Chapter 2

SYSTEMS OF EQUATIONS

In the previous chapter the reader was acquainted with equations having one
unknown function. However, almost all partial differential equations can be
reduced to a system of quasilinear equations.

The first section of this chapter is devoted to explaining classical knowl-
edge related to systems of quasilinear partial differential equations. The main
definitions of quasilinear systems, as well as the notions of characteristics and
relations along characteristics are considered in this section.

Systems written in Riemann invariants play an important role in contin-
uum mechanics. In particular, homogeneous systems have solutions, called
Riemann waves, where only one Riemann invariant is changed. The well-
known problem of the decay of arbitrary discontinuity is solved in terms of
Riemann waves. Chapter 2 also contains an application of Riemann waves for
describing one-dimensional motion of an elastic-plastic material.

Another method playing a very important role in gas dynamics is the hodo-
graph method. For some problems this method allows linearization. If a hodo-
graph is degenerate, such solutions form a class of solutions called solutions
with degenerate hodograph. This class of solutions is considered in the next
chapter. Here it is worth mentioning that solutions with degenerate hodograph
have a group-invariant nature: they are partially invariant solutions. Another
class of solutions which also has group-invariant nature is the class of self-
similar solutions. This class of invariant solutions, very well-known in contin-
uum mechanics, is based on the analysis of dimensions of studied quantities.
The approach used in the book for introducing self-similar solutions is related
to admitted scale groups. This way of studying self-similar solutions can also
be considered as an introduction to group analysis method. The theory of self-
similar solutions is followed by applications to one-dimensional gas dynamics,
in particular to the problem of an intense gas explosion.
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Among the approaches using a simple representation of the dependent vari-
ables through the independent variables are travelling waves and solutions with
linear dependence of velocity with respect to spatial (all or part) independent
variables.

The chapter ends with a general study of completely integrable systems.

1. Basic definitions

Most mathematical problems in science are described by systems of partial
differential equations. The vast majority of these problems are reduced to prob-
lems involving the study of systems of quasilinear partial differential equations.
In this section one can find sufficient notations for further reading' related with
these types of systems.

Let x = (x1,x2,...,X,) € R" be the independent variables and u =
(u1,uy, ..., u,), € R™ be the dependent functions.

Definition 2.1. A system of first order partial differential equations of the
form
n m
o du B . R
DD dp st = fithw, (=1,2,....N) @.1)
o

a=1p=1
is called a system of quasilinear partial differential equations.

Any system of quasilinear partial differential equations can be written in the

matrix form
n

Aot— = fv (22)

a=1

where A, are rectangle N x m matrices with the entries al.‘% (i is the row number,
B is the column number), and the vector-columns

f = (flv f27 "'7fm)t’ 8u/axa = (8”1/8xaa 8”2/8)(0[’ ce e 8”1”1/8)(0[)"

System (2.1) or (2.2) is called a determined system if N = m, and overde-
termined if N > m. If the vector f and the matrices Ay, (@ = 1,2, ...,n)
do not depend on the independent variables x = (xy, x2, ..., x,), then the sys-
tem is called an autonomous system. If the vector f = 0, then it is called a
homogeneous system.

The matrix

AE) =) Agky,
oa=1

"For more detail study of properties of systems of quasilinear partial differential equations one can read, for
example, [147].
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associated with system (2.2) is called the characteristic matrix. Here & =

(61,82, ..., 8,) € R".

Definition 2.2. A vector & is called a normal characteristic vector of system
(2.2) at the point (x, u), if
det(A(&)) =0. (2.3)

Equation (2.3) is called the characteristic equation.
For any normal characteristic vector £ there exists a left eigenvector /(&) =
(1(8), 12(8), . ... [;n(§)) of the matrix A(§)

[(§)A) =0. 2.4)

Let n € R" be a unit fixed vector, then any vector £ can be decomposed
E=zzn+o,

where o is a vector orthogonal to 5.

Definition 2.3. System (2.2) is called a hyperbolic system at a point (x, u),
if there exists a vector n, such that for any vector o, which is orthogonal to n,
the characteristic equation

det(A(zn+0)) =0

has m real roots with respect to z and the set of eigenvectors I,
(k = 1,2,...,m) corresponding to these roots, composes a basis in R™. A
system is called a hyperbolic system in a domain D, if it is hyperbolic at any
point (x,u) € D (the vector n can depend on (x,u)). A direction defined by
the vector n is called a hyperbolic direction.

Let a solution # = ¢(x) of system (2.2) be given. The point (x,u) =
(x, ¢ (x)) is defined by the point x.

Definition 2.4. A surface I' C R"(x) such that a tangent hyperplane at any
x € I has a characteristic direction is called a characteristic surface of system
(2.2) on this solution, or simply a characteristic.

The problem of finding a characteristic given by the equation A(x) = 0 is
reduced to the problem of solving the equation

det ( A(Vh)) = 0.

This equation is a first order partial differential equation. The characteristics of
this equation are called bicharacteristics of system (2.2).

