Chapter II.

STEINHAUS TYPE THEOREMS

The generalizations of Steinhaus’s theorem and its Baire category anal-
ogy, Piccard’s theorem, play a key role in several later sections as well as
certain applications. This chapter deals with these generalizations.

3. GENERALIZATIONS OF A THEOREM OF
STEINHAUS

A famous theorem of Steinhaus [189] from 1920 asserts that, for any
measurable set A C R with positive Lebesgue measure the set A— A contains
an interval. More generally, if A, B C R* are measurable sets with positive
Lebesgue measure, A + B has an interior point; see for example the paper of
Kemperman [123].

The proof can be based on Weil’s idea [206] that the convolution of the
characteristic functions x4 and xp (in case A and B has finite measure) is a
continuous function, hence the function

Lo A(AN (- B)) = /xBu — P)xaly) AAW)
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is continuous and as follows from Fubini’s theorem, not everywhere zero. This
means that A + B contains a nonvoid open set. This proof works directly
when A is a Haar measure on a locally compact group.

This theorem allows various generalizations and modifications. In the
generalizations the following problem is treated: if we replace the addition
by a binary operation F(z,y), under what conditions on F can we prove
that F(A, B) contains a nonvoid open set? The first step was done by Erdés
and Oxtoby [52] proving in the case z,y € R that, if F is a continuously
differentiable function with nonvanishing partial derivatives, then F(A, B)
contains a nonvoid open set.

Further generalizations detail the case when z and y are from different
topological measure spaces and F satisfies certain solvability conditions in
z and y. See in this direction Kuczma [130] and Sander [178]. Sander has
pointed out that one of the sets A, B may be nonmeasurable. These results
apply to the case when z,y € R" and F is a continuously differentiable
function of which the partial derivatives are nonsingular.

In this § we will treat a generalization for function F' with more then
two variables. Of course, if F maps R X R X R into R we obtain a problem
already solved by the theorem of Erd6és and Oxtoby. To obtain a really
interesting new problem, we have to consider a function with values in R?.
The condition about the nonvanishing partial derivatives will be substituted
with the condition that the null space of the derivative (as linear mapping) is
in general position. Theorem 3.11 and Remark 3.13 are such generalizations
of Steinhaus’ theorem. As a corollary we obtain the well-known special case
F:R*"xR* - R

QOur proof depends on a very general version of the theorem about the
continuity of the convolution formulated in Theorem 3.4. As corollary we
obtain a result about the continuity of a mapping

(1) £ u(ﬁg;g(,qi))

where the functions g; ; do not map sets with positive measure into zero sets
and depend smoothly on the parameter ¢. The investigation of this mapping
occurs in an implicit way in Jérai [80] and in an explicit way in Krausz [125].

As we explained in the introduction, the lower semicontinuity of mapping
(1) and several other variants of Steinhaus’ theorem have applications in the
theory of functional equations. The results of this § are used in §§ 5, 6, 8,
10, and when discussing applications in § 23.

More detailed references about earlier results may be found in Kuczma
[130], Kuczma and Kuczma [131], Sander [178], and Grosse-Erdmann [61].
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Another kind of refinement of Steinhaus’ theorem using one-sided lower den-
sities in R is given by Raikoff [168] and by Matkowski and Swiatkowski [156].

The results of this § are published in the paper Jérai [99].

We start with the investigation of an important condition.

3.1. Condition. In this § and in §§ 8, 10, and 19 a measure theoretical
condition will play an important réle. In general form this may be formulated
as follows.

Let X andY be sets with measures y and v, respectively, let T be a set,
DCTxY,and g: D — X a function. Our condition is the following:

(1) For each € > 0 there exists a § > 0 such that if B C Dy, v(B) > ¢,
t €T, then ,u(gt(B)) > 4.

Concerning this condition we summarize some simple properties. We
treat this condition in 3.10 in the most important case when X and Y are
open subsets of Euclidean spaces. Further results can be found in J4rai [80].

