Chapter 2

Fundamentals of Statistics

Exercise 1 (#2.9). Consider the family of double exponential distribu-
tions: P = {2*16’“*“' o —oo< < oo}. Show that P is not an expo-
nential family.

Solution. Assume that P is an exponential family. Then there exist p-
dimensional Borel functions T'(X) and n(u) (p > 1) and one-dimensional
Borel functions hA(X) and £(p) such that

27 exp{~[t — u|} = exp{[n()]"T(t) — &(u) }(t)

for any ¢t and p. Let X = (X1,...,X,,) be a random sample from P € P
(i.e., X1,..., X, are independent and identically distributed with P € P),
Where n>p, T,(X) =Y, T(X;), and hy,(X) = I, h(X;). Then the
joint Lebesgue density of X is

eXp{ Zlmz M|} = exp{[n(w)]" Tn(2) — n&(1)} hn(x)

for any x = (x1, ..., Z,) and u, which implies that

Sl = 3l =l = ()] T ) = mé ()

for any z and p, where () = n(u) — n(0) and €(u) = () — £(0). Define
Yu(z) = 30 |zs) — iy |z — pl. We conclude that if z = (21, ..., 2,)
and y = (y1, ..., yn) such that T, (z) = T, (y), then ¢, (x) = 1, (y) for all p,
which implies that vector of the ordered z;’s is the same as the vector of
the ordered y;’s.

On the other hand, we may choose real numbers p1, ..., 1, such that
7(ui), ¢ = 1,..., p, are linearly independent vectors. Since

wl‘w( ) [ (IU’Z)] Tn(fE) - ng(:ul)v 1= ]-7 s Dy
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52 Chapter 2. Fundamentals of Statistics

for any x, T,,(x) is then a function of the p functions v, (z), i = 1,...,p.
Since n > p, it can be shown that there exist x and y in R™ such that
Y, () =Y, (y), ¢ =1, ..., p, (which implies T, (z) = T,,(y)), but the vector
of ordered x;’s is not the same as the vector of ordered y;’s. This contradicts
the previous conclusion. Hence, P is not an exponential family. 1

Exercise 2 (#2.13). A discrete random variable X with
P(X =2x)=~(x)0"/c(9), x=0,1,2,..,

where y(z) > 0, 8 > 0, and ¢(0) = >, v(x)0", is called a random vari-
able with a power series distribution. Show that

(1) {y(x)6%/c(0) : 0 > 0} is an exponential family;

(ii) if X4, ..., X,, are independent and identically distributed with a power
series distribution v(2)6%/c(6), then >, X; has the power series distribu-
tion 7, ()0 /[c(6)]™, where 7, (z) is the coefficient of #* in the power series
expansion of [¢(0)]™.
Solution. (i) Note that

V(2)0% /c(0) = exp{xlog  —log(c(0))}(x).

Thus, {vy(z)0%/c(0) : 6 > 0} is an exponential family.

(ii) From part (i), we know that the natural parameter n = logé, and
also ¢(n) = log (c(e”)). From the properties of exponential families (e.g.,
Theorem 2.1 in Shao, 2003), the moment generating function of X is
Px(t) = et /eCD) = ¢(fet) /c(f). The moment generating function of
S X s [e(0e!)]”™ /[e(0)]™, which is the moment generating function of
the power series distribution 7, (z)6% /[c(6)]™. &

Exercise 3 (#2.17). Let X be a random variable having the gamma
distribution with shape parameter o and scale parameter v, where « is
know and + is unknown. let Y = olog X. Show that

(i) if 0 > 0 is unknown, then the distribution of ¥ is in a location-scale
family;

(ii) if o > 0 is known, then the distribution of Y is in an exponential family.
Solution. (i) The Lebesgue density of X is

1
[(a)y®
Applying the result in the note of Exercise 17 in Chapter 1, the Lebesgue
density for Y = olog X is
1
INa)o

zo‘flefm/wf(o,oo)(x).

=108 /7 oy {_e<y—o log v)/a} _

It belongs to a location-scale family with location parameter n = olog~y
and scale parameter o.
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(ii) When o is known, we rewrite the density of ¥ as

/o

U%@ exp{ay/o}exp { 67

— alog fy} .
Therefore, the distribution of Y is from an exponential family. I

Exercise 4. Let (X1, ..., X,,) be a random sample from N(0,1). Show that
X7/ X7 and 377 X7 are independent, i = 1,...,n.

Solution. Note that X?, ..., X2 are independent and have the chi-square
distribution x?. Hence their joint Lebesgue density is

Cef(y1+"'+yn)/2
y Yy > Oa
Yr - Yn
where ¢ is a constant. Let U = 37, X7 and V; = X7 /U, i = 1,...,n. Then
X? =UV; and Z?Zl V; = 1. The Lebesgue density for (U, V1, ..., V,,—1) is

cUp—1
V1 Unp—1

—u/2 n—1
ce " Pvu n/2—1,-u/2

=cu , u>0,v; >0.

UV Uy
Hence U and (V4/U,...,V,_1/U) are independent. Since V,, = 1 — (V; +
-++ 4+ V1), we conclude that U and V,,/U are independent.

An alternative solution can be obtained by using Basu’s theorem (e.g.,
Theorem 2.4 in Shao, 2003). 1

Exercise 5. Let X = (Xq,..., X,,) be a random n-vector having the mul-
tivariate normal distribution N, (uJ, D), where J is the n-vector of 1’s,

1 p DY p
p_o2| P 1 p
p p DRI 1

and |p| < 1. Show that X = n7!> "  X; and W = Y (X; — X)?

are independent, X has the normal distribution N (u, W(ﬂ), and

W/[(1 — p)o?] has the chi-square distribution y2_;.
Solution. Define

1 1 1 1 1
vn vn vn vn vn
1 =1 0 0 0

V21 V21
1 1 —2 0 0
-2 V32

A= V32 332
—(n—1)

1 1 1 1 o
\/n(nfl) \/n(nfl) \/n(nfl) \/n(nfl) v/n(n—1)
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Then AA™ =T (the identity matrix) and

1+(n—1)p 0 - 0
ADAT = 52 0 L=p 0
0 0 e 1—p

Let Y = AX. Then Y is normally distributed with E(Y) = AE(X) =
(v/np,0,...,0) and Var(Y) = ADA", ie., the components of Y are in-
dependent. Let Y; be the ith component of Y. Then, ¥; = /nX and
YEY2P =YY = XTATAX = X"X =Y X2 Hence X =Y;/y/n
and W =370 |(X; - X)? =30, X2 —nX? =300 Y2 VP =30, V2
Since Y;’s are independent, X and W are independent.

Since Y; has distribution N(y/nu, [l + (n — 1)p]o?), X = Y;/y/n has
distribution NV (,u, L7;1)”<72). Since Ya, ..., Y, are independent and iden-

tically distributed as N (0, (1 — p)o?), W/[(1—p)o?] =Y 1, Y2/[(1 - p)o?]
has the x2_, distribution.

Exercise 6. Let (Xi,...,X,,) be a random sample from the uniform dis-
tribution on the interval [0,1] and let R = X(,,) — X(q), where X(;) is the
ith order statistic. Derive the Lebesgue density of R and show that the
limiting distribution of 2n(1 — R) is the chi-square distribution x3.
Solution. The joint Lebesgue density of X(;) and X, is

[ an-1@y—2)"? 0<z<y<l
f,y) = { 0 otherwise

(see, e.g., Example 2.9 in Shao, 2003). Then, the joint Lebesgue density of
R and X(n) is

[ nan-12""?% 0<z<y<l
9(z.y) = { 0 otherwise

and, when 0 < z < 1, the Lebesgue density of R is
1
/g(a:,y)dy = / n(n —1)y" 2ds = n(n — 1)z" (1 — 2)
for 0 < z < 1. Consequently, the Lebesgue density of 2n(1 — R) is

4n 2n

"—_lzv(lfl)rh2 0<ax<2n
0 otherwise.

Since lim,, (1 — £)""% = e7%/2, lim,, hy,(z) = 4" 2e™/2 1y o0 (), which is

the Lebesgue density of the x? distribution. By Scheffé’s theorem (e.g.,
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Proposition 1.18 in Shao, 2003), the limiting distribution of 2n(1 — R) is
the x2 distribution. 1

Exercise 7. Let (Xi,...,X,) be a random sample from the exponential
distribution with Lebesgue density 9_16(‘1_”3)/91(0’00)@), where a € R and
¢ > 0 are parameters. Let X(;) < --- < X{,) be order statistics, X o) =0,
and Z; = X(;y — X(i—1), i = 1,...,n. Show that

(i) Z1, ..., Zy, are independent and 2(n — i+ 1)ZZ-/9 has the x3 distribution;
(ii) 2[>°7_, X + (n — 1) X () —na]/0 has the x3, distribution, r = 1,.

