
Chapter 2 

Eigenvalue and Singular Value 
Inequalities of Schur Complements 

2.0 Introduction 

The purpose of this chapter is to study inequahties involving eigenvalues 
and singular values of products and sums of matrices. 

In addition to denoting the m x n matrices with complex (real) entries 
by C^^'^ (R'^^'^), we denote by H^ the set of n x n Hermitian matrices, 
and for an A G H^, we arrange the eigenvalues of A in a decreasing order: 

Xi{A)>X2{A)>-'->Xn{A). 

The singular values of a matrix A G C^^"^ are defined to be the square 
roots of the eigenvalues of the matrix A* A, denoted and arranged as 

(Ji{A)>a2{A)>'-->an{A). 

For a set of subscript indices i i , Z2,..., i/c? we always assume that ii < 
2̂ < • • • < i/e- Furthermore, if A G M^, then Xit{A) indicates 1 < it < n. 

One of the most important results in matrix analysis is the Cauchy 
(eigenvalue) interlacing theorem (see, e.g., [272, p. 294]). It asserts that 
the eigenvalues of any principal submatrix of a Hermitian matrix interlace 
those of the Hermitian matrix. To be precise, if i7 G H^ is partitioned as 

\ B* D 

in which A is an r x r principal submatrix, then for each i = l , 2 , . . . , r , 

X,iH)>XiiA)>Xi+r,-r{H). 
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Eigenvalue and singular value problems are a central topic of matrix 
analysis and have reached out to many other fields. A great number of 
inequalities on eigenvalues and singular values of matrices are seen in the 
literature (see, e.g., [228, 230, 272, 301, 438, 452]). Here, we single some of 
these out for later use. 

Let A and B he n x n complex matrices. Let / be an integer such that 
1 < / < n. Then for any index sequence I <ii < • • • <ii < n^ 

-it+i{^)^ (2.0.1) 
t=i t=i 

I I I 

l[a,M)<^t{B) > llcJiMB) > n^i.(^)^n-m(^), (2.0.2) 
t = i t=i t=i 

and 

min {(Ti{A)aAB)}>(Jt{AB)> max {(Ji{A)(7AB)}. (2.0.3) 
*+j=t+ l i-\-j=t+n 

The inequalities on the product (J^) yield the corresponding inequalities 
on the sum (X^). This is done by majorization in the following sense. 

Let Xi, X2, . . . , Xn and 2/1, 2/2, • • •, 2/n be two sequences of nonnegative 
numbers in the order xi > X2 > • • • > x^ and yi > y2 > ''' ^ yn- Then 

U^i<Uyi^ k<^ => J2^i<J2yu k<n (2.0.4) 
i=i t=i i=i t=i 

and 
k k k k 

H^ii) <J2y(i)^ k<n=^ Yl^ii) ^ YlVii)^ k<n, (2.0.5) 
i=l t=l i=l t=l 

where X(i) < X(2) < • • • < X(n) and ?/(i) < ^(2) < • • • < y{n) are rearrange­
ments of xi, X2, . . . , Xn and ?yi, 2/2, • • •, /̂n, respectively. 

Translations from product to sum or vice versa are often done through 
(2.0.4) and (2.0.5). For example, by (2.0.2) and (2.0.4), we can get 

I I I 

Y,^iM)^t{B) > Y^aiMB) > Y^aiMW-w{B). (2.0.6) 
t=i t=i t=i 

We point out that all the above singular value inequalities remain valid 
when AB is changed to BA; even though cri{AB) 7̂  ai(BA) in general. 
Moreover they all hold with the replacement of the eigenvalues (A) by the 
singular values (a) when A and B are positive semidefinite. For instance, 

/ / 
J2Ki^B) > J2KXA)Xn-MiB). (2.0.7) 
t= i t= i 
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For the sum of Hermitian matrices, two existing parallel results are 

E K(A) + E Xt{B) > E Xu{A + 5) > E KXA) + E K-tMB) (2.0.8) 
t=l t=l t=l t = l t=l 

and 

min {Xi{A) + Xj{B)}>Xt(A + B)> max {Xi{A) + Xj{B)}. (2.0.9) 

All the above inequalities appear explicitly in Chapter 2 of [451]. We 
note that the second inequality in (2.0.8) does not hold in general for sin­
gular values (a) [451, p. 113]. 

2.1 The interlacing property 

The Cauchy interlacing theorem states that the eigenvalues of any principal 
submatrix of a Hermitian matrix interlace those of the grand matrix. Does 
a Schur complement possess a similar property? That is, do the eigenvalues 
of a Schur complement in a Hermitian matrix interlace the eigenvalues of 
the original Hermitian matrix? The answer is negative in general: Take 

Then H/a = (—3), while the eigenvalues of H are —1 and 3. 
In what follows, we show that with a slight modification of the Schur 

complement (augmented by Os) the analogous interlacing property holds. 

Theorem 2.1 Let H G H^ and let a be an index set with k elements^ 
1 < k < n. If the principal submatrix H[a] is positive definite, then 

Xi{H) > Xi{H/a^O) > Xi^k{H), i = 1,2,.. . ,n - ^, (2.1.10) 

and if H[a] is negative definite, i.e., —H[a] is positive definite, then 

Xi{H) > Xi^k{H/a © 0) > A,+fc(iY), i = 1, 2 , . . . , n - A:. (2.1.11) 

Proof. Since permutation similarity preserves the eigenvalues, we may 
assume that a = {n — A: H- 1 , . . . , n} . With a^ — {1, 2 , . . . ,n — A:}, we have 

^^(H/a 0 \ ^ / H[a-,a]{H[a])-'H[a,a-] ^ K ^ ] ^ ^ ^ ^ _ ^ . 
\ 0 0 J \ H[a,a^] H[a] J 

Let 

0 4 
p^ , In-k -H[a^,a](H[a])-' 
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Then P F P * = O0iJ[a], so F is positive semidefinite \i H[a] > 0. Moreover 

rank(F) = rank(iJ[a]) = k < n. 

Now using (2.1.10) and by (2.0.9), we have 

Xi^kiH) = Xi^k{E + F) < \i{E) + \k+i{F) = A, 

and 

\i{H) = \i{E + F)> Xi{E) + Xn{F) = X 

H/a 0 
0 0 

H/a 0 
0 0 

The inequalities (2.1.11) are proven in a similar manner. Note that if 
A is a Hermitian matrix, then Xi{—A) — — An-i+i(A), i = 1,2,..., n. I 

The theorem immediately yields the following results for positive semidef­
inite matrices; see [160, 288, 421]. 

Corollary 2.3 Let H (or —H) he an n x n positive semidefinite matrix 
and let H[a] he a k x k nonsingular principal suhmatrix, 1 < k < n. Then 

Xi{H) > Xi{H/a) > Xi+k{H), i = 1,2,.. . ,n - ^. (2.1.12) 

Proof. When H is positive semidefinite, H/a is positive semidefinite. It is 
sufficient to notice that Xi{H/a 0 0) = Xi{H/a) for i = 1, 2 , . . . , n — A:. I 

Corollary 2.4 Let H he annxn positive semidefinite matrix and let H[a] 
be a k X k nonsingular principal suhmatrix of H, 1 < k < n. Then 

Xi{H) > Xi{H[a']) > Xi{H/a) > A,+^(iJ), i = 1, 2 , . . . , n - A;. (2.1.13) 

Proof. Since H, H[a], and H[a^] are all positive semidefinite, we obtain 

Hla""] > iJ[a^] - H[a'',a]{H[a])-^H[a,a''] = H/a. 

The second inequality in (2.1.13) follows at once, while the first inequality 
is the Cauchy interlacing theorem and the last one is (2.1.12). I 

Corollary 2.5 Let H he an n x n positive semidefinite matrix and let a 
and a' he nonempty index sets such that a' d a d {1, 2 , . . . , n } . If H\oi\ is 
nonsingular, then for every i = l ,2 , . . . ,n— |a|; 

Ai(if/a') > A,(iJ[a 'Ua^]/a ') > A,(i//a) > A,+|,|_|„,|(iJ/a')- (2.1.14) 
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Proof. Note that H[a^] > 0 since it is a principal submatrix oi H[a] > 0. 
By the quotient formula on the Schur complement (see Theorem 1.4), 

H/a = {Hla')/{H[a]/a'). 

