
Chapter 1

Spherical Symmetry

Chapter summary: In the first book of Visual Quantum Mechanics, we considered
mainly one- and two-dimensional systems. Now we turn to the investigation of
three-dimensional systems. This chapter is devoted to the very important special
case of systems with spherical symmetry.

In the presence of spherical symmetry, the Schrödinger equation has solutions
that can be separated into a product of a radial part and an angular part. In this
chapter, all possible solutions of the equation for the angular part will be determined
once and for all.

We start by discussing symmetry transformations in general. In quantum me-
chanics, all symmetry transformations may be realized by unitary or antiunitary
operators. We define the unitary transformations corresponding to rotations of a
particle in R

3. Their self-adjoint generators are the components of the orbital angu-
lar momentum L. We describe the angular-momentum commutation relations and
discuss their geometrical meaning.

A quantum system is called invariant under a given symmetry transformation
if the Hamiltonian commutes with the corresponding unitary operator. A particle
moving under the influence of a potential V (x) is a spherically symmetric system
(invariant under rotations) if the potential function depends only on the distance
r from the origin. Spherical symmetry implies the conservation of the angular mo-
mentum and determines the structure of the eigenvalue spectrum of the Hamiltonian
(degeneracy). The square L2 and any component Lk of the angular momentum can
be diagonalized simultaneously with the Hamiltonian of a spherically symmetric
system. The structure of the common system of eigenvectors can essentially be de-
rived from the angular-momentum commutation relations. In general, the possible
eigenvalues of the angular-momentum operators are characterized by integer and
half-integer quantum numbers. It turns out, however, that only integer quantum
numbers occur in case of the orbital angular momentum.

The eigenvalues and eigenfunctions (spherical harmonics) of the orbital angular
momentum are then determined explicitly. The spherical harmonics are the energy
eigenfunctions of a particle whose configuration space is a sphere (rigid rotator). The
rigid rotator can serve as a simple model for a diatomic molecule in its vibrational
ground state.

The restriction of the eigenvalue problem to an angular-momentum eigenspace
reduces the Schrödinger equation to an ordinary differential equation. We conclude
the chapter with a brief discussion of this so-called radial Schrödinger equation.
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2 1. SPHERICAL SYMMETRY

1.1. A Note on Symmetry Transformations

1.1.1. Rotations as symmetry transformations

Consider a physical system S in three-dimensions, for example, a few par-
ticles moving under the influence of mutual and external forces. The state
of S is described with respect to a given coordinate system I in terms of
suitably chosen coordinates x ∈ R

3. We remind the reader of the following
basic assumption.

Homogeneity and isotropy of space:

No point and no direction in R
3 is in any way physically distinguished.

Therefore, the behavior of physical systems should not depend on the
location of the experimenter’s lab or its orientation in space (principle
of relativity).

In order to test the isotropy of space, we can perform an experiment
with the physical system S in the coordinate system I and then repeat the
experiment in a rotated coordinate system I ′. This can be done in several
different ways (see Fig. 1.1).

(1) Rotate the system and the observer. This procedure consists in
rotating the whole experimental setup: the system S (the particles, the
external forces, the devices for preparing the initial state) and the observer
(the measurement devices). The isotropy of space means that with respect
to the rotated frame of reference I ′, the system behaves exactly as it did in
I. The mathematical description is exactly the same as before. The only
difference is that the coordinates now refer to the new coordinate frame I ′.

(2) Rotate the system but not the observer (active transformation).
Now the rotated physical system has to be described by an observer in the
old coordinate frame I. The motion of the system S will look different,
and the observer has to change the mathematical description (in particular,
the numerical values of the coordinates). From the point of view of the
observer, the rotation changes the state of the system. Hence, the rotation
corresponds to a transformation T in the state space of S. We say that the
transformation T is a representation of the rotation in the state space of the
system.

(3) Rotate the observer but not the system (passive transformation).
This procedure is equivalent to procedure (2), but in the mathematical de-
scription, T has to be replaced by the inverse transformation. This can be
seen as follows: With respect to the new coordinates in I ′ (that is, from
the point of view of a rotated observer), the states of the physical system
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Figure 1.1. Symmetry transformations of a physical sys-
tem. (1) Both the physical system S and the frame of ref-
erence I are transformed. The behavior of the system and
the mathematical description remain unchanged (principle of
relativity). (2) The system is transformed with respect to a
fixed coordinate frame I. The states of the system undergo
a transformation T . (3) The frame I is transformed, the sys-
tem is left unchanged. T−1 maps the states in I to the states
in I ′.

appear to be transformed by a mapping T ′. Now we can perform an active
transformation by T , as described in (2), and we end up with situation (1):
Both the physical system and the observer are rotated to I ′, and by the
principle of relativity the behavior in I ′ is the same as it was in I. Hence,
the transformation T ′ followed by the transformation T gives the identity. A
similar argument applies to T followed by T ′. We conclude that T ′ = T−1.

In the following, we prefer the “active” point of view expressed in (2).
We choose a fixed coordinate system and perform rotations with the objects.
Let us assume that an experiment changes the system’s initial state A to a
certain final state B (with respect to the coordinate frame I). The rotated
system has the initial state A′ = T (A) (again with respect to I). Repeating
the experiment with the rotated system changes its state into B′. What is
the relation between the final states B′ and B? The principle of relativity
states that the rotation does not change the physical laws that govern the
system, that is, the mechanism relating the initial and the final state. Hence,
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the same relation that holds for the initial states must also hold for the final
states: B′ = T (B).

If the properties of the system depend on its orientation, then some
additional influence would alter the transition to the final state, and B′
would in general be different from T (B). The same is true if not everything
that is relevant to the behavior of the system is transformed in the same
way. For example, one rotates the particles but not the external fields. In
this case, the system is subject to a changed external influence, and the final
state B′ of the rotated system will differ from the rotated final state T (B)
of the original system.

The discussion above applies not only to rotations but also to other
transformations of the system. In general, a symmetry transformation need
not be related to geometry (an example is the exchange of two identical
particles, see Section 5.9). Let us try to give a general (but somewhat vague)
definition of a symmetry transformation.

A symmetry transformation of a physical system is an invertible trans-
formation T that can be applied to all possible states of the system such
that all physical relations among the states remain unchanged.

The mathematical description of a symmetry transformation T depends
on how the states are described in a physical theory. The next section shows
how symmetry transformations are implemented in quantum mechanics.

1.1.2. Symmetry transformations in quantum mechanics

Quantum states are usually described in terms of vectors in a Hilbert space
H. But the correspondence between vectors and states is not one-to-one.
For a given vector ψ, all vectors in the one-dimensional subspace (ray)

[ψ] = {λψ | λ ∈ C} (1.1)

represent the same state. Hence, the mathematical objects corresponding to
the physical states are rays rather than vectors.

The set of states:

A quantum state of a physical system is a one-dimensional subspace [ψ]
of the Hilbert space H of the system. The set of all possible quantum
states will be denoted by Ĥ,

Ĥ = {[ψ] | ψ ∈ H} (1.2)



1.1. A NOTE ON SYMMETRY TRANSFORMATIONS 5

In linear algebra, the set of one-dimensional subspaces of a linear space
is called a projective space.

Exercise 1.1. If ψ and λψ both represent the same state, and if φ and
µφ both represent some other state, why do ψ + φ and λψ + µφ in general
represent different states?

In quantum mechanics, all experimentally verifiable predictions can be
formulated in terms of transition probabilities. The transition probability
from a state [φ] to a state [ψ] is defined by

P ([φ]→[ψ]) = |〈ψ, φ〉|2 = P ([ψ]→[φ]), (1.3)

where φ and ψ are arbitrary unit vectors in [φ] and [ψ], respectively. Tran-
sition probabilities may be regarded as the basic physically observable rela-
tions among quantum states.

Hence, the basic requirement for a symmetry transformation is that the
transition probability between any two states should be the same as between
the corresponding transformed states.

Definition:

A symmetry transformation in quantum mechanics is a transformation
of rays that preserves transition probabilities. More precisely, a map
T : Ĥ → Ĥ is a symmetry transformation if it is one-to-one and onto and
satisfies

P (T [φ]→T [ψ]) = P ([φ]→[ψ]) for all states [φ] and [ψ]. (1.4)

1.1.3. Realizations of symmetry transformations

Instead of working with rays, it is more convenient to describe symmetry
transformations in terms of the vectors in the underlying Hilbert space.
Consider, for example, a unitary or antiunitary1 operator U in the Hilbert
space H. The operator U induces a ray transformation in a very natural way.
To this purpose, choose a vector ψ representing the state [ψ] and define the
ray transformation Û associated with the operator U by

Û [ψ] = [Uψ]. (1.5)

Û transforms the ray [ψ] into the one-dimensional subspace spanned by the
vector Uψ.

1An antiunitary operator A is a one-to-one map from H onto H which is antilinear,
that is, A(αψ +βφ) = α A(ψ)+β A(φ), and satisfies 〈Aψ, Aφ〉 = 〈φ, ψ〉, whereas a unitary
transformation U is linear and satisfies 〈Uψ, Uφ〉 = 〈ψ, φ〉.



6 1. SPHERICAL SYMMETRY

Exercise 1.2. Show that it follows from the linearity or antilinearity of
U that the definition (1.5) does not depend on the chosen representative ψ.

A unitary operator U leaves the scalar product invariant, and hence the
corresponding ray transformation Û must be a symmetry transformation.
The same is true for an antiunitary operator, which does not change the
absolute value of the scalar product.

The following famous theorem due to Eugene P. Wigner states that uni-
tary and antiunitary operators are in fact the only ways to realize symmetry
transformations.

Theorem of Wigner:

Every symmetry transformation T in Ĥ is of the form

T = Û , where U is either unitary or antiunitary in H. (1.6)

Two operators U1 and U2 representing the same symmetry transforma-
tion differ at most by a phase factor,

U1 = eiθ U2, for some θ ∈ [0, 2π). (1.7)

In particular, U1 and U2 are either both unitary or both antiunitary.

Ψ The investigation and classification of the possible symmetry transfor-
mations has played an important role in mathematical physics. For

example, according to the special theory of relativity, a relativistic system
must admit the Lorentz transformations as symmetry transformations. It
must be possible to implement all (proper orthochronous) Lorentz transfor-
mations as unitary operators in the corresponding Hilbert space. This im-
poses some restrictions on the possible choices of Hilbert spaces and scalar
products for relativistic systems. In fact, the theory of group representa-
tions allows one to classify all possible relativistic wave equations and their
associated Hilbert spaces (scalar products).

1.1.4. Invariance of a physical system

A symmetry transformation of the states also induces a similarity transfor-
mation of the linear operators in the Hilbert space of a physical system. Let
U be a unitary or antiunitary operator representing a given symmetry trans-
formation. Assume that two vectors φ and ψ are related by the equation
φ = Aψ, where A is a linear operator. After the symmetry transformation,
the transformed states are related by

Uφ = UAψ = UAU−1Uψ. (1.8)
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Here, we have inserted the operator U−1U = 1 (unitarity condition). Hence,
the corresponding relation between the transformed vectors Uφ and Uψ
is given by the linear operator UAU−1. We see that after applying the
symmetry transformation, an operator A has to be replaced by the operator
UAU−1.

Exercise 1.3. Prove that UAU−1 is self-adjoint, whenever A is self-
adjoint and U is unitary or antiunitary.

Exercise 1.4. Explain in what sense the expectation value of an observ-
able is invariant under symmetry transformations.

Sometimes an observable might be unchanged by a given symmetry
transformation. In such a case the operator is said to be invariant. This
is often very useful information about the system. A physical system for
which the Hamiltonian operator itself is invariant is said to possess a sym-
metry or invariance.

Definition:

A physical system is invariant under a symmetry transformation U (or
symmetric with respect to U) if the Hamiltonian H of the system has
the property

H = UHU−1. (1.9)

The symmetry transformation U is called an invariance transformation
of the system represented by H. Invariance transformations are usually very
helpful for the solution of the Schrödinger equation. In this chapter, we
want to investigate systems that are invariant under rotations (spherically
symmetric). But first we have to describe the unitary operators correspond-
ing to rotations, and their self-adjoint generators, the angular-momentum
operators.

1.2. Rotations in Quantum Mechanics

1.2.1. Rotation of vectors in R
3

Rotations in the three-dimensional space R
3 are described by orthogonal 3×3

matrices with determinant +1. You are perhaps familiar with the following
matrix that rotates any vector through an angle α about the x3-axis of a
fixed coordinate system

R(α) =


cos α − sin α 0

sin α cos α 0
0 0 1


 , α ∈ R. (1.10)
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There are similar matrices for rotations about the other coordinate axes. An
arbitrary rotation can be most intuitively characterized by a rotation vector
α = αn, where α specifies the angle of the rotation, and the unit vector n
gives the axis (here the sense of the rotation is determined by the right-hand
rule). We consider only rotation angles α with −π < α ≤ π because the
angles α + 2πk (with k an integer) may be identified with α. Moreover, a
rotation through a negative angle about the axis n is the same as a rotation
through a positive angle about the axis defined by −n. Hence, it is sufficient
to consider rotation angles α in the interval [0, π].