Remark 2.1. If one of the matrices A;, (i = 1,2, ..., n) is nonsingular,
then without loss of generality one can assume that A is the unit matrix.
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Remark 2.2. The concept of characteristic surfaces plays an important
role in the process of constructing solutions. Their allocations give informa-
tion about the qualitative behavior of the solution, and about the correctness
of initial and boundary value problems. Moreover, they play a crucial role in
defining the so called “simple” solutions. Sewing together simple solutions
one can find more “complicated” solutions. The classical example of this con-
struction is the solution of the decay of an arbitrary discontinuity problem in
gas dynamics.

2. Riemann invariants
In this section the Riemann invariants for a hyperbolic system of quasilinear
partial differential equations with two independent variables”

du L p 0 _ f. 2.5)

dxy 0xo

are considered. The direction of hyperbolicity of system (2.5) is assumed

n = (1,0). Hence, the matrix A has m real eigenvalues i (x, ) with the
left eigenvectors [F(x,u), (k = 1,...,m) of the matrix A. The eigenvectors
I(x,u), (k =1,...,m) form a basis for R”. Hence, the matrix L = (l’j‘.)

comprising the coordinates 1? (x, u) of the vectors IX(x, u) is nonsingular. If
the characteristic, corresponding to the eigenvalue Ay (x, u) of system (2.5) is
defined by the equation i = xp — ¢ (x1) = 0, then the function ¢ (x|) satisfies
the equation d¢y /dx; = Ay.

Multiplying system (2.5) by the left eigenvectors IX(x, u), one obtains:

P ou ou ¢
I*(x, u) 8—Xl+)\k(x,u)a—x2 =I"f, (k=1,2,...,m). (2.6)

Let each of the differential forms
o, u, du) =18 duy, k=1,2,....m
with fixed x1, x» have the integrating factor’ wir(x,u) i e,

are(x,
i (x, wyor(x, u, du) = wdua, (k=1,2,....,m).
Ug

Hence, after multiplying equations (2.6) by uz, they take on the form

D.Xlrk +)\‘kD,\’2rk = gk(x7 u)’ (k — 172’ R 7m)’

2 A notation of Riemann invariants in the case of more than two independent variables is given in the next
Chapter.
3In the case m = 2 the integrating factor always exists. This is not so for m > 2.
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where ¢ = i fr + r,/m,1 + )\krléxz, D,, is the total derivative operator with
respect to x;, and the value r,:,xi is the partial derivative of the function r; with

respect to x; with fixed values of the dependent variables u(, us, ..., u,. Since
the Jacobian 5
1y e ostm) — det(L) 75 0,
Ay, ... up)

changing the dependent variables (i1, ..., u,) into the new dependent func-
tions (r1, ..., Fy), one reduces system (2.5) to the system of quasilinear partial
differential equations

ar org

T e — g k=1,2,...,m). 2.7)

ox 1 axz

The values ry are called Riemann invariants and system (2.7) is a system writ-
ten in invariants. If system (2.5) is homogeneous and autonomous (A =
A(u), f = 0), then the system written in invariants (2.7) is also homogencous.
If g = 0 in (2.7), then the Riemann invariant r; is constant along the charac-
teristic % = Ak.

Let a system written in Riemann invariants (2.7) be homogeneous g; =
0, (¢ =1,2,...,m). Assume that all Riemann invariants except one, for

example ry, are constant, i. e.,
ri=ci, 1<i<m, i#k).
The Riemann invariant r; satisfies the equation
8l”k ~ 8I‘k
— + ) — =0,
8x1 3)62
where Ai(x,7r) = Ai(x,C1, ..., Ck—1,Tk> Cktls - - -» Cm). Such a solution is

called a simple wave or a Riemann wave.

2.1  The problem of stretching an elastic—plastic bar

The equations, governing a one—dimensional time dependent motion of an
elastic—plastic material with the state equation o = f(g), f’ = ¢>(¢) > 0, are

Vv = Oy, & = Uy. (2.8)

Taking linear combinations of the first equation and second multiplied by ¢ (g),
one obtains

(v +@(e)er) — d(e)(vx + P(e)er) =0,

(v — @ (e)er) + P(e)(vx — @p(e)ex) = 0.

Hence, the Riemann invariants and characteristic eigenvalues are

ri=v+ Fe), A =—0¢(e),
rn=v—IF(E), =¢().
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where F(¢) = [ ; ¢ (n)dn. The original system of partial ditferential equations
(2.8) becomes
%‘ + 0y, )2 =0,
L2t a1, )22 =0,
The dependent variables are recovered through the Riemann invariants
v — ri —l—rz’ Fe) = re—r
2 2

Let us pose the problem of stretching a semi-infinite bar. Assume that at the
initial time # = 0 an elastic—plastic half—infinitely long bar is in the unperturbed
state:

v(x,0)=0,e(x,0) =gy, x >0.
The end of the bar x = 0 at the time ¢ = 0 starts stretching with the velocity

v(0, 1) = —u(1). (2.9)

Tt is assumed that #(0) = 0 and u’(z) > 0. The problem is to find the loading
wave propagating in the bar.

The solution of this problem can be constructed with the help of Riemann
waves.