3.2. Remarks. With the notation of the previous point,

(1) if D1 C Dy CTxY,gy: Dy — X, g1 = g2/D1, and go satisfies condition
3.1.(1), then g1 too;

(2) if D = Dy UD,, g1 = g|D1, go = g|D,, moreover g; and g, satisfies
condition 3.1.(1), then g too;

(3) iffor all e > 0 there exists a decomposition D = D1 U D5 such that g|Ds
satisfies condition 3.1.(1) and p(g:(D1,)) < € for allt € T, then g also
satisfles condition 3.1.(1);

(4) condition 3.1.(1) is equivalent with the following one: for all € > 0 there
exists a § > 0, such that if A C X, u(A) < 6, then v (g; *(A4)) < ¢ for
allt €T,

(5) if p is a regular measure, then it is enough if (4) is satisfied for all
measurable A;

(6) if X andY are Hausdorff spaces, y and v are Radon measures, all g, is
continuous on the Borel set D; and the condition 3.1.(1) is satisfied, then
g: ' (A) is measurable for all o-finite measurable set A C X whenever
teT;

(7) under conditions of (6) if B C A and A is a y hull of B, then g; *(A) is
a v hull of g; *(B) whenever t € T;

Proof. (1)-(5) are trivial. To prove (6) let us represent A as the union
of a Borel set B and a set C having measure zero. Then g; '(4) = g; }(B) U
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g 1(C) where g; }(B) is a Borel set and g; (C) has measure zero. To prove
(7) suppose indirectly that for some measurable set E C Y we have

v(BEng'(4)) >v(ENng ! (B)).

Then by the measurability of g; ' (A) and since v is a Radon measure there
exists a compact set C C E N g;'(A\ B) such that »(C) > 0; but by
g:(C) C A\ B we should have u(g:(C)) = 0.

3.3. Lemma. Let T be a topological space, X a uniform space, C a
compact uniform space, D CTxC,tg € T, {to}xC C D,andletg: D - X
be a continuous function. Then for any relation o from the uniformity of X
there exists a relation 3 from the uniformity of C' and a neighborhood V' of t,
such that ift,t' € V, the points y, y' are $-near in C and (t,y), (t,y') € D,
then the points g(t,y) and g(t',y') are a-near in X.

Proof. Let § be a symmetric relation from the uniformity of X for
which § 0§ C a. For all y € C there exists a neighborhood V), of {3 and a
symmetric relation v, such that if¢ € V, and the point 3’ is 7,-near to y, then
g(t,y') and g(to,y) are é-near in X. Let us choose for each v, a symmetric
relation 3, for which 8, o 8, C ry,. The open kernels of the sets 3,(y) give
an open cover of C. Let us choose a finite subcover and let 3 = /_; B,
V = ﬂ?zl Vy:- If the points y and y’ are -near in C, then there exists a
y; such that y and y;, moreover ¢’ and y; are 7,,-near, hence g(t,y) and
g(to,y;) moreover g(t',y’) and g(Z,y;) are é-near. This means that g(t,y)
and g(¢',y’) are o-near in X.

3.4. Theorem. Let T be a topological space, Y a Hausdorff space, X,
(i=1,2,... ,n) be completely regular spaces, and let Z, Z; (i =1,2,... ,n)
be Banach spaces. Let v and u; be finite Radon measures over Y and X;,
respectively. Consider the functions f; : X; — Z;, g; : T xY — X;, h :
Zy X -+ X Z, — Z. Suppose that the following conditions hold:

(1) h maps bounded subsets into bounded subsets and is continuous;

(2) f; is Lusin u; measurable and is in L£L>(u;) (1=1,2,...,n);

(3) gi is continuous and for each ¢ > 0 there exists a § > 0 such that
1i(git(B)) > 6 whenever BCY,v(B) > e, te€T,and 1 <i<n.

Then the function

10 = [ h(f@E). St ) o)

i1s continuous on T.
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Proof. First we prove that the integral exists. We may replace each f;
by a bounded Borel function defined on all of X;, which is almost equal to f;,
and is separable valued. This switch does not change the integral, because,
by (3), the set of points y for which the value of f;(g;(t,y)) are changed, has
measure 0. Hence we may assume that the functions f; are separable valued
bounded Borel functions. By (1) the function

(4) th(fl(gl(t,y)),--- 1fn(gn(tay)))

is a separable valued Borel function whenever ¢ € T is fixed, and its image is
a bounded subset of Z. Hence the integral exists whenever ¢t € T.