With H/a' and H[a]/a' in place of H and H[a], respectively, in Corol­
lary 2.4 and since (i//aO[c^1 = H[a' U a^]/a^ (2.1.14) follows. I 

For the case where H is negative definite, we have the analogs: 

\i{H) > \i{H/a) > \i {H[a']) > Xi^k{H) 

and 

Xi{H/a') > Xi{H/a) > Xi{H[a'U a']/a') > A,+,,|_,«.j(F/aO. 

As we saw, the Cauchy eigenvalue interlacing theorem does not hold for 
the Schur complement of a Hermitian matrix. We show, however, and inter­
estingly, that it holds for the reciprocals of nonsingular Hermitian matrices. 
This is not surprising in view of the representation of a Schur complement 
in terms of a principal submatrix (see Theorem 1.2). 

Lemma 2.3 Let H be an n x n nonsingular Hermitian matrix and let A 
be a k X k nonsingular principal submatrix of H, where 1 < k < n. Then 

Xi{H-^)>Xi[{H/A)-^]>Xi^k{H-'), i ^ 1,2,...,n-k. 

Proof. It is sufficient to notice, by Theorem 1.2, that [H/A)'^ is a principal 
submatrix of the Hermitian matrix H~^. I 

We now extend this to a singular H. That is, we show that if H is any 
Hermitian matrix and A is a nonsingular principal submatrix of H, then 
the eigenvalues of {H/A)^ interlace the eigenvalues of H^^. 

Let In(i7) = (p, q, z). The eigenvalues i7^ are, in decreasing order, 

f A;^I_,(F), ^-l , . . . ,p, 
Xi{H^)^ I 0, z = p + l , . . . , p + 2 , 

I Klp+z-^i-iW^ x - p + z + l , . . . , n . 

Since the eigenvalues of a matrix are continuous functions of the entries 
of the matrix, the eigenvalues of the Moore-Penrose inverse of a matrix are 
also continuous functions of the entries of the original matrix. 

To establish the interlacing property for any Hermitian H, we need to 
use the usual trick - continuity argument. Let H G Hn and H^ — H -\- eln^ 
where 5 is a positive number. Let Ahe dikxk nonzero principal submatrix 
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of H and denote A^ = A -\- elk- Choose e such that it is less than the 
absolute value of any nonzero eigenvalue of H and A. Thus iJ^, As, and 
He/Ae are all invertible. It follows that ifXs{H^) ^ 0 and Â  [{H/A)^ ^ 0, 

and 

limXs{H~') = Xs{H^) 

limA,[(iJ,M,)-i]=A,[(i7M)t]. 

Now we are ready to present the following interlacing theorem [421]. 

Theorem 2.2 Let H be an n x n Hermitian matrix and let A be a k x k 
nonsingular principal submatrix of H. Then for i == 1, 2 , . . . , n — /ĉ  

Ai(F^) > XiliH/A)^ > Xi+kiH^). (2.1.15) 

Proof. Let In(i7) = (p, q, z) and In(^) = (pi, qi, 0). Consequently, 
In(iJ/^) = {jp — pi, q — qi, z) by Theorem 1.6. Without loss of generality, 

we write H = (B-C)- ^®* 

fj -n^.T - ( ^ + '^'' ^ \ = f ^- ^ n,-u+ein-y ^ , C + sIn-k J ~\B* C, 

in which e is such a small positive number that both Hs and A^ are non-
singular. Note that h\{He) = (p 4- 2:, g, 0), ln{A£) = In(A), and also 
In(i^) = ln{K^) for any Hermitian matrix K. Moreover, upon computa­
tion, we have He/As = Cs - B^'A-^B, and thus lim£_o Hs/A^ = H/A. 

To show that Xi{H^) > Xi[{H/Ay] for z = 1, 2 , . . . , n — /c, we consider a 
set of exhaustive cases on the index i: 

Case (1) If i < p - pi, then Xi[{H/AY] > 0. By Lemma 2.3, 

Xi{H-')>Xi[{Hs/Ae)-']>0. 

The desired inequalities follow by taking the limits as e -^ 0. 

Case (2) If p - pi < i < p + 2, then Xi{H^)>0> Xi [{H/AY] . 

Case (3) If p + z < i < n — /c, then, by Lemma 2.3, 

0>K{H-')>Xi[{He/Ae)-']. 

By continuity, we arrive at 0 > Xi{H^) > Xi [{H/A)^. 
To establish the second inequality in (2.1.15), we proceed by exhausting 

the cases of the index i + A:: 
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Case (i) If i -\- k < p, i.e., i<p — k<n — k^ then, by Lemma 2.3, 
Xi[(Hs/As)~~^] > Xi^k{H~^) > 0. Letting e -^ 0 yields the inequalities. 

Case (ii) I f ^ + 1 <i-{-k<p-^z, then i<p — k-\-z<p — pi+z, so 
Xi[{H/Ay] > 0 and Xi+k{H^) = 0. The inequality then follow. 

Case (iii) I f p + z < i-f/c <p-\-k~pi-^z — p -\- qi ^ z < n, then 
i <p — pi^- z,so Xil^H/A)"^] > 0 and A^4_/c(i/̂ ) < 0 since i-^ k> p + z. 

Case (iv) lip-\-z < p-\-k—pi-\-z < i-\-k < n, ihenp—pi^z < i < n — k. 
By Lemma 2.3, 0 > Xi[{He/As)~^] > Xi^k{H~^). Letting s -^ 0 shows that 
0>Xi[{H/A)^>Xi+k{H^). I 

At the end of this section we note that the converse of the previous 
theorem is discussed by Hu and Smith in [235]. 

2.2 Extremal characterizations 

The Courant-Fischer min-max principles, or the extremal characteriza­
tions, of eigenvalues for Hermitian matrices play an important role in deduc­
ing eigenvalue inequalities. For instance, the representation of the minimum 
eigenvalue Amin (H) of a Hermitian matrix H eM^ 

Amm(^) = min{x*iJa; : x*x = 1} 

leads immediately to the eigenvalue inequalities: For A, B E H^ 

Amin (A -\-B)> An,in(A) + A m i n ( ^ ) . 

We now show extremal characterizations [280] for Schur complements. 

Theorem 2.3 Let H be annxn positive semidefinite matrix partitioned as 

Hii if 12 
H21 -^22 

where Hu is a k x k leading principal submatrix of H, 1 <k <n. Then 

HlHii = max {X : H - (0/e 0 X) > 0, X = X*} 

and 
H/Hn=^ min {Y : {YJr^-k)H{YJr^-kr}• (2.2.16) 

Proof. Let X be an (n — A:) x (n — k) Hermitian matrix and set 
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Since Hu is positive semidefinite, we have {H^( y = (iJJj)^/^. Since H is 
positive semidefinite, by Theorem 1.19, we have HIIH\^H\2 = ili2- Thus, 

\̂  0 7̂ 22 — X — H2iH^^Hi2 J 

So H > X ii and only if the matrix on the right-hand side is positive 
semidefinite, and this occurs if and only if H/Hn — X > 0. 

The maximum is attained when X — H/Hn due to the fact that 

(Q 0 \_(Hn H,2 V 
1̂  0 H/Hn J \ H21 H2iHl,H,2 ) ' 

To show the minimum representation (2.2.16), observe that 

(y, In-k)H{Y, In-kY = H/Hu + {Y + H2iHl,)Hn{HlHn + Y*). 

It follows that 
{YJn-k)H{YJn-kr>H/Hn. 

and equality holds if and only if 

(y + H2iHl)Hn{HlHi2 + Y^ = 0, 

equivalently, {Y + H2IHI^)HII = 0. One may take Y = -H2IH\^. I 

The following corollary will be used repeatedly in later sections. 