Since the Riemann invariants are constant along their own characteristics,
the solution in the domain, joining to the initial data V| = {(x.f) | 0 < ¢ <
oo, 0 < x < tg(eg)}, is constant: v = 0,& = gg. Because the Riemann
invariant r; is constant along the characteristics dx/dt = —¢ (which cross the
characteristic curve x = ¢ (&g)) and have a constant value on the characteristic
X = t¢(eg), this invariant is also constant in the domain V5, joining to Vj.
This means, that in this domain one obtains the Riemann wave: r; = v +
F (&) = F(&g). In this Riemann wave the other Riemann invariant > constant
along the characteristics dx/dt = ¢, which are straight lines. Hence, the
solution in the domain V> is defined by the values v = —u(¢) and F(g) =
F(g9) + u(r) at the point (xo(#), ), where xo(t) = — fé u(t)dr. The relation
u'(t) > 0 provides the condition that characteristics f]—; = ¢ intersect in the
domain V;. If the condition u'(r) > 0 is broken, this leads to the formation
of a gradient catastrophe. The relation #(0) = 0 gives a nonsingular Riemann
wave. If #(0) > 0, then the part of the domain V> is occupied by the rarefaction
Riemann wave. This part is bounded by the characteristic x = t¢(¢y), where
F(e1) = F(go) + u(0). The deformation ¢ in this domain is defined by the
equation ¢(¢) = 7. The characteristics ‘fl—} = ¢ issue from the origin (x, t) =
0, 0).

3. Hodograph method

The basic idea of the hodograph method consists of interchanging the role
of the dependent and independent variables. For some classes of equations this
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method reduces them to a system of linear partial differential equations. The
essence of the hodograph method is described by the system of the equations,
governing two—dimensional irrotational isentropic flows of a gas (v = 0, 1):

uy — vy =0, (u2 — Cz)ux + 2uvuy + (v2 — cz)vy = 5621), (2.10)

where (u, v) is the velocity, c¢ is the sound speed, which is expressed through
the value g> = u? + v%. The plane R?(u, v) is called a hodograph plane, and
(u, v) are the hodograph variables.
Assume that the Jacobian* A = gf’f;;
independent variables, one can find

# 0. Choosing (u, v) as the new

x=x,v), y=yu,v).
Differentiating these relations with respect to x and y, one obtains

1 =xuu, + x,0x, 0= y,uc+ y,vy,
0=x,uy +x,vy, 1=y,uy+ yyvy.

Since A# 0, one finds
Uy = Ayy, vy =—=Ayy, Uy =—Av,, vy = Ax,. (2.11)

The two-dimensional gas dynamics equations (2.10) may then be written
o 22 2 2. _ Yo _
Xo—Yu =0, (u ) yy +2uvx, + (v )Xy = yC V(X Yy — XpYu). (2.12)

The first equation of (2.12) leads to the existence of a potential: a function
¢ = ¢ (u, v) such that

X=0¢u, Y=0o.

The second equation of (2.12) becomes the equation for the function ¢

ve?

W = Ay + 20y + (V2 — Ay = ¢”(¢uu¢vv—¢5v>. 2.13)

Equation (2.13) assumes a specially simple form in the case v = 0 in the
polar coordinates (# = ¢ cos0, v = ¢ sin0):

(M? = Doy — ¢°gq + (M* = )qgpy =0, (2.14)

where M = ¢ /c is the Mach number. The most important property of equation
(2.14) consists of its linearity. Thus the hodograph transformation can simplify

4Vanishing of the Jacobian A defines a class of solutions which are called solutions with degenerate hodo-
graph. A detailed study of these solutions is given in the next Chapter.
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the original system of equations. It should be also noted that equation (2.14)
allows finding solutions with separated variables ¢ and 6. In fact, substituting
the representation of the solution

¢ =h0)g(q)
into (2.14), one obtains
n” q ” Teag2
—_——— — ¢ (M —1))=0.
h  gM?—1) (g 8 ))

Alongside the complete interchange of the dependent and independent vari-
ables, sometimes it is convenient to make only a partial change of them. For
example, for the equations of a stationary boundary layer

9y 92 v 92 dU 9’
oY Yy _ AU 0%
dy 0x0dy

=U—+v—7r U =U(x),

dx 0y? dx ay3 )

applying the transformation from the independent variables (x,y) to the
Prandtl-Mises variables: & = x, n = ¥ (x, v), one obtains the equations

u>  dU? d  ou

9§ dg T om o 9n
where u = 1/(3y/dn). Introducing the variable 2z = U? — u?, one finds the
equation of a boundary layer in the Mises form

4. Self-similar solutions
4.1 Definitions and basic properties

One of the modelling stages of a problem in continuum mechanics is the
dimensional analysis of the quantities of the variables involved. This analysis
also allows forming representations of solutions, which are called self-similar
solutions. One example of a self-similar solution was presented in the first
chapter. Here the main definitions and properties of self—similar solutions are
given. Since the basis for dimensional analysis is a scale group, the given
approach is based on the concept of an admitted scale group.

Let (x1,...,x,) and (u1, ..., u,) be the independent and dependent vari-
ables.

