2

CONTROL OF A CONDITIONALLY CORRECT
SYSTEM DESCRIBED BY THE NEUMANN
PROBLEM FOR AN ELLIPTIC-TYPE EQUATION
UNDER CONJUGATION CONDITIONS

2.1 DISTRIBUTED CONTROL WITH OBSERVATION
THROUGHOUT A WHOLE DOMAIN

Assume that the elliptic equation

- Z [ @)= ) f) (1.1)

i,j= 1
is specified in a domain Q that consists of two bounded convex domains,

namely, Q; and Q, € R", where R" is an n-dimensional real linear space.
The second-type boundary Neumann condition

Zky(x) cos(v x)=g(x) (1.2)

i,j=1

is specified, in its turn, on a boundary I'=(6Q,UdQ,)\y (y=0Q,N
NoQ, #J); in this case, v is an outer normal to T,

kg = kil = Kyl € COINC'@), Fg, = fl,, < @),

{le,.jl <, g®lpg, = &lpa, €CTNOQ), ij=Ln; =12,

|f|SC1<OO,
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n n
D k(0 E 200 Y & VxeQ,
i=1

i,j=1
‘v’&i,ﬁj eRl, i,j=fn_, o =const>0; (1.29)

and the conjugation conditions

[¥]=0 (1.3)
and
{i k; %cos(v,xi)jl =0 (1.4)
i,j=1 J

are specified, also in their turn, on a section y of the domain Q; in this
case, 0eC(y), [@]=0"-07, ¢*={p}" =¢(x) under xey*, y'=
=yN3Q,, y =yN3Q,, v is a normal to y and such normal is directed

into the domain Q, .
Let y(x)eM ={v(x): vlﬁz € CI(Q,)HCZ(QI), l1=1,2, ‘Dzv‘ <oo}

be a classical solution to boundary-value problem (1.1)—(1.4). It is easy to
see that a solution y +c is also classical to it for an arbitrary constant c.

The necessary condition for the existence of the classical solution y to
problem (1.1)—(1.4) is the one under which the equality

jfdx+ J-gdl"=jcoa’y (1.5)
Q r Y

is met. Find this solution under the constraint

[yac=0, (1.6)
Q



Control of a Conditionally Correct System... 65

where O is some known real number. Assume the following: H =
={ vx): v, € M@, i=1,2}, Vo={ved: =0, mD=0},

(o, y) = I(pwdx-
Q

Let there be a control Hilbert space % and mapping Be ¥ (%; V"),
where V' is a space dual with respect to a state Hilbert space V. Assume
the following: % = L,(Q2) .

For every control ue%, determine system state y=y(u) as a
generalized solution to the boundary-value problem specified by the

equation
L {kym

i,j= 1 J
and by conditions (1.2)—(1.4) and (1.6).
Specify the observation

] J(x)+Bu, yeVy, (1.7)

Z(u)=Cy(u), (1.8)
where Ce¥ (V;#) and # is some Hilbert space. Assume the
following:

Cy(u)=y(u), #=VcL(Q). (1.9)
Bring a value of the cost functional
J(u) =|Cy(w) -z || + (N1 1)y, (1.10)

in correspondence with every control ue % ; in this case, z, is some

known element of 4, A4 € L(U;U), (Nu,u)qy =V, |[u[|f” , Vo =const >0

Yuei.
Assume the following: feL,(QQ), Bu=uel,(QQ), Ju=a(x)u,
0< ay < a(x) <a<o», E(x)|Ql e C(), [=1,2 ay,a =const,

(@O, W)g, = Iqwaix. A unique state, namely, a function y(u)eV,
Q
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corresponds to every control u € %, delivers the minimum to the energy
functional [21]

D,(v)=a;(v,v)-2L(v) (1.11)
on V, and it is the unique solution in ¥, to the weakly stated problem:

Find an element y €V, that meets the equation

al(y,v)=ll(v) VVEV(), (112)
— < ou ov
where Vy ={ve H: [v]=0, (»,1) =0}, a)(u,v)= _[Z kﬁa—_adx’
Qij=t T
L(v)= I(f+u)vdx+ Igvdf— ovdy.
Q r Y

The following statement is valid [21].
Lemma 1.1. Problems (1.11) and (1.12) are equivalent Vf € L,(Q),

Vo e Ly(y), Yue¥ and have a unique solution y = y(u) V.
Remark 1.1. If a solution y €V, to problems (1.11) and (1.12) belongs

to a set M, then y is classical to boundary-value problem (1.7),
(1.2)—(1.4), (1.6) under the constraint

j(f+u)dx+jgdr= J'wdy. (1.13)
Q r y

Remark 1.2. If a solution y to problems (1.11) and (1.12) exists, it is
not necessary to meet constraint (1.13).

Remark 1.3. If equality (1.5) takes place, then, to meet constraint
(1.13), it is necessary for a control u to satisfy the condition

J'udx=0. (1.14)
Q
Rewrite cost functional (1.10) as
2
J(w) = m(u,u) = 2L(w) + |z, - yO) 5

(1.15)
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1/2

in this case, and the bilinear form 7(-,-) and linear

=(9,9)
functional L(-) are expressed as
(u,v) = (y(@) = ¥(0), y(») = y(0)) +(@u,v)
L(v) =(zg = ¥(0), y(¥) - (0)).. (1.16)
Let 7'=3(') and 3" = y(u") be solutions from ¥, to problem (1.12)

under /=0, g=0 and © =0 and under a function u = u(x) that is equal,
respectively, to u'and u”. Then, take the ellipticity condition and
generalized Poincare inequality into account, and the inequality

— ~) ~pn 2 — ~y ~n 2 ~1 ono~e it

ao7 -5 <o |7 -5y <@ (5 -5 5 -57") <

on

o, =const>0,

V’

12
is derived, where |||, = {Z"V”W1 © )} and ||{|,1 (@, i8 the norm of the
(82

Sobolev space W21 (Q)).