Corollary 2.6 Let H be n x n Hermitian. / / a = {l ,2, . . . ,A:}, then 

H/a^{Z,I)H{Z,iy 

and i / a = {A: + 1, /c + 2 , . . . , n} ; then 

H/a^{I,Z)H{I,Z)\ 

where, for both cases, 

As consequences of the theorem, we have, for positive semidefinite A^ B, 

{AicB)/a > Aja^BjOL, 

where a is an index set and ^ denotes sum + or the Hadamard product o. 
We now show a minimum representation for the product of the eigen­

values of a Schur complement [289]. Let integers / and k be such that 
^ ^^ '^ k < n. We consider the product of the eigenvalues of the Schur 
complement indexed by an increasing sequence \ <i\ <i2 "^ • - - '^H ^k. 
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Theorem 2.4 Let A be annxn positive semidefinite matrix partitioned as 

^ ^ / All Ai2 
V ^21 A22 

in which A22 is an (n — k) x [n — k) principal suhmatrix. Then 

I I 

Y\\iM/M2) = min TT A,J(4,Z)A(4,Z)*]. (2.2.17) 
t=l ^^^ t = l 

Proof. For any Z G C^x(^-^), by (2.2.16), we have 

{h^Z)A{h^ZY>AIA22 

which yields 

K[{h^z)A{h^zY]>x,MIM2) 
for each it, t= 1,2,. . . , / , and equality holds by setting Z = —^12^22- "" 

Putting / = 1 results in, for any t = 1, 2 , . . . , A:, 

Xt{A/A22) = min At[(4, Z ) ^ ( 4 , Z)*]. (2.2.18) 

In a similar fashion, one proves that for positive ^1, ^2, • • •, ̂ z ^ ^ 

E Ai,(A/A22)^t = min E XiA{h,Z)A{Ik,Zr]Ot 
t=i zec^^i-^-^) t=i 

= E min K[{h^Z)A{h^Zy]et. (2.2.19) 

2.3 Eigenvalues of the Schur complement of a product 

This section, based on [289], is focused on the eigenvalue inequalities of 
Schur complements concerning the product of positive semidefinite matrices 
that resemble those of Section 2.0. 

Theorem 2.5 Let A be n x n positive semidefinite. Let a C {1, 2 , . . . ,n} 
denote an index set and 1 < ii < - - - < ii < k = n — \a\, where I and k are 
positive integers such that 1 < I < k < n. Then for any B G C^^^^ 

\{K[{BAB^)la] > l[Xi,[{BBn/a]Xn-t^i{A), (2.3.20) 
t=i t=i 

I I 

l[Xt[{BABn/a] >l[Xi,\{BBn/a]Xr,-u+i{A), (2.3.21) 
t=i t=i 
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and 
I I 

l[XiA{BAB'')/a] <l[XiM)MiBBn/a]. (2.3.22) 

Proof. There exists an n x n permutation matrix U such that 

UAU* = ( f'^ • ^["Ifj ) , UBU* = ( ^f-\ ^[- : ' - ] \̂  yi[a,Q;̂ J A[a\ J \ B[a,a^\ B[a\ 

Let /3 - {A: + 1,... ,n}. Notice that for any P e C^^^, Q G C^^^, PQ and 
QP have the same nonzero eigenvalues. Using (2.2.17) and (2.0.2), we have 

t=i 

l[XiA{BAB*)/a] 
1 

/ 
= YlKiiUBAB'^Un/P] 

t=l 

I 

= YlXiA(UBU*UAU''UB'^U'')/f3] 
t=i 

I 

min n Xi^ [{Ik, Z)UBU^UAU'UB*U%Ik, Zy] 

min r r A,,[([/A/7*)[/^*C/*(4, ^)*(4, Z^BU""] 
"̂ fcX (n — k) -*- -*-

t = l 
I 

min TT Xn-M{UAU'')Xu [UB^U'^^h, ZY{h, Z)UBU^] 
^fcX(n, —fc) -*- -»-

t=l 
I 

min n An-m(A)A,,[(7fc, Z)UBU''UB''U\h, Zf] 

I 

= Y[Xn-t^i{A) min Xi,[{Ik,Z)UBB'U%h,Zr] 

I 

= l[Xn-t^i{A)Xi,[{UBB'Un/0] 
t=i 

I 
= l[Xi,\{BB*)/a]Xr,_t+,{A). 

This proves (2.3.20). (2.3.21) and (2.3.22) can be proved similarly. I 

^ec' t=i 

^ec • t=i 
I 
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An analogous result for (2.3.22) is 

l[K[{BAB*)/a] <l[xaBB*)/a]Xt{A). 
t=l t=l 

Setting B^Im (2.3.20), (2.3.22), and (2.3.21), respectively, we obtain 

/ / I 

t= i t=i t=i 

and 
I I 

l[Xt{A/a)>l[Xr^-u+iiA). 
t=l t=l 

Putting / = A: in Theorem 2.5 reveals the inequalities 

k k 

\{\n-t+i{A)det{{BB*)/a) < deti{BAB^)/a) < [ ] At(A)det((55*)/a). 
t=i t=i 

We point out that every matrix can be regarded as a Schur complement 
of some matrix. For instance, we may embed an n x n matrix A in 

A-( ^ ^ 

If we take a = {!}, then A/a — A. With this observation, many of our 
inequalities on the Schur complements reduce to certain existing results on 
regular matrices (without involving the Schur complements). 

Theorem 2.6 Let A be n x n positive semidefinite. Let a C {1, 2 , . . . ,n} 
denote an index set and 1 < ii < • - - < ii < k = n — \a\, where I and k are 
positive integers such that 1 <l < k < n. Then for any B G C^^"-

and 

J2K[iBAB*)/a] >Y,K[{BB*)/a]Xn-t+iiA), (2.3.23) 
t=l t=l 

I I 

J^MiBAB^/a] >J2Ki{BBn/a]Xr^-^,,^l{A), (2.3.24) 
t=i t= i 

/ / 

J2K,[iBABn/a] < J2KXA)Xt[iBB'')/a]. (2.3.25) 
t=i t= i 



58 EIGENVALUE AND SINGULAR VALUE INEQUALITIES CHAP. 2 

Proof. This follows from (2.0.4) immediately. Following is a proof based 
upon (2.2.19) and (2.0.7). We may take a = {A: + l , . . . , n } . Then 

t=i 

I 

I 

= min T^i,[AB*{h,ZY{h,Z)B] 

Z^Ckx(n-k) ^—^ 

I 

> min V An-t+i(A)A,J5*(4, Z)*(4, Z)B] 

I 

= r ? , ,E^-*+i(^)^^*[(4 ,^)55*(4 ,^)*] 
I 

^Y^Xn-t+i{A)K{iBB*)/a].M t = l 

The following is a parallel result to the inequality (2.3.25): 

/ I 

Y^KKBABn/a] < J2K[{BB*)/a]X,{A)-
t=l t=l 

Setting ^ = / in (2.3.23), (2.3.25), and (2.3.24), respectively, we obtain 

I I I 

J2>^n-t+i{A) <Y,K{Ala) < Y,K{A) 
t = l t=l t = l 

and 

^At (^ /a )>5^A„_i ,+ i (A) . 
t = l t=l 

Putting / = A; in Theorem 2.6, since (BAB*)/a is k x k, we have 

k k 

E At[(55*)/a]A,_t+i(A) < tr[(BA5*)/a)] < ^ A,[(55*)/a]At(A). 
t=i t=i 

Theorem 2.7 Let A he an n x n positive semidefinite matrix and let a he 
an index set of k elements. Then for any B G C'^^^ and t = 1, 2 , . . . , n — A:, 

min Xi{A)Xj[{BB'^)/a]> Xt[{BAB'')/a]> max A,(A)AJ(55*)/a]. 
-i+j—t+l i-{-j=t-\-n 
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Proof, Taking a =- {n - A: 4- 1 , . . . , n} , by (2.2.18) and (2.0.3), we have 

Xt[{BABn/a] 

min A,[(/n-fc, Z)BAB*iIr,^k. Zf] 

> min max Xi{A)Xj[{In-k. Z)BB''{In-k. Zy] 
Z^C('^-k)xk i-^j=t+n ^ ' -^'^ 

= max Xi{A) min Xj[{In-k, Z)BB''{In-k, Zy] 

^ max Xi{A)Xj[{BB*)/a]. 

By (2.2.19), along with the first inequality in (2.0.3), 

Xt[iBAB*)/a] 

< min min Ai(A)A,[(/„_fc, Z)SB*(I„_fe, Z)*] 
Z^C{n-k)xk i-^j=t^l 

= ,+fjJVa ^^(^) ,,ct^.,.. ^^•[(^»-^' Z)BB*{Ir.^k, Zy] 

= mm \{A)\[{BB*)la]. 

As we are interested in relating the eigenvalues of the matrix product 
AB to those of individual matrices A and B^ our next result shows lower 
bounds for the eigenvalues of the Schur complement of the matrix product 
BAB"" in terms of the eigenvalues of the Schur complements of BB"" and 
A. The proof of the theorem is quite technical. 