Definition 2.5. A transformation h, : R"™ — R"™™™ of the form

. i - k
o = Ty @, = g [T 0™,

2.15
G=1,....,n; k=1,...,m) ( )
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is called a scale group H" of transformations of the space R" ™ (x,u). The
variables ay, (@« = 1,...,v) are called its parameters.
It is natural to require

A% N M% cooo uf
=rank| ... ... ... .. .. ... =r. (2.16)

Otherwise, introducing new scale parameters, it is possible to reduce the num-
ber r.

Under action of the transformation (2.15) the first order derivatives are trans-
formed according to the formulae

I, Bup — L
Ui _ Otk [Tcawrs . 2.17)

’
axi ax,‘ i
o=

Similar formulae are valid for higher order derivatives.

Definition 2.6. The group of transformations, consisting of the transforma-
tions of the independent, dependent variables (2.15) and the derivatives (2.17),
is called a prolonged group of H' .

For any function F : R"™ — R the total derivative with respect to the
parameter a; is

oF 1 ,OF " AF (X', u’
(x u') Z)\ (x u)+ Wi (x", u")

—4 e ). (2.18)

y=I

Definition 2.7. The linear differential operator
: I = 3
0= Al xg— YU, ——

is called an infinitesimal operator of the group H” .
Definition 2.8. A function F : R"™™ — R is called an invariant of the
group H' | if for any transformation h, € H":

F(x',u') = F(x,u). (2.19)

Theorem 2.1. A function F : R"™ — R is an invariant of the group H"
if and only if
iOF =0, (j=1,...,r). (2.20)
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Proof.
If the function F (x, u) is invariant, then F (x’, u’) = F(x, u). Differentiat-
ing it with respect to the parametera;, (j = 1, ..., r), and setting the parame-

tersa; =1, (i = 1,2, ...,r), one obtains (2.20). Conversely, if (2.20) is valid,
then by virtue of (2.18) one has dF (x', u’)/da; = 0, (j = 1,...,r). This
means that F(x, u") does not depend on the parameters a;, (j = 1,...,r).
Since for a; = 1, (i = 1,2,...,r) its value is equal to F(x,u), hence,
F (', u"y = F(x, u). Therefore F is an invariant of the group H'.e

Theorem 2.2. For a scale group H" of the space R"™" (x,u) with the
condition r < n + m there exist n + m — r independent invariants. They are
the monomials

JFonw =Tle® - Tlup®. «k=1....m+n-r. @21
a=1 p=1

Proof.
By virtue of the criterion, the monomial

TGy = [ e - [ Jwp)?
=1 B=1

is an invariant of the group H", if and only if

@G =T 20+ > ploy) =0, (j=1,....r). (2.22)
a=1 y=1

Because of (2.16), the system of linear algebraic equations (2.22) with n + m
unknown 0, o, has n+m —r linearly independent solutions. Let the solutions
be

OF,....0N ok, ... k), k=1,...,m+n—r). (2.23)

s O
Then the monomials (2.21) with exponents (2.23) are also independent. By
virtue of the exponent representation of the monomials (2.21), it is enough to
prove the independence of their exponent.

Assume that there exist constants ¢, (k = 1,...,m + n — r), at least one
of them is not equal to zero (¢? + ¢3 +... + c2,,_, # 0), and for which one
has the equality

n+m—r

[] vH*=1

k=1
This is only possible if

n+m—r n+m—r

Y e =0, > ofa=0. (j=1....ny=1....m),
k=1 k=1
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But by virtue of the linear independence of (2.23), one obtains ¢, = 0, (k =

1,...,m+n—r). This contradicts to the assumption C% + c% +... —i—c%H”f,. #
0.0

Definition 2.9. A manifold assigned by the equations ¢ (x,u) =0, (k =
1,2, ..., 1), is called an invariant manifold of the group H', if

o' uy=0,(k=1,2,...,0]).

The concept of a scale group is closely related with the dimensional analysis
theory of physical quantities [130].

Each physical quantity ¢ is characterized by a unit of its measurement F
and a numerical value |¢|, hence, ¢ = |p|E. Let E,, (@« = 1,...,r) be
some independent units of measurements that F is expressed through them
E=TL_ El«. The value E is called the dimension of the physical quantity
¢ in the terms of the units E, and it is denoted [¢].

If one changes the scales of the units E; into the new units E;

Ei=akE), (=1,...,r),

the numerical value of the physical quantity ¢ in the new units is

¢ = 1pll¢] = 181([ J @’ [JEL*) = 1o/19).

a=1 a=I1

This means that |¢|" = [¢|([],_;(@x)*), ie., the change of the numerical
values of the physical quantity ¢ is similar with the scale group /. When
constructing exact solutions by the dimensional analysis theory one can use the
theory of invariant solutions with respect to the scale group H”. This theory is
explained next.

Definition 2.10. A scale group H' is said to be an admitted by a system
of partial differential equations if the manifold assigned by this system is in-
variant with respect to the prolonged group H'.