(iii) X(1) and Y are independent and (X ;) —a)/Y has the Lebesgue denblty

n (14 328) T, (), where Y = (n = 1) 71 S0 (X3 — Xq).
Solution. If we can prove the result for the case of a = 0 and # = 1, then
the result for the general case follows by considering the transformation
(X;—a)/0,i=1,...,n. Hence, we assume that « = 0 and 6§ = 1.
(i) The joint Lebesgue density of X1y, ..., X(n) is
nle™™17 T )<y < 0 < Ty,
@1, 2n) = { 0 otherwise.

Then the joint Lebesgue density of Z;, i = 1,...,n, is

plemnai——(n—itzi——zn .5 (0 j=1,..n
9(T1, ey Tp) =

0 otherwise.

Hence 71, ..., Z, are independent and, for each ¢, the Lebesgue density of
2Z;is (n—i+ 1)e” (=D [ ) (z;). Then the density of 2(n —i+1)Z;
is 27 1e=®1/2] (4 ooy (2;), which is the density of the x3 distribution.

(ii) For r=1,..,n

T

ZX@ n—r) (r) = Z(n—i+1)Zi.

i=1

From (i), Z1, ..., Z, are independent and 2(n — i + 1)Z; has the x3 distri-
bution. Hence 23| X(;) + (n—r) X, has the x3, distribution for any r.
(iii) Note that

n n

1 1 .
1 Z(X(i) - X)) = — Z(n —i+1)Z;.

=2 =2

From the result in (i), ¥ and Xy are independent and 2(n — 1)Y" has
the X%(n—l) distribution. Hence the Lebesgue density of Y is fy(y) =

((7; 11), Yy 26’(”*1)111(0700)(3,/). Note that the Lebesgue density of X(iy is
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fxo (@) = ne™" g ) (x). Hence, for ¢ > 0, the density of the ratio
X1y/Y is (e.g., Example 1.15 in Shao, 2003)

ﬁw=/Mh@Mmﬁ@®

— / ’I’L(’I’L — 1) xn_le_(n+nt_l)$d$
o (=1

1) / Tt — )" bt g,

nt \ "
= 1 A |

Exercise 8 (#2.19). Let (Xi,...,X,) be a random sample from the
gamma distribution with shape parameter o and scale parameter ~, and let
(Y1,...,Y,,) be a random sample from the gamma distribution with shape
parameter o and scale parameter v,. Assume that X;’s and Y;’s are inde-
pendent. Derive the distribution of the statistic X /Y, where X and Y are
the sample means based on X;’s and Y;’s, respectively.

Solution. From the property of the gamma distribution, nX has the
gamma distribution with shape parameter na and scale parameter ~, and
nY has the gamma distribution with shape parameter na and scale param-
eter 7,. Since X and Y are independent, the Lebesgue density of the ratio
X /Y is, for t > 0,

1 / E
(tx)"* e /Yo g e/ Yu g
[T(na) ]2 (vavy)™* Jo

I'(na)]?(
I(2na)tne—1 t o1\
wmmm%wa( ) !

f@) =

— +
Y Yy

Exercise 9 (#2.22). Let (Y;,Z;), i = 1,...,n, be independent and iden-
tically distributed random 2-vectors. The sample correlation coefficient is
defined to be

1 n ~
T s S NE-D)

where Y =n"13"" | Y, Z=n"1Y" | Z;, S5 =(n—1)"'3 " (Y;—Y)?, and
S7=(n-1)""30, (Zi—2)%
(i) Assume that E|Y;|* < oo and E|Z;|* < co. Show that

\/E(T - P) —d N(Oa 02)’
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where p is the correlation coefficient between Y7 and Z; and c is a constant.
Identify ¢ in terms of moments of (Y1, Z7).

(ii) Assume that Y; and Z; are independently distributed as N(u1,07) and
N (uz,02), respectively. Show that T has the Lebesgue density

0= )

(iii) Under the conditions of part (ii), show that the result in (i) is the same
as that obtained by applying Scheffé’s theorem to the density of v/nT.

Solution. (i) Consider first the special case of EY; = EZ; = 0 and Var(Y7)
= Var(Z;) = 1. Let W; = (Y3, Z;, Y2, Z2,Y;Z;) and W = n= ' 30, W,
Since Wh, ..., W,, are independent and identically distributed and Var(W;)
is finite under the assumption of E|Y;|* < oo and E|Z;|* < oo, by the
central limit theorem, /n(W —6) —4 N5(0,%), where § = (0,0, 1,1, p) and

1 P B(Y?) E(ZY) B(Y?Z1)
p 1 B(Y2Z) B(Z}) E(Y:23)
Y= B(Y?) E(Y?Zy) E(Y{) -1 E(Y?Z}) -1 E(Y{PZi)-p

EMWZ}) E(Z}) EY{£Z}) -1 EZY) -1 EMWZ}) -
E(Y?Zy) BEMWZY) E(YPZ)—p EMZY)—p E(Y?ZY) - p?

Define
T5 — L1X2

Vg —af)(ws —23)

p = h(#). By the é-method (e.g., Theorem 1.12 in
) — h(0)] —4 N(0,c?), where ¢? = ¢"%¢ and ¢ =
2,—p/2,1). Hence

h($1,$27$3,x4,$5) =

Then T = h(W) and
Shao, 2003), /n[h(W

Oh(w
6(1:1)71)9 (0,0,—p/2,

& = p’[EMY) + B(Z]) +2E(Y Z7)] /4
—p[E(Y2Z)) + EMZ])] + E(Y?Z?).

The result for the general case can be obtained by considering the trans-

formation (Y; — EY;)/\/Var(Y;) and (Z; — EZ;)/+/Var(Z;). The value of

2 is then given by the previous expression with Y; and Z; replaced by

— EYy)/+/Var(Y1) and (Z1 — EZy)/+/Var(Z,), respectively.

(ii) We only need to consider the case of u1 = pa = 0 and o7 = 03 = 1.
Let Y = (Y1,--~7Yn),7Z = (Z1,...,Zy), and Az be the n-vector whose ith
component is (Z; — Z)/(v/n — 15z). Note that

(n—1)Sy — (AZY)> =Y " BzY

with By =1, —n~ ' JJ™ — Az A7, where I, is the identity matrix of order
n and J is the n-vector of 1’s. Since AL Az =1and J"Az =0, BzAz =0,
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B% = By and tr(Bz) = n — 2. Consequently, when Z is considered to
be a fixed vector, Y"BzY and A7Y are independent, A7Y is distributed
as N(0,1), YTBzY has the x2_, distribution, and v/n — 24%Y/\/Y™BzY
has the t-distribution t,,_5. Since T'= ALY /(v/n — 1Sy ),

P(T <t) = E[P(T < t|2)]

=FE|P AZY gt’Z
- \WYTBzY + (A3Y)?

ALY t
=FE|P Z__ < z
I (x/YTBzY T V1I-#2 ﬂ

_zlp <tn2 < t\/n—2>}
L V1—t2
F(%) 1/71"722 22\~ (/2
= 1+ dz,
(n —2)a0("52) Jo ( n—2>

where t,,_o denotes a random variable having the t-distribution ¢,,_o and

the third equality follows from the fact that ﬁ < t if and only if
\/% < ﬁ for real numbers a and b and ¢ € (0,1). Thus, T has Lebesgue
density

d F(@)

—P(T <t) = —2- (1)) Y21 ().
(iii) Under the conditions of part (ii), p = 0 and, from the result in (i),
¢ =1and v/nT —4 N(0,1). From the result in (ii), v/nT has Lebesgue
density

[(n=1 12 (n=1)/2 )
o e L A R s

by Stirling’s formula. By Scheffé’s Theorem, /nT —4 N(0,1). &

Exercise 10 (#2.23). Let X3, ..., X,, be independent and identically dis-
tributed random variables with EX{ < oo, T = (Y, Z), and Ty = Y/ Z,
where Y =n~! 3" | [X;land Z =n"' >0 | X2

(i) Show that \/n(T —0) —4 No(0,%) and \/n(Ty —9) —4 N(0,c?). Identify
0, ¥, 9, and ¢? in terms of moments of X.

(ii) Repeat (i) when X; has the normal distribution N(0,c?).

(iii) Repeat (i) when X has Lebesgue density (2¢)~te~1#!/7.