On the basis of [58, Theorem 1.1, Chapter 1], the validity of the
following statement is proved.

Theorem 1.1. Let a system state be determined as a solution to
equivalent problems (1.11) and (1.12). Then, there exists a unique element
u of a convex set Uy that is closed in U, and

J(u) = inf J(v) (1.17)
ve¥

takes place for u.

Definition 1.1. If an element u € %, meets condition (1.17), it is called

an optimal control.
Let the equation

—z ( ) Iydx f(x)+O0+u (1.18)

,11 Q
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be specified on the domain Q instead of equation (1.7). Neumann condition
(1.2) and conjugation conditions (1.3)—(1.4) are specified, in their turn,
respectively, on the boundary I' and section y.

If y is a classical solution to boundary-value problem (1.7), (1.2)—(1.4),
(1.6) (Problem 1), then it is easy to see that y is classical to problem (1.18),
(1.2)—(1.4) (Problem 1’). It can be shown [21] that a classical solution to
Problem 1’ is also classical to Problem 1 if constraint (1.13) is satisfied.

Let observation (1.8) be specified, where the operator C is given by
expression (1.9). Cost functional (1.10) is specified, in its turn, for every
control u€? . Then, a unique state, namely, a function y(u)e

eV={veH: [v]=0}, comesponds to every u €%, minimizes the
energy functional
OW) =a(v,v)-25(v) (1.19)
on ¥, and it is the unique solution in ¥ to the weakly stated problem: Find
an element y €V that meets the equation
ai(y,v) =), Vvel, (1.20)
where a;(y,v)=a;(y,v)+(y,D(», 1) and [(v)=,(v)+0O(W,1).
Lemma 1.2. Problems (1.19) and (1.20) are equivalent Vf € L,(Q),
Yu € ¥ and have a unique solution y(u)eV .
Remark 1.4. If a solution y €V to problems (1.19) and (1.20) belongs
to a set M , then y is classical to boundary-value Problem 1’, and it is also
classical to Problem 1 if constraint (1.13) is met.

Therefore, there exists such an operator A generated by problems (1.19),
(1.20) and acting from Vinto L,(Q2), that

yu)= AN (f+0+Bu), YueL,=L,(Q).
Let ' =p(u') and 3" = y(u") be solutions from ¥ to Problem 1’ under
f=0,g=0and ©=0 and under a function u=u(x) that is equal,
respectively, to ' and u” .

Then, on the basis of the generalized Poincare inequality, the following
one, i.e.
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&'1 ”5)! _ 5}0"2 < &'1 "5}! _.’)7”"12/ <a (5-/ _ 5/!’ 5';! _ 5}#) <

< "u’ -u"

|7 - 3"||, & =const >0,

is derived that provides the continuity of the linear functional L(-) and
bilinear form 7t(-,-) of expressions (1.16) on %.

On the basis of [58, Theorem 1.1, Chapter 1], the validity of the
following statement is proved.

Theorem 1.2. Let a system state be determined as a solution to
equivalent problems (1.19) and (1.20). Then, there exists a unique element
u of a convex set Uy that is closed in U, and relation like (1.17) takes
place for u.

Remark 1.5. If equality (1.13) is satisfied, then problems (1.11) and
(1.19) are equivalent. Therefore, optimal controls coincide when states are
described by boundary-value Problems 1 and 1.

Here is the problem of finding the control u € %, that satisfies relation
(1.17). It is optimization Problem 1 if a system state is a generalized
solution to boundary-value Problem 1, and it is optimization Problem 1’ if
a system state is a generalized solution to boundary-value Problem 1'.

Remark 1.6. If constraint (1.5) is met and %=

={ueL2(Q): udx:O}, then optimization Problems 1 and 1' are
Q

equivalent.
If ue¥, is the optimal control, then the following inequality is true

Vvey:
(y(u)—zg, y(v)—y(u))+(c7u,v—u)20 . (1.21)

As for the control v € % , the conjugate state p(v) € V' =V is specified
by the relations

A p()=y(v)-z4, xeQUQy,
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P =0, xeT,
A*
op
[p]1=0, =0, xev, (1.22)
ov .
A
where
= dx ,
z Ox; ( ¥ 6x~j J- P
i,j=1
Z ———cos(v x;). (1.23)
a.]_l
The equality

(4" p(w), y(v)—y(u))=(y(u)—zg,y(v)—y(u))=ai (2, y) = y(w)) =
_Z J' Zk a(y(") y( ))cos(v,x,.) p()doCy +

l 1691 71"1

+(p,v-u)=(p, v-u),
ie. ( y(u)=zg,y(v) - y(u)) =(p, v—u) is obtained. Take it into account,
and the inequality
(p+au,v-u)=0, Yvei,, (1.24)
is derived from inequality (1.21).
To make the element u € %; the optimal control of a state described by

boundary-value Problem 1’, it is necessary and sufficient to meet inequality
(1.24) and the relations

al(y,v) = h(w,v), yeV, WveV, (1.25)
and

ai(p,v)=bL(y,v), peV, VveVl, (1.26)
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where
h(wv)=(f +0, v+ wv)+ [gvdl - [ovay
r Y
and
IZ(yav) = (y,V) _(Zgav) .
If the constraints are absent, i.e. when %, =%, then the equality
p+au=0 (1.27)

follows from condition (1.24). Therefore, when the constraints are absent,
the control # can be excluded from equality (1.25) by means of equality
(1.27). On the basis of equalities (1.25) and (1.26), the problem

Ay+pla=f, yeV, (1.28)
A p-y=-z,, peV’, (1.29)
is derived, and the vector solution (y, p)T is found from this problem

along with the optimal control u=-p/a of the system specified by
boundary-value Problem 1'.