The elements of the 3× 3 rotation matrix R(α) are given by

R(α)ik = δik cos α + ni nk (1− cos α)−
3∑

m=1

εikm nm sin α. (1.11)

Here, we have used the Kronecker delta symbol δik and the totally antisym-
metric tensor εikm, which are defined by

δik =

{
1, if i = k,
0, if i �= k.

(1.12)

εikm =




1, if (i, k, m) is a cyclic permutation of (1, 2, 3),
−1, for other permutations,
0, else.

(1.13)

Any rotation matrix has determinant 1 and is orthogonal, that is, the trans-
posed matrix is equal to the inverse:

R(α)� = R(α)−1. (1.14)

Exercise 1.5. Show that (1.35) can be written as

[Lj , Lk] = i�
3∑

m=1

εjkm Lm. (1.15)

Exercise 1.6. Show that an orthogonal transformation leaves the Eu-
clidean scalar product invariant.

Exercise 1.7. What sort of transformation is described by an orthogonal
matrix with determinant −1?

Exercise 1.8. Verify that the matrices R(α) given by (1.10) form a
commutative group under matrix multiplication. In particular:

R(0) = 13, R(α)R(β) = R(α + β), α, β ∈ R. (1.16)

Exercise 1.9. Prove that rotations around different axis in general do
not commute.
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Exercise 1.10. Verify that (1.11) reduces to (1.10) for n = (0, 0, 1).

Exercise 1.11. Prove the following formulas for the Kronecker delta
and the totally antisymmetric tensor:∑

m

εklm εijm = δki δlj − δkj δli, (1.17)

∑
l,m

εklm εilm = 2δki, (1.18)

∑
k,l,m

εklm εklm = 6. (1.19)

Ψ The set of all rotation matrices R(α) forms a (non-commutative)
group. In particular, the composition of any two rotations is again

a rotation. Mathematically, the composition of rotations is described by the
product of the corresponding rotation matrices. The elements of the rota-
tion group can be characterized by their coordinates α = (α1, α2, α3). The
set of all possible coordinates α forms a sphere with radius π in R

3. Note
that the matrix elements depend smoothly (analytically) on the parameters
α. Such a group is called a Lie group. It is a group and a differentiable
manifold at the same time. The rotation group is denoted by SO(3), which
means “special orthogonal group in three dimensions” (“special” refers to
the fact that the determinant is +1). The sphere with radius π in R

3 is a
useful coordinate space for the rotation group. Every element of the rotation
group is uniquely labeled by a rotation vector inside or on that sphere. The
sphere is an image of the group manifold. It has unusual topological prop-
erties because two points on the surface of the sphere that are connected by
a diameter correspond to the same group element (why?) and have to be
identified.

CD 1.1 explores the rotation group. The group manifold is visually
represented by the coordinate sphere. Any rotation is visualized by
the rotation vector α and by the orientation of a rectangular box to
which the rotation is applied. The movies show how the orientation
of the box changes as the rotation vector moves through the group
manifold on straight lines or on closed circles. As a topological space,
the group manifold is not simply connected: there are closed orbits
that cannot be continuously deformed into a point.
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Figure 1.2. A rotation x → R(α)x maps a wave function
ψ to ψ′ = U(α)ψ. The value of the rotated function ψ′ at a
point x is given by the value of ψ at the point R(α)−1x.

1.2.2. Rotation of wave functions

The wave functions considered here are complex-valued functions of the
space variable x. Such a function can be rotated by applying a linear oper-
ator U(α) defined by: (

U(α) ψ
)
(x) = ψ

(
R(α)−1x

)
. (1.20)

Here, R(α) is the rotation matrix defined in (1.11). Figure 1.2 explains
why we use the inverse rotation matrix in the argument of the function we
want to rotate. The operator U(α) acts on wave function by a rotation in
the literal sense. That is, the “cloud” of complex values that represents the
wave function simply gets rotated according to the rotation vector α.

The rotations of a box in CD 1.1 can also be interpreted as the
rotation of a wave function. Just take the box as an isosurface of
some square-integrable wave function ψ, or as the outline of the
characteristic function of the box-shaped region. The action of U(α)
on the wave function ψ just appears as the action of the ordinary
rotation R(α) on the box.

For any rotation α, the operators U(α) are unitary in the Hilbert space
L2(R3). The rotations around a fixed axis form a so-called one-parameter
strongly continuous unitary group. Consider, for example, the rotations
about the x3-axis (see Exercise 1.8). The rotation vector is of the form
α = (0, 0, α) with −π ≤ α ≤ π. We write U(α) = U(α) and extend the
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definition of U to arbitrary real arguments by U(α± 2π) = U(α). Then we
find for all real numbers α and β,

U(α)† = U(α)−1 = U(−α), U(0) = 1, U(α) U(β) = U(α + β). (1.21)

We refer to Appendix A.6 and to Book One for more details about unitary
groups and their self-adjoint generators.

Exercise 1.12. Let U(α), α ∈ R, describe the rotations around the x3-
axis in space. Using Exercise 1.8, prove that these operators form a unitary
group.

Exercise 1.13. For differentiable functions ψ, and for operators U(α)
as in the previous exercise, show that

∂

∂α

(
U(α) ψ

)
(x)

∣∣∣∣
α=0

=
(
x2

∂

∂x1
− x1

∂

∂x2

)
ψ(x) = −i L3 ψ(x). (1.22)

Exercise 1.13 above shows that the operator

L3 = i�
(
x2

∂

∂x1
− x1

∂

∂x2

)
(1.23)

is the generator of rotations around the x3-axis. The operator L3 is the third
component of the angular-momentum operator L defined in Book One (see
also (1.30) below).

If ψ is a differentiable wave function (in the domain of L3), then its
dependence on the angle of rotation can be described by the differential
equation

i�
∂

∂α
ψ(x, α) = L3 ψ(x, α). (1.24)

This equation is completely analogous to the Schrödinger equation for the
time evolution. We can write

U(α) = exp
(
− i

�
L3 α

)
. (1.25)

Similar results hold for the rotations about the x1- and x2-axes and the
components L1 and L2 of the angular momentum.

The components L1, L2, and L3 of the angular-momentum operator L
are the infinitesimal generators of the rotations about the x1, x2, and
x3-axis.
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1.3. Angular Momentum

1.3.1. Angular momentum in classical mechanics

An observable that is intimately connected with rotations—both in classical
and in quantum mechanics—is angular momentum. A classical particle that
is at the point x with momentum p has angular momentum

L = x× p =


x2p3 − x3p2

x3p1 − x1p3

x1p2 − x2p1


 . (1.26)

The angular-momentum vector is always perpendicular to the plane spanned
by the position vector x and the momentum vector p. In the classical Hamil-
tonian formalism, the angular momentum generates the canonical transfor-
mations describing the rotations of the system. The angular momentum is
a constant of motion whenever the equation of motion is invariant under
rotations. (This is a special case of Noether’s theorem.)

CD 1.2 shows the classical angular momentum in various situations
with spherical symmetry: circular motion (see also Figure 1.3), mo-
tion along a straight line, and the Coulomb motion. The angular
momentum vector is perpendicular to the plane of motion and is
conserved whenever the coordinate origin coincides with the center
of spherical symmetry.

Exercise 1.14. A classical particle moves with constant velocity on a
straight line. Show that its angular momentum is constant in time.

Exercise 1.15. A classical particle with mass m performs a circular
motion around the coordinate origin, as in Figure 1.3. Show that its angular
momentum has the value

L = Iω, (1.27)
where I = mr2 is the moment of inertia, r is the radius of the circle, and ω
is the angular velocity.

Exercise 1.16. Show that the kinetic energy of the particle in the pre-
vious exercise can be written as

E =
1

2m
L2

r2
=

L2

2I
. (1.28)

1.3.2. Angular momentum in quantum mechanics

One can define the angular momentum in quantum mechanics as the operator
corresponding to the classical expression (1.26) via the usual substitution
rule. According to this heuristic rule, the transition to quantum mechanics
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Figure 1.3. The angular-momentum vector for a particle
moving with constant angular speed on a circle with center
at the origin is a conserved quantity. Its magnitude is the
product of the radius and the linear momentum, its direction
is perpendicular to the plane of motion and determined by the
right-hand rule: You are looking in the direction of L, when
the motion is clockwise. (CD 1.5.4 is an animated version of
this figure.)

is made by substituting linear operators acting on wave functions for the
classical quantities p and x. The classical momentum p is replaced by
the differential operator p = −i�∇, and the position x is replaced by the
operator of multiplication with x,

xi −→ multiplication by xi, pi −→ −i�
∂

∂xi
. (1.29)

An application of this rule leads to the angular-momentum operator2

L = −i�x×∇ = x× p, (1.30)

which is perhaps familiar from Book One. This observable is also called
the orbital angular momentum in order to distinguish it from other types
of angular momentum (to be described later). The components of the “vec-
tor operator” L contain products of position and momentum operators, for
example, L1 = x2p3 − x3p2. The order of the position and momentum op-
erators does not matter here, because xi and pj commute for i �= j, and
therefore the substitution rule is unambiguous (as explained in Book One).

2Usually, we denote the quantum mechanical operators by the same letter as the
corresponding classical quantities.
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As a generalization of the results in Section 1.2.2, we obtain the following
connection between the angular momentum L and the unitary operators
U(α) describing rotations in quantum mechanics:

Rotations about a fixed axis:

With a given unit vector n, define for an arbitrary wave function ψ the
rotated wave function

ψ(x, α) = U(αn) ψ(x) = ψ
(
R(αn)−1x

)
(1.31)

(rotation through the angle α about the axis defined by the unit vector
n). If ψ is differentiable, then it satisfies the equation

i�
∂

∂α
ψ(x, α) = n · L ψ(x, α). (1.32)

The self-adjoint operator n·L is thus the generator of the rotations about
a fixed axis, and the unitary group can be written as

U(αn) = exp
(
− i

�
αn · L

)
. (1.33)

1.3.3. Commutation relations of the angular-momentum
operators

The individual components of the angular momentum L do not commute.
Instead, we find, by an explicit calculation, the following result.

Angular-momentum commutation relations:

The three components of the angular-momentum operator

L = −i�x×∇ (1.34)

satisfy the angular-momentum commutation relations

[L1, L2] = i�L3, [L2, L3] = i�L1, [L3, L1] = i�L2. (1.35)

As a consequence of the angular-momentum commutation relations, it is
impossible to prepare a state where the values of all three components can
be predicted with arbitrary accuracy. The product of the uncertainties of
two components is related to the expectation value of the third component,
as you can see from Eq. (A.12) in Appendix A. Hence, you have to be very
cautious when you try to depict the angular momentum as an arrow as in
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classical mechanics. Closely related to the angular momentum in a state ψ
is the vector

Lav = (〈L1〉ψ, 〈L2〉ψ, 〈L3〉ψ), (1.36)
whose components are the expectation values of the three angular-momen-
tum operators. This vector describes a statistical property of an ensemble
of quantum systems. For an individual system, the components of L simply
do not have sharp values simultaneously.

Exercise 1.17. Determine the commutation relations between the com-
ponents of the angular-momentum operator and the components of the posi-
tion and momentum operators,

[L3, x1] = i� x2, etc. (1.37)

Exercise 1.18. Compute the angular-momentum commutation relations
from the result of the previous exercise, using the algebraic rules for commu-
tators, in particular, [A,BC] = B[A,C] + [A,B]C.

Exercise 1.19. Prove the operator identities

p · L = 0, x · L = 0, (1.38)

L× L = i�L, (1.39)
[n · L,v] = i�v × n, (1.40)

where n is a unit vector and v is any of the operators x, p, or L.

The angular-momentum commutation relations are deeply connected
with the properties of the rotation group. This is the topic of the next
section.

1.3.4. The meaning of the angular-momentum commutation
relations

The reason that the components of the angular momentum do not commute
lies in the local structure of the group of rotations. It is an elementary
observation, that two rotations about different axes do not commute.

CD 1.3.1 shows that the final orientation of a body depends on the
order of the rotations applied to it.

Let us now consider the noncommutativity of small rotations. We denote
by Rx(α), Ry(α), and Rz(α) the matrices describing rotations about the x-,
y-, and z-axis, respectively. The noncommutativity of the rotations about
different axis means, for example, that

Rx(α)Ry(α) �= Ry(α)Rx(α). (1.41)
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Now, consider the following matrix

M(α) = Rx(α)Ry(α)−Rz(α2)Ry(α)Rx(α). (1.42)

The matrix M(α) describes the difference between two operations. Each
operation is a composition of rotations. We insert the explicit expressions
for the rotation matrices and compute the matrix product. Thus, we obtain
the explicit form of the matrix M(α) by a little calculation (made easy with
the help of a computer algebra system). Expanding the matrix elements of
M(α) in power series with respect to α (around α = 0), we obtain

M(α) =
α3

2!