Solution. (i) Define 6; = E|X ), j = 1,2,3,4, and W, = (|X;|, X?),
i=1,.,n. Then T =n=1>" W, Let § = EW; = (61,6;). By the
central limit theorem, \/n(T — 0) —4 N2(0,X), where

Y — Var(|X1|) COV(|X1|,X12) _ 92—9% 93—9192
- COV(|X1|,X12) Var(XIQ) - 93 —9102 94—9% ’
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Let g(y, 2) = y//z Then Tt = ¢(T), g(60) = 61/v/b2, 2|, .y = 1/ VP2,

and % (W)= = —91/(293/2). Then, by the d-method, \/n(T1 — ¥) —4
N(0,c?) with 9 = 01 //03 and
PR RN

(ii) We only need to calculate §;. When X; is distributed as N(0,0?), a
direct calculation shows that 6, = /20 /y/7, 02 = 02, 03 = 2¢/20°% /\/7, and
94 = 30’4.

(iii) Note that |X;| has the exponential distribution with Lebesgue density
o 1e /%I o) (z). Hence, 0; = o7j!. 1

Exercise 11 (#2.25). Let X be a sample from P € P, where P is a
family of distributions on the Borel o-field on R™. Show that if T'(X) is
a sufficient statistic for P € P and T = (S), where v is measurable and
S(X) is another statistic, then S(X) is sufficient for P € P.
Solution. Assume first that all P in P are dominated by a o-finite measure
v. Then, by the factorization theorem (e.g., Theorem 2.2 in Shao, 2003),
apP
2 (%) = 90 (T(2))h(z),
where h is a Borel function of z (not depending on P) and g, () is a Borel
function of t. If T' = 4(S), then

P
9 (@) = g, (oS @A)
and, by the factorization theorem again, S(X) is sufficient for P € P.
Consider the general case. Suppose that S(X) is not sufficient for P €
P. By definition, there exist at least two measures P, € P and P, € P
such that the conditional distributions of X given S(X) under P; and Py
are different. Let Py = {P1, P>}, which is a sub-family of P. Since T'(X) is
sufficient for P € P, it is also sufficient for P € Py. Since all P in Py are
dominated by the measure P; + P», by the previously proved result, S(X)
is sufficient for P € Py. Hence, the conditional distributions of X given
S(X) under P, and P, are the same. This contradiction proves that S(X)
is sufficient for P € P. 1

Exercise 12. Let P = {fy : 6 € ©}, where fy’s are probability densities,
fo(xz) > 0 for all z € R and, for any 6 € O, fo(z) is continuous in z. Let
X, and X5 be independent and identically distributed as fy. Show that if
X7 + Xs is sufficient for 0, then P is an exponential family indexed by 6.
Solution. The joint density of X; and Xs is fy(21)fo(z2). By the factor-
ization theorem, there exist functions gg(t) and h(x1,z2) such that

fo(z1) fo(z2) = go(z1 + 22) (21, 22).
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Then

log fo(z1) 4 1og fo(x2) = g(z1 + 22,0) + ha (21, 72),
where g(t,0) = loggo(t) and hq(z1,22) = logh(z1,22). Let 6y € © and
T(*T79) = logfg(x) - lnggo(.T) and q(Qj?e) = g(xae) - g(sc,@o) Then

q(w1 + x2,0) = log fo(w1) + log fo(w2) + hi(z1, 72)
— log fo, (11) — log feo(fz) - hl(zlaIQ)
= r(x1,0) + r(x2,0).

Consequently,
r(zy + x2,0) +7(0,0) = q(x1 + 22,0) = r(x1,0) + r(22,0)
for any x1, x2, and 0. Let s(z,0) = r(z,0) — r(0,6). Then
s(z1,0) + s(x2,0) = s(x1 + x2,0)
for any x1, x2, and 6. Hence,
s(n,0) =ns(1,0) n=0,+1,42,....
For any rational number > (n and m are integers and m # 0),

$(5.0) = s (5.0) = s (.0) = 5 (2,0) = 5(1,0).

“m

Hence s(z,0) = xs(1,0) for any rational z. From the continuity of fy, we
conclude that s(x,0) = zs(1,0) for any « € R, i.e.,

r(z,0) = s(1,0)z +7(0,0)
any x € R. Then, for any = and 6,

fo(x) = exp{r(x,0) + log fo, (z)}
= exp{s(1,0)x + r(0,0) + log fo,(x)}
= exp{n(0)z — £(0)}h(z),

where n(0) = s(1,0), £(0) = —r(0,0), and h(x) = fp,(z). This shows that
P is an exponential family indexed by 6. 1

Exercise 13 (#2.30). Let X and Y be two random variables such that
Y has the binomial distribution with size N and probability m and, given
Y =y, X has the binomial distribution with size y and probability p.

(i) Suppose that p € (0,1) and 7 € (0,1) are unknown and N is known.
Show that (X,Y") is minimal sufficient for (p, 7).

(ii) Suppose that 7 and N are known and p € (0,1) is unknown. Show
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whether X is sufficient for p and whether Y is sufficient for p.
Solution. (i) Let A = {(x,y) :  =0,1,...,y, y = 0,1,..., N}. The joint
probability density of (X,Y) with respect to the counting measure is

<N) (1 —mN Y (i)p“(l —p)! "4

Y

= exp {xloglfp +ylog7r(1%_ﬂp) + Nlog(1 —w)} (J;f) (Z)IA.

Hence, (X,Y) has a distribution from an exponential family of full rank
(0 <p<land0 < m < 1). This implies that (X,Y) is minimal sufficient
for (p, ).

(ii) The joint probability density of (X,Y") can be written as

exp {xlog . fp +ylog(l —p)} (1 — m)Nv (j;) (g)h.

This is from an exponential family not of full rank. Let pg = %, p1 = %,
Py = %, and n(p) = (log ﬁ,log(l —p)). Then, two vectors in R?, n(py) —
n(po) = (—log2,2log2 — log3) and 7(p2) — n(po) = (log2,log2 — log3),
are linearly independent. By the properties of exponential families (e.g.,
Example 2.14 in Shao, 2003), (X,Y) is minimal sufficient for p. Thus,
neither X nor Y is sufficient for p. i

Exercise 14 (#2.34). Let X3, ..., X, be independent and identically dis-
tributed random variables having the Lebesgue density

exp {— (554)" =€)}

where § = (u,0) € © = R X (0,00). Show that P = {Py : § € O} is
an exponential family, where Py is the joint distribution of X1, ..., X,,, and
that the statistic 7 = (37, Xi, > orq X2, >0y X2, >0, X!) is minimal
sufficient for 6 € O©.

Solution. Let T'(z) = (30, @i, >y 22, >0 a3, > s x}) for any z =
(71, ...,7n) and let n(0) = o~4(—4p>,6u% —4pu,1). The joint density of
(Xl, 7Xn) is

fo(z) = exp {[n(0)]"T(x) —np' /o —n&(9)}
which belongs to an exponential family. For any two sample points z =
(.131, ...,Jﬁn) and Y= (yh ~-~7yn)a

o (S5 - (B89
oo (St Eo) - (£ S0}
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which is free of parameter (u, o) if and only if T'(z) = T(y). By Theorem
2.3(iii) in Shao (2003), T'(X) is minimal sufficient for 6. 1

Exercise 15 (#2.35). Let (Xi,...,X,) be a random sample of random
variables having the Lebesgue density fo(z)=(260)""[1(0,6)(z)+1(20,30) ()]
Find a minimal sufficient statistic for 6 € (0, co).

Solution. We use the idea of Theorem 2.3(i)-(ii) in Shao (2003). Let O, =
{61, 02, ...} be the set of positive rational numbers, Py = {gy : 6 € ©,.}, and
P = {go : 0 > 0}, where gg(x) =[], fo(x;) for & = (x1,...,2,). Then
Po C P and a.s. Py implies a.s. P (i.e., if an event A satisfying P(A) =0
for all P € Py, then P(A) = 0 for all P € P). Let {¢;} be a sequence
of positive numbers satisfying > °°; ¢; = 1 and goo(x) = Yoy cigo, (2).
Define T' = (11, T3, ...) with T;(x) = g¢,(2)/goo(z). By Theorem 2.3(ii) in
Shao (2003), T is minimal sufficient for 6 € ©¢ (or P € Py). For any 6 > 0,
there is a sequence {6;, } C {0;} such that limg 6;, = 6. Then

go(w) = lim gy, (z) = lim T, (2)goc ()

holds for all # € C with P(C) = 1 for all P € P. By the factorization
theorem, T is sufficient for § > 0 (or P € P). By Theorem 2.3(i) in Shao
(2003), T is minimal sufficient for 6 > 0. 1

Exercise 16 (#2.36). Let (Xi,...,X,) be a random sample of random
variables having the Cauchy distribution with location parameter p and
scale parameter o, where p € R and o > 0 are unknown parameters. Show
that the vector of order statistics is minimal sufficient for (u, o).
Solution. The joint Lebesgue density of (X1, ..., X,,) is

n’ﬂ

g
fuo() = pr
=1

1 p—
m, 1'—(1'1,...,1'”).