If the vector solution (y, p)T to problem (1.28), (1.29) is smooth
enough on Q;, viz., y|§l, p|ﬁl e CY(Q)NC% (), 1=1,2, then the

differential problem of finding the vector-function (y, p)T, that satisfies
the relations

*Zax[” j+p/a+jydx f+0, xeQUQ,,
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Zkll cos(vx) g, xel,

Zk apcos(vx) 0, xel,
ox;

i,j= J
[¥]1=0, [p]=0, xe¥,

l:Z ——cos(V, x; )J =, [Z cos(v X; )} 0, xey,(1.30)
Ox;

i,j=1 i,j=1

corresponds to problem (1.28), (1.29).
Definition 1.2. A generalized (weak) solution to boundary-value

problem (1.30) is called a vector-function (y, p)T eH=
= {v = (vl,vz)T : v,-|QJ_ € W21 Q)), i,j=12; [v]= 0} that satisfies the
following integral equation Vze H :

Oy 0Oz X Op 0Oz,
I{Zkya . +le/a+.Zkl~j"a-;a—y22 dx +
Q Ui,Jj=1 i,j=1 J

+ Iydx J.zldx+ dex Izzdx =
Q Q Q Q

=I((f+Q)Zl‘Zg22)dx+ Igzldl“— wzdy. (1.31)
Q r Y

Let u= (ul,uz)T and v= (vl,vz)T be arbitrary elements of the complete

) 12
Hilbert space H with the norm |{|,, ={2||||W21 (Q.)} . Specify the bilinear
T
i=1
form
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2
a(u,v) = J{z Zklla +u2vl/a ulvz}dx+z uydx J.v,dx

I=1 i,j=1 =1 9 Q

and linear functional

10) = [((f +0 = zgn)dx + [gwdl - [ovdy
Q r
onH . Y

Assume that the constraint o = mm{ az l} u—%{i + 1} >0 is met,
4
where p is the constant in the generalized Poincare inequality. Take the
generalized Poincare inequality [21] and Cauchy-Bunyakovsky one into
account, and the relations
a(v,v)2q ”v”i{ Vve H, G; =const>0,
and
la(u,v)| < ¢ ||u||H ||v||H Yu,ve H, ¢, =const >0,

are true for the bilinear form a(.,-), i.e. this form is H-elliptic and
continuous [49] on H.

Consider the Cauchy-Bunyakovsky inequality and embedding theorems
[55], and the following inequality is obtained Vve H :

|1 |s eV, » €2 =const.

Use the Lax-Milgramm lemma [16], and it is concluded that the unique
solution (y, p) to problem (1.31) exists in H.
Problem (1.31) can be solved approximately by means of the finite-

element method. For this purpose, divide the domains Q; into N, finite
elements ef (G =1,N,, ,N;, i=1,2) of the regular family [16]. Specify the
subspace Hk c H (N=N;+N,) of the vector-functions VkN (x). The
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components lekL_z , vé\;c‘ﬁ eC(Q) (i=1,2) of VkN (x) are the complete
i i
polynomials of the power k that contain the variables x;, x,, ..., x, at

every 'e’,.j , and [VkN ] = 0. Then, the linear algebraic equation system

AU=B (1.32)

follows from equation (1.31), and the solution U to system (1.32) exists
and such solution is unique. The vector U specifies the unique

approximate solution U ,ﬁv eH ,ﬁv to problem (1.31) as the unique one to the
equation

a(Ul, i) =1(Y), vl e mf. (1.33)
Let U =U(x) € H be the solution to problem (1.31). Then:
a(U-uvl.vl)=0, vrl'en) .
Therefore,

alu-vl| <a(v-uf,u-ul)=
=a(v-U},U-0), vien},

and the inequality

N ~
”U—WMHS%WFwM,%=wmu (1.34)
is thus derived since the bilinear form a(.,-) is continuous on H.
Suppose that U e H ,ﬁv is a complete interpolation polynomial for the

solution U at every Eij . Take the interpolation estimates [16] into account,
assume that every component U; and U, of the solution U on ; belongs

to the Sobolev space W5 1(Q)) (I =1,2), and the estimate
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”U—U,?’ HH <chF, (1.35)

where / is a maximum diameter of all the finite elements Eif , ¢ = const,

follows from inequality (1.34).
Take estimate (1.35) into consideration, and the estimate

“u—u,]cv”Wzl <c ”p—p,lcv“W21 < hE, (1.35")

5 1/2
where ""W21 ={Z””§V 1 Q_)} , takes place for the approximation
i=1

u,]cv (x)=- p,lcV /E(x) of the control u=u(x) of a state described by

Problem 1’ and p,]cv = uﬁ is the second component of the vector U ,ﬁv .

Remark 1.7. If constraint (1.13) is met, then the first component of a
classical solution to problem (1.30) is a classical solution to boundary-
value Problem 1.

2.2 DISTRIBUTED CONTROL WITH OBSERVATION ON
A THIN INCLUSION

Assume that equation (1.1), where the coefficients and right-hand side
meet conditions (1.2"), is specified in the bounded, continuous and strictly
Lipschitz domains €; and ,. Condition (1.2) is specified, in its turn, on
the boundary I' and the conjugation conditions have the form of
expressions (1.3) and (1.4).