Now let € > 0 and ¢y € T. Let us choose a real number M > 0, for which
the image of (4) is contained in the closed ball with center 0 and radius M.
By (3), there exists a § > 0 such that BCY, v(B) > ¢’ =¢/(16 Mn), t € T,
and 1 <4 < n implies y; (gu (B)) > 6. Let us choose a compact set C C Y
for which v(Y'\ C) < ¢/(8 ). There exists a compact set C; in X; for which
wi(X;\ C;) < ¢ and f;|C; is continuous. Let us choose uniformities on the
spaces C, X1,... ,X, compatible with their topology. By (1) there exists an
a > 0 such that

|h(z1,. .y 20) — (21, ..., 2))| <

whenever z;,z; € f;(C;) and |2; — z/| < a. Because of the uniform continuity
of f;|C; there exists a reflexive symmetric relation 3; in the uniformity of X;
such that
| fi(z) = fi(z])] < @

whenever z;,z; € X; and z; and z] are ;-near, that is, (z;,2}) € B;. By
Lemma 3.3 there exists an open neighborhood V of ¢4 in 7' and a reflexive
symmetric relation v in the uniformity of C such that g;(¢,y) and g;(¢,y')
are f;-near in X; whenever t € V and y and 3’ are y-near in C. Now let t be
an element of V and let

K= ﬂgzto )n(e@inc.
1=1
Then

Y\K = Y\Ou(Ung\c) (Ug X\C)

1=1
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and hence (using (3) and that p;(X; \ C;) < d),

L af _
"T6Mn ~ 4M°

€
(5) V(Y\K)<W+n16Mn

Using this, we have with the notation

H(t,y) = h(f1 (91(t,9)),--- ,fn(gn(hy)))

that

17(t) = f(to)] < /Y |H(t,y) — Hi(to, )| dv(y)

=/ IH(t,y)*H(to,y)|dV(y>+/ \H(t,y) — H(to, )| dv(y).
Y\K K

By (5) the first term on the right side is not greater than 2Me/(4M) = £/2.
By the choice of K, &, 81,...,0n, 7, and V, the second term on the right
side is not greater than v(Y)e/(2v(Y)) = ¢/2.

3.5. Corollary. LetT,Y, X, v, u;, and g; be the same as in the
previous theorem. Suppose that condition (3) of the previous theorem Is
satisfied, and let A; be a subset of X;. Suppose that A; is y; measurable if
2 < ¢ <n. Then the function

n
s =v((Noiéan) it ver
1=1
is continuous on T.

Proof. Condition (3) of the previous theorem by 3.2.(7) implies that
the set g;tl (B1) is a v hull of g;,} (A;) whenever B is a p; hull of A;. Hence

ft) = /Y x8, (916 v)) X, (92(£,9)) - x4, (9 (8,9)) dv(y),

where x4, is the characteristic function of A4; and xp, is the characteristic
function of B;j.
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3.6. Theorem. Let T be a topological space, X and Y be Hausdorff
spaces with Radon measures i and v, respectively. Let D be an open subset
of TxY,g:D— X,t €T, and let K C X be a compact set. Suppose,
that
(1) the mappings g and (t,z) ~ g; () are continuous and g is a homeo-

morphism of D; onto X ift € T}

(2) for each £ > 0 there exists a § > 0 such that u(g:(B)) > & whenever

BCY,v(B)>¢e andteT.

Then
v (gt‘l(K) Aggl(K)) —0 if t—to.

Proof. Let ¢ > 0 and let us choose a § > 0 for £/2. Let C = g;.' (K),
and let W be an open subset of Dy, containing C for which v(W \ C) < /2.
Similarly, let U be an open subset of X containing K for which p(U\ K) < é.
Let us choose an open neighborhood V' of ¢y such that if t € V, y € C, then
g:(y) is defined and g;(y) € U; moreover if t € V, z € K, then g;'(z) €
W. Then by g7 '(K) \ g5, (K) C V' \ C we have v (g7 '(K) \ g5, (K)) <
£/2. Moreover v (gi*(K) \ g7 ' (K)) < £/2 because the mapping g; maps the
set g (K) \ g; *(K) into U \ K, for which u(U \ K) < é. Summarizing,
v(gr '(K) A g (K)) <eifteV.

3.7. Corollary. Let G be a locally compact group and let A be a
left Haar measure on G. Let A;, i = 1,2,... ,n be subsets of G with finite
measure. Suppose that A; is A\ measurable if 2 < i < n. Then the mapping

(tl, . atn) — )\(tlAl Nn---N tnAn)

of G™ into R is continuous.