For any z = (1, ...,x,) and y = (y1, ..., Yn ), Suppose that

fu,o'(x) — bl
fu,a(l/) —1/}( ’y)

holds for any p and o, where 1) does not depend on (u, ). Let 0 = 1. Then
we must have

n n

1+ i = ?] = ) [T [1+ @i =)

1 i=1

?

for all u. Both sides of the above identity can be viewed as polynomials of
degree 2n in y. Comparison of the coefficients to the highest terms gives



Chapter 2. Fundamentals of Statistics 63

P(z,y) = 1. Thus,

[1+ (i =] =
1 %

[1 + (s — )
1

n
1=

n

for all p. As a polynomial of p, the left-hand side of the above identity
has 2n complex roots x; = +/—1, i = 1,...,n, while the right-hand side of
the above identity has 2n complex roots y; = +/—1, i = 1,...,n. By the
unique factorization theorem for the entire functions in complex analysis,
we conclude that the two sets of roots must agree. This means that the
ordered values of x;’s are the same as the ordered values of y;’s. By Theorem
2.3(iii) in Shao (2003), the order statistics of X1, ..., X}, is minimal sufficient
for (p,0). 1

Exercise 17 (#2.40). Let (X1, ..., X,,), n > 2, be a random sample from a
distribution having Lebesgue density fg j, where 6 >0, j = 1,2, fg; is the
density of N(0,60%), and fp2(z) = (20)"'e~1#I/?. Show that T = (T}, T3) is
minimal sufficient for (6, j), where T4y = >°7" | XZ and Tp = Y, | Xyl
Solution A. Let P be the joint distribution of X7, ..., X,,. By the factor-
ization theorem, T is sufficient for (0,5). Let P = {P : 0 > 0,5 = 1,2},
Pr={P:0>0,j=1},and Po ={P:0>0,j =2}. Let S be a statistic
sufficient for P € P. Then S is sufficient for P € P;, j = 1,2. Note that P;
is an exponential family with 77 as a minimal sufficient statistic. Hence,
there exists a Borel function v such that 77 = v1(S) a.s. P;. Since all
densities in P are dominated by those in Py, we conclude that T; = ¥1(S)
a.s. P. Similarly, Py is an exponential family with 75 as a minimal sufficient
statistic and, thus, there exists a Borel function 9 such that T = 19(5)
a.s. P. This proves that T = (11(5),42(5)) a.s. P. Hence T is minimal
sufficient for (6, j).

Solution B. Let P be the joint distribution of Xj, ..., X,;. The Lebesgue
density of P can be written as

It13(9) I23(5) Iy (3) I ()
e"p{‘ 20 1T g TQH(WW* (29)71]'

Hence P ={P:60>0,j = 1,2} is an exponential family. Let

n(0,) = - <I{;;gj), I{Qé(j)> .

Note that n(1,1) = (—%,0), n(271/2,1) = (~1,0), and n(1,2) = (0,—1).
Then, n(27Y/2,1) — n(1,1) = (=3,0) and 7(1,2) — n(1,1) = (3,-1) are
two linearly independent vectors in R?. Hence T = (Ty,T») is minimal
sufficient for (60, 7) (e.g., Example 2.14 in Shao, 2003). 1
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Exercise 18 (#2.41). Let (X1, ..., X,,), n > 2, be a random sample from
a distribution with discrete probability density fy ;, where § € (0,1), j =
1,2, fp,1 is the Poisson distribution with mean 6, and fp > is the binomial
distribution with size 1 and probability 6.

(i) Show that T'= )" | X; is not sufficient for (6, 7).

(ii) Find a two-dimensional minimal sufficient statistic for (6, j).
Solution. (i) To show that T is not sufficient for (6,5), it suffices to
show that, for some x < ¢, P(X,, = z|T = t) for j = 1 is different from
P(X, =z|T' =t) for j =2. When j =1,

P(X, = 2|T = 1) = <t>W >0,

T nt

whereas when j =2, P(X,, = z|T'=t) =0 as long as z > 1.

(ii) Let gg; be the joint probability density of Xi,...,X,. Let Py =
{g%,l,g%,l,gég}. Then, a.s. Py implies a.s. P. By Theorem 2.3(ii) in
Shao (2003), the two-dimensional statistic

S — 911 9312 _ (en/42—T en/2W2T—n)
9%,1’951 ’

is minimal sufficient for the family Py, where

1 X;=0o0rl,i=1,..,n,
W= { 0 otherwise.

Since there is a one-to-one transformation between S and (T, W), we con-
clude that (T, W) is minimal sufficient for the family Py. For any = =
(z1,...,Zn), the joint density of X, ..., X,, is

1

enm{l}(j)(l _ 9)”1{2}(j)WI{z}(j)eT[I{l}(j)10:‘5 0+1(2y(j) log ﬁ] H
371‘!

i=1

Hence, by the factorization theorem, (T,W) is sufficient for (6,j). By
Theorem 2.3(i) in Shao (2003), (T, W) is minimal sufficient for (6, ). 1

Exercise 19 (#2.44). Let (Xi,...,X,,) be a random sample from a dis-
tribution on R having the Lebesgue density 9_16_@_0)/9](9100)(1‘), where
6 > 0 is an unknown parameter.

(i) Find a statistic that is minimal sufficient for 6.

(ii) Show whether the minimal sufficient statistic in (i) is complete.
Solution. (i) Let T'(x) = Y i", z; and W(z) = minj<;<, z;, where
x = (21, ...,2p). The joint density of X = (Xy,..., X,) is

e 1w
fo(x) = g€ @O ) (W (2)).
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For = (z1,...,z,) and y = (Y1, -+, Yn ),

foly) ~° L0.00) (W ()
is free of # if and only if T(z) = T(y) and W(x) = W(y). Hence, the
two-dimensional statistic (T'(X), W(X)) is minimal sufficient for 6.
(ii) A direct calculation shows that, for any ¢, E[T(X)] = 2n6 and E[W (X)]
= (1+n10. Hence E[(2n)"'T — (1 + n~H)71W(X)] = 0 for any 6 and
(2n)~'T — (1 + n~1)7'W(X) is not a constant. Thus, (T, W) is not com-
plete. 1

fo(z) [T(y)—T(x)]/0 L(g,00)(W(2))
(

Exercise 20 (#2.48). Let T be a complete (or boundedly complete)
and sufficient statistic. Suppose that there is a minimal sufficient statistic
S. Show that T is minimal sufficient and S is complete (or boundedly
complete).

Solution. We prove the case when T is complete. The case in which T
is boundedly complete is similar. Since S is minimal sufficient and T is
sufficient, there exists a Borel function h such that S = h(T') a.s. Since
h cannot be a constant function and T is complete, we conclude that S is
complete. Consider T'— E(T|S) = T — E[T|h(T)], which is a Borel function
of T and hence can be denoted as g(T"). Note that E[g(T)] = 0. By the
completeness of T, g(T') = 0 a.s., that is, T'= E(T'|S) a.s. This means that
T is also a function of S and, therefore, T' is minimal sufficient. I

Exercise 21 (#2.53). Let X be a discrete random variable with proba-
bility density

0 =0
Jo(z) =< (1—0)%6*1 r=12,..
0 otherwise,

where 6 € (0,1). Show that X is boundedly complete, but not complete.
Solution. Consider any Borel function h(x) such that

E[h(X)] = h(0)0 + i h(z)(1—0)%6""1 =0

for any 0 € (0,1). Rewriting the left-hand side of the above equation in the
ascending order of the powers of 8, we obtain that

h(1) + 3 [z —1) —2h(z) + h(z+1)]6° =0

x

for any 6 € (0,1). Comparing the coefficients of both sides, we obtain that
h(1) =0and h(x—1)—h(z) = h(z)—h(z+1). Therefore, h(x) = (1—z)h(0)
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for x = 1,2, .... This function is bounded if and only if ~(0) = 0. If h(z) is
assumed to be bounded, then h(0) = 0 and, hence, h(x) = 0. This means
that X is boundedly complete. For h(x) = 1 —z, E[h(X)] = 0 for any 0
but h(X) # 0. Therefore, X is not complete. I

Exercise 22. Let X be a discrete random variable with
(2) (A=2)
N
()
where n and N are positive integers, N > n, and § =0, 1, ..., N. Show that

X is complete.