Nonsingular invariant solutions are constructed as follows. First, one finds
all of the independent invariants .J kotk=1,....m+n—r). They should be
such that it is possible to solve m of them (for example, J Kk k=1,..., m))
with respect to all dependent variables. A sufficient condition for this is the
inequality

1 1

8(]1,,,,,.]'”) m . m <8 B ¢
m=(l_[1/l_[ua)det SERTE # 0.
s ey =1 w1 O’l o O'[Zl
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Without loss of generality one can let a;: =4;; (i, j=1,...,m). The remain-
ing invariants J”*%, (k = 1,...,n — r) can be chosen depending only of the
independent variables (the case where » = n is also possible). Hence,
1
Al A
rank | ... ... ... =r <n.

Ao
After obtaining the independent invariants J k. (k=1,...,m+n—r), one
supposes the dependence of the first invariants J*, (k = 1,...,m) of the

remaining, i.e.,
TR = (T =1, m).

Since the invariants J*, (k = 1,..., m) can be solved with respect to all
dependent variables ut, (i=1,...m, defining the dependent variables from
the last equations, one obtains a representation of the invariant solution. Sub-
stituting the representation of the functions u’, (i = 1, ..., m) into the initial
system of partial differential equations, one obtains the system of equations for
the unknown functions ¢, (k = 1,...,m). This system involves a smaller
number of independent variables.

Definition 2.11. An invariant solution of an admitted scale group H' is
called a self-similar solution’.

Let us apply the theory to the nonlinear diffusion equation®

ari~'ee,)  dc
=g o
Pl =— (n>0 2.24
» o7 ( ) (2.24)
The dependent and independent variables are scaled as follows
c=a""7T r=a"7, t=a"1.
Equation (2.24) in the new variables becomes
ana172az+a37;lfqi(7:qflzm% . % =0.
a ar’ ot
If equation (2.24) is invariant with respect to scaling, then it is necessary that
noy — 200 + a3 = 0.
For a3 # 0 the combinations J! = ¢~ /% J2 = pt~%/% are jnvariant with
respect to this scaling. Assuming
cf /e — V(,ﬁt*az/%)’

one obtains the representation of an invariant (self—similar) solution of (1.56).

SWith a group point of view such solutions are called self—similar solutions in narrow sense [130].
6Self-similar solutions of this equation were considered in the previous chapter.
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4.2  Self-similar solutions in an inviscid gas

The one-dimensional gas dynamics equations are considered to illustrate the
method of constructing self-similar solutions. Notice that the solution of the
problem of a strong explosion in a gas was found with the help of self—similar
solutions.

The system of equations describing a one-dimensional motion of a gas is

du 0w 4 10p _
at +U8x+p8x _0’

% 4 don 4Lt =, (2.25)
9 8
ﬁ(piy) + vﬂ(p%) = 0.
Here y is the exponent of the adiabatic curve, v characterizes a geometrical
structure of the problem: v = O for plane flows, v = 1 for cylindrical flows, and
v = 2 for spherical flows. Because the number of the independent variables
n = 2, by virtue of the condition n > r only two cases are possible: either
r=1lorr=2.
Let r = 1, and define the one-parameter scale group H' admitted by system
(2.25) with the equations (@ = a):
u = ua“l, p = pa“z, p = pa’ﬁ, = takl, x' = xa*.
For the transformations that remain invariant the manifold, assigned by equa-
tions (2.25), one obtains
pl =222 8 = 2202 .
Further it is assumed that (A')> + (A*)? # 0. Since m +n —r = 4, when
forming the independent invariants J k407 % o p"zk p"3k , (k=123 H1t
is enough to find independent solutions of the linear equation
MOF 43205 + 02 —ahof 4 pPof + (u? + 2002 — Ayt =o.
If A1 = 0, one can choose the following independent invariants

—1 , J3 — px*(oH»Z)’ J4 =1, (Ol — /}LZ/)\(Q)

o

J' = ux , J2=,0x*

The self—similar solution has the representation’
w=x¢1(), p=x"h0), p=x"¢s(0).
The system of equations (2.25) becomes
$ + 67 + (@ + g} =0,
5+ (@ + 1+ v)p1¢2 =0,
¢+ (@ +2—ya)pi9p =0,

7Such solutions are called solutions with a linear profile of velocity.
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where ¢ = ¢3 /qbg . The solution of this system of equations can be found in
terms of quadratures.
If A1 = 0, the invariants can be chosen as follows

Jl — uto{+1’ J2 — ptﬂ, ‘13 — pt2(a+1)+ﬂ’ J4 — .Xta,

where « = —2%/A!, B = —u?/A'. The self-similar solution in this case has
the representation

u=t""" 1), p=1"Ppn), p=1"FHTDe0),

where A = xt%. There is another equivalent representation
U= 7U(,\), p=x"ETRG), p=x"® D=6 poy. (2.26)

Substituting these expressions in equations (2.25), one obtains the system of
ordinary differential equations for the functions U, R, P
Ml@+UU +51=-U2+U + (k+ DE,
MU'+ @+ =5+ (k—v+2)U,
Mo+ —yBl=s—y)+ 2+ k(1 —y) +1-3y]U.
This system of equations is split into two equations of the form

AdU—f(U 7) de—Rf(U 7) 2.27)
dr Ul g T RIRE s '

and one differential equation

dZ  Z M(Z,U)
dU U+a NZ,U)’

where Z = P /R. Notice that the last equation in the case where k = =3, s =
—(2 + a(v + 3)) has the integral

1 1
ZU + (U + a)(EUQ + —12) =0. (2.28)
Y —

The values of the constant @ and g in each particular self—similar solution
are chosen by analysis of the initial parameters of the problem.