Theorem 2.8 Let A be n x n positive semidefinite of rank r, B E C'^^'^, 
and a C {1,2, . . . ,m} . //rank[(J5yl^*)/a] = 5; then for each I — 1,2,.. . ,5; 

Ai[(BAB*)/a] > max [Az+t+r-s-i(A)A.^-^+i(^)]*A.-t+u+n-r[(BB*)/a]. 
l< t<s -Z+ l 

l < u < t 

Proof. Let k — m — \a\. We may assume a — {/c + 1, . . . , m } . Then 
a^ = {1, 2 , . . . , /c}. Since rank(yl) = r, there exists unitary U G C'^^'^ such 
that 

UAU"" = D e O = diag(L>,0), where D = diag(Ai(^), . . . , A^(A)) > 0. 

Let 
X = -[{BAB"") [a^ a]] [[BAB'^ya]]^ . 

Then 

Xi[{BAB^)/a] = Xi[{Ik^X)BAB%Ik^Xy] = Xi[AB\Ik.Xy{Ik^X)B]. 
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Thus 

Let 

Then 

iank[AB*{Ik,X)*{Ik,X)B] = vank[{BAB*)/a\ = s. 

B^B*{h,Xr{h,X)B, t ^ = ( [̂ 2 ) ' ^ 1 ^ ' ^ ' ' " " 

rank(^B) ^ xa,nk{UAU*UBU*) 

= rank[diag(D,0)(C/Bl/*)l 

= rank[diag(£'i,0)(C/BC/*)diag(D5,0)] 

= rank(Dit/iBC/i*£)5) 

= rank(C/iBC/i*). 

Since U\BU^ is r x r positive semidefinite and x&Qk[{BAB*)/a\ = s, 
there exists an r x r unitary matrix Vi such that 

Fit / iWi*Fi*=diag(G,0), 

where 

G = dmg{Xi{UiBU^),..., A,(t/i5C/i*)). 

Set D = ViDVi and partition it as ( ^i ^3) with £>! of order s >i s. Let 

J 0 ' 

Then 

LViDV*L* = diag(Di,£)3 - D^DJDa). 

Let Bi = D^UiBU^Di. Then 

( L * - i y i D - 5 ) 5 i ( i * - V i i : > - i ) - ^ 

= L*-'^ViD-^DiUiBU^DiDiVi*L* 

= L*-^ViUiBUlDV^L* 

= L*-'^ViUiBU^V{L-\LViDV^*L*) 

= {L-'r diag(G, 0)L-i diag(Di, D3 - i?2*^I^2) 

= diag(GDi,0). 
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So Bi and GDi have the same nonzero eigenvalues. On the other hand, 

Xi[{BAB*)/a] = Xi[AB*{Ik,xyiIk,X)B] 

= Xi{AB) 

= Xi[{UAU*){UBU*)] 

= Ai[diag(D,0)(C/St7*)] 

= A,[diag(Di,0)diag(£'i0)(t/BC/*)] 

= Xi[diag{Di,0)iUBU*)di&g{Di,0)] 

= XI{D^UIBU^D'^) 

= A;(Si). 

Noticing that 

1 1 1 1 
2 

and 

Dl{GDi)D^ ^ =DIGDI 

G-5(GDi)G5 = G i D i G i , 

we see that Bi, D^ GDI, and G'^DiG^ have the same nonzero eigenvalues, 
including multiplicities. It follows that, for / = 1,2,. . . , s, 

Xi[{BAB*)/a] = Xi{Bi) = XI{DIGD\) = A K G ^ A G * ) . 

For / = s + 1 , . . . , A;, since rank[((i?Ai?*)/a] = s, we have 

Xi[{BAB*)/a]^0. 

By the Cauchy interlacing theorem, we have, for i = 1,2,.. . , s, 

Xi{Di) > Xi+r-s{ViDV{) = Xi+r-s{A) (2.3.26) 

and for i — 1, 2 , . . . ,r , 

Xi{UiBUl) = XiiUiBU^) > Xi+n-riB). (2.3.27) 
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By (2.0.3) and (2.2.17), we have, for i = 1,.. .,s - I + 1, u= 1,.. .,t, 

Xi[{BAB*)/a] 

= AK^fGDf) 

> A,+t_i(i^f)cT,_t+i(GDf) [by (2.0.3)] 

-t-\-l+u-l 

(G)A,_,+i(Z)f) [by (2.0.3)] 
> [Xi^t-l+r-s {A)Xr-u-^l {A}] i 

•Xs-t+u+n-r{B) [by (2.3.26) and (2.3.27)] 

= [Xl^t+r-s-l{A)Xr-u+l (A)] 2 

•Xs-t+u+n-r[B*{Ik XY{Ik X)B] 

= [ A / + t + r - 5 - l ( ^ ) A ^ _ ^ + i (A)] ^ 

•^s-t-{-u+n-r[{h X)BB''{Ik Xy] 

> [Xi^t-^r-s-1 {A)Xr-u^l (A)] ^ 

• min Xs-t-^u+n-r[{Ik Z)BB%h Zy] 

= [Xl^t+r-s-1 {A)Xr-u+l {A)] i 

'Xs-t+u+n-r[{BB'')/a] [by (2.2.17)]. I 

In a similar manner, one can obtain the following additional inequalities 

Xi[{BAB*)/a] > 

— u-l-l-f-n —r 
[ ( 5 S * ) / a ] } 2 A . _ t + . ( A ) , 

[Xr-t+u {A)Xl+t+r-s-l{A)] 2 Xs~u+l+n-r [{BE*)/a], 

[Xr-u+l {A)Xr-t+l {A)] 2 Xl^t+u-2+n-r [{BB*)/a], 

[XlJ^t+u-2+r-s {A)Xr-t+l {A)] 2 A s - u + 1 + n - r [{BB*)/a], 

{ A / + t - l + n - r [ ( B B * ) / a ] A 3 — t-fit+n —r [ ( B B * ) / a ] } 2 A . _ „ + i ( A ) , 

— u-\-l-\-n — r r + t + u - 2 ( ^ ) , 

{ A , _ t + i + n - r [ ( 5 B * ) H A s + t + ^ . - 2 + n - r [ ( 5 ^ * ) / a ] } i A , ^ - ^ 4 - l ( A ) . 

Setting r = n in the first inequality above, we arrive at 

Xi\{BAB*)/a] > 

max {Xi+t-iKBB*)/a]X,.^+i[{BB*)/a]}hn-t+u{A). 
t = l s~l + l 

U=l , . . . , t 

In particular, letting t = u = 1 reveals that 

Xil{BAB*)/a] > lXi[{BB*)/a]Xs[{BB*)/a]]'^Xn{A). 

max 
t = l s-l + l 
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If we take a = {1} and set X = ( o x ) ^̂ ^ ^^^ matrix X, then for any 
n X n matrices A and B^ we obtain 

Xi{BAB*) > [A/(5B*)A,(^B*)]^ An+i(i). 

The result below presents a lower bound for the product of eigenvalues. 

Theo rem 2.9 Let all assumptions of Theorem 2.8 he satisfied, let u he a 
positive integer with 1 < u < k, and let 1 < ii < • • • < iu ^ k. Then 

u u 

l[Xt[{BAB*)/a] > l[[Xr-i,+,{A)Xr-t+iiApX 
n—r-i-it 

t=l t=l 

Proof. Following the line of the proof of the previous theorem, we have 

u 

l[Xt[{BAB*)/a] 

U 

= l[Xt{DlGDl) 
t = l 

U 

> ^Xs-u+i{DhK{GDh [by (2.0.1)] 

U 

> l[Xs-i,,+i{Di)Xs-t+i{Di)Xu{G) [by (2.0.2)] 
t=l 

U 

> l[[Xr-i,+l{A)Xr-t+l{A)]i 
f = l 

•Xn-r+i,{B) [by (2.3.26) and (2.3.27)] 

t=i 

= l[[Xr^i,.+l{A)Xr-t+l{A)]^ 
t=l 

'Xn-r+it[{h X)BB*{Ik Xy] 
u 

> l[[Xr-u+i{A)Xr-t+l{A)]^ 
t=l 

• min Xn-r+i,[{hZ)BB*{IkZr] 

= l[[Xr-i, + l{A)Xr-t+l{At^ 
t = l 

•Xn-r+iA{BB*)/a] [by (2.2.17)]. 
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Similar results are 

f[M{BAB*)/a]> 

[{BB*)/a], 
t=l 

—-it+l+n—r 
[{BB* )/a] Xn-r+u [iBB*)/a]} i A,_t+i (A), 

t = i 

n{A. —it+l+n—r [{BB*)/a]}iXr-s+iM)-

1=1 

t = \ 

2.4 Eigenvalues of the Schur complement of a sum 

This section is concerned with inequalities involving the eigenvalues of Schur 
complements of sums of positive semidefinite matrices [289]. 