Proof. Since the replacement of 4; by a A hull does not change this
function, we may suppose that A; is measurable too. Let ¢ > 0 and T' = G".
Let us choose the compact sets K; such that K; C A; and A\(4; \ K;) < € are
satisfied. Let Y = X1 = Xo =--- = X,, = G and

gt,y) =ty if (t1,...,t,) ETandy €Y.
Since for any measurable subsets B, C' with finite measure
IA(B) = A(C)| SAMBAC)

and

=

(ﬁBi) A ((5 ) cUmac,

i=1
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by the previous theorem we obtain
[Mt1 K1 NtaKy N Nt Ky) — AETK N9 K, N -+ N Ko
n
< Z At K A t?Ki) — 0 whenever t; — t?,
=1

that is
t— /\(th1 Nt KsN---N tnKn)

is continuous on 7. But

0 < At1A; NiaAs N NigAn) — At K1 NtaKa N N, Ky)

<Y UMGLAN\ 4GK;) < ne.

=1

Hence
(t1yee tn) 2 AE A1 N NERAp)

is the uniform limit of continuous functions, and so itself is continuous.
In the following lemma which will be needed for the proof of our main re-

sult, we give sufficient conditions for the validity of condition (3) in Theorem
3.4.

3.8. Lemma. LetY be an open subset of R*, let T be a topological
space, yo € Y,andty € T. Let g: T xY — R be a continuous function and

suppose that 9 is continuous and

Ay
)
rank (gg(to,yo)) =

Then there exist open neighborhoods Y* and T* of yy and tg, respectively,
and there exists a constant 0 < C' < oo such that Y* C Y, T* C T, and

(1) A (B) < A (g¢(B))C(diam B)F ="

whenever B C Y™ andt € T*. (Here diam B denotes the diameter of the set
B.)

Proof. Let ¢ = k—r and let us divide the coordinates of y = (y1,... ,¥z)
into two groups y' = (y1,... ,y,) and ¥’ = (y7,... ,4;) so that the condition

0 0
det (gy—g,ﬂto,yo)) = det (&%(W@J&%’)) 40



§ 3. Generalizations of a theorem of Steinhaus 61

is satisfied. Let us introduce the notation
L{t,y") = 3y ,,( UG-

Using the proof of the inverse function theorem (see Rudin [172], theorem
9.24) we obtain that, if Y” is an open ball with center y in R", t € T,
(v',y") €Y, and

g
oy

1
2[[Lty) 1]

(2) , ty'y") - L(t,y’)’

whenever ¢’ € Y, then g, is a homeomorphic mapping of Y onto an
open subset U(t,y’) of R”. Now let

1

<< +7—m—--—--—+7
? < St v

and

(3) 0<y<

Jg
det —=- ENG (o, Y0, y0)| -

Using the continuity of the expressions in (2) and (3) we can choose an open
ball Y with center yg and open sets Y/ and T* such that ty € T*, y) € Y’,
Y*=Y'xY” CY, moreover t € T*, v/ € Y', y” € Y” implies that

g
a 1

8<

59 (1 y,y7) - L(t,y'>H <5

1
2wy

5 <

dg
det a—yn(t, y', y”) .

Let a(g) denote the A\? measure of the ¢ dimensional unit ball (a(0) = 1).
We are going to prove that

N(B) < (u(8) L2 (diam )<
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whenever B C Y* and t € T*. Let R = diam B. Then there exists a closed
ball V' with radius R in R? such that B C (V NY') x Y”. Suppose to the
contrary that there exists a ¢ € T* for which

A(B) > A" (g:(B))CRY,

where C' = a(q)/7y. Then we can choose an open set U for which g;(B) C U
and
M(B) > A"(U)CR.

Let
B*=g7{(U)N((VNY') xY").

Then B C B*, B* is a Borel set and g;(B*) C U, that is
N (g¢(B*))CR? < X¥(B) < A*(B*).
We are going to prove that this is impossible. Let
By ={y":(¢,y) e B*} ifyevny’

Using the theorem concerning transformation of integrals we have that

det 29 (1.7 )| AN (1) > A (BY)

AT (gt(B*)) >N (gt,y’ (B;’)) = /B* ayg//

whenever ¢y’ € V NY’. By Fubini’s theorem

k *\ L * q,ll
wE= [ v )

AT (ge (B>
< i%(—)—)xqw) = X" (g:(B*))CR?
which is a contradiction. Hence the proof is complete.

3.9. Lemma. Under the conditions of the previous lemma, if a subset
D of R' has density 1 in the point g(to,yo), then gt_ol(D) NY™ has density 1
in the point yg.