4.3 An intense explosion in a gas

The problem of a strong explosion in a gas is formulated as follows®.

8Detailed analysis of this problem can be found in [149] and references therein.
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At the moment ¢ = 0 in an undisturbed gas (17 = 0) with the initial density
p1 and zero pressure p; = 0 at the center of symmetry (x = 0) an explosion
occurs, i.e., a final energy Ey is instantly released. The areas of the disturbed
and undisturbed parts of a gas are separated by a shock wave. The gas dynamics
values in front of the wave p;, pi, u; and behind it p;, p», u, are related by
the conditions across the shock wave (the Hugoniot relations):

02y — D) = p1(uy — D),
P2+ pa(uz — D) = pi+ pi(uy — D)2,

Yy 2 w-DY¥ ¥y p @-D)?
G-hm T2 GOt 2

These relations express the conservation of mass, impulse and energy laws on
the shock wave x = x,(¢t). Here D = dx;/dt is the velocity of the shock
wave propagation. From the Hugoniot relations one can obtain the values of
the density, pressure and velocity behind the front of the wave

(y+1 oL, P 2 P D2 2
=_—""01. P2 = 1 2=
(y =D (r+D r+D
The disturbed part of the gas is located in the interval (0, xp). Because the

energy of the volume of the gas is equal to pv?/2 4+ p/(y — 1), according to
the conservation of energy

02

v
v+ 1)

The motion of the gas after the explosion (¢ > 0) is defined by the dimension
of the parameters Eq, p1, x and ¢. They have the dimensions

[Eol = ML"T72, [pl=ML™3, [x]=L, [t]=T.

/“b[puz/z ¥ p/(y — Dx"dx = E. (2.29)
0

Here M is the dimension of the mass, L is the dimension of the length and T
is the dimension of the time. In this problem there is only one dimensionless
variable parameter

__ 12
A= (E//Ol) CHh xt 0

where £ = hEy with some constant 4. This constant is chosen to scale
the variable A. Assume that the disturbed part of the gas is governed by the
self-similar solution of the type (2.26). The front of the shock wave is x; =

At TH(E/ p1)<v+3>. Without loss of generality one can let ., = 1. According
to the dependence of the variable A of ¢ and x, in (2.26) one has to choose
o = —2/(v + 3). Analyzing the dimension of the density [p] it also follows
that 8 = 0. Therefore when seeking the solution of the problem of an intense
explosion, one can try to find it in the class of self—similar solutions (2.26) with
s=0,k=-3:
X x2
p=pRA), u= ?U(k), p= plt—QP()»)-
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Notice that for these parameters there is the integral (2.28). Because the coor-

dinate of the shock wave front is x, = t_‘"(E/pl)ﬁ, then D = —axpt~!.
This gives the initial data at A = 1 (on the front of the shock wave)

2 1 20? 202 (y — 1
© ry=TTD pay= 2 gy 222D

(y+1 r—D (y+D (r +D
Equation (2.29) in the self-similar variables is reduced to the equation

2vrE (!

w+DJo (y -0
This equation serves for finding the constant

2vm

1 P
= PR (RU2—|— )d/\.
w+1 Jo y—1

Therefore, the solution of intense explosion can be found in the form of quadra-
tures of (2.27).

U(l) = —

R (RU2 + ) dxr = E.

5.  Solutions with a linear profile of velocity

Among the approaches for obtaining classes of exact solutions in contin-
uum mechanics there is the method where the velocity vector is required to be
linear with respect to the spatial independent variables, with respect to all or
their part of them. Such solutions were studied a long time ago by Dirichlet,
Dedekind and Riemann. One example of such a solution was obtained in the
previous section?. Assuming linearity of the velocity with respect to some in-
dependent variables, one usually obtains polynomial equations with respect to
them. Splitting these equations leads to an overdetermined system of partial
differential equations. The main problem in these studies is the compatibility
problem for the overdetermined system of equations.

Let us consider the equations describing the isentropic motion of a poly-
tropic gas. For the sake of simplicity'” we consider the two-dimensional case

O vodivay =0, 24 2 _o =12 (2.30)
— v = s T _— = s = N . .
ar AT dr o ’
We will assume that the velocity vector has the representation
Ui =mig(t)xe, (@ =172). (2.31)
The last two equations of (2.30) define the derivatives
a6 i
a. _afO{x()l? (l = 1’ 2)5 (232)
ax,-

9 Applications of this method to the Navier-Stokes equations can be found in [159]
108imilar, but more cumbersome, one can obtain solutions in the three-dimensional case.
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where
/ 2 .
aj; = my; +m;; +mpmyy, (i=12),

/ 7
apy =miy +mp(my +ma), ay = my +ma(my + my).