0 0 −1

0 0 −1
1 1 0


 + O(α4). (1.43)

What does this result mean? It means that whenever α is small, then M(α)
is very small. For small angles, the operations in (1.42) are thus comparable:

Rx(α)Ry(α) ≈ Rz(α2)Ry(α)Rx(α), (1.44)

up to terms of order α3.

Hence, a small rotation through an angle α2 about the z-axis corrects the
noncommutativity of the x- and y-rotations up to terms of third order in α.

CD 1.3.2 shows the difference between the final orientations of a body
to which rotations about the x- and y-axes are applied in different
order. If the angle α is small enough, then the final orientations
differ only by a rotation about the z-axis through an angle α2.

This property of the rotation group now must also be true for the ro-
tations performed on wave functions. Hence, there has to be a relation
analogous to (1.44) between the unitary groups generated by the angular-
momentum operators L1, L2, and L3. For small α we expect, by analogy
with (1.44), something like

e−iL1α e−iL2α = e−iL3α2
e−iL2α e−iL1α + “a small correction”. (1.45)

(We choose units with � = 1 in order to simplify the notation.) Formally,
we can approximate the exponential functions by the lowest-order terms of
the power series

e−iL1α = 1− iL1α−
1
2

L2
1 α2 + . . . , (1.46)

and similarly for L2 and L3. We insert these expansions into (1.45) and
multiply everything out. Assuming that α is small, we keep only the terms
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up to the order α2. After cancellation of the terms that are linear in α, the
right and left sides of (1.45) become

−L1L2 α2 = −(iL3 + L2L1) α2α2 + O(α3). (1.47)

We conclude that (1.45) is accurate for small α up to terms of order α3 if
and only if the generators L1, L2, and L3 satisfy the commutation relation

[L1, L2] = iL3. (1.48)

The angular-momentum commutation relations are an unavoidable conse-
quence of the noncommutativity of rotations.

Ψ The power series expansion of the exponential function converges in
the operator norm if the generator is a bounded operator. In the

Hilbert space L2(R3), the angular-momentum operators are unbounded, and
the expansion (1.46) makes sense only on a dense set of so-called analytic
vectors. We omitted these details here for the sake of a short heuristic
argument. But the above derivation of the commutation relations is rigorous
for unitary representations in finite dimensional Hilbert spaces. See, for
example, Section 4.4.2.

1.4. Spherical Symmetry of a Quantum System

1.4.1. Conservation of angular momentum

A physical system with Hamiltonian H is called invariant under rotations
or spherically symmetric whenever H commutes with the unitary rotation
operators U(α) = exp(−iα · L/�) defined in (1.20), that is, whenever

U(α) H U(α)−1 = H, for all angles α = αn. (1.49)

For the quantum systems considered in this book, H commutes with rota-
tions whenever H commutes with the generators of rotations, the angular-
momentum operators:

[H,Lk] = 0, for k = 1, 2, 3, or simply [H,L] = 0. (1.50)

In the same way that H does not change under rotations, the components
of L do not change under the time evolution,

e−iHt/� L eiHt/� = L, (1.51)

that is, the angular momentum is a conserved quantity, a constant of motion.
In classical mechanics, the close connection between symmetries and

conservation laws is known as Noether’s theorem. Classically, as well as
quantum mechanically, the physical quantity that is conserved during the
time evolution of a spherically symmetric system is the angular momentum.
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Ψ As usual, it is understood that a commutation relation like (1.50) holds
on a suitable dense domain that is left invariant by the operators H

and Lk. One may take, for example, the set S(R3) of rapidly decreasing
smooth functions introduced in Book One, Section 7.7.1. We also note that
the commutativity of unbounded self-adjoint operators is actually defined by
the commutativity of the unitary groups (see also Book One, Section 6.11).
The relation [H,Lk] = 0 on a dense domain implies the commutativity only
if additional conditions are met, which are usually satisfied for the systems
considered here.

1.4.2. Spherically symmetric potentials

If the Hamiltonian is of the particular form H = H0 +V (x), where H0 is the
free-particle Hamiltonian and V (x) is a potential, then the physical system is
spherically symmetric whenever the potential V is spherically symmetric. A
potential V (x) is spherically symmetric if it does not depend on the direction
of x, but only on the distance of the point x from the origin. We write

V (x) = V (r), where r =
√

x2
1 + x2

2 + x2
3 = |x|. (1.52)

Thus, a potential is spherically symmetric if its isosurfaces (the surfaces over
which V is constant) are concentric spheres around the origin. The line of
action of the corresponding force field

F(x) = −∇V (r) = −
( d

dr
V (r)

) x
r

(1.53)

always passes through the coordinate origin (see Fig. 1.4), and the strength
of the force does not depend on the direction of x.

Ψ To a mathematician, Eq. (1.52) constitutes a slight abuse of notation,
which is, however, very common in physics. Two different functions are

denoted by the same letter V (one function depends on the three variables
x = (x1, x2, x3), the other is a function of the single variable r). In physics,
the notation often emphasizes the physical quantity and not the explicit
function describing its dependence on other quantities.

The most important example of a spherically symmetric potential is the
Coulomb potential. It describes the electrostatic energy of an electron in the
field of an atomic nucleus. The Schrödinger equation for this system will be
solved in Chapter 2.

In the presence of spherical symmetry, the Schrödinger equation can be
simplified by the separation of variables technique. This technique seeks a
solution in the form of a product of three functions, one depending on the
radial variable r and the others on angular variables ϑ and ϕ. In that way,
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Figure 1.4. Example of a spherically symmetric force field.
The line of action always passes through the coordinate ori-
gin.

the eigenvalue equation (a partial differential equation) splits into three ordi-
nary differential equations, one for each variable. The spherically symmetric
potential V (r) enters only the equation for the radial part of the wave func-
tion, whereas the equations involving the angular variables ϑ and ϕ are the
same for all systems with spherical symmetry. In this chapter, we are going
to determine the possible solutions of the angular equations once and for all.

CD 1.4 presents three-dimensional views of an attractive harmonic
oscillator force and a repulsive Coulomb force.

Exercise 1.20. Show that the Hamiltonian for a particle in a spherically
symmetric potential commutes with all components of the angular-momen-
tum operator.

1.4.3. Symmetry and degeneracy

A major step in the solution of the Schrödinger equation is to determine
whether the Hamiltonian operator admits eigenstates. An eigenstate or
eigenvector of H is a nonzero square-integrable function ψ for which there
exists a number E (called an eigenvalue) such that

H ψ(x) = E ψ(x). (1.54)
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An eigenvector of the energy operator leads immediately to a stationary
solution of the Schrödinger equation

ψ(x, t) = e−iEt/� ψ(x), (1.55)

for which the time-dependence is only a phase factor (with absolute value =
1), so that predictions of physical properties do not depend on time.

It is important to note that the invariance under a symmetry transforma-
tion may be related to a degeneracy of eigenvalues. An eigenvalue E is called
degenerate if there are several linearly independent eigenvectors belonging
to that eigenvalue. The subspace spanned by all these eigenvectors is called
the eigenspace belonging to that eigenvalue. The dimension of the eigen-
space is called the degree of degeneracy by physicists and the multiplicity
by mathematicians.

Even if a Hamiltonian operator H is invariant under a symmetry trans-
formation U , an eigenvector ψ need not be invariant. However, if ψ is an
eigenvector of H, belonging to the eigenvalue E, then the transformed vector
Uψ is again an eigenvector of H belonging to the same eigenvalue. This can
be seen as follows:

HUψ = (UHU−1)Uψ = UHψ = UEψ = EUψ. (1.56)

Hence, the eigenspace of E is invariant under the transformation U , that is,
Uψ is in that eigenspace whenever ψ is.

Next, we consider the eigenvector ψ belonging to a non-degenerate eigen-
value of H. An eigenvalue is non-degenerate if the corresponding eigenspace
is one-dimensional. A symmetry transformation U that leaves the eigen-
spaces of H invariant must turn ψ into a vector Uψ in the same (one-dim-
ensional) eigenspace. Hence, Uψ is simply a multiple of ψ, and we may
write Uψ = λψ with some complex number λ. But |λ| = 1 because U is
unitary. An eigenstate belonging to a non-degenerate eigenvalue is invariant
(up to a phase factor). In the case of spherical symmetry this means that
for non-degenerate energies the corresponding eigenfunctions are spherically
symmetric.

Likewise, the eigenspaces of the angular-momentum operators (the an-
gular-momentum subspaces) are invariant under the time evolution gener-
ated by a spherically symmetric Hamiltonian H. The operator H leaves the
eigenspace of each of the angular-momentum operators invariant. It can be a
major simplification to solve the eigenvalue problem for H in an eigenspace of
the angular-momentum operators. Thus, our next task is the investigation of
the possible angular-momentum eigenvalues and the associated eigenspaces.
This is done in the next section.
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1.5. The Possible Eigenvalues of
Angular-Momentum Operators

In this section, we present a purely algebraic approach to the solution of the
eigenvalue problem for the angular-momentum operators. For simplicity,
we work with units where � has the numerical value 1. We consider a set
of three symmetric operators J1, J2, and J3 that satisfy the commutation
relations

[J1, J2] = iJ3, [J2, J3] = iJ1, [J3, J1] = iJ2. (1.57)
A lot can be learned by studying these relations. Because of these relations,
we cannot hope to find simultaneous eigenvectors belonging to nonzero eigen-
values.

Ψ Indeed, assume that ψ is a simultaneous eigenvector of, say, J1 and J2.
Let J1ψ = m1ψ and J2ψ = m2ψ. Then we find immediately that

iJ3ψ = [J1, J2]ψ = (m1m2 −m2m1)ψ = 0.

Hence,

J3(J1 + iJ2)ψ = [J3, J1]ψ + i[J3, J2]ψ = (iJ2 − J1)ψ = (im2 −m1)ψ,

and
J3(J1 + iJ2)ψ = J3(m1 + im2)ψ = (m1 + im2)J3ψ = 0.

Hence, im2 −m1 = 0, and because the eigenvalues of symmetric operators
are always real, this implies that m1 = m2 = 0. We conclude that there are
no nontrivial simultaneous eigenvectors belonging to nonzero eigenvalues.

The square of the angular-momentum vector J = (J1, J2, J3), that is, the
operator

J2 = J2
1 + J2

2 + J2
3 (1.58)

commutes with all components Jk,

[J2, Jk] = 0, for k = 1, 2, 3. (1.59)

Hence, we could try to find simultaneous eigenvectors for the operator J2

and any one of the components, say J3. We are going to prove the following
theorem.

Theorem 1.1. Assume that there is a simultaneous eigenvector of the
commuting operators J2 and J3. Then the eigenvalue of J2 is j(j+1) where j
is one of the numbers 0, 1

2 , 1, 3
2 , 2 . . . . Moreover, there are 2j+1 eigenvectors

ψj,m of J3, such that

J2 ψj,m = j(j + 1) ψj,m, J3 ψj,m = m ψj,m, (1.60)

for m = −j,−j + 1, . . . , j − 1, j.
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Proof. We first define the operators

J± = J1 ± iJ2 (1.61)

and note the following commutation properties

[J3, J±] = ±J±, [J2, J±] = 0. (1.62)

The operators J± are not self-adjoint, but formally adjoint to each other,

J†
+ = J−, J†

− = J+. (1.63)

Their products can be expressed in terms of J2 and J3,

J+J− = J2 − J2
3 + J3, J−J+ = J2 − J2

3 − J3. (1.64)

Now, let us assume that there exists a simultaneous eigenvector ψλ
m belonging

to eigenvalues λ for J2 and m for J3:

J2 ψλ
m = λ ψλ

m, J3 ψλ
m = m ψλ

m. (1.65)

We can always multiply the eigenvector with a suitable complex constant,
and therefore we may assume that ψλ

m is normalized,

‖ψλ
m‖2 = 〈ψλ

m, ψλ
m〉 = 1. (1.66)

Next, consider the state ψ+ = J+ψλ
m. Whenever ψ+ is not the zero vector,

it is an eigenstate of J3 belonging to the eigenvalue m+1. This follows from
the commutation property (1.62):

J3 ψ+ = J3J+ ψλ
m = (J+J3 + [J3, J+])ψλ

m = (J+J3 + J+) ψλ
m

= (J+m + J+) ψλ
m = (m + 1) J+ ψλ

m

= (m + 1) ψ+. (1.67)

The vector ψ+ is still an eigenvector of J2 belonging to the same eigenvalue
λ, because J+ commutes with J2:

J2 ψ+ = J2J+ ψλ
m = J+J2 ψλ

m = J+ λ ψλ
m = λ J+ ψλ

m = λ ψ+. (1.68)

An analogous observation holds for the state J−ψλ
m. Either this vector is

the zero vector, or it is a simultaneous eigenstate with eigenvalues m− 1 for
J3 and λ for J2. In order to determine the norm of the vectors J±ψλ

m, we
perform the following calculation

‖J±ψλ
m‖2 = 〈J± ψλ

m , J± ψλ
m〉

= 〈ψλ
m , J∓ J± ψλ

m〉 by (1.63)

= 〈ψλ
m , (J2 − J2

3 ∓ J3) ψλ
m〉 by (1.64)

= λ−m2 ∓m. (1.69)
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From ‖J±ψλ
m‖2 ≥ 0 it follows immediately that

λ ≥ m2 ±m = m(m± 1). (1.70)

Moreover, we find that J+ ψj,m = 0 if and only if λ−m2 −m = 0, that is,

J+ ψλ
m = 0 if and only if λ = m(m + 1), (1.71)

and similarly,

J− ψλ
m = 0 if and only if λ = m(m− 1). (1.72)

Now it is easy to determine the possible values for λ and m. Whenever we
have a simultaneous eigenvector of J2 and J3 with eigenvalues λ and m,
we can also find eigenvectors belonging to eigenvalues m + 1, m + 2, and so
forth, of J3. These eigenvectors are obtained by successive application of the
ladder operator J+. All new eigenvectors belong to the same eigenvalue λ of
J2. This process of creating new eigenvectors will stop as soon as we reach
a maximal value of m, say mmax for which J+ψλ

mmax
= 0, or equivalently, for

which
λ = mmax(mmax + 1). (1.73)

It is crucial to observe that such a maximal value mmax must exist: Oth-
erwise, we could raise the eigenvalue of J3 indefinitely until the inequality
(1.70) would be violated, thus giving a contradiction.