Theorem 2.10 Let A, B benxn positive semidefinite. Let Q :C{ l ,2 , . . . , n} 
and k = n— \a\. If I < ii < - - • < ii < n, where I < I < k^ then 

I I I 

t = l t=l t = l 

Proof. This actually follows immediately from (2.0.8) and the fact that 
{A + B)/a > A/a + B/a. It can also be proven by (2.2.19) as follows. As 
in the proof of Theorem 2.5, we may take a = {k -\-1,... ,n} and have 

/ 

I 

- min TXiA{Ik,Z){A + B)iIk,Zr] 

I 

= "^'V ,,y,K[{h.z)A{h^zy^-{h^z)B{h^zr] 

> min TXi,[{Ik,Z)A{h,Zr] 
t = i 

+ ^ip ^,y2>^k-t+i[{ik,z)B{ik,zy] 
t = l 

Y,K{A/o^) + Y.^k-t^i{Bla). 
t=i t=i 
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Note that ULii^i-^yiY^^ > ( n L i ^i)^/^ + ( n L i Vi^^^ ^^ nonnegative 
X, y's and (a -^ b)P > a^ -\-bP for a, b > 0, p > 1. Setting ẑ  = A: - t + 1, 
x^ = Xt[{A + 5 ) / a ] and yt = Xt{A/a) + \t{B/a) and by (2.0.5), we have 

Corollary 2.7 Le^ A, B benxn positive semidefinite. Let a c { l , 2 , . . . , n } 
anrf A: = n — |a|. Then for any integer I, 1 <l <k, and real number p> I, 

I I 

n Af_',+i[(^ + B)/a] > n K ^ l t + i i A / a ) + JJxtt+,{B/a). 
t=l t=l t=l 

Putting / = k and p = 1 in the corollary reveals the known result: 

/ det(A+^) y / ^ ^ 
Vdet(^ + 5)[a] 

det A 
det A[a] 

i/k 

+ 
d e t ^ 

detB[a] 

i/k 

By mathematical induction, we may extend our results to multiple 
copies of positive semidefinite matrices. 

Corollary 2.8 Let ^ i , . . . , A^ benxn positive semidefinite matrices. Let 
a C {1, 2 , . . . , n} and k = n — \a\. Then for any integer I, I < I < k, and 
real number p > 1̂  

t=i 
•t+i 

I m 

t=i j=i 
•t+i (Aj/a) 

and 

t=i 

p/i 
k-t-\-l 

m I 

>En^t'.H-i(^i/")-
= i t = i 

The next theorem presents a sum-product to product-sum inequality on 
Schur complements. For this purpose, we recall the Holder inequality [22]: 
Let x i , . . . , Xn and i / i , . . . , /̂̂  be nonnegative numbers, let p be a nonzero 
number, p < 1, and let - + -^ = 1. Then, assuming x, ?/ > 0 if p < 0, 

E-^yi>{E-n E^' 
t=i Kt=i Kt=i 
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We note here tha t if we take in the following theorem a — {1} or 
{ 1 , . . . , n} and embed matrices A in 

^-' J A • - ^ 
A 0 
0 t r A 

respectively, we may arrive at many matr ix (trace) and scalar inequalities. 

T h e o r e m 2 .11 Let Apq, p = 1, 2 , . . . , /i, g = 1, 2 , . . . , z/̂  be n x n positive 
semidefinite matrices. Let a C {1,2, . . . , n } ; k — n — \a\, and I he an 
integer, 1 < I < k. Then for any nonzero real r < 1 and u, 0 < cu < I, 
conventionally assuming that all Apq are positive definite ifr<0, we have 

7 .^PQ 
L \q=l J 

r/uj\ V r 

1/ r /i 

^ E E 
q=l [p=l 

Y[Xk-t+i{Apq/a) 
t=l 

r juj " 1/r 

Proof. Let s be the number so tha t 1/r + I / 5 = 1. Then {r — l)s = r. Set 

1 1 / ^ 

a pq J\\k-t+i{Apq/a) 

t=l 

and 

Br. 7 .^pq 
\q^l J 

( r - l ) / a 

Then we need to show 

l / r 

Ê P >-Y.yLc. 
\p^\ / q=l \p=l 

'pq 

Note that l/uo > l/l. By Corollary 2,8, we have 

n ^fc-t+i 
t=i 

E Ap, ] /a 
9 = 1 

1/LO 

n Xk-t+i{Apg/a) 
t=i 

• z2 ^pq^ 
q=l 
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from which, and by the Holder inequality, we have 

fi fj- ( I 

7 ,^pq 
Kq=l J 

r I ijj 

^E rî -̂*+i (E^POA 
p=i u = i L\9=i / 

V A* 

= 2_^2^ CpqBp 
q=l p=l 

l /u; 

Br, 

q=l 

V ( P^ ^ 

E E ;̂, 
9=1 \ p = l y 

1/r 

Ê ^ 
1 / 5 

Vp=l 

lis 
Since 1 — j = ^, dividing by ( X^^^i ̂ ^ ) yields the desired result. 

If we set a; = 1 in the theorem, we then obtain 

E^p")/' 
^ fi ( I 

E n^--i 
\,p=i u = i L \q=l 

y ( 11 

^ E E 
q=l \p=l 

W^k-t-{-i{Apq/a) 

1/r 

T h e o r e m 2.12 Let Apq, p — 1, 2 , . . . , /x, q — 1, 2 , . . . , z/̂  be n x n positive 
semidefinite matrices. Let a C {1, 2 , . . , , n } and denote k = n — \a\. Let 
I be an integer such that 1 < I < k and ci , C2, . . . ,C;̂  be positive numbers 
such that ci + C2 H- • • • + c^ > l/L Then 

EE 
q = l p = l 

Y[\k-t+i{Apq/a) <n n^ -̂+i 
p=i U=i 

[E^PH/" 
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Proof. All we need to show is that 

L = 

V 11 

E n n \k-t+i{Apqla) 
t=l 

n n A.-t+i 
p=i \t=i 

E Ap, /a 

< 1 . 

Let c = E p = i ^pi ^p — Cp/c, 2? = 1, 2 , . . . , /x. Then c > l/l and 

c c 
p = l p=l p=l 

By the weighted arithmetic-geometric mean inequality and Corollary 2.8, 

^=En7 
n Xk-t+i{Apg/a) 

,t=i 

t + i 
t = i .9=1 

/ 

En 
q=l p=l 

n Xk-t-hli^pq/o^) 
.t=l 

. I n Afc-t+i E ^ p j / « 

=^EE<77 
9=1 p ^ l n Afc_t+i 

= E4-
E 

q=l lt=l 

-1 C 

n Afc-t+i(^pg/a) 

p=l 
n A/c-t+i E/pJ/^ 

< ^ c ^ [by Corollary 2., 

= 1 1 

\^^ 
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2.5 The Hermitian case 

In the previous sections, we presented some eigenvalue inequalities for the 
Schur complements of positive semidefinite matrices. In particular, we paid 
attention to the matrices in the form BAB*, where A is positive semidef­
inite. We now study the inequalities for the Hermitian case of matrix A. 
Unless otherwise stated, we arrange the eigenvalues of A G M^ in the order 

Xi{A)>X2{A)>-^->Xn{A). 

Theorem 2.13 Let A e Mn, B e C"^^'^, and ad { l , 2 , . . . , m } . Denote 
k = m—\a\. Then for every t = \,2,...,k, 

Xt[{BAB*)la\> max{An-r+t(A)A,[(B5*)/a]: An-r+t(A) > 0} 
t<r<k 

and 

Xt[{BAB'')/a]< mm {Xr{A)Xk-^r-t[{BB'')/a]: A,(^) < 0}. 
l<r<t 

Proof. Without loss of generality, we assume that a == {/c + 1 , . . . , m}. Let 

X ^ -[{BAB'')[a',a]][{BAB*)[a]]\ C={Ik,X)B. 