Solution. Let g(z) be a function of x € {0, 1,...,n}. Assume Eyp[g(X)] =0
for any 6, where Ejy is the expectation with respect to Py. When 6 = 0,
Py(X =z)=1ifz =0and Ey[g(X)] = ¢g(0). Thus, g(0) =0. When 6 =1,
P (X >2)=0and

Py(X =x)= , ©=0,1,2,...,min{f,n},n—ax <N -0,

N-1
(nfl)

()
Since E1[g(X)] = 0, we obtain that g(1) = 0. Similarly, we can show that
g(2) =---=g(n) = 0. Hence X is complete. I

Exercise 23. Let X be a random variable having the uniform distribution
on the interval (6,0 + 1), 8§ € R. Show that X is not complete.
Solution. Consider g(X) = cos(27X). Then g(X) # 0 but

Ey[g(X)] = g(0) (X = 0) +g(1) (X =1) = g(1)

ot sin(2m — sin(2m
Elg(X)] :/9 cos(2mx)dr = (2 (0 + 12)72 @r0) _,

for any 6. Hence X is not complete. I

Exercise 24 (#2.57). Let (Xi,...,X,) be a random sample from the
N(,6?) distribution, where # > 0 is a parameter. Find a minimal sufficient
statistic for 8 and show whether it is complete.

Solution. The joint Lebesgue density of Xi,..., X, is

1 I =, 1 1
(27r92)nexp{_292 > xi+ezmi_2}'

Let

Then 77(%) —n(l) = (—%,1) and n(%) —n(l) = (—%,\@) are linearly
independent vectors in R?. Hence T' = (>_1 , X?,>i~, X;) is minimal
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sufficient for 6. Note that

E (Z XE) =nEX? = 2n6?
i=1
and )
E (Z Xz-) =nb? + (nh)? = (n +n?)e>.
i=1

Let h(ty,t2) = ﬁtl — mt% Then h(t1,t2) # 0 but E[h(T)] = 0 for any

0. Hence T is not complete. I

Exercise 25 (#2.56). Suppose that (X;,Y1),...,(X,,Y,) are indepen-
dent and identically distributed random 2-vectors and X; and Y; are in-
dependently distributed as N(u,0%) and N(u, 0% ), respectively, with § =
(n,0%,0%) € R x (0,00) x (0,00). Let X and S% be the sample mean
and variance for X;’s and Y and S% be the sample mean and variance for
Y;’s. Show that T = (X,Y, 5%, S2) is minimal sufficient for  but T is not
boundedly complete.

Solution. Let

_ 1 " 1w
n= 20%’03(7 20%7032,
and

s- (S ayn).
i=1 =1 =1 i=1

Then the joint Lebesgue density of (X1,Y7),..., (X,,Y,) is

1 nu?  nu?
— S — — — — —nl .
(2m)n b {77 20% 202 nlog(oxoy)

Since the parameter space {n : u € R,0% > 0,0% > 0} is a three-
dimensional curved hyper-surface in R*, we conclude that S is minimal
sufficient. Note that there is a one-to-one correspondence between T and
S. Hence T is also minimal sufficient.

To show that 7" is not boundedly complete, consider h(T') = I{ x~ vy} — i
Then |h(T)| < 0.5 and E[h(T)] = 0 for any 1, but A(T) # 0. Hence T is
not boundedly complete. I

Exercise 26 (#2.58). Suppose that (X1,Y1), ..., (X,,Y,) are independent
and identically distributed random 2-vectors having the normal distribution
with EX; = EY; = 0, Var(X;) = Var(Y1) = 1, and Cov(X1,Y7) =60 €
(—1,1).

(i) Find a minimal sufficient statistic for 6.

(ii) Show whether the minimal sufficient statistic in (i) is complete or not.
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(iii) Prove that 77 = Y | X? and T, = >__, ¥ are both ancillary but
(T1,Tz) is not ancillary.
Solution. (i) The joint Lebesgue density of (X1,Y1), ..., (X,,Y,) is

1 " 1 &N s o 20 &
(27r %102) eXP{ 192;($i+yi)+192;w2y1}.

R 2
"T=\T1Zee 1)

The parameter space {n : —1 < 6 < 1} is a curve in R?. Therefore,
Cr(X2+Y2), >, X,Y;) is minimal sufficient.

(ii) Note that E[> (X2 + Y] —2n =0, but Y1 (X2 +Y?) —2n # 0.
Therefore, the minimal sufficient statistic is not complete.

(iii) Both Ty and T have the chi-square distribution x?2, which does not
depend on 0. Hence both T} and T5 are ancillary. Note that

Let

E(I'Ty)=F (i XE) Zn:YjQ
i=1 j=1

E (zn: Xfo) +E | XY
=1

ij
nE(X{Y?) +n(n — 1) B(X?)E(YY)
n(1+26%) + 2n(n — 1),

which depends on 6. Therefore the distribution of (77,7%) depends on 6
and (T4, T») is not ancillary. &

Exercise 27 (#2.59). Let (X1,...,X,,), n > 2, be a random sample from
the exponential distribution on (a,c0) with scale parameter 8. Show that

(i) i, (X; — X(1y) and X(q) are independent for any (a, ), where X ;) is
the jth order statistic;

(i) Zi = (X(n) — X))/ (X(n) = X(n-1)), i = 1, ...,n — 2, are independent of
(X (1), i1 (Xi = X))

Solution: (i) Let 6 be arbitrarily fixed. Since the joint density of Xy, ..., X,

1 n
—n _na/6
g—"nenal exp{ez:xi}[(apo)(x(l)),

1S
i=1

where only a is considered as an unknown parameter, we conclude that X )
is sufficient for a. Note that %e*"(w’“)/el(am)(x) is the Lebesgue density
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for X (). For any Borel function g,

n [ o
Elg(X1))] = 5/ g(z)e™@=)/0qy — 0
a

for any a is equivalent to

/ g(z)e ™%z =0

for any a, which implies g(x) = 0 a.e. with respect to Lebesgue measure.
Hence, for any fixed 6, X(y) is sufficient and complete for a. The Lebesgue
density of X; —a is 9_16_90/9[(0’00)(1‘), which does not depend on a. There-
fore, for any fixed 0, Y1 | (X; — X (1)) = > i1 [(Xi—a) — (X 1) —a)] is ancil-
lary. By Basu’s theorem (e.g., Theorem 2.4 in Shao, 2003), > | (X;—X (1))
and X (1) are independent for any fixed 6. Since 0 is arbitrary, we conclude
that > | (X; — X(1)) and X () are independent for any (a, 6).

(ii) From Example 5.14 in Lehmann (1983, p. 47), (X(1), Y11 (X; — X(1)))
is sufficient and complete for (a,6). Note that (X; — a)/6 has Lebesgue
density e™*1(g,o0)(), which does not depend on (a,6). Since

Xny—a Xiy—a
7 - X=X _ g - G
Xy = Xp-y Tz Xoopza!

the statistic (Z1, ..., Zn—2) is ancillary. By Basu’s Theorem, (71, ..., Z,—2)
is independent of (X(1y, Y1 (X; — X1)))- 0

Exercise 28 (#2.61). Let (X1,...,X,), n > 2, be a random sample
of random variables having the uniform distribution on the interval [a, b],
where —0co0 < a < b < oo. Show that Z; = (X(Z) — X(l))/(X(n) — X(l))7
i=2,...,n—1, are independent of (X(1), X(y)) for any a and b, where X,
is the jth order statistic.
Solution. Note that (X; — a)/(b — a) has the uniform distribution on the
interval [0, 1], which does not depend on any (a,b). Since

Xy—a Xy—a
_Xo-Xo _ T e

X(n) _X(l) M_%,

b—a —a

Z;

the statistic (Zs, ..., Z,—1) is ancillary. By Basu’s Theorem, the result fol-
lows if (X (1), X(5,)) is sufficient and complete for (a,b). The joint Lebesgue
density of X7, ..., X, is (b— a)*”I{a<x<1)<x(n><b}. By the factorization the-
orem, (X(1),X(n)) is sufficient for (a,b). The joint Lebesgue density of
(X), X(my) 15 -

n(n—1 ne

W(y - CU) 2I{a<:c<y<b}~
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For any Borel function g(x,y), E[g(X(1), X(n))] = 0 for any a < b implies
that

/ 9(z,y)(y — )" *dady = 0
a<z<y<b

)"=2 = 0 a.e. m?, where m? is the

2. we conclude that

for any a < b. Hence g(z,y)(y — «
Lebesgue measure on R2. Since (y — )" "2 # 0 a.e. m
g(z,y) = 0 a.e. m?. Hence, (X(1); X(n)) is complete.

Exercise 29 (#2.62). Let (X1, ..., X,), n > 2, be a random sample from
a distribution P on R with EX? < 0o, X be the sample mean, X(;) be the
Jjth order statistic, and 7' = (X () + X(,))/2. Consider the estimation of a
parameter § € R under the squared error loss.

(i) Show that X is better than T if P = N(6,02),0 € R, o > 0.