Similarly, using the ladder operator J−, we can lower the eigenvalue m
until we reach a minimum value mmin for which we must have

λ = mmin(mmin − 1). (1.74)

Combining Eqs. (1.73) and (1.74) we find

(mmax −mmin + 1)(mmax + mmin) = 0. (1.75)

Here, because of mmax ≥ mmin, only the second factor can be zero, that is,
mmin = −mmax. Because we can get from mmin to mmax in integer steps (by
applying the operator J+ to the corresponding eigenvectors), we find that
mmax −mmin = 2mmax must be a non-negative integer. Writing mmax = j
we find that the only allowed values of j are 0, 1

2 , 1, 3
2 , 2, and so forth. From

(1.73) we see that λ = j(j + 1).
Finally, write ψj,m instead of ψλ

m. �

Figure 1.5 visualizes the spectrum of possible simultaneous eigenvalues
of J2 and J3 according to Theorem 1.1.

Theorem 1.2. For a fixed j, all the 2j + 1 eigenvalues of J3 have the
same multiplicity k (which might be infinite). The eigenspace of J2 belonging
to the eigenvalue j(j + 1) is therefore k(2j + 1)-dimensional. This space is
invariant under the action of the operators J1, J2, and J3.
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Figure 1.5. The possible values (j, m) for the operators J2

and J3 (with j ≤ 3). Each point represents a simultaneous
eigenvector of J2 and J3. The ladder operators J± let you
jump from one point to the next in the horizontal direction,
that is, within an eigenspace of J2.

Proof. Assume that there are two orthogonal vectors ψ
(1)
j,m and ψ

(2)
j,m

both of which belong to the eigenvalues j(j + 1) of J2 and m of J3. Assume
m < j. Then J+ ψ

(1)
j,m and J+ ψ

(2)
j,m are both nonzero vectors, and

〈J+ ψ
(1)
j,m , J+ ψ

(2)
j,m〉 = 〈ψ(1)

j,m , J− J+ ψ
(2)
j,m〉

= 〈ψ(1)
j,m , (J2 − J2

3 − J3) ψ
(2)
j,m〉

=
(
j(j + 1)−m2 −m

)
〈ψ(1)

j,m , ψ
(2)
j,m〉 = 0. (1.76)

And, similarly, for m > −j we find

〈J− ψ
(1)
j,m , J− ψ

(2)
j,m〉 = 0. (1.77)

You can see that the orthogonality is preserved by the ladder operators
J+ and J−. Hence, if there are precisely k orthogonal states for some
eigenvalue m, then there are precisely k orthogonal states for all m =
−j,−j + 1, . . . , j − 1, j. For a given j there are 2j + 1 different values of m.
Because the eigenvectors belonging to different eigenvalues of a symmetric
operator are orthogonal, eigenvectors with different eigenvalues m are or-
thogonal. Therefore, the subspace spanned by all the eigenvectors belonging
to the eigenvalue j(j + 1) of the operator J2 is k(2j + 1)-dimensional. This



1.5. THE POSSIBLE EIGENVALUES OF ANGULAR-MOMENTUM OPERATORS 25

eigenspace is clearly left invariant by the operators J2, J3, and J± (an op-
erator leaves a subspace invariant if the operator maps any vector of this
subspace to a vector in the same subspace). Hence, the eigenspace of J2 is
also left invariant by the operators J1 and J2, which can be written as linear
combinations of J+ and J−. �

Our considerations in this section have shown that the possible eigen-
values of the angular momentum are characterized by angular-momentum
quantum numbers j and m that can have integer and half-integer values.
In the next section, we will find that for the orbital angular momentum
L = x × p only integer values can occur. Angular-momentum operators
with half-integer quantum numbers are nevertheless important for describ-
ing the spin of elementary particles (see Chapter 3).

Exercise 1.21. Verify the commutation relations

[J2, Jk] = 0, for k = 1, 2, 3. (1.78)

Exercise 1.22. Define the three 2× 2-matrices

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.79)

These matrices are called the Pauli matrices. They are symmetric and hence
define self-adjoint operators in the Hilbert space C

2. Verify that the opera-
tors Sj = (1/2)σj, j = 1, 2, 3, satisfy the angular-momentum commutation
relations (1.57). Show that the only eigenvalue of S2 = S2

1 + S2
2 + S2

3 is
s(s + 1) with s = 1/2.

Exercise 1.23. Show that if the operators J1, J2, J3 satisfy the commu-
tation relations [J1, J2] = i�J3, and so forth, then the possible eigenvalues of
J2 are �

2j(j +1) with j = 0, 1
2 , 1, . . ., and for each j the possible eigenvalues

of J3 are �m with m = −j,−j + 1, . . . , j.

Exercise 1.24. Let φj,j be a simultaneous eigenvector of J2 and J3, with
the maximal m = j. Assume that φj,j is normalized, ‖φj,j‖ = 1. Define

φj,m−1 =
1√

j(j + 1)−m(m− 1)
J− φj,m, m = j, j−1, . . . ,−j+1. (1.80)

Show that the vectors φj,m, m = −j,−j +1, . . . , j are normalized simultane-
ous eigenvectors of J2 and J3.



26 1. SPHERICAL SYMMETRY

x

x

x

r

ϕ

ϑ

1

3

2

Figure 1.6. Spherical coordinates on R
3. Instead of giving

the Cartesian coordinates (x1, x2, x3), we can also specify the
position of a point in R

3 by spherical coordinates (r, ϑ, ϕ).
See also CD 1.5.

1.6. Spherical Harmonics

1.6.1. Spherical coordinates

In order to determine the eigenvalues and eigenfunctions of the orbital an-
gular-momentum operators L2 and L3, it is convenient to express them as
differential operators in spherical coordinates. On R

3\{0} (three-dimension-
al space without the origin) we can introduce spherical coordinates (r, ϑ, ϕ)
as in Figure 1.6.

In a spherical coordinate system, the position of a point is specified by its
distance r from the origin, its polar angle ϑ and its azimuthal angle ϕ. The
Cartesian coordinates can be expressed in terms of the spherical coordinates
as follows

x1(r, ϑ, ϕ) = r sin ϑ cos ϕ,

x2(r, ϑ, ϕ) = r sin ϑ sin ϕ,

x3(r, ϑ, ϕ) = r cos ϑ.

(1.81)

It is often necessary to invert this formula, that is, to express the spherical
coordinates of a point in terms of its Cartesian coordinates
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r(x1, x2, x3) = |x| ∈ (0,∞),

ϑ(x1, x2, x3) = arccos(x3/|x|) ∈ [0, π],

ϕ(x1, x2, x3) = arctan(x1, x2) ∈ (−π, π].
(1.82)

Here, the function arctan of two variables is defined as

arctan(x1, x2) ≡ π θ(−x1) sgn(x2) + arctan(x2/x1). (1.83)

(This definition has to be extended by continuity for x1 → 0 and x2 �= 0.)
Here, sgn(x) is the sign of x, and θ is the step function (θ(x) = 1 for x > 0
and θ(x) = 0 for x ≤ 0).

CD 1.5.1 is an animated view of a point in a Cartesian coordinate
system similar to Figure 1.6. CD 1.5.2–4 deal with the uniform
motion of a free particle and the circular motion of the rigid rotator
and discuss the description of these systems in terms of spherical
coordinates.

At each point in R
3 \ {0}, we can define the unit vectors in the directions

of the spherical coordinate lines (these are the curves on which two of the
three spherical coordinates are held fixed)

er =(sinϑ cos ϕ, sin ϑ sin ϕ, cos ϑ) =
x
r
,

eϑ =(cos ϑ cos ϕ, cos ϑ sin ϕ,− sin ϑ) =
∂er

∂ϑ
,

eϕ =(− sin ϕ, cos ϕ, 0) =
1

sin ϑ

∂er

∂ϕ
.

(1.84)

Exercise 1.25. Using (1.84), verify the following formulas:

er · eϑ = 0,

eϑ · eϕ = 0,

eϕ · er = 0,

er · er = 1,

eϑ · eϑ = 1,

eϕ · eϕ = 1,

er × eϑ = eϕ,

eϑ × eϕ = er,

eϕ × er = eϑ.

(1.85)

At each point, the three unit vectors thus form a right-handed, orthonormal
system.

Now, if ψ(x1, x2, x3) is a wave function in Cartesian coordinates, then
the same function in spherical coordinates is obtained just by inserting the
expressions (1.81) into the arguments of ψ

φ(r, ϑ, ϕ) = ψ
(
x1(r, ϑ, ϕ), x2(r, ϑ, ϕ), x3(r, ϑ, ϕ)

)
(1.86)
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The collection of formulas is completed by giving the expression for the
gradient operator ∇ in spherical coordinates

∇̂ = er
∂

∂r
+

1
r

(
eϑ

∂

∂ϑ
+ eϕ

1
sin ϑ

∂

∂ϕ

)
. (1.87)

This formula has to be understood as follows. The gradient of a function
can either be evaluated in Cartesian coordinates or in spherical coordinates.
At some point (x1, x2, x3) corresponding to (r, ϑ, ϕ) we have

∇ψ(x1, x2, x3) = ∇̂φ(r, ϑ, ϕ), (1.88)

with φ and ψ being related as in (1.86).

The spherical coordinate space is a three-dimensional space where
the coordinate axes describe the r-, ϑ-, and ϕ-coordinates of a point
in R

3. CD 1.6 visualizes the familiar examples of linear and circu-
lar motion, which look rather unfamiliar in the spherical coordinate
space.

Ψ The transition to spherical coordinates, that is, the mapping U : ψ → φ
defined in (1.86) is a unitary transformation from the Hilbert space

L2(R3) to the Hilbert space L2([0,∞)× S2, dV ). Here, S2 denotes the two-
dimensional surface of the unit sphere, and dV = r2 sin ϑ dr dϑ dϕ is the
volume element in spherical coordinates. The points in [0,∞) × S2 have
the coordinates (r, ϑ, ϕ), and integration has to be done with respect to the
volume element in spherical coordinates. It follows from the usual rules of
variable substitution in an integral that∫

R3

|ψ(x1, x2, x3)|2 d3x =
∫ ∞

0

∫
S2

|φ(r, ϑ, ϕ)|2 r2 sin ϑ dr dϑ dϕ. (1.89)

This means that the norm of ψ in L2(R3) is equal to the norm of φ in
L2([0,∞) × S2, dV ) (this is the unitarity of U). As a consequence, the
operators ∇ and ∇̂ are unitarily equivalent, that is, ∇̂ = U∇U−1. In the
following, we always put a hat on an operator in spherical coordinates in
order to indicate that it acts on functions φ(r, ϑ, ϕ).