Proof. By the continuity of %(tg,y) the function g, satisfies the Lip-

schitz condition on a neighborhood of yy. Hence there exist a v > 0 and an
0 < M < oo such that y € Y* and |g(to,y) — g(to, yo)| < M|y — yo| whenever
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ly — 90| < 7. Let a(k) and a(r) denote the \* and A" measures of the k and
r dimensional unit balls, respectively. Let € > 0, and let

ea(k)

0<0< Erai—rap)

where C is the constant from the previous lemma.

Let us choose a § > 0 such that, whenever V is a closed ball with center
9(to,yo) and radius less than 3, then A" (V N D) > (1 — §)A\"(V). We prove
that if W is a closed ball in Y* with center yy and radius less than v and
B/M, then

N (W ng (D)) > (1 - e)AR(W).

Suppose to the contrary that for such a W with radius R,
N (W gt (D)) < (1 —e)A(W).

Then there exists a compact subset B C W \ g;.'(D) for which X\*(B) >
e\*(W). Hence by the previous lemma,

eRFa(k) < A*(B) < C2*"RF")" (g4, (B)).

But g4, (B) is a compact subset of V' \ D, where V is the closed ball in R
with center g(to, o) and radius MR < 3. Since A"(V \ D) < 6\ (V) we get

eR*a(k) < C2FTOX"(V) = C2F~"R¥""M" R a(r)s,
which contradicts the choice of 4.

3.10. Lemma. LetY be an open subset of R*, T a topological space,
D an open subset of T XY, and (to,y0) € D. Suppose that the function
g : D — R is continuous and continuously differentiable with respect to y.

If the rank of the matrix g—z(to, Yo) Is T, then there exist such neighborhoods

T* and Y™ of ty and yq, respectively for which

(1) for each € > 0 there exists § > 0 such that \"(g:(B)) > 6 whenever
teT*, BCY* \¥(B) >¢;

(2) if A is a \" measurable subset of R, then g; *(A)NY™* is a \* measurable
subset of Y for each t € T™*.

Proof. Let us use Lemma 3.8. Shrinking the so obtained set Y* we
may suppose that it is bounded. Now from the statement of Lemma 3.8 and
from 3.2.(4) we obtain (1) and from 3.2.(7) we obtain (2).
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3.11. Theorem. Let X be an r-dimensional FEuclidean space, and
let X1,...,X, be orthogonal subspaces of X with dimensions r1i,... ,7Tn.
Suppose that r; > 1 (1 <4 < n) and Y., 7, = r. Let U be an open
subset of X and F : U — R™ be a continuously differentiable function. For
each x € U let N, denote the null space of F'(x). Let A; be a subset of
X; (i = 1,...,n) and suppose that A; is X"t measurable for 2 < i < n.
Let a € U, dimN, = r —m. Let p; denote the orthogonal projection of X
onto X;. Suppose that p;(N,) = X; and A; has density 1 in the point p;{a)
whenever 1 <4 < n. Then F(A; x --- x A,) is a neighborhood of F(a).

Proof. Let £k = r —m. Since z — rank F’(z) is lower semicontinuous,
and rank(F’(a)) = m, we may suppose that rank(F'(z)) = m whenever
z € U. Similarly, choosing a smaller U if necessary, we may suppose that
pi(Nz) = X; whenever z € U and 1 < 1 < n; to prove this, suppose to the
contrary that there exists an ¢ and for each natural number ; there exists
an z; € U and there exist orthonormal vectors egj), e ,eéj_)rﬁl in Ny, such
that z; = a and

pi(egj)) =0 whenever j=1,2,... and1<s<k—1r;+ 1

Using the compactness of the unit sphere we can pass to a subsequence and
suppose that
el) e, if j — 0.

8

But this proves that the vectors e, are orthonormal in N, and p;(es) = 0
whenever 1 < s < k —r; + 1, which is a contradiction.

Now, choosing a smaller U if necessary and using the rank theorem (see
Dieudonné [49], 10.3.1), we have that there exist mappings u, p, and v and
an open neighborhood V of b = F(a) in R™ with the following properties:
v maps U onto the open cube I", where I = ]—1,1[, u is invertible and
moreover 4 and 4! are continuously differentiable; v maps I™ onto V, v is
invertible and moreover v and v~! are continuously differentiable; p is the
projection

pi(Zryeen &) 2 (T1y.en , T

of I” onto I'™; and finally FF = vopou. We may write I" as I" = T xY
where T = I and Y = I*. Let u(a) = (to,y0) € T X Y. Now let us use
some facts from differential geometry (see Dieudonné [49], mainly 16.8.8).
UNF~1(v(t)) is a closed submanifold of U whenever ¢ € T. The tangent
space of this submanifold in a point z € UNF~*(v(t)) is equal to the subspace
N of X. Clearly u~? is a diffeomorphism of the closed submanifold {t} x Y’
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of T XY onto UN F~!(v(t)). Let g = p;ou~tif 1 <4 < n. By the
choice of U, p; is a submersion of UNF~*(v(t)) into X,. Hence the mapping
git - Y — X, is a submersion too, that is, its derivative has rank r; whenever
y€YandteT.