(ii) Show that T is better than X if P is the uniform distribution on the
interval (0 — 3,0+ 3), 6 € R. B

(iii) Find a family P for which neither X nor T is better than the other.
Solution. (i) Since X is complete and sufficient for # and T'— X is ancillary
to 6, by Basu’s theorem, T'— X and X are independent. Then

R (0) = E[(T - X) + (X = 0)]” = B(T - X)* + Rx (0) > Rx(0),

where the last inequality follows from the fact that T' # X a.s. Therefore
X is better.

(ii) Let W = w. Then the Lebesgue density of W is
n2" ! (w+ %)n_l —2<w<0
fw) =4 non! (% — w)n71 0<w< %
0 otherwise.
Therefore ET = EW + 0 =0 and
1

Ry (0) = Var(T) = Var(W) = D EFSNCESN

On the other hand,

R (6) = Var(X) = % - %

Hence, when n > 2, Rp(6) < Rg(6).

(iii) Consider the family P = P; U Py, where P; is the family in part (i)
and Py is the family in part (ii). When P € Py, X is better than 7. When
P € Py, T is better than X. Therefore, neither of them is better than the
other for P € P. 1

Exercise 30 (#2.64). Let (Xi,...,X,) be a random sample of binary
random variables with P(X; = 1) =6 € (0,1). Consider estimating 6 with
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the squared error loss. Calculate the risks of the following estimators:
(i) the nonrandomized estimators X (the sample mean) and

0 if more than half of X;’s are 0
if more than half of X;’s are 1
if exactly half of X;’s are 0;

To(X) =

[T

(ii) the randomized estimators

X with probability
Ty with probability

Ty(X) = {

N[ ==

and

X with probability X
Ty(X) = { p y .

with probability 1 — X.

=

Solution. (i) Note that
R, (0) = E(To — 6)?
=0*P(X <0.5) + (1 - 0)*P(X > 0.5) + (0.5 — 0)*P(X = 0.5).
When n = 2k,
k—1

P(X <05) =) (ik) 67 (1 — )2+,

Jj=1

2k ok
P(X>05)= Y < _ )93’(1 — )%k,
g1 N

and

P(X = 0.5) = (2:> 6% (1 — 0",

When n = 2k + 1,
k

P(X <05) =) (% + 1) 03(1 — 0)2k+1-7,
— J
7=0
2k+1
- 2 1\ . )
P(X>05)= Y ( i )eau _ gyekeis,
—y J
j=k+1

and P(X = 0.5) = 0.
(ii) A direct calculation shows that

Ry (0) = E(T1 - 9)?
= %E(X —0)% + %E(TO —0)2

Ce1-6) 1
- m + §RTO(0)7
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where Ry, () is given in part (i), and
Ry, (0) = E(T» — 0)?

—E X(X—9)2+(;—9>2(1—X)]

=EB(X -0 +0E(X —0)*+ (;—9>2(1—e)

_ % SN EX - 0)(X; - 0)(Xy - 6)

i=1 j=1k=1
+9(1n_9)+(;—9) (1-06)
_ E(X:l; 9)3 N 92(17; 9) n (; _ g> (1-9)
_ (1 — 0)> — 03(1 — 0) N 6%(1—0) 4 (1_9>2(1—9)
Tl2 n 2 7

where the fourth equality follows from E(X — )2 = Var(X) = 0(1 — 0)/n
and the fifth equality follows from the fact that E(X; —0)(X;—0)(Xy—6) #
Oifand only if i = j =k. &

Exercise 31 (#2.66). Consider the estimation of an unknown parameter
# > 0 under the squared error loss. Show that if 7" and U are two estimators
such that 7 < U and Rp(P) < Ry(P), then Ry, (P) < Ry, (P), where
Rr(P) is the risk of an estimator T and T denotes the positive part of T
Solution. Note that T'= T, —T_, where T_ = max{—T, 0} is the negative
part of T, and T, 7_ = 0. Then
Ry (P) = E(T - 6)?

= FB(Ty —T_ —0)?

= E(Ty —6)* + E(T?) + 20E(T-) — 2B(T} T-)

= Ry, (P) + E(T?) + 20E(T-).
Similarly,

Ry(P) = Ry, (P)+ E(U?)+20B(U_).
Since T < U,T_ > U_. Also, # > 0. Hence,

E(T?)+20E(T-) > E(U?) + 20E(U_).
Since Ry (P) < Ry(P), we must have Ry, (P) < Ry, (P). &

Exercise 32. Consider the estimation of an unknown parameter 6 € R
under the squared error loss. Show that if 7" and U are two estimators such
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that P(0 —t < T <0 +t) > PO —t<U<@0+t) for any t > 0, then
Rr(P) < Ry(P).
Solution. From the condition,

P(T - 6)*>s) < P((U—-0)*>s)
for any s > 0. Hence,
Ry (P) = E(T - 6)?

:/WPQT—Q2>@@
0

- — 2 s)as
s/o P((U - 0)? > 5)d

= E(U —0)*
= RU(P) 1

Exercise 33 (#2.67). Let (Xi,...,X,) be a random sample from the
exponential distribution on (0, 00) with scale parameter 6 € (0,00). Con-
sider the hypotheses Hy : 6 < 6y versus Hy : 6 > 60y, where 8 > 0 is a
fixed constant. Obtain the risk function (in terms of ) of the test rule
T. = I(C’oo)()_() under the 0-1 loss, where X is the sample mean and ¢ > 0
is a constant.

Solution. Let L(6, a) be the loss function. Then L(6,1) = 0 when 0 > 6,
L(6,1) = 1 when 6 < 6y, L(6,0) = 0 when 6 < 6y, and L(#,0) = 1 when
0 > 0y. Hence,

Ry, (0) = E[L(0,1(c,00) (X))]
= E [L(6,1)](¢,00)(X) 4+ L(0,0) I, (X)]
= L(0,1)P(X > ¢)+ L(6,0)P(X < ¢)
:{HX>@0§%
P(X < C) 0 > 6.

Since nX has the gamma distribution with shape parameter n and scale
parameter 6,

P(X >¢) = 1 Oox”_le_”/edsc 1
a on(n - 1)‘ nc -

Exercise 34 (#2.71). Consider an estimation problem with a parametric
family P = {Py : 6 € ©} and the squared error loss. If 6y € © satisfies that
Py < Py, for any 6 € ©, show that the estimator 7' = 6 is admissible.
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Solution. Note that the risk Rr(6) = 0 when 6 = 6. Suppose that U is an
estimator of § and Ry (0) = E(U —0)? < Ry (0) for all §. Then Ry (6g) = 0,
i.e., E(U —0y)? = 0 under Py,. Therefore, U = 6 a.s. Py,. Since Py < P,
for any 60, we conclude that U = 6y a.s. P. Hence U =T a.s. P. Thus, T
is admissible. 1

Exercise 35 (#2.73). Let (Xi,...,X,) be a random sample of random
variables with EX? < oo. Consider estimating y = EX; under the squared
error loss. Show that

(i) any estimator of the form aX +b is inadmissible, where X is the sample
mean, a and b are constants, and a > 1;

(ii) any estimator of the form X + b is inadmissible, where b # 0 is a
constant.

Solution. (i) Note that

Ry oo(P) = E(aX +b— o)
(X) + (ap+b— p)*
> a2Var( )
Rz (P)
> RX( )

= ¢%Var

when a > 1. Hence X is better than aX + b with a > 1.
(ii) For b # 0,

R, y(P) = E(X +b— pu)? = Var(X) + b* > Var(X) = Rg(P).
Hence X is better than X + b with b # 0. 1

Exercise 36 (#2.74). Consider an estimation problem with ¢ € [¢,d] C
R, where ¢ and d are known. Suppose that the action space contains [c, d]
and the loss function is L(|¢ — al), where L(-) is an increasing function on
[0,00). Show that any decision rule T' with P(T'(X) ¢ [c,d]) > 0 for some
P € P is inadmissible.