The condition
920 /0x10x2 = 8°0/9x20x,

gives ajp = ao;. Integrating (2.32) with respect to x; and x;, one finds
1
0 = —Eaaﬁxaxﬁ + (1), (2.33)

where ¢ (¢) is an arbitrary function of integration. Substituting the expression
for € and the velocity in the first equation of (2.30), one obtains the squared
form with respect to x| and x»

bo,ﬂxaxﬂ —b=0 (2.34)
with the coefficients
biy = aj + 2muan + 2maan + k(my +mxn)ai.,

by = aby 4 2mmany + 2miar + k(miy + myp)an,
b2 = byt = ay, + mizan + maax + (k + D)(myy + mn)ais,
b= =2[¢" + k(m11 + mn)¢pl.

Factors of the squared form (2.34) are independent of the independent variables
x1 and xp. Hence, splitting equation (2.34), one has a system of five ordinary
differential equations for five functions: ¢ (¢) and m;;(t), (i, j =1, 2).

More general class of solutions is obtained if one assumes linearity only
with respect to one independent variable.

6. Travelling waves

The idea of a travelling wave was presented in the previous chapter. The
concept of travelling waves can be generalized for many independent variables
x € R" and many dependent variables # € R™. In this section the generaliza-
tion for the multidimensional case is given.

Let Lx be a linear form of the independent variables

Lx =L,x,.
The representation of a solution is assumed in the form

u(x) = v(Lx),
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where the function v(£) depends on one independent variable £. The value £
is called a phase of the wave. Fixing the phase & = L.x, one obtains the front
of the wave, where the values of the dependent variables are constant. Hence,
the front of the wave is a plane propagating in the space R". Usually one of the
independent variables plays the role of time ¢ (for example, t = x,), the phase
of the wave is represented as & = ny — Dt, where n € R"~! is a unit vector,
y = (x1, X2, ..., X4—1), and ny is a scalar product.

Definition 2.12. A solution u(xy, xa, ..., x,) is called an r—multiple trav-
elling wave, if it has the representation

u(x) = v(Lx),

where Lx be a vector, which coordinates are linear forms of the independent
variables

(Lx); = Ligxq, (i =1,2,...,r, r <n).
The variables € = Lx € R” are called parameters of the wave.

Here the vector function v(£) depends on a smaller number of the indepen-
dent variables &. Fixing all but one of the components of the vector £ defines a
wave propagating in the subspace of R” of the dimension'' n — (r — 1). Equa-
tions for the function v(£) are obtained by substituting the representation of the
solution into the initial system of equations.

Notice that for an r-multiple travelling wave the rank of the Jacobi matrix
of the dependent variables with respect to the independent variables is less or
cqual than r. This provides an idea for further generalization of the travelling
wave concept. The generalization is achieved by rejecting the requirement that
the parameters of the wave are linear forms. These solutions are called solu-
tions with a degenerate hodograph, and they are studied in the next chapter.

Let us apply the method to two-dimensional flows of a fluid, described by
the Navier-Stokes equations

Up + Uy +VUy + Py = Uy T Uy,
vy + Uvy + vvy + py = Uxx + vyy’
uy +uy, =0.
Without loss of generality one can assume that the travelling wave type solution
has the representation

u=u(§), v=v§), p=p¢), §=x+ay+ Dr.

Substituting the representation of the solution into the Navier-Stokes equations,
one obtains
P+ (u+av+ D' = (a*+ Du”,
ap’ + (u +av + D)W = (@®> + 1", (2.35)
u' +av' =0.

'without loss of generality it is assumed that the rank of the matrix L = (Lggp) is equal to k.
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Taking the linear combination of the first equation and the second equation
multiplied by the constant @, and using the third equation, one finds

p =0.
Integrating the third equation of (2.35), one gets
u=av+c,
where c is constant. The second equation of (2.35) becomes
(c+ D)W = @+ ',

Notice that by virtue of a Galilean transformation and a rotation one can assume
thatc =0anda = 0.

7. Completely integrable systems

One class of overdetermined systems, for which the problem of compati-
bility is solved, is the class of completely integrable systems. One particular
case of such a system was considered in the first chapter. Here the theory of
completely integrable systems is developed in the general case.

Definition 2.13. A system

oz
dal

=fia.2), (i=1,2,....N; j:=1,2,....r) (2.36)

is called a completely integrable if it has a solution for any initial values a,, z,
in some open domain D.

Lemma 2.1. Any system of the type (2.36) is completely integrable if and
only if the equalities

af! of, _ oy 7

14 14
5af T g5 = 50 T i 5 (2.37)
G=1,2,....N; B j=1,2,....r)

are identically satisfied with respect to the variables (a,z) € D.
Proof.
Let z = z(a) be a solution of the initial value problem

z(a,) = z,.

Calculating the derivatives

9 (az'\ 9 (a7
dal \daP )  9aP \da’
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at the point a,, one obtains

i 9 i i

. ! af
o (@0 20) + F o 20) 520, 20) = 550, 20) 4 ] (@0, 20) 5 F (@0. 20).