Now, by Lemma 3.8, there exist open sets T and Y* and there exists a
0<K<oosuchthattoeT* CT,y €Y*CY, and

A(B) < KX (g;,4(B))

whenever B C Y*, t € T*. Let X} = X;, Af = A, and g; the restriction of
g; onto T x Y*. Applying Corollary 3.5 to the sets and functions marked
by stars we have that the function

Flt) =" (iélg;‘;l(A)) if teT*

is continuous on 7*. By Lemma 3.9, g;’zol (A;) has density 1 in the point yq.
Since gfy?ol (A;)NY™ is measurable by Lemma 3.10 if 2 < i < n, we have that

ﬂ 977 (A)
=1

has density 1 in the point yoq. Hence f(¢g) > 0 and we have that there exists
a neighborhood V of ¢, for which f(t) > 0 if ¢ € V. Clearly v(V) is a
neighborhood of b in R™. If z € v(V), then t := v~(2) € V and hence the
set

(o7t (4)
i=1

is nonvoid. If y is an element of this set, then F(u='(t,y)) = v(p(t,y)) =
v(t) = z and z; = p; (u1(t,y)) = gi:(y) € A; if 1 <i < n. This means that
F(zyy...,z,) = 2.

3.12. Corollary. Let U be an open subset of R" xR and F : (z,y) —

F(z,y) a continuously differentiable mapping of U into R". Let A,B C K
and suppose that B is A" measurable. If (a,b) € U,

OF OF
det 6—.73(@’ b) 7é 0, det a—y(a, b) 75 O,

A has density 1 in the point a and B has density 1 in the point b, then
F(A, B) is a neighborhood of F(a,b).
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Proof. By Theorem 3.11 we have to prove only that p; (N, ) = R and
pa(Ngp) = R™ where N, is the null space of F/(a,b). Let (z,y) € Nyp. If
p1(z,y) =0, then z = 0. Hence

0= F'(a,b)(z,y) = Z—j(a,bxy).

OF
But det 5y—(a,b) # 0, hence y = 0. This proves that p1 : Nyp = R isa

one-to-one mapping, that is, p1(V, ) = R'. Similarly ps(N,p) = R,

3.13. Remark. The previous theorem may be stated in the following
global form: If Ny, is in general position, i.e., dim N, = r—m and p;(N;) = X;
forallz €U (i =1,2,... ,n), moreover Ay x Ay x -+ x A, CU, \¢(4;) >0
(1t = 1,2,...,n), and the set A; is A" measurable for 2 < i < n, then
F(A; x -+ x Ay,) contains a nonvoid open set.

Proof. Let us choose a point a € U for which A; has density 1 at p;(a)
whenever 1 < ¢ < n, and let us apply the previous theorem.

4. GENERALIZATIONS OF A THEOREM OF
PICCARD

Piccard’s result [167] analogous to the theorem of Steinhaus states that
the sum of two Baire sets having second Baire category has an inner point.
Very strong generalizations exist; in this case also addition can be replaced
by a two variable function with weak solvability conditions. These results are
useful in the proof of “Baire property implies continuity” and “Baire property
implies boundedness” type regularity theorems for functional equations. We
refer the reader to the papers Sander [179], [181], [183], Kominek [124], Jérai
[86], Grosse-Erdmann [61], Lindberg and Szymanski [139], and the references
cited in them.

The purpose of this section is to give a generalization of Piccard’s the-
orem analogous to the results of the previous section. These results were
published in J4rai [103].

The following theorem is an abstract version of our generalization of the
theorem of Piccard.