For every control ue@ =L,(Q2), determine a system state as a
generalized solution to the boundary-value problem specified by equation
(1.7) and by conditions (1.2)—(1.4), where Bu=u and u € L,(Q).

Equality (1.13) is the necessary condition under which there exists a
classical solution y = y(u) to boundary-value problem (1.7), (1.2)—(1.4)
(Problem 2). Find this solution under constraint (1.6).
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Bring a value of the cost functional

Jw) = (@) -zp)2dy + (Hu,uy @1
¥
in correspondence with every control u € % = L,(€2); in this case, z, is a

known element from the space L,(y); fu=au, 0<agy<a(x)<
Saf) < o0, E(x)'Qie C(Q), i=12; ay, alo =const.

A unique state, namely, a function y(u)eV, corresponds to every
control u €%, minimizes energy functional (1.11) on ¥, and it is the

unique solution in ¥ to weakly stated problem (1.12). Lemma 1.1 and

Remarks 1.1 and 1.2 hold here.
Rewrite cost functional (2.1) as

J() = (1) ~2L(u) + |z - y(O)”; . 2.2)
where
”v“IQ ) = (v9v)1[/,22(y), ((Pﬂ W)IQ ) = I¢Wdy,
Y
7(1,9) = (5)~3(0), )~ Y(0),_ ) + @)
and

L) =(zg = y(0), Y»)-3O) .

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

B R A S

< al(j;l _ jv)n, j}’ _ j-'/,n) < ”uv _ un“ ”5}1 _ 5)”"1/ ,
ie.
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. o~ 1

y -y L ———|u'-u"|, a,,a,=const>0,

" y L(y) m ” " 2

is derived, where j'=y(u') and y" = y(u”) are the generalized solutions
from ¥, to boundary-value Problem 2 under /=0, g=0 and ®=0 and

under a function u = u(x) that is equal, respectively, to «’ and u".

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 2.1. Let a system state be determined as a solution to
equivalent problems (1.11) and (1.12). Then, there exists a unique element
u of a convex set U that is closed in U = L,(QQ), and relation like (1.17)
takes place for u, where the cost functional J(u) is specified by expression
(2.1).

Let equation (1.18) be specified on Q instead of equation (1.7).
Neumann condition (1.2) and conjugation conditions (1.3) and (1.4) are
specified, in their turn, respectively, on I" and y. Le., boundary-value
problem (1.18), (1.2)—(1.4) (Problem 2') is obtained.

Remark 2.1. Boundary-value Problems 1, 2 and 1, 2’ coincide
pairwise. Optimization Problems do not coincide because their cost
functionals J(u) are different.

Consider optimization Problem 2': Find a control u € %; c % = L,(Q),

for which relation like (1.17) is satisfied, where the cost functional J(u) is
specified by expression (2.1), and a state y(«) is a generalized solution to
boundary-value Problem 2’.

If ue, is the optimal control for optimization Problem 2', then the

following inequality is true:
(v)=zg, y0)-y@),

As for the control v € % , the conjugate state p(v) € vV =V is specified
by the relations

+(@u,v-u)=20, Vve . (2.3)

A'p(r)=0, xeQUQ,,
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P__o, xer,
aVA*
0
[p]=0’ lia\/p ]"_)’(V)"'Zg’ X€Y, (24)
A*

where the operators A4° and

are specified, in their turn, by
A‘
expressions (1.23).
The equality

0=(4'pw). y) = y@) = af (p, y(¥) = y(w)) -

~(y@) -zg, y(v) = y(w))

L

=~ () -z yM - yw)),  +(p,v-u),

Ly(v)

ie. (y(u) ~ 2z, y(¥) - y(u))Lz(Y) =(p,v-u) Vve is obtained. Take it

into account, and the inequality
(@u+p,v-u)20, Yvew, (2.5)

is derived from inequality (2.3).
An element u € %, is an optimal control for optimization Problem 2’ if
and only if inequality (2.5) and the equalities

a(y,v)=L(u,v), yeV, Vvel, (2.6)
and

ai(p,v)=hL(y,v), peV, VveVl, 2.7)

are met; the bilinear form a;(;,-) and functional /;(u,v) are specified in
point 2.1, and
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lZ(yav) = —j(zg "‘y)Vd'Y .
Y
If the constraints are absent, i.e. when % = , then the equality

p+au=0 (2.8)

follows from condition (2.5). Therefore, when the constraints are absent,
the control u# can be excluded from equality (2.6) by means of equality

(2.8). Let the solution (y, p)T to problem (2.6), (2.7), where

L (u,y) =L (u(p),y), be sufficiently smooth on Q; and Q,. Then, such
solution satisfies the relations

— n_laa (k ?})+p/a+jydx f+0, xeQ,UQ,,

}

-Z (”axJ dex=o, xeQUQ,,

t]l

Zky cos(v,x;)=g, x€Tl,
i,j=l1 j

Z cos(vx) 0, xel,

i,j=1 ]

[¥1=0, [p]=0, xev,

{Z ——cos(V, x, )}=m, xXey,

i,j=1 J

I:Z cos(v X; )} y+zg, X€Y. (2.9)

i,j=l1 J
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Definition 2.1. A generalized (weak) solution to boundary-value

problem (2.9) is called a vector-function (y, p)T € H that satisfies the
following integral equation Vz e H :

I{Zkya o —Lypz/a +Zk,jaap Zzz}dx+

»J=1

+J‘ydx Izldx+ Ipdx jzzdx=
Q Q Q
= I(f+Q)zl dx + Igzl dl' - oz dy+ I(y—zg)zde- (2.10)
r Y Y