Solution. Consider the decision rule

Ty = cl(—oo,0)(T) + Tlie,q)(T) 4 dl(4,00)(T).
Then |T7 — ¥] < |T — ¥ and, since L is an increasing function,
Ry, (P) = E[L(|Ty = 9|)] < EIL(|T = 9])] = Rr(P)
for any P € P. Since
P(Ty(X) =] < [T(X) = 9]) = P(T(X) ¢ [a,0]) >0

holds for some P, € P,
R, (Py) < Rr(Py).
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Hence T3 is better than T and T is inadmissible. I

Exercise 37 (#2.75). Let X be a sample from P € P, 6o(X) be a
nonrandomized rule in a decision problem with R* as the action space,
and T be a sufficient statistic for P € P. Show that if E[I4(do(X))|T]
is a nonrandomized rule, i.e., E[I4(d0(X))|T] = Ia(h(T)) for any Borel
A C RF, where h is a Borel function, then §o(X) = h(T(X)) a.s. P.
Solution. From the assumption,

E

>l (a7
1=1

=3 eilla, ((T))
i=1

for any positive integer n, constants ci,...,c,, and Borel sets Ay, ..., A,.
Using the results in Exercise 39 of Chapter 1, we conclude that for any
bounded continuous function f, E[f(60(X))|T] = f(h(T)) a.s. P. Then, by
the result in Exercise 45 of Chapter 1, do(X) = h(T) a.s. P. 1

Exercise 38 (#2.76). Let X be a sample from P € P, §3(X) be a decision
rule (which may be randomized) in a problem with RF as the action space,
and T be a sufficient statistic for P € P. For any Borel A C RF, define

Let L(P,a) be a loss function. Show that

/m L(P,a)dé1(X,a) = E UR L(P,a)dbo(X. a)

T] a.s. P.

Solution. If L is a simple function (a linear combination of indicator
functions), then the result follows from the definition of ;. For nonnegative
L, it is the limit of a sequence of nonnegative increasing simple functions.
Then the result follows from the result for simple L and the monotone
convergence theorem for conditional expectations (Exercise 38 in Chapter
1). 1

Exercise 39 (#2.80). Let Xj,...,X,, be random variables with a finite
common mean g = FX; and finite variances. Consider the estimation of u
under the squared error loss.

(i) Show that there is no optimal rule in & if & contains all possible esti-
mators.

(ii) Find an optimal rule in

Sg = {En:CZXZ 1 ¢ € R,zn:Ci = 1}
i=1 i=1

if Var(X;) = 0%/a; with an unknown o2 and known a;, i = 1,...,n.
(iii) Find an optimal rule in 3y if X7, ..., X,, are identically distributed but
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are correlated with correlation coefficient p.

Solution. (i) Suppose that there exists an optimal rule 7*. Let P; and
P, be two possible distributions of X = (Xi,...,X,) such that p = p;
under P; and gy # po. Let Rp(P) be the risk of T. For T1(X) = p,
Ry, (Py) = 0. Since T* is better than Ty, Ry« (P1) < Ry, (P;) = 0 and,
hence, T* = y; a.s. P1. Let P = (P, + P,)/2. If X has distribution P, then
p= (1 + p2)/2. Let To(X) = (p1 + p2)/2. Then Ry, (P) = 0. Since T*
is better than Ty, Ry« (P) = 0 and, hence, T* = (u1 + p2)/2 a.s. P, which
implies that T = (uy + pu2)/2 a.s. Py since P, < P. This is 1mp0551b1e
since p1 # (p1 + p2)/2.

(ii) Let T=>"" ;¢ X; and T* = Y"1 a; X;/ > iy a;. Then

Ry« (P) = Var(T™)

(o) /(5 )

By the Cauchy-Schwarz inequality,
2 n 2
() (355) = ()
izt % i=1
Hence,

Rp-(P <022 = Var (2:(:Z 1) Var(T) = Ry(P).

Therefore T* is optimal.
(iii) For any T = Z:’L:l ¢ X,

Rr(P )—Var( )

_ 20202 + chc]pa

i#£]

n n 2 n
_ 2 2 2 2
= E Cc;0° + po E G| — E c;
i=1 i=1 i=1



Chapter 2. Fundamentals of Statistics 7

Zc +p

-
[ Zcz> /n+p

1=p)/n+pl
=Var( X),

2

where the last equality follows from the Cauchy—Schwarz inequality

n 2 n
(6) <nye
i=1 i=1
Hence, the sample mean X is optimal. I

Exercise 40 (#2.83). Let X be a discrete random variable with
PX=-1)=p, PX=k=00-p?%** k=012 .,

where p € (0,1) is unknown. Show that

(i) U(X) is an unbiased estimator of 0 if and only if U(k) = ak for all
k=-1,0,1,2,... and some a;

(ii) To(X) = Iy (X) is unbiased for (1 — p)? and, under the squared error
loss, Ty is an optimal rule in &, where < is the class of all unbiased estima-
tors of (1 — p)?;

(iii) To(X) = I{—1}(X) is unbiased for p and, under the squared error loss,
there is no optimal rule in &, where S is the class of all unbiased estimators
of p.

Solution. (i) If U(X) is unbiased for 0, then

E[U(X)] = U(-1)p+ Y U(k)(1 -

iU(k)pk—QiU(k P U(- p+ZU prr?
k=0

k=0
=U0)+ Y Ulk+2)p"*2 -2 Z Uk +1)pk+?
k=—1 k=—1
+ Z U k+2
k=—1
= Y [Uk) - 2U(k+1) + U(k +2)p**>
k=—1
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for all p, which implies U(0) = 0 and U(k) — 2U(k+ 1)+ U(k +2) =0 for
k=-1,0,1,2, ..., or equivalently, U(k) = ak, where a = U(1).
(ii) Since

E[Ty(X)] = P(X =0) = (1 - p)*,
Ty is unbiased. Let T be another unbiased estimator of (1 — p)2. Then
T(X)—Ty(X) is unbiased for 0 and, by the result in (i), T(X) = To(X)+aX
for some a. Then,

Rr(p) = E[To(X) +aX — (1 —p)*)?
E(To+aX)* 4+ (1 —p)* —2(1 — p)?E[To(X) + aX]
E

(T +aX)* — (1 -p)*

=a’P(X = —1)+ P(X =0) +d* i EP(X =k)—(1—p)?
k=1

> P(X = 0)— (1-p)*
= Var(Tp).
Hence Tj is a optimal rule in .
(iil) Since
E[T(X)] = P(X = —1) = p,
Tp is unbiased. Let T be another unbiased estimator of p. Then T'(X) =
To(X) + aX for some a and

Rr(p) = E(Ty +aX)?* —p?
oo
= (1—al’p+a®) K (1—p)p’ -1’
k=0
which is a quadratic function in a with minimum

1

a=|1+1-p) ) Kp!
k=1

depending on p. Therefore, there is no optimal rule in . 1

Exercise 41. Let X be a random sample from a population and 6 be

an unknown parameter. Suppose that there are k + 1 estimators of 6,

T1,....;Tky1, such that ET; = 9—1—2?21 ¢i;bj(0),i=1,..,k+1, where¢; ;’s

are constants and b;(6) are functions of . Suppose that the determinant
1 1 ... 1

C1,1 C2.1 ot Ck+1,1
C = B ) +1, 7&0

C1k C2k °° Cktlk
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Show that
n Ty - Ty
T _ 1l e e - ctan
C
Cik C2k *°° Ck4l,k

is an unbiased estimator of 6.
Solution. From the properties of a determinant,

ETy ETy -+ ETip
1 C1.1 C21 - Ck411
ET* —— 5 ) )
C
Cl,k Cok ' Ck41,k
k k
0+ 51c1,05(0) - 04375 cri,bi(0)
_ l €11 Chi11
C
Cl.k Ck+1,k
1 1
_ ﬁ 1,1 Ck41,1
C
Ci,k * Ck41,k
k k
Zj:l c1,;b;(0) - Zj:l Cht1,50;(0)
1
+ = C1,1 Ck+1,1
C
Cl,k Ck+1,k
= 07

79

where the last equality follows from the fact that the last determinant is 0

because its first row is a linear combination of its other k rows. 1

Exercise 42 (#2.84). Let X be a random variable having the binomial
distribution with size n and probability p € (0,1). Show that there is no

unbiased estimator of p~1.

Solution. Suppose that T'(X) is an unbiased estimator of p~!. Then

_ ~ (n k(p_ oyn—k _ 1
B0 = 32 ()Tt -t =

for all p. However,

Z:: <Z)T(k)p’“(1 —p)" < kznzzo (Z) T(k) < oo

k=0
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for any p but p~! diverges to co as p — 0. This is impossible. Hence, there
is no unbiased estimator of p~!. i

Exercise 43 (#2.85). Let X = (Xy,...,X;,) be a random sample from
N(6,1), where § = 0 or 1. Consider the estimation of 6 with action space
{0,1}, i.e., the range of any estimator is {0, 1}.

(i) Show that there does not exist any unbiased estimator of 6.

(ii) Find an estimator 0 of 0 that is approximately unbiased, that is,
lim,, E(0) = 6.

Solution. (i) Since the action space is {0, 1}, any randomized estimator 0
can be written as T'(X), where T is Borel, 0 < T(X) < 1, and

b 1 with probability T'(X)
~ | 0 with probability 1 —T/(X).