§ 4. Generalizations of a theorem of Piccard 67

4.1. Theorem. LetT,Y, and X; be topological spaces, g; : T XY —
X; continuous functions, and suppose that g; +(B) has second Baire category
whenever B CY is a subset of Y with second Baire category. Suppose that
A; C X, and A; is a Baire set whenever 1 < ¢ <n. Then the set V of points
t € T for which

n
m gi_,tl (Ai)
=1

is of second category is an open subset of T

Proof. The sets A; can be written in the form A; = E; A M;, where
E; is open and M; is of first category. Suppose that t; € V, and let K =
ﬂ;f”:lgi‘,tt(Ai), K'=Kn (n?=19¢_,tt(Ei))- Since g;tlo (M;) is of first category
in Y whenever 1 = 1,2,... ,n, we have that

n
K\K' | g (M)

%0
i=1

is of first category, hence K’ is of second category in Y. Let yo be a point of
K’ for which W N K’ is of second category in Y for each open neighborhood
W of yg. Clearly g;(to,y0) € E; if i = 1,2,... ,n. Since the sets E; are open
and the functions g; are continuous, the sets g, 1(E;) are open and contain
the point (%o,%o), hence there exist open sets V'’ and W', such that ¢y € V”,
yo € W', and V! x W’ C N?_,g; '(E;). We will prove that

n
W' N (ﬂ g;tl(A,-))
i=1
is of second category for each ¢ € V. Were this not true, the sets
W’\g;tl(Ai), i=1,2,...,n
would cover — except for a set of first category — the set W'. If we prove

that these sets are of first category, then we have a contradiction. But this
follows from the inclusion

W'\ g7/ (Ai) C g7 (M; N Ey),

which is a consequence of W' C g;° HE).
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4.2. Remark. If we suppose that Y is a complete separable metric
space and X, is metrizable, then we may omit the condition that the set A;
has the Baire property.

To prove this, let 'y denote the set of all points z1 € X; such that for
each neighborhood U; of z; the set U; N A is of second Baire category. It
is known that C; is a closed set and A; \ C} is of first category. Let B
denote the set of inner points of C;. Then Bj is open and A; \ B; is also
of first category. As in the previous proof we obtain that W'\ g, $(B1) and
W'\ g; (A;), 2 < i < n are of first category. It is enough to prove that
w'n gl_’t1 (A1) is of second category, because then it follows that

w'n (m?zlgi_,tl (Ai))

cannot be of first category.
Suppose that W' \ g7 1(A;) is of first category. Then, using that W’ N
91, i (Bj1) is an open set of second category, we obtain that

(W' Ngi: (B)) \gri(A) = (W' Ngi;(B1)) \ (W' Ngi; (A1)

is a Baire set of second category. Let G be a G5 subset of second category
of the set above. Then g, +(G) is of second category as a subset of X;. By
Bourbaki [38], IX, §6, Exercise 10, g1 +(G) is a Baire set in X;. Clearly
91,4(G) C B1\ A;. Writing g1,+(G) = U A F where U is open and F is of first
category, we see that U N By is a nonvoid open set for which the intersection
with A, is of first category. This contradicts the definition of B;.

In Laczkovich {135], I1.9.9 it is proved that the continuous image of a
Polish space in a Hausdorff space is a Baire set. This shows that it is enough
to suppose that X; is Hausdorff.

The following lemma allows us to use derivatives to verify that the con-
ditions on the functions g; in the previous theorem are satisfied.

4.3. Lemma. LetY be an open subset of R¥, T' a topological space,
D an open subset of T x Y, and (to,y0) € D. Suppose that the function
g: D — R is continuous and has continuous partial derivative with respect

d
to y. If the rank of -(,)—g(to,yo) is r, then there exist open neighborhoods T*
Y
and Y™ of ty and yo, respectively, such that
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(1) if B has second category in Y*, then g;(B) has second category in R
for each t € T*;

(2) if A is a Baire set in R", then g;*(A) N Y™ is a Baire set in Y for each
terT”.

Proof. We have proved in the proof of Lemma 3.8, that there exist
open sets T* and Y’ and an open ball Y centered at y such that t, € T*,
Yo €Y, T* xY' xY"” C D, and g4, is a homeomorphism of Y onto an
open subset U(t,y') of R" whenever t € T* and ¢ € Y.

Suppose that there exists a subset B of Y* = Y/ XY of second category,
and a t € T™, such that g;(B) is of first category in R". Let us choose a
Borel set U of first category in R", for which ¢:(B) C U C g+(Y*) and let
B* = g7 1 (U)NY*. This set B* is a Baire set and is of second category in
Y™, but g;(B*) is of first category in R". By the Kuratowski-Ulam theorem
the set of all points ¢’ € Y’ for which B}, is of second category is a set of
second category. On the other hand, by the same theorem, the set of all
points y* € Y’ for which B}, is not a Baire set, is of first category. From
this it follows that there exists y’ € Y’ for which B}, is a Baire set of second
category in Y". Since g, is a homeomorphism of ¥ onto U(¢,y’), the
set gty (By) is of second category in R". This is a contradiction, because
gty (By) C g¢(B*). Hence (1) is proved.