On one hand, for any integer r, 1 < r < /c, we have 

CAC* - C[A-Xn-r+t{A)In]C* + Xn-r+t{A)CC', 

where A — Xn-r-\-t(A.)In is n x n Hermitian and An-r+t(^)C'C'* is k x k 
Hermitian. Thus, there exists an n x n unitary matrix U such that 

A-Xn-r+t{A)In = t / d i ag (Ai (^ ) - A^-r+t (A), . . . , Xn{A) — Xn-r+t 

On the other hand, putting P = CU,we have 

C[A-Xn-r+t{A)In]C* 

= Pd iag(Ai(A) - Xn-r+t{A), ..., Xn{A) - Xn-r+tiA))P* 

>p(^ '̂  ]p* = D 

- \ 0 [Xn{A) - Xn-r+tiA)]Ir-t J^ ' ^ ^ 

Since —D is k x k positive semidefinite and rank(—D) < r — t, we see tha t 

-Xk-r-^t{D)=Xr-t+l{-D)=0 

and 
Xk-r-\-t[C{A — Xn-r+t iA)In)C*] > Xk-r+t{D) = 0. 
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Thus 

\t[{BAB*)/a] = Xt[{Ik,X)BAB*{Ik,Xr] 

- Xt{CAC*) 

iA)In)C* + Xn-r+t{A)CC*] 

> max {Xs[C{A-Xn-r+t{A)In)C*] 
r^s=k+t 
+Xr[Xn-r+tiA)CC*]} [by (2.0.9)] 

= mayi {Xk-r+t[CiA- Xn-r+t{A)In)C*] 
t<r<k 

+ Xr\Xn-r+t{A)CC*]} 

> m&-x{Xn-r+t{A)Xr{CC*)}. 
t<r<k 

It follows that, if An-r+t(-4) > 0, by (2.2.17), we have 

\t[{BAB'')la] > max{An_,+,(A)A,(CC*)} 
t<r<k 

= max{Xn-r+t{A)Xr[{Ik,X)BB*{Ik,Xy]} 
t<r<k 

> m&x{Xn-r+t{A) min Xr[{Ik, Z)BB*iIk, Z)*]} 
t<r<k zeC^^^'^-^-^ 

= max{Xn-r+t{A)Xr[{BB*)/a]}. 
t<r<k 

This completes the proof of the first inequality. The second inequality 
on the minimum can be similarly dealt with by substituting —A for A. I 

As an application of the theorem, setting B = In^r = k and B = In,r = 
t, respectively, we see an interlacing-like result for the Hermitian case: 

Xt{A/a) > Xn-k+M). if K-k+M) > 0 

and 

Xt{A/a)<Xt{A), if A, (A)<0. 

In the following two theorems. Theorem 2.14 and Theorem 2.15, for a 
Hermitian A G H^, we arrange and label the eigenvalues of A in the order so 
that |Ai(^)| > |Ai(A)| > ••• > |An(^)|. Our next theorem, like Theorem 
2.8, gives lower bounds for the eigenvalues of the Schur complement of 
matrix product in terms of those of the individual matrices. 
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Theorem 2.14 Let AeUn.Be C^^^, and a C { l , 2 , . . . , m } . Denote 
k = m— \a\. Let the rank of A be r. Then for each / = 1, 2 , . . . , /C; 

\Xi[{BAB*)M\ > 

[{BB*)/a]}-^\Xr+u-M)\ 
{Xl+t-l+n-r[{BB*)/a]Xn-t+u[{BB*)/a}}i\Xr-u+l{A)\ 
{Xn-t+l [{BB*)/a]Xn-u+i[{BB*)/a]}i\Xi+t+u-2iA)\ 

[{BB*)/a]Xi+t+u-2+n-rKBB*)/a]}i\Xr-u+i{A)\. 

max 
t = i 1—i+i 

Proof. We may assume that a — {k -{- 1, . . . ,m} . Since A G Hn and 
rank(^) = r, there exists a unitary matrix U G C"^^^ such that UAU* — 
diag(i^, 0), where D — diag(Ai(A),..., Ar.(A)), and D is nonsingular. Let 

X = - [(5A5*)[a^a]][(^A5*)[a]]^ 

Then 

\\i[{BAB'')/a]\ = |A/[ (4 ,X)5A5*(4 ,X)*] | 

= \\i[AB\h^XY{h^X)B]\ 

= \HAB)l 

where B = B*{Ik,Xy{Ik,X)B. Partition 

where S i is r x r positive semidefinite. Take 

L 0 

Then 

and 

—Bg-Sj In-

LUBU*L* = dmg{Bi,B3-B^BlB2) 

L*-'^UAU*L-^ = diag(£',0). 

Thus 

{L*-^U){AB){L*-^U)-^ = L*-^UAU*L'-^LUBU*L* 

= diag(Z?, 0) diag(Bi, B3 - ^2^1-82) 

= diag(-DBi,0). 

That is, AB and diag(D-Bi, 0) have the same set of eigenvalues. Thus 

\Xi[{BAB*)la]\ = \Xi{AB)\ = |A;(diag(DBi,0))|. 
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It follows that, for / > r, 

\Xi[{BAB*)/a]\ = 0 

and that, for ^ = 1, 2 , . . . , r, 

\Xi[iBAB*)/a]\ = \XiiDBi)\. 

Notice that the eigenvalue interlacing theorem shows that, for i = 1, 2 , . . . , r, 

We have, for t = l , . . . , r — ^-f l and u = 1 , . . . , t, 

\Xi[iBAB*)/a]\ 

= XI{B}DB}) 

> Xi+t-i{Bl)K-t+i(,DB'^) [by (2.0.3)] 

> Xi+t-i{Bh\-t+u{D)Xr^u+i{Bh [by (2.0.3)] 

^ [M+t-l-^n-r{B)\n-u+l {B)]2\\r+u-t{A)\ 

= \M+t-l+n-r[{Ik ^)BB*{Ik X)*] 

•An-ti+1 [{IkX)BB*{IkXy]Y\ 

>{ min Xi+t.i+n^rKlkZ)BB*{IkZr] 

• min Xn-n+i[{IkZ)BB*{IkZr]}i\Xr+u-t{A)\ 

= {A;+t_i+„_,[(BB*)/a]A„_„+i[(BB*)/a]}i 

•|A,+„_t(A)| [by (2.2.17)]. 

The other remaining inequalities can be proved similarly. I 

Setting r = n in Theorem 2.14 yields the following 

\Xi[{BAB*)la]\ > 

( {Xi+t-i[{BB*)la]Xn-u+i[{BB*)la])^X 
n—t-\-u 

1 {Xi+t-.i[{BB*)la\Xn-t+u[{BB*)la]}i\X 
n—u-\-l 

{An-t+1 [{BB*)la]Xn-u+A{BB*)la]}h\Xi+t+u-2(.A)l 
V {An-t-l-1 [{BB*)la]Xi+t+u-2[{BB*)la]Y^\Xr,_u+x{A)\. 

max 
t = l n-l-]-\ 

Our next theorem is a version of Theorem 2.9 for Hermitian matrices. 
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Theorem 2.15 Let A e Mn with rank A --: r and B e C^^'^. Let a C 
{1 ,2 , . . . , m} and denote k = Tn—\a\. Then for any I < ii < • - - < iu ^ k, 

U ' U 

l[\Xt[iBAB*)/a]\>l[{Xn-u+i[{BB')/a\Xn-r+iA{BB')/a]}i\\r-t+i{A)\-
t=l t=l 

Proof. Following the line of the proof of Theorem 2.14, we have 

u 

l[\Xt[{BAB*)/a]\ 
= 1 

U 

u 

> l[Xr-i,+i{Bl)ai,{DB^) [by (2.0.1)] 
t=l 

U 

> \{Xr-u+i{BhXiABhK-t+i{D) [by (2.0.2)] 

U 

t=l 
u 

= l[[\n^u+l{B)Xn-r+n{B)]'^\K-t+l{A)\ 
t=l 
u 

= l[{Xn-u+i[{IkX)BB*{IkXr] 
t=i 

•Xn-r+iAih X)BB*{h X)*]}^Xr-t+M)\ 
u 

^ n ^ ™i? ^Xn-i,,+i[{IkZ)BB*{IkZY] 

• min X^-r+iAihZ)BB*{IkZ)*]}i\Xr-t+i{A)\ 
Z^£kx{rn-k) 

= Y[{Xr..i,+,[{BB*)la]Xn-r+iA{BB*)/a]Y^ 
t=i 

•\Xr-t+i{A)\ [by (2.2.17)]. • 

Setting r = n in Theorem 2.15, we arrive at 

u u 

Y[\XA{BAB*)/a]\ > l[{Xn^i,+AiBB*)/a]Xu[{BB*)/a]}^\Xn-t+i{A)\. 
t = l t=l 
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Theorem 2.16 Let A e Mn, B e C^''"', and a C {1,2, . . . , n } . Denote 
k = n— \a\. Then for any integer I with 1 < I < k, 

I I 

Y,>^k~t-,i[{BAB')/a] < ^A, (A)A,J (BB*) /a ] (2.5.28) 
t= i t=i 

and 
I I 

Y,K[{BBn/a]Xn-t+i{A) < ^ A , [ ( 5 A ^ * ) / a ] . (2.5.29) 
t=i t=i 

Proof. If A > 0, the inequalities follow immediately from Theorem 2.6. 
So we consider the case where A has negative eigenvalues. Let Xn{A) < 0. 
Without loss of generality, we take a = {/c + 1 , . . . , m}. Let 

X = -[(BS*)K,a]][(BB*)[a]]t . 