1.6.2. Angular momentum in spherical coordinates

With the results of the previous section, it is easy to derive the expressions
of the angular-momentum operators in spherical coordinates. Using the
formulas from Exercise 1.25, we obtain

L̂ = rer × (−i �∇̂) = i�
(
eϑ

1
sin ϑ

∂

∂ϕ
− eϕ

∂

∂ϑ

)
, (1.90)
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L̂2 = − �
2

sin ϑ

∂

∂ϑ

(
sin ϑ

∂

∂ϑ

)
− �

2

sin2 ϑ

∂2

∂ϕ2
. (1.91)

Again, the hat (̂ ) simply indicates that the operator acts on wave functions
in spherical coordinates. We have

Lψ(x1, x2, x3) = L̂φ(r, ϑ, ϕ), (1.92)

where φ is the function ψ expressed in spherical coordinates as in (1.86). In
particular, the operators L2 and L̂2 have the same eigenvalues (as well as L3

and L̂3). The angular-momentum operators fulfill the angular-momentum
commutation relations. Hence, Theorem 1.1 in Section 1.5 shows that the
possible eigenvalues of L̂2 are among the numbers �

2�(� + 1), where � is a
non-negative integer or half-integer. For each eigenvalue of L̂2, the third
component has the eigenvalues �m with m = −�,−� + 1, . . . , �.

The expression for L3 in spherical coordinates is particularly simple.
Just insert the third Cartesian component of eϑ and eϕ (see Eq. (1.84)) into
(1.90):

L̂3 = −i�
∂

∂ϕ
. (1.93)

This expression is already familiar from the two-dimensional situation de-
scribed in Book One, Section 8.8.

Now we can see that L̂3 cannot have half-integer eigenvalues m. The
domain of the differential operator L̂3 consists of continuous functions. As
a function of the azimuthal angle ϕ, any eigenfunction of L̂3 must therefore
be a periodic function:

φ(r, ϑ, ϕ + 2π) = φ(r, ϑ, ϕ). (1.94)

Denoting the eigenvalue of L̂3 by m, the eigenvalue equation reads

L̂3φ = −i�
∂

∂ϕ
φ = �m φ (1.95)

so that the ϕ-dependence of φ must be described by exp(imϕ), which is
periodic with period 2π if and only if m is an integer.

The considerations in Section 1.5 thus also exclude the possibility that L2

has half-integer eigenvalues. Only the numbers �
2�(� + 1) with integer � can

occur as eigenvalues of L2. Below, we are going to show that simultaneous
eigenfunctions of L2 and L3 indeed exist for all non-negative integers �.
Hence, we obtain the following result:
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Figure 1.7. The absolute value |L| =
√

L2 of the angular
momentum can only take the values �

√
�(� + 1), with � being

a non-negative integer. For a given �, the component of the
angular momentum in an arbitrary direction (here taken as
the vertical direction) is also quantized and can only have
the values −��,−�(� + 1), . . . + ��. In a classical picture,
the angular momentum vector (if measured with respect to a
certain direction) thus lies on certain cones.

Eigenvalues of the orbital angular momentum:

The eigenvalues of the operator L2 are precisely the numbers �
2�(� + 1),

where � is a non-negative integer. For each �, the operator L3 has the
eigenvalues �m, where m = −�,−� + 1, . . . , �.

A classical vector L for which the values of L2 and L3 are restricted to the
eigenvalues above would have to lie on certain cones which are described in
Figure 1.7. In quantum mechanics, this picture should not be taken seriously
because the same result would be obtained for the possible values of L1 and
L2 (or the component of L in an arbitrary direction).

In spherical coordinates, the operators L̂3 and L̂2 only act on the angular
variables. Hence, we may try a separation of the variables by writing

φ(r, ϑ, ϕ) =
1
r

f(r) χ(ϑ, ϕ). (1.96)

The factor 1/r has been introduced for “cosmetic reasons.” Later, it will
simplify some formulas involving the radial part of the wave function.

It has to be noted that most wave functions φ(r, ϑ, ϕ) cannot be written
in the form of a product of an r-dependent part and a part depending only
on the angular variables. But it turns out that the set of wave functions
of the type (1.96) is large enough to contain an orthonormal basis of the
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Hilbert space L2(R3). Therefore, any wave function has an expansion

φ(r, ϑ, ϕ) =
∞∑

k=0

1
r

fk(r) χk(ϑ, ϕ), (1.97)

the sum being convergent in the Hilbert space norm.
The wave function (1.96) consists of a radial part f(r)/r and an angular

part χ(ϑ, ϕ). The norm is given by (see also (1.89))

‖φ‖2 =
∫
|φ(r, ϑ, ϕ)|2 r2dr sin ϑ dϑ dϕ

=
∫ ∞

0
|f(r)|2 dr

∫
S2

|χ(Ω)|2 dΩ. (1.98)

Here, Ω is shorthand for the angular coordinates (ϑ, ϕ). The set of these
coordinates forms the sphere S2 (the two-dimensional surface of the unit
sphere in three dimensions), and dΩ = sinϑ dϑ dϕ denotes the area element
on this sphere.

Hence, the part f(r) of the wave function in spherical coordinates is
square-integrable on [0,∞), and the angular part is a square integrable func-
tion on the sphere S2 (it belongs to the Hilbert space L2(S2)).

The application of the operators L̂2 and L̂3 only affects the angular part
χ. It is thus sufficient to look for angular eigenfunctions

L̂2 χm
� (ϑ, ϕ) = �

2�(� + 1) χm
� (ϑ, ϕ), L̂3 χm

� (ϑ, ϕ) = �m χm
� (ϑ, ϕ). (1.99)

Because we know already that m must be an integer, we only have to look for
solutions with integer �. These can be determined, in principle, as follows.
According to the proof of Theorem 1.1, we first look for a solution of

(L̂1 + iL̂2)χ(ϑ, ϕ) = 0, (1.100)

which can be written as

i cos ϑ
∂χ

∂ϕ
+ sin ϑ

∂χ

∂ϑ
= 0. (1.101)

It is easily checked that for each � = 0, 1, 2, 3, . . .

χ(ϑ, ϕ) = N� ei�ϕ
(
sin ϑ

)� (1.102)

is a solution for this equation (where N� is a normalization constant). For
each � we can now obtain 2� + 1 eigenfunctions of L̂2 simply by differenti-
ating, that is, by applying the differential operator L̂1 − iL̂2 to the solution
above. This procedure (which was described in Theorem 1.1) yields, one af-
ter another, the eigenfunctions of L3 for m = �, �−1, . . . ,−�. It is convenient
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to normalize these eigenfunctions by requiring∫
S2

|χ(ϑ, ϕ)|2 dΩ = 1. (1.103)

In that way, one obtains the spherical harmonics Y m
� (ϑ, ϕ), which are de-

scribed in more detail in the next section.

Eigenfunctions of the orbital angular momentum:

In spherical coordinates, the normalized simultaneous eigenfunctions of
the angular-momentum operators L̂2 and L̂3 are the spherical harmonics
Y m

� (ϑ, ϕ),

L̂2 Y m
� (ϑ, ϕ) = �

2 �(� + 1) Y m
� (ϑ, ϕ), � = 0, 1, 2, 3, . . . , (1.104)

L̂3 Y m
� (ϑ, ϕ) = �m Y m

� (ϑ, ϕ), − � ≤ m ≤ �. (1.105)

As an example, Figure 1.8 visualizes the spherical harmonic Y 1
4 .

CD 1.7 visualizes the spherical harmonics Y m
� for � ≤ 6 by vari-

ous methods. The spherical harmonics are complex-valued functions
depending on two angles, hence the most natural visualization uses
a color density plot on the surface of the sphere (either shown as
a globe in three dimensions, or represented by a two-dimensional
map).

1.6.3. Special topic: Properties of the spherical harmonics

The spherical harmonics are usually3 defined by

Y m
� (ϑ, ϕ) =

√
2� + 1

4π

(�−m)!
(� + m)!

eimϕ Pm
� (cos ϑ) for 0 ≤ m ≤ �, (1.106)

Y m
� (ϑ, ϕ) = (−1)m Y −m

� (ϑ, ϕ) for −� ≤ m ≤ 0. (1.107)

Here, the functions Pm
� (z) are the associated Legendre functions,

Pm
� (z) =

(−1)m

2� �!
(1− z2)m/2 d�+m

dz�+m
(z2 − 1)�, (1.108)

defined for −1 ≤ z ≤ 1 and integers 0 ≤ m ≤ �. The function P 0
� (z) = P�(z)

is called the Legendre polynomial of degree �.

3In various books, these definitions can differ by phase factors. We follow the con-
ventions made in Mathematica, Y m

� (ϑ, ϕ) ≡ SphericalHarmonicY[�, m, ϑ, ϕ], and P m
� (z) ≡

LegendreP[�, m, z].
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Figure 1.8. The absolute value of the spherical harmonics
Y m

� (ϑ, ϕ) depends only on ϑ. Therefore, we can visualize
them by plotting a curve in the x1x3-plane where at each
angle ϑ, the distance from the origin is |Y m

� (ϑ, 0)|. This is
shown here for � = 4 and m = 1. More examples and three-
dimensional visualizations can be found on the CD-ROM; see
CD 1.7.

Spherical harmonics with different indices are orthogonal, because they
are eigenfunctions belonging to different eigenvalues of a self-adjoint opera-
tor, and because of their normalization we simply have∫

S2

Y m
� (ϑ, ϕ) Y m′

�′ (ϑ, ϕ) dΩ = δ��′ δmm′ . (1.109)

The spherical harmonics are either symmetric or antisymmetric under a
reflection through the origin,

Y m
� (π − ϑ, ϕ + π) = (−1)� Y m

� (ϑ, ϕ). (1.110)

Finally, we note the addition theorem:

4π

2� + 1

�∑
m=−�

Y m
� (ϑ, ϕ) Y m

� (ϑ′, ϕ′) = P�(cos α). (1.111)
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Here, α is the angle between the directions (ϑ, ϕ) and (ϑ′, ϕ′). Denoting the
corresponding unit vectors by ω and ω′, we have cos α = ω · ω′.

In Cartesian coordinates (x, y, z), with r = (x2+y2+z2)1/2, the spherical
harmonics are (for m ≥ 0)

Y m
� (x, y, z) =

√
2� + 1

4π

(�−m)!
(� + m)!

( x + iy√
x2 + y2

)m
Pm

�

(z

r

)
. (1.112)

For example,

Y 0
0 =

1√
4π

, Y 0
1 =

√
3
4π

z

r
, Y ±1

1 = ∓
√

3
8π

x± iy
r

. (1.113)

1.7. Particle on a Sphere

1.7.1. Classical particle on a sphere

Here, we consider a quantum mechanical system that is only able to perform
a rotational motion. Imagine a particle with mass4 m whose motion is re-
stricted to the surface of a sphere. There are no other forces. This particle
has two degrees of freedom, its position on the sphere is given by two an-
gular coordinates, the longitude and the latitude, described by the angles ϑ
and ϕ. A classical particle subject to these constraints will move along the
geodesics of the sphere (great circles) with constant (angular) velocity. Its
kinetic energy is given by

E =
1
2
mv2 =

1
2
m(rω)2 =

1
2
Iω2, (1.114)

where we have introduced the angular speed ω = v/r and the moment of
inertia

I = mr2. (1.115)
The angular momentum of a particle moving with velocity v on a sphere of
radius r is L = mvr, or v = L/mr. Insert this into the expression for the
energy to obtain

E =
L2

2mr2
=

L2

2I
. (1.116)

CD 1.2.1, CD 1.5.4, and CD 1.6.3 are all visualizations of the classical
motion at a fixed distance from the coordinate origin.

4It is general custom to denote the mass of the particle and the eigenvalue of L3 by
the same letter. Usually there is little danger of confusion. To be on the safe side, we
denote the mass by the roman letter m and use the italic letter m for the eigenvalue of L3.
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1.7.2. The rigid rotator

The particle on a sphere is a mathematical model for the rigid rotator.
Consider two point-like particles of mass m1 and m2 that are connected by a
weightless, rigid rod of length r. Denote by x = x2 − x1 the vector pointing
from m1 to m2. The position of the center of mass is given by

X =
m1x1 + m2x2

m1 + m2
(1.117)

The distances of the particles from the center of mass are therefore

r1 = |x1 −X| = m2 r

m1 + m2
, r2 = |x2 −X| = m1 r

m1 + m2
. (1.118)

If we are only interested in the internal motion of the two-particle system,
we can choose a coordinate system that has its origin at the center of mass.
In this coordinate system, the moment of inertia of the rotator is thus

I = m1r
2
1 + m2r

2
2 =

m1m2

m1 + m2
r2. (1.119)

This is precisely the moment of inertia of a particle with mass

µ =
m1m2

m1 + m2
(1.120)

at a distance r from the origin. Thus, we can replace the two-particle system
with an effective one-particle system. This particle has the so-called reduced
mass µ and the fixed distance r from the origin, that is, it is a particle on a
sphere with radius r.

This is a good model for a diatomic molecule. It consists of two atoms
that can oscillate along the line connecting their centers and rotate around
the center of mass. The vibrational motion is much faster than the rota-
tional motion. So, the vibrations belong to much higher energies. Quantum
mechanically, oscillation states have a quantized energy. As long as the
diatomic molecule is in its vibrational ground state, it is a rigid rotator.