Since the initial values a,, z,, are arbitrary, the first part of the lemma is proven.

For proving the second part of the lemma, the theorems of existence, unique-
ness and continuity with respect to parameters of a solution of an initial value
problem are applied. Let e be an arbitrary vector in the closed unit ball B (0),
and pose the problem

av' : : c

E(Z’ e) =" fo(a, +te,v(t,e)), v(0) ==z, (i=12,,...,N). (2.38)
This problem has a unique solution v(¢, €), which is defined in the maximal in-
terval ¢t € (0, 7,). Direct calculations show that the function u (¢, ¢) = v(it, e)
is a solution of the problem

dul

5 (0 = re“ fi(a, + re, u(t,e)), u'(0)y =z, (i=1,2,,...,N).

0’

Because of the uniqueness of the solution for Le € B;(0), the vector function
u(t,e) = v(t, he). Hence, v(t, Le) is defined in the interval ¢ € (0, 1;,), and
ATie = Te.

Set 7, = inf, 7., and assume that 7, = 0. This means that for any ¢ > O there
exists a vector ¢ € B1(0) such that 7, = 0 < 7, < &. Choosing ¢ = 1/k one
constructs a sequence of the vectors {e;} such that 7,, — (. Because the unit
ball B;(0) is a compact, there exists a convergent subsequence {er,} — ey €
B1(0). For the vector e, the solution of the problem (2.38) is defined in the
mterval (0, 7., ), where 7,, > 0. Because of the continuity with respect to the
parameter e, there exists an interval (0, 7) and a neighborhood U,_ of the vector
ey such that 0 < 7 < 7, and for any e € U,, the solution v(t, ¢) is defined
in the interval (0, 7). This contradicts to the condition that 7, — 0. Hence,
T > 0.

Set T = min(1, 7). The functions v'(¢,a — a,) are defined for any a €
B.(a,) and t € (0, 1]. Let us prove this statement.

If 7, > 1, this follows from the definition of t,. In fact, in this case T = 1,
and for any a € B;(a,) the functions v’ (¢, ¢) with e = a — a, € B{(0) are
defined in the interval (O, ), where t > 7, > 1. If t, < 1, then T = 7. For
any vector a € B, (a,) such thata — a, # 0 the vector ¢ = A~ Ya — a,), with
A=la—a,|™", belongs to the ball B;(0). Notice that e € B,(0) C B1(0).
Since 7;, = A7z, > A7 't, = A7 ¢ > 1, then for any a € B;(a,) the values
vi (1, a — a,) are defined. Thus, the functions v’ (¢, @ — a,) are defined at the
point t = 1 for any a € B;(a,).
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Let us show that the functions z/(a) = v'(1,a — a,), Ya € B.(a,) satisfy
the equations

. oz
13
Rj(a) = vy

— fi(a,z(a)) = 0, Ya € B (a,).

For this purpose the functions S; (1) = tRi]. (a,+te),wheree = a—a, € B (0),
are studied. ' '
First one can obtain some useful identities. Notice that

Z'(a, +te) = v (1, re) = V' (1, e).

Differentiating these equalities with respect to 7, and using equations (2.38),
one has

p 07 B i
e’'—-(a,+te) =e¢ fﬁ(ao +te, z{a, + te)),
dal

which at the point # = 1 become

(a () da /3 )fﬁ(a Z(Cl))
Differentiating these relations with respect to the coordinate a/, one obtains
B
Ba/ >8af‘a/ (a) =

fita. z(@) + (@” —aé‘)( L a, 2(@) + 2L (a, 2a) (mz(a))).

f]’ (a, z(a))—l—R; (a) into these equations,

).

Because of the definition S’}- (t) = tRi]-(aO + te), at the point a = a, + te the
last equations are ' '

they become

(al3 a())daﬁa]( )

—R(@) + (a# — af) (aa, (@, 2(a)) + 22

Ba/

tef (35/23;/3 (ao + l€)> = _Rl (a, +te) + teﬁ (ao + te)+

(2.39)
of (S}’ )+ 1f7 (a0 + te)) Ui (ay +10),

From another point of view, differentiating the relations tR’}(ao + te) =

S ’/ (t) with respect to ¢, one obtains

asi 2 of! f"
I _ pi B

dt daidaP  daP
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Using (2.39), these equations are reduced to the equations

dsi(t) of; of; af af;
GNP Bl B B
e (a +(Ry+fﬁ >+ ( 527 (Sy+rf )azy)'

Changing tR"]. with § ’] (1), one finds

dS}O) ﬁSV fl ﬁsyafﬂJr re <%+f?’a_flé af’ 8f})

di Fazy 7 9zv dal 77 3zv 3aP — /i dzv
Because of the relations (2.37), one finds that the functions Sii(t) satisfy the

problem . _ .
as; _ _e,s( SOl 0]

st 2L g7 P §h) =0.
dt Bazy ]82)’) J()

By virtue of the uniqueness of the solution of this problem, one finds that
S’j(t) =0or R’/.(a) =0.
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