By (2.2.19), (2.0.6), we have 

Y,K{[B{A-Xn{A)In)B*]/a} 

I 

min TXulih, Z)B{A - Xn{A)In)B*{Ik, Z)*] 
t=i 

I 
"^'Y ^,y,K[{A-\n{A)In)B''{h.ZY{h,Z)B] 

I 

< min V \t[A - K{A)]K[B%h^ ZY{h^ Z)B] 

I 

? i ? ^ V [ A , ( ^ ) - A , ( y l ) ] A , J ( 4 , Z ) 5 5 * ( 4 , Z ) * ] 

I 

< Y,[Xt{A)-Xn{A)]Xi,[{h,X)BB^Ik^xr] 
t=i 

I 

^ Y,[Xt(A)-Xn{A)]XiA{BB*)/a] 
t=l 

I I 

- ^ A , ( A ) A , J ( ^ 5 * ) / a ] - A , ( A ) ^ A , J ( 5 B * ) / a ] . (2.5.30) 
t=i t=i 
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By (2.2.19) and (2.0.8), noticing that -Xn{A) > 0, we have 

^=1 

I 

min V AiJ(4, Z)B{A - A„(^)/„)B*(4, Z)* 
Z G C ^ X - . 

I 

min VA,J(4,Z)5^5*(7^,Z)*-An(A)(7fc,Z)^B*(4,Z)* 

> min {Y,^'c-t+i[(h,Z)BAB*iIk,zr] 
t=l 

J2K[->^n{A){Ik,Z)BB*{Ik,Zr]] [by (2.0.8)] 
= 1 

I 

I 

-An(yl) ^ A,J(4, Z)55*(4, Z)*]} 

> min TXk-t+i[{Ik.Z)BAB'^{Ik,Zr] 
Z^Ckx{n-k) ^-^ 

I 

-Xn{A) min T AiJ(4, Z)BB%h. Zf] 

= ^A^_,+i[(B^B*)/a] - A , (^ )^A, J (55*) / a ] . (2.5.31) 

t = i 

Combining (2.5.30) and (2.5.31) reveals (2.5.28). Likewise, by making 
use of (2.0.8) and (2.2.19) in the proof of (2.5.31), we have 

Y,K{[B{A- Xr^{A)I^)B']la} < 

I I 

Y,M{BAB'')/a]~Xn{A)Y,K\{BBn/a]. (2.5.32) 
t=i t=i 
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Using (2.2.19), (2.0.7) and as in the proof of (2.5.30), we have 

i: \u{[B{A- Xn{A)In)B*]/a} > 
t=i 

i: Xn-t+iiA)K[{BB')/a] - Xn{A) E Xu[{BB*)/a]. (2.5.33) 
t = l t=l 

Combining (2.5.32) and (2.5.33), we obtain the inequality (2.5.29). I 

2.6 Singular values of the Schur complement of product 

Singular values are, in many aspects, as important as the eigenvalues for 
matrices. This section, based upon [285], is devoted to the inequalities on 
singular values of the Schur complements of products of general matrices. 

Theorem 2.17 L e t A e C ^ ^ ^ andB eC'^'^P. Let a C { 1 , 2 , . . . , / } , where 
I = mm{m,n,p}. If B* B is nonsingular, then for s =^ 1^2^.. .J — \a\, 

a^,[{AB)/a] > max Xp-\a\-i+s [{B''B)/a] K-p+i [(•AA*)/a]. 
l<i<Tn—|o;[+p—n 

Proof. We first claim that we may talce a = { l , 2 , . . . , | a | } . To see this, let 
a^ = { 1 , . . . ,m} — a, (3'^ — [1,...,n} — a, and 7̂ ^ = { 1 , . . . ,p} — a. There 
exist permutation matrices U G C"^™, V e C"^", W £ C^'^P such that 

f A[a] A[a,f3^] \ 

T/TRw_ f ^ H B[a,Y] 

and 

Let a = { l , 2 , . . . , | a | } .Then 

{AB)la = {UABW)la, 

{B''B)/a = {W''B*BW)/a, 

(ylyl*)/a-([/ylA*[/*)/a. 

So we may replace A with UAV and B with V^BW in the theorem so that 
the submatrices indexed by a are now located in the upper left corners. 
Thus, without loss of generality, we may assume that a = { l , 2 , . . . , | a | } . 
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The idea of the proof of the inequality is to obtain two quantities, one of 
which bounds Xi{[AB{B*B)~^B*A*]/a} from above, and the other from 
below; combining the two inequalities will yield the desired inequality. 

We shall make heavy use of Corollary 2.6. Let 

C^ABiB^By^B^'A^ 

Y=-[{AB)[a^,a]][{AB)[a]]\ 

and 

Z=-[iAA*)[a'^,amAA*)[a]]l 

Using (2.0.3) and upon computation, we have 

Xi{[AB{B*B)-^B*A*]/a} 

= Xi[Cla']+XC[a, a']] 

= Xi{{Y, Im-\a\)CiY, / ^ _ | „ | ) * - y ( C [ a , a^]) 

- ( C [ a ^ a])Y* - Y{C[a])Y* + XC[a, a']} 

= Xi{{Y, Im-\a\)C{Y, Im-\a\)* 

+ {X -Y){C[a]){C[a])\C[a, a'^]) 

- ( C [ a ^ a]){C[a])\C[a\)Y* -Y{C[a])Y*} 

= Xi{{Y, Im-\a\)CiY, Im-\a\r ' (X - Y){C[a])X* 

+X{C[a])Y* -Y{C[a])Y*} 

= Xi{{Y, Im-\a\)C{Y, Im,-\a\)* 

-{X-Y){C[a]){X-Yy} (2.6.34) 

< Xi[{Y, )CiY 

= Xi{[{Y, Im-\a\)AB]iB*Br'[iY, /„_|„|)AB]*} 

= A,[(0, iAB)/a)iB*B)-\0, (AB)/a)*] 

= X,{UB)/a][{B*Br'[Y]][iABr/a]} 

= h{[{B*Br^j^mAB)/an{AB)/a]} (2.6.35) 

< min Xt\{B*Br'[Y]]Xs{\{AB)/ar[{AB)/a]} 
t+s=i + l 

t = l , . . . , p - !o . l 
s=l,...,p—\a\ 

< min Xt[{B*B)-'[j']y,[{AB)/a]. (2.6.36) 
t + s=i + l 

t=:l.,...J-\a\ 
S = l,...,l-\0i\ 
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On the other hand, by (2.0.6), for every i = 1,2,...,m — \a\ + p — n, 

Xi{[AB{B*B)-^B*A*]/a} 

= Xi [{X, Im-w\)AB{B*B)-^B*A*[X, /„_|„|)*] 

- Xi{[B{B*B)-^B*\[A*{X, Im-\a]nX, Im-\a\)A]) 

> max Xt[B{B*B)~'B*]Xs[A*{X, I„_|«|)*(X, Im-]a\)A] 

> Xp[B{B*Br'B*]Xn-p+i[{X, /„_|„|)A^*(X, 

= Xp[{B*B)~ B''B]Xn-p+i[{X, J^_|c|)AA*(X, Im-la])*] 

= Xn-p+i[{X, /^_|o,|)^A*(X, Im-\a\T] 

-f-(X - Z)[(^A*)[a]](X - Zy} [by (2.6.35)] (2.6.37) 

- Xn-p^iliAA^/a]. (2.6.38) 

By Theorem 1.2, [B^'By^lY] = [(B*J5)/a]-\ so for t = 1,2,.. . , p - |a| , 

XT'{[{B^B)/a]-'} = A^_| . |_,+i[(5*^)/a], 

it follows that, by using (2.6.36) and (2.6.38), for 5 = 1, 2 , . . . , / — |Q;|, 

a^,[{AB)/a] > max A^_|^|_,+i[(5*5)/a]A,_^+4(AA*)/a] 
l<i<rn-\a.\+p-ri 

t=i-s-\-l 
= max Ap_|c |̂_^_^5 

l<i<m—\a\-\-p—n 

Corollary 2.9 Let A G C^^'^, / =: min{m, n}, a C {1, 2 , . . . , ^}. T/ien 

^i(A/a) > Xf[{AAn/a] > a,+,,|(A), i - 1, 2 , . . . , / - |Q|. 