1.7.3. Transition to quantum mechanics

In order to define the quantum mechanical Hamiltonian for a particle that is
constrained to the surface of a sphere, we start with the classical expression
(1.116) for the energy. From this, the Hamiltonian operator of the rigid
rotator is obtained by replacing L2 with the quantum mechanical angular-
momentum operator. Note that r, the radius of the sphere, is treated as a
fixed parameter. Using the expression (1.91) for the angular momentum in
spherical coordinates, we arrive at

Ĥ =
1

2m r2
L̂2 =

1
2I

L̂2. (1.121)
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The operator L̂2 has a discrete spectrum of eigenvalues, therefore the same
is true for the energy of the rotator.

Eigenvalues of the rigid rotator:

A particle with mass m on a sphere with radius r can only have the
energies

E� =
�

2

2mr2
�(� + 1), � = 0, 1, 2, 3, . . . . (1.122)

Each eigenvalue E� has the multiplicity 2� + 1, that is, there are 2� + 1
orthogonal wave functions all belonging to the eigenvalue E�:

ψ�,m(ϑ, ϕ) =
1
r

Y m
� (ϑ, ϕ), m = −�,−� + 1, . . . , �. (1.123)

It follows from (1.109) that∫
S2

r

∣∣ψ�,m(ϑ, ϕ)
∣∣2 r2 sin ϑ dϑ dϕ = 1. (1.124)

The factor 1/r in (1.123) thus guarantees that the eigenfunctions are nor-
malized on the sphere with radius r. We conclude that the eigenfunctions
form an orthonormal basis in the Hilbert space L2(S2

r ) of square integrable
functions on the sphere of radius r.

We want to stress that L̂2 is part of any single-particle Hamiltonian,
because it appears in the angular part of the kinetic energy in spherical
coordinates (see (1.150) below). For a particle constrained to the surface
of a sphere, the operator L̂2 plays the same role as the operator −�

2∆ for
a particle in R

3: It is proportional to the kinetic energy and it generates
the free time evolution. (In fact, L̂2/�

2 is the so-called Laplace-Beltrami
operator of the sphere.) The action of the free time evolution exp(−iL̂2t/2I)
on a sphere will be discussed next.

1.7.4. Dynamics of the rigid rotator

The time evolution of an eigenfunction of the rigid rotator Hamiltonian is
rather trivial. If ψ�,m(ϑ, ϕ) is an eigenfunction belonging to the eigenvalue
E�, then the function

ψ�,m(t, ϑ, ϕ) = exp(−iE� t) ψ�,m(ϑ, ϕ) (1.125)

is a solution of the time-dependent Schrödinger equation. The ground state
of the rigid rotator has energy E0 = 0, and hence the corresponding wave
function does not depend on time at all.
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The fact that the Schrödinger equation is linear means that we can con-
sider linear combinations of eigenfunctions. For example, for the initial
function ψ0(ϑ, ϕ) =

∑
�,m c�,m ψ�,m(ϑ, ϕ), the time evolution is

ψ(t, ϑ, ϕ) =
∑
�,m

c�,m exp(−iE� t) ψ�,m(ϑ, ϕ) (1.126)

and this clearly gives us the solution for any initial function that is square
integrable on the sphere, because the set of functions ψ�,m forms an orthonor-
mal basis in L2(S2

r ).
Given any initial function ψ0, the expansion coefficient c�,m can be found

by an integration,

c�,m =
∫

S2
r

ψ�,m(ϑ, ϕ) ψ0(ϑ, ϕ) r2 dΩ (1.127)

(with dΩ = sin ϑdϑ dϕ). It is remarkable that all nonzero energies E� =
�(� + 1)/2I are integer multiples of E1 = 1/I, hence all time-dependent
factors exp(−iE� t) have the same basic time period. Hence, any state of the
rigid rotator is periodic in time.

For the unit sphere (r = 1), we summarize our results in the following
box.

Time evolution of the rigid rotator:

For a particle with mass m = 1 on the unit sphere S2 the time evolution
of any square-integrable initial function ψ0(ϑ, ϕ) is given by the formula

ψ(t, ϑ, ϕ) =
∑
�,m

c�,m exp(−iE� t) Y m
� (ϑ, ϕ) (1.128)

with
c�,m =

∫
S2

Y m
� (ϑ, ϕ) ψ0(ϑ, ϕ) dΩ. (1.129)

The time evolution of the wave function is periodic in time,

ψ(t + T, ϑ, ϕ) = ψ(t, ϑ, ϕ) with period T = 2π. (1.130)

CD 1.9–CD 1.12 is a collection of several movies showing vari-
ous time-dependent states of the rigid rotator. CD 1.13 visualizes
the time evolution of initially well-localized (Gaussian) states. In
CD 1.14, the initial state has roughly the shape of the letter Ψ. This
illustrates that we can indeed compute the time evolution of any
square-integrable initial function on the sphere.
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Figure 1.9. Possible trajectories of classical particles on a
sphere. For all trajectories, the angular-momentum vector
has |L| =

√
�(� + 1), with � = 6 and L3 = 6.

1.8. Quantization on a Sphere

1.8.1. Comparison of classical and quantum probability densities

Figure 1.9 shows a set of classical trajectories of particles for which the
angular momenta have a fixed absolute value |L| = L and a fixed value of
the third component L3. The admissible positions of classical particles with
these angular momenta form the classically allowed region on the sphere.
This region is determined by the polar angle of the classical angular-momen-
tum vector. We denote the polar angle of L by θ in order to distinguish it
from the polar angle ϑ of the particle’s position vector, see Figure 1.10.

Assuming L3 = m, we find that the polar angle of L is

θ = arccos
(m

L

)
(1.131)

and hence the classically allowed region for the position of the particle is
between the polar angles

ϑmin = π/2− θ, ϑmax = π/2 + θ. (1.132)

All the classical trajectories are grand circles of the sphere. The particles
move on these circles with a constant angular velocity. When a particle
circles around the sphere, the polar angle ϑ performs a periodic motion
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Figure 1.10. The polar angle θ = arccos(m/L) of the angu-
lar momentum and the time-dependent polar angle ϑ of the
position vector for a classical particle on a sphere.
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Figure 1.11. Polar angle ϑ as a function of time according
to (1.133) for L2 = 42 and m = 2.

between ϑmin and ϑmax. It is given by

ϑ(t) = arccos
(
− 1

L

√
L2 −m2 sin(L t)

)
. (1.133)

An example is shown in Figure 1.11.
The angular-momentum vector is normal to the plane of the circle, hence

the angle θ defined in (1.131) describes the inclination of that plane. If m
is small compared to L, the inclination is large. For m = 0, the classical
motion is on a circle through the poles of the sphere. For m = L (which is
impossible quantum mechanically), the circle of the classical motion is the
equator of the sphere.
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We want to determine the classical probability density as a function of
the coordinate ϑ. This can be done in complete analogy to the calculation for
the harmonic oscillator in Book One, Section 7.2.3. The probability density
that a particle will be found in an interval dϑ around an angle ϑ is equal to
the fraction of a period that is spent in the interval. We first calculate the
time dt(ϑ) spent in an infinitesimal interval dϑ at the point ϑ. During one
period, the trajectory goes twice through ϑ, hence we multiply the time by
2 to obtain the total time spent in dϑ during one period. The time needed
to complete a period is T = 2π/L. Hence, the probability of finding the
particle in dϑ is

p(ϑ) dϑ =
L

2π
2 dt(ϑ) =

L

π

dt(ϑ)
dϑ

dϑ. (1.134)

Hence, one needs to invert the function ϑ(t) and differentiate with respect
to ϑ. It is sufficient to invert the function ϑ(t) on a part of the time interval
during which the trajectory goes through the point ϑ under consideration.
Thus, we write

t(ϑ) = − 1
L

arcsin
( L√

L2 −m2
cos ϑ

)
. (1.135)

The function t(ϑ) is inverse to ϑ(t) on the interval (T/4, 3T/4). Inserting
(1.135) into (1.134), we finally obtain for the classical position probability
density

p(ϑ) =
L sin ϑ

π
√

L2 (sin ϑ)2 −m2
. (1.136)

This function is shown as a black line in Figure 1.12 for m = 8 and L =√
�(� + 1) with � = 24.
We want to compare the classical position probability density p(ϑ) with

the corresponding quantum mechanical density. With the eigenfunction ψ�,m

defined in (1.123), we obtain∫
B⊂S2

r

∣∣ψ�,m(ϑ, ϕ)
∣∣2 r2 sin ϑ dϑ dϕ (1.137)

as the probability that a particle is found in a region B on S2
r (the surface

of the sphere with radius r). Let us do the integration over the angle ϕ
because we are interested in the ϑ-position irrespective of the ϕ-position.
This gives only a factor 2π because the absolute value of ψ�,m = (1/r) Y m

�

does not depend on ϕ. Hence, 2π |ψ�,m(ϑ, ϕ)|2 r2 sin ϑ dϑ is the probability
that a particle on the sphere is in an infinitesimal circular strip of width
dϑ around the polar angle ϑ. Inserting the definition (1.123) gives for the
position probability density as a function of ϑ the expression

pqm(ϑ) = 2π sin ϑ |Y m
� (ϑ, 0)|2. (1.138)
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Figure 1.12. Classical versus quantum position probability
densities as functions of the polar angle ϑ for the rigid rotator.
The quantum probability (filled curve) oscillates around the
classical probability (black line). The quantum wave function
decreases rapidly outside the classically allowed region whose
borders are indicated by the vertical gray lines.

Figure 1.12 compares the quantum and classical probability densities as func-
tions of ϑ.

Similar to Figures 1.9, 1.11, and 1.12, but for various values of L3,
the images in CD 1.8 depict the relations between the classically
allowed region of the rigid rotator, the classical ϑ-oscillation, and
the quantum probability density as a function of ϑ.

1.8.2. Special topic: Curvilinear coordinates

It is worthwhile to consider the transition from classical to quantum me-
chanics for the rigid rotator in more detail. The classical kinetic energy of a
particle with mass m = 1 is given by

T (t) =
1
2

3∑
i=1

ẋi(t)2. (1.139)

Assuming that the motion of the particle takes place on the surface of the
unit sphere, we insert (1.81), that is, x1(t) = sin

(
ϑ(t)

)
cos

(
ϕ(t)

)
and so forth,
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and obtain an expression for the kinetic energy in spherical coordinates,
namely

T (t) =
1
2

(
ϑ̇(t)2 +

(
sin ϑ(t)

)2
ϕ̇(t)2

)
. (1.140)

If there are no external forces, the kinetic energy is a constant of motion.
Another conserved quantity is the angular momentum. In fact, one finds
that the above expression for the kinetic energy is just T = L2/2. In spher-
ical coordinates, we obtain a particularly simple expression for the third
component of the angular momentum,

L3(t) = x1(t) ẋ2(t)− ẋ1(t) x2(t) =
(
sin ϑ(t)

)2
ϕ̇(t). (1.141)

Denoting the constant value of L3 by m, we may eliminate the angular
velocity ϕ̇ and express the kinetic energy solely in terms of ϑ

T =
1
2

(
ϑ̇(t)2 +

m2

sin2 ϑ(t)

)
. (1.142)

This looks like the total energy of a particle with mass 1 in one dimension
(coordinate ϑ), with ϑ̇2/2 being the kinetic energy and V (ϑ) = 1

2m2/ sin2 ϑ
being the potential. This potential confines the motion to the interval (0, π).
Indeed, the equation of motion for the ϑ coordinate is obtained as

ϑ̈ =
m2

sin2 ϑ
cot ϑ (1.143)

and the solutions of this equation are given by (1.133) for arbitrary values
of L and m.

It is tempting to try a transition to quantum mechanics by applying
the standard substitution rule pϑ = ϑ̇ → −i∂/∂ϑ to the classical expression
(1.142). This would lead, however, to the wrong equation. The correct
equation for the ϑ-coordinate was obtained earlier, when we derived the
expression for the Laplacian operator in spherical coordinates. It reads

i
∂

∂t
ψ(ϑ, t) =

1
2

(
− 1

sin ϑ

∂

∂ϑ
sin ϑ

∂

∂ϑ
+

m2

sin2 ϑ

)
ψ(ϑ, t). (1.144)

Obviously, the standard substitution rule does not work in spherical coor-
dinates. The reason is that unlike the situation in Cartesian coordinates,
the components ϑ̇ and ϕ̇ of the velocity in curvilinear coordinates do not
independently contribute to the total kinetic energy.