Let u= (ul,uz)T and v= (vl,vz)T be arbitrary elements of the complete
Hilbert space H. Specify the bilinear form

a(u,v) = I{Z Zk’fa +u2v1/a}dx+
Q

I=1 i,j=1

2
+Z j‘u,dx Iv,dx— u v dy
I=1 o Q y

and linear functional

I(v) = j(f+Q)vl dx + jgv1 dr—jmvl dy— [zgv,dy
Q r ¥ Y
on H. If the constraint

2
min ﬂ,min{%,l}u —L—-c—0>0, (2.11)
2 2 20y 2 _
where p and ¢, are the positive constants, respectively, in the generalized
Poincare inequality and embedding theorem, is met, then the unique

solution (y, p)T to problem (2.10) exists in H. Problem (2.10) can be
solved by means of the finite-element method. Estimates like (1.35) and
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(1.35') are true, respectively, for its approximate solution U,ﬁv eH ,f,v cH

and for the approximation u,ﬁv (x) of the control u.

2.3 DISTRIBUTED CONTROL WITH BOUNDARY
OBSERVATION

Assume that equation (1.1), where the coefficients and right-hand side
meet conditions (1.2"), is specified in the bounded, continuous and strictly
Lipschitz domains €; and €,. The conjugation conditions have the form

of expressions (1.3) and (1.4) and the boundary condition has the form of
expression (1.2).

For every control ue =L1,(Q), determine a system state as a
generalized solution to the boundary-value problem specified by equation
(1.7) and by conditions (1.2)—(1.4). Equality (1.13) is the necessary
condition under which there exists a classical solution y to boundary-value

problem (1.7), (1.2)—~(1.4) (Problem 3): Find a solution y that meets
constraint (1.6).

Bring a value of the cost functional

J(u) = I(y(u)—zg)zdl"+(ﬂu,u)w 3.1)
r

in correspondence with every control u € % = L,(€2); in this case, z, isa
known element from the space L,(I'), fu=au, O0<gy<a(x)<
<al <o, c?(x)h_e C(Q), i=1,2; a,, a’ =const.

A unique state, namely, a function y(u)eV,, corresponds to every
control u € %, delivers the minimum to energy functional (1.11) on V,,

and it is the unique solution in ¥, to weakly stated problem (1.12). Lemma
1.1 and Remarks 1.1 and 1.2 take place here.
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Rewrite cost functional (3.1) as

() = n(u,u) ~2L(u) + |z - y(O)”;(r) , (3.2)
where
||v||L2(1_) = (v=v)1[{22(r) , (9, W)LZ(F) = J-(P\l’ dar,
r
n(u,v) = (y(u) _y(O)’ y(v) - y(o))Lz(l") + (‘7 u,v)
and

L) =(2g = y(0), y0) = yO) ..

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

@[5 -5, o <7 -5 <

<a(F -5 -9 < -5 -5, ,

1.e.

, o, &, =const>0,

o 1
"y""y”uLz(r) < ,alaz ”u'_uﬂl

is derived, where y'=j(u') and 7" =y(u") are the generalized solutions
from ¥V to boundary-value Problem 3 under /=0, g=0and =0 and

under a function u = u(x) that is equal, respectively, to «’ and u".

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 3.1. Let a system state be determined as a solution to
equivalent problems (1.11) and (1.12). Then, there exists a unique element
u of a convex set Uy that is closed in U, and relation like (1.17) takes

place for u, where the cost functional J(u) is specified by expression (3.1).

Let equation (1.18) be specified on the domain Q instead of equation
(1.7). Neumann condition (1.2) and conjugation conditions (1.3) and (1.4)
are specified, in their turn, respectively, on I" and y. L.e., boundary-value
problem (1.18), (1.2)—(1.4) (Problem 3') is obtained.
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Remark 3.1. Boundary-value Problem 3 coincides with Problems 1
and 2. Problem 3’ coincides with Problems 1’ and 2'. Optimization
Problems do not coincide because their cost functionals J () are different.

Consider optimization Problem 3': Find a control u € %, c % = L,(Q),
for which relation like (1.17) is satisfied and where the cost functional
J(u) is specified by expression (3.1). A state y = y(u) is a generalized
solution to boundary-value Problem 3’ and such solution is unique for one
of equivalent problems (1.19) and (1.20).

If u e, is the optimal control for optimization Problem 3', then the
following inequality is true:

(y@) =24, y0) -2 @))

As for the control v € % , the conjugate state p(v) € Vi=Vis specified
by the relations

+(@u,v-u)20, Vve . 3.3)

A p()=0, xeQUQ,,

__6_p_=_z +y, xel,
oV &
A
[p]=07 I: ap }=07 XEY, (34)
aVA*

where the operators A° and are specified, in their turn, by
Aﬁ
expressions (1.23).
The equality

0=(4"pw), y) = y(w) =ai (p, ()= y(w)) -

—(y@) -z, y) - y(w))

LT

=—(y() - 25, y0) = @), _ +(p,v-u),

Ly(T)
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ie. (y(u) ~2g, (V) - y(u))Lz(r) =(p,v—u) Vve is obtained. Take it

into account, and the inequality

(p+au,v-u)20, Yve, 3.5)

is derived from inequality (3.3).