Proof. Set 5 = J, i = 5 in Theorem 2.17 and use Corollary 2.4. I 

Corollary 2.10 / / A G C^"^^, B G C''''^, / = min{m,n,p}; and let a C 
{1 ,2 , . . . , ! } . If B*B is nonsingular, then for 5 = 1, 2 , . . . , / — |a|, 

<jl[{AB)la] > max Xn-p+i[iAA*)/a]al_,+,{B). 
z=l,2,...,m—|Q;|+p—n 

Proo/. This follows from (2.1.12) and Theorem 2.17. I 

Setting m — n — p in Corollary 2.10 shows, for each s — 1,2,... , n—|a|, 

as[{AB)/a]> max x}[{AA'')/a]aj{B). 

In a similar manner, we obtain lower bounds for products of singular 
values of Schur complements of matrix products. 
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Theorem 2.18 Let the assumptions of Theorem 2.17 he satisfied. Let u he 
an integer, \ <u <l — \a\, and n — p -{-1 < ii < • • • < iu ^ I — \(^\- Then 

u u 

t=l t=l 

Proof. Following the proof of Theorem 2.17, by (2.6.35) and using (2.0.1), 
we have, for every n>it > n — p + l , t = 1,2,...,!/,, 

Yl Xt{[AB{B^By^B^A']/a} 
t=i 

u 

= l[Xt [(X, /^_,,,)AB(5*B)-1^*A*(X, Im-\a\r] 
t=l 

u 

)A] 
t=\ 

•\n-u+i[B{B*B)-^B*] [by 2.0.1)] 
U 

^ H - ^ i t i C ^ ' ^m-\a\)AA''{Z, Im-\a\T 
t= l 

+(X - Z)[{AA*)[a]]{X - Zy} [see (2.6.35)] 
u 

>\{K [(^, Im-\a\)AA\Z, Im-W\r] 
t=l 
u 

= l[K[{AA*)/a]. (2.6.39) 
t=l 

On the other hand, by (2.6.35) and (2.0.2), we have 

u 

Y[Xt {[AB{B*B)-'^B*A*]/a} 

= l[\t{iY, Im-\a\)C{Y, Im-\a\r 

-{X - Y)[C[a]]iX - Vr} [by (2.6.35)] 
U 

- 'TTT,—|Q;| -'m—|Q;|/ J 
t=l 

<l[Xt[{B*B)-Hj')yA{AB)/a] [by (2.6.35)]. (2.6.40) 
t=l 
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Combining (2.6.39) and (2.6.40) we obtain the desired inequality. I 

The proof of the next theorem is similar to the above, thus omitted. 

Theo rem 2.19 Let A e C^^^ and B be n x n nonsingular. Let I = 
min{m, n}, a C {1 ,2 , . . . , / } ; and u be an integer with 1 < u < I — \a\. 
Then for 1 < ii < • - • < iu ^^ — W\^ 

Y[a,A{AB)/a] > {{XlUA*)/a]\i_^^^_^^,[{B*B)/a] 

t=l t=l 

and 

flat[{AB)/a] > f[Xl[{AA*)/a]Xl_^^^_.^^^[{B*B)/a]. 
t=l t = l 

Corollary 2.11 Let A e C^^"^ and B G C^""^. Let I = min{m,n,p}; 
a C {1 ,2 , . . . , /}^ and u he an integer such that \ < u <l — \a\. Then for 
n — p + 1 < ii < •' • < iu < I — \OL\, 

u u 

n '^t[{AB)/a] > n 4[{AA*)/a]ap^t+,{B) (2.6.41) 
t = l t = l 

and if n = p, then 

u u 

l[ai,[{AB)/a] > J]Aj[(A^*)/a]<7„_t+i(-B). (2.6.42) 
t = l t=l 

Proof. If B*B is singular, for t = 1 we have ap-t-^i{B) = CFp{B) = 0. The 
first inequality holds, li B*B is nonsingular, then Theorem 2.18, together 
with Theorem 2.2, yields the first inequality again. The second inequality 
can be obtained in a similar manner. I 

Corollary 2.12 Let all the assumptions of Theorem 2.19 he satisfied. Then 

u u 

J\ot[{AB)la\ >^\l[{AA*)la]an-u+i{B) 

t=l t=l 

and 

l[at[iAB)/a] > na, ,+ |„ | (A)At|„ |_ , , .+i[(5*S)/a] . 
t=l t=l 
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All the inequalities we obtained so far in this section present lower 
bounds for the singular values. It is tempting to obtain analogous results 
on upper bounds. For instance, we may ask if an analog of (2.0.2) 

/ r I I ^ 

l[a,A{AB)/a] < min I H a,M/o^)^t{B). l[at{A/a)a,,{B) I 
t=i U=i t=i J 

or an analog of (2.0.3) 

at[iAB)/a] < mm {ai{A/a)aj{B), a,(S/a)c7^(A)} 
z-\-j=t-\-l 

holds. The answer is negative as the following example shows: Take 

A = l2. ^ = ( ^ 2 l ) ' ' ' ^ ^ ^ ^ ' 

Then ai[(AB)/a] = ai(5) - 5, ai{A/a)ai{B) = ai{B) = VE. Thus 

ai[{AB)/a]>ai{A/a)a,{B). 

This says neither of the above two inequalities holds. This comes as 
no surprise if one reinspects the signs of the second summands in (2.6.35) 
and (2.6.38). Furthermore, invalidity remains true even if one replaces the 
pair a{A/a) and a{B/a) or a{A) and a{B) by the pair X^{AA'^)/a] and 
Xi[{BB*)/a]. 

Finally, we apply the theorems of this section to obtain some new upper 
bounds for eigenvalues of the Schur complements of BAB^, where A is nxn 
positive semidefinite and B is any mx n matrix. 

Theorem 2.20 Let A he n x n positive semidefinite and B hem xn. Let 
I — min{m,n}, a C {1,2, . . . , / } ^ and a^ — {1, 2 , . . . ,n} —a. Then for every 
i = 1, 2 , . . . ,m — |a| and every t = 1,2,.. . ,/ — |a|; 

Xi[{BAB'')/a] < min \s{A[a'])at\B/a). 
s-\-t=i-{-l 

Proof. Without loss of generality, assume a = { l , 2 , . . . , | a | } . By Theorem 
2.17, since (^ i )* = A*, (^-^)* = A'^Joit^ 1, 2 , . . . , / - | a | , we have 

(Jt^{B/a) = Gt^ \[BA^A-'^)la 

> max Xr,-ia\-i+t{A-' /a)Xi[{BAB^)/a]. 
i= l ,2 , - - - ,m—|Q;| 

By Theorem 1.2, we have 
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So, for any 1 < j < n, we have 

A - i ( ^ - V a ) = A„_|„|_,-+i(4a^]). 

It follows that, for every i — 1, 2 , . . . , m — |a| and t = 1,2,..., / — |a|, 

Xi[{BAB*)/a] < min <72(i?/a)A,_,+i(^K]) 
t=l,2, . . . , (—jaj 

= mm UAWVt{Bla).t 
t-{-s=l-\-l 

Setting B — I iii Theorem 2.20 results in eigenvalue inequalities that 
may be compared with the ones in Section 2.1: For z = 1, 2 , . . . , n — |a|, 

\i{Ala)<\i{A[a']). 

By Theorems 2.18 and 2.19, one gets the following result which is proven 
in a manner similar to that of Theorem 2.20. 

Theorem 2.21 Let all the assumptions of Theorem 2.20 he satisfied. Let u 
he an integer such that 1 <u <l — \a\. Then for I <ii < • - - < it ^l — \(y-\, 

l[Xul{BAB*)/a] < min \l[Xi,iA[a''])atHB/a),l[Xt{A[a^])cTu^{B/a) 
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