Let us just state how to obtain the operator for kinetic energy in gen-
eral curvilinear coordinates. We denote the coordinates of a system with
n degrees of freedom by q1, q2, . . . , qn. The classical kinetic energy in these
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coordinates is an expression of the form

T =
1
2

n∑
i,j=1

gij(q1, . . . , qn) q̇i q̇j (1.145)

with a positive definite symmetric matrix gij that is defined at every point
(q1, . . . , qn) of the configuration space. The matrix g = (gij) (the met-
ric tensor) defines a Riemannian metric on the configuration space, which
thus becomes a Riemannian manifold. Let us denote the components of
the inverse matrix g−1 by gij . Then, the operator for kinetic energy in the
coordinates qj is given by

H0 = −1
2

∆ = −1
2

1√
det g

∑
i,j

∂

∂qi

(
gij

√
det g

∂

∂qj

)
. (1.146)

This operator is called the Laplace-Beltrami operator on the Riemannian
manifold with metric g.

The volume element in curvilinear coordinates is
√

det g dq1 dq2 · · · dqn,
hence the Hilbert space consists of functions that are square-integrable in
the sense that ∫

|ψ(q1, . . . qn)|2
√

det g dq1 · · · dqn < ∞. (1.147)

As an example, we consider the unit sphere with q1 = ϑ, and q2 = ϕ.
From (1.140) we find

g =
(

1 0
0 (sin ϑ)2

)
. (1.148)

For the inverse matrix we have g11 = 1, g22 = 1/(sin ϑ)2, g12 = g21 = 0.
Because of the relation

√
det g = sin ϑ, (1.146) reduces to the well-known

expression (see (1.91))

H0 = −1
2

(
1

sin ϑ

∂

∂ϑ

(
sin ϑ

∂

∂ϑ

)
+

1
sin2 ϑ

∂2

∂ϕ2

)
(1.149)

in the Hilbert space of square-integrable function with respect to the volume
element sin ϑdϑ dϕ.

A transition to a non-Cartesian coordinate system is also necessary to
describe the influence of a gravitational field according to the general theory
of relativity.
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1.9. Free Schrödinger Equation in Spherical
Coordinates

1.9.1. Solutions of the radial equation

For the free-particle Hamiltonian H0, it is easy to obtain an expression in
spherical coordinates by using ∆̂ = ∇̂2 and the expression (1.87) for the
gradient:

Ĥ0 = − �
2

2m
∆̂ =

�
2

2m

(
− d2

dr2
− 2

r

d

dr

)
+

1
2m

1
r2

L̂2. (1.150)

The first part, which involves only derivatives with respect to r, describes
the kinetic energy of the radial motion. The second part, which contains the
operator L̂2 given by (1.91), is the kinetic energy of the angular motion. L̂2

is a partial differential operator that involves only derivatives with respect
to ϑ and ϕ. Hence, L̂2 commutes with the radial kinetic energy and hence
with Ĥ0. The kinetic energy operator Ĥ0 also commutes with L̂3, because
L̂3 = −id/dϕ commutes with L̂2 and with expressions depending on r. This
proves that the operator of kinetic energy is invariant under rotations:

[Ĥ0, L̂
2] = 0. (1.151)

The same commutation relation holds for the operators in Cartesian coor-
dinates, which are related to the operators in spherical coordinates by a
unitary transformation. Hence, [H0, L

2] = 0. Any eigenspace of L2 is left
invariant by H0. If ψ� is an eigenvector of L2, then H0ψ� is an eigenvector
of L2 belonging to the same eigenvalue. We can thus restrict the operator
H0 to an arbitrary eigenspace of L2. Using spherical coordinates, we see
immediately that this restriction reduces the partial differential operator Ĥ0

to the ordinary differential operator

h0� =
�

2

2m

(
− d2

dr2
− 2

r

d

dr
+

�(� + 1)
r2

)
, (1.152)

which is called the free radial Schrödinger operator. Here, the angular kinetic
energy appears in the form of a potential energy �(� + 1)/r2. This term is
called the centrifugal potential energy or centrifugal barrier, because it has
the effect of a repulsive force in the radial direction.

In order to solve the Schrödinger equation in spherical coordinates we
could use the trial function

φ(r, ϑ, ϕ) =
∞∑

�=0

�∑
m=−�

1
r

f�m(r) Y m
� (ϑ, ϕ) (1.153)
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and find immediately that Ĥ0φ = Eφ holds if f�m is a solution of the radial
Schrödinger equation

�
2

2m

(
− d2

dr2
+

�(� + 1)
r2

)
f(r) = E f(r). (1.154)

Note that the factor 1/r in (1.153) makes the first-order term (2/r) d/dr
disappear. The condition for square-integrability of the wave function ψ
(see (1.98)) would mean that each f�m has to be square integrable in the
radial Hilbert space L2([0,∞), that is,∫ ∞

0
|f�m(r)|2 dr < ∞. (1.155)

But we know that the free-particle Schrödinger equation has no square-
integrable solutions with sharp energy. Instead, the solutions of the station-
ary Schrödinger equation are plane waves with arbitrary momentum k. We
expect a similar behavior for the solutions of the radial Schrödinger equa-
tion. Hence, we expect that there exist bounded solutions for E > 0. The
differential equation (1.154) is a Bessel equation. As a differential equation
of second order it has two linearly independent solutions. These solutions
are called Riccati-Bessel functions. With k =

√
2mE/�2 (positive square

root, E > 0), the solutions are

̂�(kr) =
√

π

2
kr J�+1/2(kr), n̂�(kr) =

√
π

2
kr N�+1/2(kr) (1.156)

where Jν and Nν are the Bessel function and Neumann functions of order ν.
The function ̂� is regular for r → 0 whereas n̂� is singular for � > 0.

An interactive plot of the Riccati-Bessel function ̂�(r) in CD 1.15
allows investigation of the dependence on �.

1.9.2. Special Topic: Properties of the Riccati-Bessel functions

The real-valued functions ̂�(z) and n̂�(z) are for z > 0 solutions of the
equation

−d2y(z)
dz2

+
�(� + 1)

z2
y(z)− y(z) = 0. (1.157)

We have

̂0(z) = sin z, n̂0(z) = cos z, (1.158)
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and the Riccati-Bessel functions of higher order can be computed from

̂�(z) = −(−z)�+1
(1

z

d

dz

)�(1
z

̂0(z)
)
, (1.159)

n̂�(z) = −(−z)�+1
(1

z

d

dz

)�(1
z

n̂0(z)
)
. (1.160)

Their limiting behavior for small z is given by

̂�(z) =
2��!

(2� + 1)!
z�+1

(
1 + O(z2)

)
, as z → 0, (1.161)

n̂�(z) =
(2�)!
2��!

z−�
(
1 + O(z2)

)
, as z → 0. (1.162)

In scattering theory, one often defines the Riccati-Hankel functions

ĥ±
� (z) = n̂�(z)± i̂�(z) = e±i(z−�π/2)

(
1 + O(1/z)

)
, as z →∞. (1.163)

Further details about the Riccati-Bessel functions can be found in the book
[1], where the notation ̂(z) = zj(z), and n̂(z) = zy(z) is used.

1.9.3. Special Topic: Expanding the plane wave

The plane waves exp(ik·x) are important solutions of the free-particle Schrö-
dinger equation, despite the fact that they are not square-integrable. Here,
we show that plane waves have an expansion like (1.153). The radial part
of a plane wave in the subspace with angular-momentum quantum number
� is just the Riccati-Bessel function ̂�(kr). This result is important for
the applications to stationary scattering theory with spherically symmetric
potentials.

Representation of plane waves:

The stationary plane wave exp(ik · x) has the following expansion in
terms of spherical harmonics:

eik·x =
1
r

∞∑
�=0

�∑
m=−�

c�,m(k) ̂�(kr) Y m
� (ϑ, ϕ), (1.164)

where (r, ϑ, ϕ) are the spherical coordinates of x ∈ R
3. The coefficients

in this expansion are given by

c�,m(k) =
4πi�

k
Y m

� (ϑ′, ϕ′) . (1.165)

Here, (k, ϑ′, ϕ′) are the spherical coordinates of k ∈ R
3.

The proof of the expansion formula uses properties of the Legendre poly-
nomials P�(x) and the addition theorem for spherical harmonics (1.111). The



1.9. FREE SCHRÖDINGER EQUATION IN SPHERICAL COORDINATES 47

Legendre polynomials form an orthogonal set in the Hilbert space of square-
integrable functions on the interval −1 ≤ x ≤ 1. According to Abramowitz-
Stegun [1], the Legendre polynomials satisfy∫ 1

−1
P�(x) P�′(x) dx =

2
2� + 1

δ��′ . (1.166)

From this, we conclude that the functions

f�(x) =

√
2� + 1

2
P�(x) (1.167)

form an orthonormal basis in the Hilbert space L2([−1, 1]).
For any wave number k, the plane wave can be rewritten as

eik·x = eikr cos α = eikrx, with x = cos α ∈ [−1, 1]. (1.168)

α is the angle between the vectors k and x. As a function of x (for fixed
k and r), the function exp(ikrx) belongs to the Hilbert space L2([−1, 1]).
Hence, it can be expanded in the Legendre polynomials in the usual way,

eikrx =
∑

�

c�(kr) f�(x), c�(kr) =
∫ 1

−1
f�(x) eikrx dx. (1.169)

The integral involving a Legendre polynomial and an exponential function
can be evaluated analytically. It is best to consult a good book (see, for
example, [1], Section 10.1.14), where we find∫ 1

−1
P�(x) eiqx dx =

2i�

q
̂�(q), � = 0, 1, 2, . . . . (1.170)

With the help of this formula, we find

c�(kr) =
√

2(2� + 1)
i�

kr
̂�(kr) (1.171)

and hence

eikrx =
1
kr

∞∑
�=0

(2� + 1) i� ̂�(kr) P�(x) or (1.172)

eik·x =
1
kr

∞∑
�=0

(2� + 1) i� ̂�(kr) P�(cos α). (1.173)

The expansion formula (1.173) is visualized in CD 1.16. The missing
square integrability of a plane wave manifests itself in the fact that
the series (1.173) does not converge in the usual sense. With increas-
ing �, the individual summands do not get smaller (with respect to
the norm in L2(R3)), but they contribute only in regions increasingly
far away from the origin.
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We may insert the summation rule (1.111) for spherical harmonics into
(1.173). We choose the angles (ϑ′, ϕ′) in the direction of k, which has an
angle α with the direction of (ϑ, ϕ) (= the direction of x). This leads to the
result

eik·x =
4π

kr

∞∑
�=0

�∑
m=−�

i� ̂�(kr) Y m
� (ϑ′, ϕ′) Y m

� (ϑ, ϕ), (1.174)

which is identical with (1.164).

1.9.4. Special topic: Spherical harmonics and the Fourier
transformation

Consider a function ψ(x) that can be separated into a radial part and an
angular part,

ψ(x) =
1
r

f(r) Y m
� (ϑ, ϕ), (1.175)

where (r, ϑ, ϕ) are the spherical coordinates of the point x ∈ R
3. Obviously,

ψ is an eigenfunction of the angular-momentum operators L2 and L3. We
want to find the Fourier transform ψ̂(k). To that end, we insert (1.175) into
the formula for the Fourier transform

ψ̂(k) =
( 1

2π

)3/2
∫

R3

e−ik·x ψ(x) d3x (1.176)

=
( 1

2π

)3/2
∫ ∞

0

∫
S2

e−ik·x 1
r

f(r) Y m
� (ϑ, ϕ) r2dr dΩ (1.177)

For the plane wave e−ik·x, we substitute the expansion in terms of spherical
harmonics (the complex conjugate of (1.174)),

e−ik·x =
4π

kr

∞∑
�′=0

�′∑
m′=−�′

(−i)�′ ̂�′(kr) Y m′
�′ (ϑ′, ϕ′) Y m′

�′ (ϑ, ϕ). (1.178)

Using the orthonormality of the spherical harmonics, Eq. (1.109), we can
perform the integration over the angles ϑ and ϕ. This removes the sum
over �′ and m′, because only the term with �′ = � and m′ = m gives a
contribution. The short calculation gives

ψ̂(k) =
( 1

2π

)3/2
∫ ∞

0

4π

kr
(−i)� ̂�(kr) Y m

� (ϑ′, ϕ′)
1
r

f(r) r2dr (1.179)

=
1
k

(−i)�
( 2

π

)1/2
∫ ∞

0
f(r) ̂�(kr) dr Y m

� (ϑ′, ϕ′) (1.180)

=
1
k

h(k) Y m
� (ϑ′, ϕ′), (1.181)
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where (k, ϑ′, ϕ′) are the spherical coordinates of k ∈ R
3. We have found that

the Fourier transform ψ̂(k) is again an eigenfunction of L2 and L3 with the
same quantum numbers � and m. The Fourier transform maps an angular
momentum eigenspace into itself.

