the embedding theorems, is met, then the unique solution

(y>p)T to problem (4.16) exists in H. Estimate like (1.35) is true for its

approximate solution U^ e H^ and the estimate

\u-u?\ <chk (4.17)
II * ΙΙζ^γ)

takes place for the approximation u£(x) of the control u.

2.5 BOUNDARY CONTROL WITH OBSERVATION ON A
THIN INCLUSION

Assume that equation (1.1), where the coefficients and right-hand side
meet conditions (1.2'), is specified in the domains Ω{ and Ω 2 . The
condition
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(5.1)

is specified, in its turn, on the boundary Γ and the conjugation conditions
have the form of expressions (1.3) and (1.4) on γ, where g is a fixed
function from L2(T) and the control is MGW = L2(T) .

For every control ue°ll, determine a system state as a generalized
solution to the boundary-value problem specified by equation (1.1) and by
constraints (1.3), (1.4) and (5.1) (Problem 5). The equality

\fdx+ jgdr+Ldr=[(ody (5.2)
Ω Γ Γ γ

is the necessary condition under which there exists a classical solution y to
Problem 5: Find this solution under constraint (1.6).

Bring a value of the cost functional

J(u)= j(y(u)-zgf dy + (Jfu, u)Ll{T) (5.3)

γ

in correspondence with every control w e t ; in this case, zg is a known

element from the space L2(y), Jfu = au, 0 < α 0 - α (χ) < a^ < oo,

a eL2 (Γ); a0, ax = const.

A unique state, namely, a function y(u)eVQ corresponds to every

control M G W , delivers the minimum to functional (4.4) on VQ, and it is

the unique solution in VQ to the weakly stated problem specified by

equation like (4.5), where

/4(v)= \fvdx+ l(g + u)vdr-j<Qvdy. (5.4)
Ω Γ γ

Lemma 5.1. Problems like (4.4) and (4.5), where the bilinear form

a4(y) is specified by the first formula of expressions (4.6) and the linear
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functional /4(·) is specified by formula (5.4), are equivalent \/f e L2(C1),

Vco G L2(j), V W G ^ awe/ Aave α unique solution y(u) e Fg.

Rewrite cost functional (5.3) as

where

and

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

ά21*' - ~y"t2 (γ) * *i \\y' - yfv *aA(y- y , y - y ) <

< c0\\uf-u\2{T)\y'-y\\y, ά ΐ 5 ά 2 , c0 = const > 0,

i.e. ||>^f - ^"IL2 (γ) - c i IIw' ~ W 1L 2 (Γ) i s d e r i v e d > w h e r e y = Ku') a n d

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 5.1. If a system state y is determined as a solution to

equivalent problems (4.4) and (4.5) that correspond to boundary-value

Problem 5, then there exists a unique element u - u(x) of a convex set %

that is closed in % and relation like (1.17) takes place for u = w(x), where

the cost functionalJ(u) is specified by expression (5.3).
Let equation (4.7) be specified on Ω instead of equation (1.1). Condition

(5.1) and constraints (1.3) and (1.4) are specified, in their turn,
respectively, on Γ and γ. I.e., boundary-value problem (4.7), (1.3), (1.4),
(5.1) (Problem 5 ) is obtained.

Consider the following problem: Find a control ue^ aW = L2(T) for

which relation like (1.17) is satisfied and where the cost functional J(u) is
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specified by expression (5.3); a state y - y(u) is a generalized solution to

boundary-value Problem 5', where the energy functional and weakly stated

problem are given, respectively, by expression (4.8) and equality (4.8').

The form α'4(·, ·) is specified by expression (4.9) and the linear functional

is

l\(y) = J(/ + Q)vdx + J(g + u)vdT - Jcow/γ.
Ω Γ γ

If MGW5 is the optimal control for optimization Problem 5', then the

following inequality is true \/ve°lid:

(y(u)-zg, y(v)-y(u))L2M + (au,v-u)L2(r)>0. (5.5)

As for the control veW, the conjugate state p(v) e F = V is specified

by the relations

Α*ρ(ν) = 0, ΧΕΩ1[]Ω2,

dp
= 0, xeT,

dvA>

[p] = o,
dp

dv *
A _

= zs-y, xey, (5.6)

where the operators A and are specified, in their turn, by
dv *

A

expressions (1.23).
The equality

0 = (A*P(U)9 y(v) - y{u)) = a\ (p9 y(v) - y(u)) +

+ (Zg-y(u),y(v)-y(u))L2M =
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i.e. (y(u)-z Q , v(v)-y(u)\ = (/?, v ~ w ) . ,„. is obtained. Take it into

account, and the inequality

(j9 + a W , v - w ) L 2 ( r ) > 0 (5.7)

is derived from inequality (5.5).

To make the element ue% an optimal control for optimization

Problem 5', it is necessary and sufficient to meet inequality (5.7) and

equalities like (4.12) and (4.13), where the bilinear form a'4(-,-) is specified

by expression (4.9) and, besides this, the linear functionals are

Ί(κ>ν)= j(f + Q)vdx+ J(g + w)v</r- JcovJy
Ω Γ γ

and

Υ

If the constraints are absent, i.e. when % = W, then the equality

= 0, X G T , (5.8)

follows from condition (5.7).

Therefore, when the constraints are absent and if the solution (y,p)T to

problem (4.12), (4.13), (5.8) is smooth enough on Ω, (i = 1,2), then, take

equality (5.8) into account, and the boundary-value problem is obtained:

i,j=\

i,y=l J
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η ~

Υ ^y-J-COS (V, *,)=(), X<=T,
rr1 ckj

(5.9)

dy_

dxj
= Γ·Λ V (= V

Definition 5.1. A generalized (weak) solution to boundary-value

problem (5.9) is called a vector function (y,p)T eH that satisfies the

following integral equation Vz € Η:

y* * ^ .

J jz2dx= j(f + Q)Zl dx

Ω Ω Ω Ω Ω

(5.10)

Τ Τ

Let u-{u^u2) and ν = (vl9v2) be arbitrary elements of the complete

Hubert space H. Specify the bilinear form
2 η

L·—L—L>dxU dXfa f
a(u,v) =

OL/=i/j=i "V

r n f f f f

'=i Ω Ω
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and linear functional

/(v) = J ( / + Q)vi Λ + Jg vj </Γ - Jco V! </γ - Jzgv2 Jy
Ω Γ γ γ

on//.

If constraint like (4.16') is met, then the unique solution (y,p)T to

problem (5.10) exists in H. Estimate like (1.35) is true for its approximate

solution u£ e HJ* and the estimate

\u-4\ <chk

II k \\L2{Y)
takes place for the approximation uj*(x) of the control u.
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