To make the element u e, the optimal control for optimization
Problem 3', it is necessary and sufficient for inequality (3.5) and the
equalities

a(y,v)=L(u,v), yeV, Yvel, 3.6)
and
a(p,v)=h(y,v), peV, VveV, (3.7)

to be met; the bilinear form a;(:,-) and linear functional /;(-,-) are specified
in point 2.1, and

L(y,v) == [(z, - y)vdT .
r
If the constraints are absent, i.e. when %; =% , then the equality

p+au=0 (3.8)

follows from condition (3.5).
Therefore, when the constraints are absent, the control # can be
excluded from equality (3.6) by means of equality (3.8), and the following

may be written: /;(u,y) =, (u(p),y). If the solution (y, p)T to problem

(3.6), (3.7), where [,(u,y) =1, (u(p),y), is smooth enough on Q; and Q,,
then such solution satisfies the relations

o 0 _
—267(]{” ayJ+p/a+jydx=f+Q, xeQUQ,,
i,j=1"

axj 5
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= 0
—Zg[’!a ) Ipdx O erlUﬂz,
i,j=1""1

n

Z k,-j ﬂcos(v,x,~)=g, xeTl,
“~ ox ;
i,j=1 J

Z cos(vx) y—z,, xel,
i,j=1

[¥]=0, [p]=0, xev,

{Z ky — cos(v x)}-oo [Z Fv cos(v x)} 0, xey. (3.9

i, Jj=1 i,j=1 J

Definition 3.1. A generalized (weak) solution to boundary-value

problem (3.9) is called a vector-function ( y,p)T € H that satisfies the
following integral equation Vz e H :

oy o op
I{Z Uayal+pz/ +Z ‘faf a?}

i,j=1

+Iydx J-Zl dx + Ipdx J-zzdx=
Q Q Q Q

= J.(f+Q)zldx+ IgzldF+

Q r

+f(y—zg)22d1“— j'm zdy. (3.10)
Y
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Let u = (uy,u, )T and v=(y ,vz)T be arbitrary elements of the complete
Hilbert space H. Specify the bilinear form

a(u, v)~j{z Zkya l+u v]/a}dx+
Q

I=1 i,j=1

2
+Z uy dx I v dl
I=1 g Q r

and linear functional

I(v) = J'(f+Q)v1dx+jgv1dr— ovdy - [zgvydr
Q r % r
on H.

Let constraint like (2.11) be met. Then, the unique solution (y, p)T
problem (3.10) exists in H. Problem (3.10) can be solved by means of the
finite-element method. Estimates like (1.35) and (1.35") take place,

respectively, for the approximate solution U,ﬂv eH ,ﬁv to problem like

(3.10) and for the approximation u,ﬁv (x) of the control u.

24 CONTROL UNDER CONJUGATION CONDITION
WITH BOUNDARY OBSERVATION

Assume that equation (1.1), where the coefficients and right-hand side
meet conditions (1.2"), is specified in the domains €, and Q,. Neumann
condition (1.2), constraint (1.3) and the condition

[Zky cos(v, x)}-coﬂt X€EY, 4.1

i,j=1
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where o is a fixed function from L,(y) and the control is u € % = L,(y),
are specified, in their turn, on the boundary I'.

For every control u €%, determine a system state as a generalized
solution to the boundary-value problem specified by equation (1.1) and by
conditions (1.2), (1.3) and (4.1) (Problem 4). The equality

J'fdx+ jgdr=j(m+u)dy (4.2)
Q r Y

is the necessary condition under which there exists a classical solution to
the latter problem. Find this solution under constraint (1.6).
Bring a value of the cost functional

2
J(u) = j( V@) ~zg) dT +(Nu,u) ) (4.3)
r

in correspondence with every control u € % = L,(y) ; in this case, z, is a
known element from the space L,(I'), fu=au, O0<agy<a(x)<
<a <o, ael,(y), ay, a =const.
A unique state, namely, a function y(u)eV, corresponds to every

control u € % , minimizes the functional

O(V) =ay(v,v)—214(v) (4.4)
on ¥y, and it is the unique solution in ¥, to the weakly stated problem:
Find a function y €V, that meets the equation

as(y,v)=l(v) Vver,, 4.5)
where

as(y,v) = j‘ikﬂﬂ dx,

i
S i ox; Ox;

L) = jfvdx+ jgvdr-j(mu)vdy. (4.6)
Q r Y
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Lemma 4.1. Problems (4.4) and (4.5) are equivalent Nf € L,(Q),
Vo e Ly(y), VYue¥and have a unique solution y €Vy.
Rewrite cost functional (4.3) in the form of expression (3.2), where

m(,v) = (y@)=3(0), yO) = (), + (@)
and

L(v) =(z, — ¥(0), y(») - »(0))

Ly(T)’

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

aL2” y ”L (D)~ a4(y y 5} —5/")S

<cfu'~ u””Lz(Y) 17" = 3"}, » &, @z, ¢ = const >0,

ie.

15 =5, ry < \/_”” ~, 0

is derived, where 7' =p(u') and 3" =3(u") are the generalized solutions
to boundary-value Problem 4 under /=0, g=0and ®=0 and under a
function u = u(x) that is equal, respectively, to ' and u" .

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 4.1. Let a system state y be determined as a solution to
equivalent problems (4.4) and (4.5). Then, there exists a unique element
u=u(x) of a convex set Uy that is closed in U, and relation like (1.17)
takes place for u=u(x), where the cost functional J(u) is specified by
expression (4.3).

Let the equation

—Zax(ya ] [yas=r+o “7)
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be specified on Q instead of equation (1.1). Neumann condition (1.2) and
conjugation conditions (1.3) and (4.1) are specified, in their turn,
respectively, on I' and y. Le., boundary-value problem (4.7), (1.2), (1.3),
(4.1) (Problem 4') is obtained.