To prove (2) suppose that A is a Baire set in R, and let us choose a
Borel set B for which A C B and B\ A is of first category. Then

g (A NY* = (g7 (B)NY")\ (g7 1 (B\A) NY™).

Using that g; *(B) is a Borel set and g; *(B \ A) N Y* has first category by
(1), we have that g; ' (A) NY* is a Baire set.

Now we are prepared to prove the local version of our generalization of
the theorem of Piccard for a function from an open subset of R" into R™.
The condition of the following theorem means, roughly speaking, that the
null space of the derivative is large enough and is in general position.

4.4. Theorem. Let X be the r-dimensional Euclidean space, and
let X1,...,X, be orthogonal subspaces of X with dimensions ry,...,7,,
respectively. Suppose that r; > 1 whenever 1 < i < n and 2?:1 r; = 1. Let
U be an open subset of X and F : U — R™ a continuously differentiable
function. For each z € U let N, denote the null space of F'(z). Let A;
be a Baire subset of X; (i = 1,2,...,n), and suppose that a € U and
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dimN, = r — m. Let p; denote the orthogonal projection of X onto X;.
Suppose, that p;(N,) = X; and p;(a) has a neighborhood U; such that U;\ A;
is of first category if 1 < i <n. Then F(A; x -+ x A,,) is a neighborhood of
F(a).

Proof. Let us define ¢y, y9, 7, Y, and g; as in the proof of 3.11. By the
above lemma there exist sets 7* and Y* such that o € T* C T,y € Y* C Y,
and g; +(B) is of second category whenever B C Y* has second category and
t€T*. Let X! = X;, A = A;, and g} be the restriction of g; to T* x Y'*.
Applying the theorem above to the sets marked by a star we have that the
set V* of points ¢ for which

ﬂ gi_,tl (A:)
i=1

is of second category is open in T*. Since 9it, maps Y * onto an open neigh-
borhood of p;(a) and g*(t9,y0) = p:(a), there exists an open neighborhood
W of yo in Y* such that W\ gf;ol (A;) is of first category if 1 <7 < n. This
proves that tg € V*. Clearly v(V*) is an open neighborhood of b in R™. If
z € v(V*), then v=1(z) € V*, and hence the set

o7 (4)
=1

is nonvoid. If y is an element of this set, then u~!(¢,y) € F~!(2) and
T; = Py (u—l(t,y)) € A; whenever 1 < ¢ <n. This implies F(z1,... ,z,) = 2,
which is enough since v(V*) is an open neighborhood of b = F(a).

4.5. Corollary. Let W be an open subset of R* X R", and let F :
(z,¥) — F(z,y) be a continuously differentiable mapping of W into R".
Suppose, that A,B C R" and A, B are Baire sets. If (a,b) € W,

F F
det ?i_x(a’ b) #0, det g—y(a, b) # 0,
and there exist neighborhoods U and V of a and b respectively such that
U\ A and V' \ B is of first category, then F(A,B) contains a neighborhood
of F(a,b).

Proof. Similar to Corollary 3.12 of the previous section.

The above theorem can be formulated in the following global form:
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4.6. Theorem. Let X be the r-dimensional Euclidean space, and
let X1,...,X, be orthogonal subspaces of X with dimensions ri,... ,7y,
respectively. Let p; denote the orthogonal projection of X onto X;. Suppose
that r; > 1 whenever 1 <1 <n and Zle r; =r. Let U be an open subset of
X and F : U — R™ a continuously differentiable function. For each x € U
let Ny denote the null space of F'(z). If dim N, = r —m and p;(N,) = X;
whenever x € U and i = 1,2,... ,n, moreover A; X -+ x A, C U and A;
is a Baire set having second category if 1 < i < n, then F(A; X «-+ X A,)
contains a nonvoid open set.

Proof. A Baire set A; can be written in the form U; A F; where U; is a
nonvoid open set and F; is of first category. For any a € Uy x Uy X +-- x U,
we may apply the previous theorem.

4.7. Remark. Using the previous Remark, we may omit the condition
that Ay is a Baire set.
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