The function h is connected to f via an integral transformation that is
known as the Hankel transformation,

h(k) = (−i)�
( 2

π

)1/2
∫ ∞

0
f(r) ̂�(kr) dr. (1.182)

The Hankel transformation is the “radial Fourier transformation” in the
angular-momentum subspace belonging to the quantum number �. The in-
verse Hankel transformation can be derived from the formula for the inverse
Fourier transformation. It is given by

f(r) = i�
( 2

π

)1/2
∫ ∞

0
h(k) ̂�(kr) dk. (1.183)

Like the Fourier transformation on L2(R3), the Hankel transformation ex-
tends to a unitary transformation on L2([0,∞)),∫ ∞

0
|f(r)|2 dr =

∫ ∞

0
|h(k)|2 dk. (1.184)

The quantum mechanical interpretation of f and h is straightforward. The
function f is the radial position probability amplitude and h gives the radial
momentum distribution:∫ b

a
|f(r)|2 dr is the probability of finding the particle in a

distance between a and b from the origin.∫ b

a
|h(k)|2 dk is the probability that the absolute value

of the momentum is between a and b.

One should keep in mind that the relation between the radial momentum
distribution and the radial position distribution depends on the angular-
momentum quantum number �. Let us finally put the main result into a
box.

Radial-angular separation and the Fourier transform:

The Fourier transform of 1
r f(r) Y m

� (ϑ, ϕ) is given by 1
k h(k) Y m

� (ϑ′, ϕ′),
where h is the Hankel transform of f . The Fourier transform thus leaves
each angular-momentum subspace invariant.
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An arbitrary function in L2(R3) has an expansion of the form

ψ(x) =
1
r

∑
�,m

f�,m(r) Y m
� (ϑ, ϕ), (1.185)

and the result above can be applied, because the Fourier transformation is
linear.

1.10. Spherically Symmetric Potentials

1.10.1. The structure of the eigenvalue spectrum

A spherically symmetric potential V (x) = V (r) is the operator of multipli-
cation with a function that depends only on the distance r = |x| from the
origin. Because the angular-momentum operators involve derivatives only
with respect to the angular coordinates ϑ and ϕ, and because V does not
depend on the angles, we have the commutation relation

[V (r),L] = 0. (1.186)

The angular momentum also commutes with the kinetic energy, and hence
the quantum mechanical system described by the Hamiltonian H = H0 + V
is rotationally invariant:

[H,L] = 0. (1.187)

The stationary Schrödinger equation in the angular-momentum subspace
with quantum numbers �, m is

�
2

2m

(
− d2

dr2
+

�(� + 1)
r2

)
f(r) + V (r) f(r) = E f(r). (1.188)

This is the radial Schrödinger equation with a potential. Clearly, this equa-
tion does not depend on the eigenvalue m of L3, because a spherically sym-
metric Hamiltonian H does not contain L3.

The eigenvalues of the three-dimensional Schrödinger equation

Hψ =
(
− �

2

2m
∆ + V (|x|)

)
ψ = E ψ (1.189)

are those numbers E�;nr for which (1.188) has a nonzero square-integrable
solution in the Hilbert space L2([0,∞)). Like the radial equation, the eigen-
values E�;nr are independent of the quantum number m. The number nr is
called the radial quantum number. It just serves as a label for the differ-
ent eigenvalues of the radial equation. We denote the radial eigenfunction
belonging to the eigenvalue E�;nr by f�;nr(r).



1.10. SPHERICALLY SYMMETRIC POTENTIALS 51

Using the radial eigenfunctions, we define eigenfunctions of H belonging
to the eigenvalues E�;nr by

ψ�,m;nr(x) =
1
r

f�;nr(r) Y m
� (ϑ, ϕ), (1.190)

where (r, ϑ, ϕ) are the spherical coordinates of x, and m is any of the eigen-
values of L3. The functions ψ�,m;nr are simultaneous eigenstates of H, L2,
and L3, belonging to the eigenvalues E�;nr , �(� + 1), and m, respectively.
For every possible energy E�;nr and every possible � we have 2� + 1 linearly
independent eigenfunctions ψ�,m;nr , with m = −�,−� + 1, . . . ,+�. Hence,
the degree of degeneracy of the eigenvalue E�;nr is at least 2� + 1. Exper-
imentally, the states belonging to different eigenvalues of L3 can only be
distinguished in the presence of magnetic fields. Hence, m is often called the
magnetic quantum number.

Eigenvalue problem with spherical symmetry:

The simultaneous eigenfunctions of L2, L3, and the spherically symmet-
ric Schrödinger operator H = p2/2m + V (r) are given by

ψ�,m;nr(x) =
1
r

f�;nr(r) Y m
� (ϑ, ϕ), (1.191)

where f�;nr is the nr-th eigenfunction of the radial Schrödinger operator

h� =
�

2

2m

(
− d2

dr2
+

�(� + 1)
r2

)
+ V (r). (1.192)

The corresponding eigenvalues E�;nr do not depend on the quantum num-
ber m. Hence, the multiplicity of each eigenvalue of H is at least 2� + 1.

The radial Schrödinger operator h� is a self-adjoint differential operator
in L2([0,∞)). We can order its eigenvalues according to their size,

E�;nr < E�,nr+1, n = 0, 1, 2, . . . . (1.193)

The quantum number nr counts the number of zeros of the radial eigen-
function f�;nr(r) in the interval (0,∞). The ground state with angular mo-
mentum � has no zero at all (except at r = 0), the first excited state has
precisely one zero, and so forth. To every eigenvalue E�;nr belongs a unique
eigenfunction f�;nr . Hence, the eigenvalues of h� are non-degenerate (but
not the eigenvalues of H).
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Any linear combination of the eigenvectors ψ�,m;nr belonging to some
eigenvalue E of H is again an eigenvector belonging to the same eigen-
value E,

ψ�;nr(x) =
�∑

m=−�

cm ψ�,m;nr(x), where cm ∈ C. (1.194)

In particular, the eigenfunctions

ψ+
�,|m|;nr

(x) =
1√
2

(
ψ�,m;nr(x) + (−1)m ψ�,−m;nr(x)

)
, (1.195)

ψ−
�,|m|;nr

(x) =
i√
2

(
ψ�,m;nr(x)− (−1)m ψ�,−m;nr(x)

)
(1.196)

are real-valued. (Note that the radial part f�;nr can be chosen to be real
because it is a solution of a real differential equation vanishing for r → 0
and r →∞). These eigenfunctions are called real orbitals. A real orbital is
an eigenfunction of the energy and of L2, but not of L3.

The states with angular momenta � = 0, 1, 2, and 3 are sometimes also
denoted by the letters s, p, d, and f. This is the spectroscopic notation.
The letters have the following historical meaning: s = simple, p = principal,
d = diffuse, f = fundamental. Higher quantum numbers are then denoted
alphabetically by g, h, and so forth.

Ψ As a differential equation of second order, (1.188) has two linearly
independent solutions for every energy E, say u(E, r) and v(E, r).

Typically, these solutions behave as u(E, r) ∼ r�+1 and v(E, r) ∼ r−� for
small r, see also (1.161) and (1.162). A physically correct solution is one for
which the corresponding function (1.190) is in the domain of the self-adjoint
operator H. The mathematical theory tells us that these functions have to
be bounded and continuous on R

3, at least for physically meaningful (that
is, not too singular) potential functions V . Therefore, (1/r) f�;nr(r) has to
remain bounded, as r → 0. Only the solution u has this property.5 This
solution is called the regular solution of (1.188). It is distinguished by the
boundary condition u(r) → 0, as r → 0. The solution u(E, r) turns out to be
square-integrable only for exceptional values of the parameter E, that is, for
the eigenvalues E = E�;nr . In these cases, the solution f�;nr(r) = u(E�;nr , r)
also vanishes at infinity.

5For � = 0, the second solution v is also bounded and hence square-integrable in a
neighborhood of r = 0. Hence, the condition of square-integrability alone is not sufficient
to select the physically correct solution.
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1.10.2. The vibrating rotator: A model of a diatomic molecule

In Section 1.7.2, we stated that the rigid rotator is an approximate model
for a diatomic molecule in a vibrational ground state. Here, we are going
to refine the model and take into account the vibrational degree of free-
dom. We assume that the two atoms are bound together as a result of some
complicated interaction between the two nuclei and all their electrons. The
configuration with the minimal potential energy will have the two nuclei at
some distance r0 from each other. The effective force between the nuclei
would be repulsive at closer distances r < r0 and attractive at larger dis-
tances r > r0. It is evident that the details of the effective interaction can
be very complicated because many particles are involved. We are going to
discuss a very simple model that nevertheless shows many essential features
of diatomic molecules. This potential is called Kratzer’s molecular potential
(see Fig. 1.13). It is given by

V (r) = V0

(
r2
0

r2
− 2

r0

r

)
, V0 > 0, r0 > 0, (1.197)

where r is the internuclear distance. This function is spherically symmetric,
and it has a minimum for r = r0, with V (r0) = V0. It is clear that this model
is very unphysical both at very small distances and at very large distances.
At small distances, the model potential describes a very strong repulsive
potential with a 1/r2-singularity (too strong for the Coulomb repulsion of
the positively charged nuclei which is proportional to 1/r). For large r,
the dominating term in V (r) is an attractive Coulomb potential −2V0r0/r.
But at large distances, the two atoms are separated completely. As they
are neutral, the effective force between them will be much weaker than the
attractive Coulomb force described by the model. But nevertheless, the
model is not bad within a certain range of energies. It describes a two-particle
system that is able to perform rotations and simultaneous oscillations around
an equilibrium distance. Moreover, Kratzer’s model is convenient because
the Schrödinger equation with this potential can be solved exactly.

We use the center-of-mass coordinates described in Section 1.7.2 and
insert for m the reduced mass µ of the two atoms. The radial Schrödinger
equation (1.188) with the potential (1.197) reads

�
2

2µ

(
− d2

dr2
+

�(� + 1) + a

r2

)
f(r)− 2 V0 r0

r
f(r) = E f(r), (1.198)

where we used the abbreviation

a =
2µ r2

0

�2
V0. (1.199)
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Figure 1.13. A simple model for the effective potential be-
tween the two nuclei in a diatomic molecule.

By the variable substitution

f(r) = g(x), x =
a

r0
r, (1.200)

the radial Schrödinger equation is transformed into

1
2

(
− d2

dx2
+

�(� + 1) + a

x2

)
g(x)− 1

x
g(x) =

1
2aV0

E g(x). (1.201)

Writing

ε =
E

2aV0
and λ = −1

2
+

((
� +

1
2

)2
+ a

)1/2

(1.202)

such that λ(λ + 1) = �(� + 1) + a, we arrive at

1
2

(
− d2

dx2
+

λ(λ + 1)
x2

)
g(x)− 1

x
g(x) = ε g(x). (1.203)

This equation is formally identical to the radial Schrödinger equation for
the Coulomb problem (except that the parameter λ need not be an integer).
We are going to solve this equation in the next chapter (see Section 2.5.2,
Eq. (2.99)). Here, we just quote the result (2.62) that (1.203) has the eigen-
values

ελ;nr = − 1
2(nr + λ + 1)2

, n = 0, 1, 2, 3, . . . . (1.204)

Inserting the definitions of λ and ε, we obtain the energy-eigenvalues for this
problem as

E�;nr = −2µr2
0

�2
V 2

0

(
nr +

1
2

+
((

� +
1
2

)2
+

2µr2
0

�2
V0

)1/2 )−2

. (1.205)
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Figure 1.14. Energy eigenvalues arising from Kratzer’s
molecular potential with V0 = 5 and r0 = 5. The graph
shows the eigenvalues with quantum numbers n = nr ≤ 8
and � ≤ 3.
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Figure 1.15. Two-dimensional diagram of the eigenvalue
spectrum according to Kratzer’s model of a diatomic mol-
ecule (V0 = 5 and r0 = 5), showing the quantum numbers
n = nr ≤ 8 and � ≤ 8.

The quantum number nr enumerates the eigenvalues of the radial Schrödin-
ger operator. It thus describes the vibration around the classical equilibrium
at r0. The quantum number � describes the rotational state as usual. We
expect that the formula (1.205) is a good approximation for a diatomic
molecule if the radial oscillations are not too large. This is the case for small
values of the quantum number nr, where the corresponding eigenstates are
localized sufficiently close to the classical equilibrium at r = r0. Similar
restrictions will apply to the quantum number �.

Figures 1.14 and Figure 1.15 show the energies E�;nr for small values of nr

and �, assuming that a� 1 (as it is the case for most molecules). Obviously,
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Figure 1.14 would become too cluttered if more than a few eigenvalues are
shown. In Figure 1.15, we use a two-dimensional plot where the vertical
position of an eigenvalue indicates the quantum number �. For our choice
of parameter values, the energy-difference between two vibrational levels
E�,nr+1 − E�;nr ≈ O(1/a) is much larger than the spacing E�+1;nr − E�;nr

of the rotational levels, which is of order 1/a2. Hence, it needs much more
energy to bring the system from nr = 0 to nr = 1 than to change the
angular-momentum quantum number. If the energies involved are not too
high, the quantum number nr remains unchanged, and the system behaves
like a rigid rotator.
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