Consider optimization Problem 4’: Find a control u e % c % = Ly(y),

for which relation like (1.17) is satisfied and where the cost functional
J(u) is specified by expression (4.3). A state y = y(u) is a generalized
solution to boundary-value Problem 4', where the energy functional is

W) =ay(v,v)-2 I (v), YveV, (4.8)
and the weakly stated problem is to find a function y €V that meets the
following equation Vz eV :

a,(y, z) =14 (2); 4.8")
in this case:

one [S k28
ay(y,v) = (‘!‘UZ:I k;; ax, ox, dx+éfydx§.!.vdx ,

1,(v) = I(f+Q)vdx+ Igvdr— j(mu)vdy. (4.9)
Q r Y

If u e, is the optimal control for optimization Problem 4', then the
following inequality is true Vv e %;:

(y@) - zg, yO0) = y@))  +(@u,v—u) L 20 (4.10)

Ly(T)

As for the control v € % , the conjugate state p(v) € V' =V is specified
by relations like (3.4). The equality

0=(4'p(w), y) = y()) = &4 (p, y) =~ y) +
+(zg =3, Y0)=yW), )=
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=-(pa v_u)LZ(Y) +(Zg i ) J’(V)"'J’(”))Lz(r),

ie.
(v =20 y0)=y@), o ==(p,v=1),,
is obtained. Take it into account, and the inequality
(—p+c7u,v—u)L2mZO, Vv e U, (4.11)

is derived from inequality (4.10).
An element u € %, is an optimal control for optimization Problem 4’ if

and only if inequality (4.11) and the equalities

ay,(y,v)=lL(u,v), yeV, Yvel, (4.12)
and

ay(p,v)=L(,v), peV, Yvel, (4.13)
are met; in this case, the bilinear form a;(-,-) is specified by the first
formula of expressions (4.9) and the functionals /;(-,-) and ,(.,-) are

L (u,v) = I(f+Q)vdx+ j'gvdr— j(m+u)vdy
Q r Y

and

h(y.v) == [(zg = yvT .

If the constraints are absent, i.e. when %, =% , then the equality
-p+au=0, xey, (4.14)
follows from condition (4.11).
Therefore, when the constraints are absent and if the solution (y, p)T to

problem (4.12)-(4.14) is smooth enough on Q; (i=1,2), then the
boundary-value problem is obtained:

_Zéx(lj@ ] [yax=r+0, xeQ U0y,

»J=1
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'Zax[”a ] Ipdx 0, xeQUQ,,

sJj=1

Z —cos(vx) g, xel,
i,j=1

z cos(vx) =y-z,, xe€l,
7.]"1 j

[¥]=0, [p]=0, xe¥,

[Z ——cos(v, x )}=m+p/c7, xevy,
ox;

i,j=1

{Zkya—cos(v x)} 0, xey. (4.15)
J

i,j=1
Definition 4.1. A generalized (weak) solution to boundary-value

problem (4.15) is called a vector-function (y, p)T € H that satisfies the
following integral equation Vz € H :

15) op 0O
I{Zk”aaxya? lz 2 o iz}dx+

»Jj=1

+Iydx J.zldx+ J-pdx Izzdx= J-(f+Q)Zl dx +

Q Q Q Q Q
+Igzld1"+J‘(y—zg)zzdl"—J-((x)+p/5)zldy. (4.16)
r r y

Let u= (ul,uz)T and v= (vl,vz)T be arbitrary elements of the complete
Hilbert space H. Specify the bilinear form
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o= {3 30,28 21l

I=1 i,j=1

+Z u; dx J‘v,dx—julvzdf+ J‘uzvl/a dy

2
I=1 o Q r ¥

and linear functional

I(v) = J'(f+Q)vldx+fgvldr—jzgvzdr- ov, dy

Q r r Y
on H.
If the constraint
2 2
min gQ—,min{g—Q,l}u £ 9.5, (4.16")
2 2 2a0 2

where p is the constant in the Poincare inequality and ¢; and ¢, are the

positive constants derived on the basis of the inequalities proved within the
framework of the embedding theorems, is met, then the unique solution

(v, p)T to problem (4.16) exists in H. Estimate like (1.35) is true for its
approximate solution U}’ € H N and the estimate
N k
“u —uy “Iq(y) <ch (4.17)

takes place for the approximation u,]cv (x) of the control .

2.5 BOUNDARY CONTROL WITH OBSERVATION ON A
THIN INCLUSION

Assume that equation (1.1), where the coefficients and right-hand side
meet conditions (1.2'), is specified in the domains ; and Q,. The
condition
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-,
Zkij—cos(v,xi)=g+u 5.1
= Ox
i,j=l1 J
is specified, in its turn, on the boundary I" and the conjugation conditions
have the form of expressions (1.3) and (1.4) on vy, where g is a fixed
function from L,(I") and the controlis u € % = L,(I') .

For every control u €%, determine a system state as a generalized
solution to the boundary-value problem specified by equation (1.1) and by
constraints (1.3), (1.4) and (5.1) (Problem 5). The equality

Ifdx+ jgdr+judr= ody (5.2)
Q r r Y

is the necessary condition under which there exists a classical solution y to
Problem 5: Find this solution under constraint (1.6).
Bring a value of the cost functional

J(u) = j(y(u)—zg)z dy+(Nu, u) 1, () (5.3)
Y

in correspondence with every control u €% ; in this case, z, is a known
element from the space L,(y), Au=au, O0<agyg<a(x)<a <o,

ael,(I'); ag, a; =const.

A unique state, namely, a function y(u)eV, corresponds to every
control u €%, delivers the minimum to functional (4.4) on ¥y, and it is

the unique solution in ¥, to the weakly stated problem specified by
equation like (4.5), where

1L,(v) = jfvdx+ j(g+u)vdr—f<ovdy. (5.4)
Q r Y

Lemma 5.1. Problems like (4.4) and (4.5), where the bilinear form
a,(-y) is specified by the first formula of expressions (4.6) and the linear



94 CHAPTER 2

functional 1,(-) is specified by formula (5.4), are equivalent Nf € L,(Q),
Vo e Ly(y), Yue¥ and have a unique solution y(u) €Vy.
Rewrite cost functional (5.3) as

J(u) = n(u,u) = 2L(u) + |z - y(O)”; .
where
n(u, V) = (y(U) —y(O), y(v) - y(o))LZ(Y) + (a u, v)Lz(r)
and

L(v) = (25 =70, y) = 3(0)) _ .

Take the embedding theorems, ellipticity condition and generalized
Poincare inequality into account, and the inequality

— 2 ~ ~p o~ ~
az , Sa4 (yr_y”’yr_yn)s

~r  ~nl2 — N~ ~n
5" =5,y STl - 7]

¢ ”u’ - u"”Lz (I ”5}' - j}”HV , 04, 0y, ¢y =const >0,

ie. |5'-7"

y'=yu").

On the basis of the derived inequality and [58, Chapter 1, Theorem 1.1],
the validity of the following statement is proved.

Theorem 5.1. If a system state y is determined as a solution to
equivalent problems (4.4) and (4.5) that correspond to boundary-value
Problem 5, then there exists a unique element u =u(x) of a convex set U
that is closed in U, and relation like (1.17) takes place for u =u(x), where
the cost functional J(u) is specified by expression (5.3).

Let equation (4.7) be specified on Q instead of equation (1.1). Condition
(5.1) and constraints (1.3) and (1.4) are specified, in their turn,
respectively, on I' and y. Le., boundary-value problem (4.7), (1.3), (1.4),
(5.1) (Problem 5) is obtained.

Consider the following problem: Find a control u € %y c % = L,(I") for

which relation like (1.17) is satisfied and where the cost functional J(u) is

e Sl =¥y s derived, where §7=3() and



Control of a Conditionally Correct System... 95

specified by expression (5.3); a state y = y(u) is a generalized solution to

boundary-value Problem 5', where the energy functional and weakly stated
problem are given, respectively, by expression (4.8) and equality (4.8").
The form aj(-, -) is specified by expression (4.9) and the linear functional
is

1,(v) = j(f+ O)vdx + I(g+u)vdl"— j'mvdy.
Q r Y

If u e, is the optimal control for optimization Problem 5, then the
following inequality is true Vv e %;:

(y(u) ~2g, y(v) - y(u))Lz(y) +(aTu,v- u)lq(l“) >0. (5.5)

As for the control v € %, the conjugate state p(v) € Vi =V is specified
by the relations

A*p(V) = 0, X e Ql UQ2,

P _0, xel,

aVA*

[p]=0, { % j|=zg—-y, xey, (5.6)

6VA*

where the operators A" and are specified, in their turn, by

A*
expressions (1.23).

The equality
0= (A*p(u), y(v) - y(u)) =ay(p, y(v) - y(w)) +

(2 =@, Y0300, =

= (P V=), + (2 = YY) =y @)
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ie. (J/(u) —Zg,y(v) - y(u))L "= (p,v- “)Lz(r) is obtained. Take it into
2
account, and the inequality
(p+c7u,v—-u)[a(l_)20 (5.7)

is derived from inequality (5.5).
To make the element ue?; an optimal control for optimization

Problem 5, it is necessary and sufficient to meet inequality (5.7) and
equalities like (4.12) and (4.13), where the bilinear form a,(:,-) is specified
by expression (4.9) and, besides this, the linear functionals are

() = J'(f+Q)vdx+ j(g+u)vdr—jwvdy
Q r Y

and

L(y,v)=- J-(zg - y)vdy.

Y
If the constraints are absent, i.e. when % = % , then the equality

p+tau=0, xel, (5.8)

follows from condition (5.7).

Therefore, when the constraints are absent and if the solution (y, p)T to
problem (4.12), (4.13), (5.8) is smooth enough on Q; (i =1,2), then, take
equality (5.8) into account, and the boundary-value problem is obtained:

_Zax(”a J [yax=r+0, xeqiUay,

"Zax[’fa } [pax=0, xeQUQ,,
Q

Zky cos(vx) g-pla, xeT,
7]’1
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Z cos(vx) 0, xel, (5.9)

[¥]=0, [p]=0, x€¥,

{z cos(vx)} 0, xeY,

i,j=1 J

[Zky cos(vx)}—z -y, X€Y.

i,j=1 J

Definition S5.1. A generalized (weak) solution to boundary-value

problem (5.9) is called a vector function (y, p)T € H that satisfies the
following integral equation Vze H :

n n
v b, wom
I{Zk"f'ax o +Uzk’fax o, det

Q liJ=1 J
+jydx Izldx+ jpdx jzzdx= I(f+Q)zldx+
Q Q Q Q Q
+j(g—p/5)zldf—- mzldy—j(zg—y)zzdy. (5.10)
r Y Y

Let u= (ul,uz)T and v= (vl,vz)T be arbitrary elements of the complete
Hilbert space H. Specify the bilinear form

a(u,v) = I{z Zklj Sul 51’1}
Q =1 i,j=1

2
+z _[u,dx vy dx+ I”zvl/‘_ldr‘jul v, dy
=g a r Y
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and linear functional

I(v) = I(f+Q)v1dx+ J.gvldI’—Icovl dy- [zgvydy
Q r Y Y
on H.
If constraint like (4.16') is met, then the unique solution (y, p)T to
problem (5.10) exists in H. Estimate like (1.35) is true for its approximate

solution U, ,ﬁv eH ,ﬁv and the estimate

“u - u,]cVH <ch*
L(T)

takes place for the approximation u,ﬁv (x) of the control u.
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