Then E(f) = E[T(X)]. If 6 is unbiased, then E[T(X)] = 6 for § = 0, 1.
This implies that, when 6 = 0, T'(X) = 0 a.e. Lebesgue measure, whereas
when § = 1, T(X) = 1 a.e. Lebesgue measure. This is impossible. Hence
there does not exist any unbiased estimator of 6.

(i) Consider 6 = I(n_1/47oo)(|X|), where X is the sample mean. Since X is
distributed as N(6,n~1),

E()=P(X|>n V=10 <n1/4 - 9\/5) o (—n1/4 - 9\/5) ,

where ® is the cumulative distribution function of N(0,1). Hence, when

0 =0, lim, E(#) =1 — ®(c0) + &(—00) = 0 and, when 0 = 1, lim,, E(0) =
1—®&(—00)+ P(—00) =1. 1

Exercise 44 (#2.92(c)). Let X be a sample from Py, where § € © C R.
Consider the estimation of # under the absolute error loss function |a — 4.
Let II be a given distribution on © with finite mean. Find a Bayes rule.

Solution. Let Py x be the posterior distribution of # and Px be the
marginal of X. By Fubini’s theorem,

//|0|dP9|XdPX ://|9|dP9dH:/\0|dH< .

Hence, for almost all X, [ |0|dPyx < oo. From Exercise 11 in Chapter 1,
if mx is a median of Py x, then

/|0 —mx|dPyx < /|9 —aldPy x for almost all X

holds for any a. Hence, E|0 — mx| < E|6 — T(X)| for any other estimator
T(X). This shows that mx is a Bayes rule. I
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Exercise 45 (#2.93). Let X be a sample having a probability density
fj(z) with respect to a o-finite measure v, where j is unknown and j €
{1,...,J} with a known integer J > 2. Consider a decision problem in
which the action space is {1, ..., J} and the loss function is

.. [0 ifa=j
L(J’“)_{ 1 ifaj.

(i) Obtain the risk of a decision rule (which may be randomized).

(ii) Let IT be a prior probability measure on {1,...,J} with II({j}) = =,
] = .,J. Obtain the Bayes risk of a decision rule

(iii) Obtaln a Bayes rule under the prior II in (ii).

(iv) Assume that J = 2, 1 = mp = 0.5, and fj(z) = ¢(z — p;), where
¢(x) is the Lebesgue density of the standard normal distribution and y;,
j =1,2, are known constants. Obtain the Bayes rule in (iii).

(v) Obtain a minimax rule when J = 2.

Solution. (i) Let § be a randomized decision rule. For any X, let §(X, j)
be the probability of taking action j under the rule §. Let E; be the
expectation taking under f;. Then

J
> LUk, k)] =D EilS(X, k)] =1 E;[6(X, j)],

k#j

since Zi=1 (X, k)=
(ii) The Bayes risk of a decision rule § is

J J
rs=> mRs(j) =1-Y mE;[5(X
j=1 j=1

(iii) Let 6* be a rule satisfying 6*(X, j) = 1 if and only if 7; f;(X) = g(X),
where g(X) = maxi<g<j 7 fx(X). Then d, is a Bayes rule, since, for any
rule 4,

J
ro=1-Y [ mii) e
J
1Y [ o igl)ar

- / o(z)dv

J
-1y (@)
j=1 g(z)=m; f;(z)

%
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(iv) From the result in (iii), the Bayes rule 6*(X,j) = 1 if and only if
bz — 15) > oz — ), k # §. Since oz — 15) = =@ 2 /\/3x, we
can obtain a nonrandomized Bayes rule that takes action 1 if and only if
| X — | <X = pal.

(v) Let ¢ be a positive constant and consider a rule . such that §.(X,1) =1
if f1(X) > cfa(X), 0.(X,2) = 1if fi(X) < cfe(X), and 6.(X,1) = 7 if
fi(X) = cf2(X). Since §.(X, j) = 1 if and only if m; f; (X)) =maxy, 7 fr (X),
where m = 1/(c+ 1) and m = ¢/(c + 1), it follows from part (iii) of the
solution that J. is a Bayes rule. Let P; be the probability corresponding
to f;. The risk of §. is P1(f1(X) < cfa(X)) — vPi(fi(z) = cf2(X)) when
j=T1and 1 - P(fi(X) < cfa(X)) + 7P2(f1(2) = cf2(X)) when j = 2.
Let ¢(c) = Pi(fi(X) < cfo(X)) + Po(f1(X) < cf2(X)) — 1. Then v is
nondecreasing in ¢, ¥(0) = —1, lim. o ¥(c) = 1, and ¢¥(c) — P(c—) =
Pi(f1(X) = cfo(X)) + Po(f1(X) = cfa(X)). Let ¢, = inf{c: ¢(c) > 0}. If
P(ex) = P(ca—), we set v = 0; otherwise, we set v = 1(c.)/[¢(cx)—1(cs—)].
Then, the risk of d., is a constant. For any rule 6, sup; Rs(j) > 1, >r, =
Rs,, (j) = sup; Rs,, (j). Hence, d., is a minimax rule. 1

Exercise 46 (#2.94). Let 0 be an unbiased estimator of an unknown
0 eR.

(i) Under the squared error loss, show that the estimator §-+c is not minimax
unless supy Rr(0) = oo for any estimator 7', where ¢ # 0 is a known
constant.

(ii) Under the squared error loss, show that the estimator ¢f is not minimax
unless supy Rr(f) = oo for any estimator T, where ¢ € (0,1) is a known
constant.

(iii) Consider the loss function L(6,a) = (a — 6)?/6? (assuming 6 # 0).
Show that @ is not minimax unless sup, Rr(6) = oo for any 7.

Solution. (i) Under the squared error loss, the risk of 0+ cis

R (P)=E(0+c—0)* =+ Var(f) = ® + Ry(P).
Then
sup Ry (P) = ¢® +sup Ry(P)
P P
and either supp Ry, (P) = oo or supp Ry, (P) > supp R4(P). Hence,
the only case where § + ¢ is minimax is when supp Ry (P) = oo for any
estimator 7.

(i) Under the squared error loss, the risk of ¢f is
R ;(P) = E(cf — 0)> = (1 - ¢)?0*> + *Var(d) = (1 — ¢)?0* + >R, (P).

Then, supp Ry, (P) = oo and the only case where 0+ ¢ is minimax is when
supp Rr(P) = oo for any estimator 7.
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(iii) Under the given loss function, the risk of ¢f is
R.5(P) = (1—c¢)* + Ry(P).

If supp R;(P) = oo, then the result follows. Assume £ = supp R;(P) < oo.
Let c=¢/(£+1). Then
2
Sl}ip 09( ) ( C) +C£ (§+1)2+(§+1)2 é‘_A'_l

<€

Hence 6 is not minimax. I

Exercise 47 (#2.96). Let X be an observation from the binomial distri-
bution with size n and probability 8 € (0,1), where n is a known integer
> 2. Consider testing hypotheses Hy : 8 < 6y versus Hy : 8 > 6y, where
6o € (0,1) is a fixed value. Let & = {T; : j =0,1,...,n — 1} be a class of
nonrandomized decision rules, where T;(X) = 1 (rejecting Hy) if and only
if X > j 4 1. Consider the 0-1 loss function.

(i) When the uniform distribution on (0,1) is used as the prior, show that
the Bayes rule within the class & is Tj« (X)), where j* is the largest integer
in {0,1,...,n — 1} such that Bji1n—j+1(60) > % and B, (-) denotes the
cumulative distribution function of the beta distribution with parameter
(a,b).

(ii) Derive a minimax rule over the class .

Solution. (i) Let Py be the probability law of X. Under the 0-1 loss, the
risk of T} is

Rr,(0) = Po(X > )1 (0,60)(0) + Po(X < j)I(g,,1)(0)

_ i (:) 6% (1 — 0)"FI(5.9,1(0) + io (Z) 6% (1 — 6)" %119, 1)(6).

k=j+1 k

Hence, the Bayes risk of Tj is

ry, = i <Z> /090 0F (1 — 0)"*dp +]i0 (Z) /91 0% (1 — 0)"*dp

k=j+1

n J

> Birin-k41(00) + Y _[1 = Brsrm—rs1(60)]-
k=j+1 k=0
Then, for j =1,...,n —1,

— TT]_ = 2Bj+1,n—j+1(00) —1.

Jj—1

The family {Bg4+1,n—g+1(y) : 8 > 0} is an exponential family having mono-
tone likelihood ratio in logy — log(1 — y). By Lemma 6.3 in Shao (2003), if
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Y has distribution Bgy1n—g+1, then P(Y <t) = P(logY —log(l -Y) <
logt —log(1—1t)) is decreasing in (3 for any fixed ¢ € (0,1). This shows that
Bji1n—j+1(6p) is decreasing in j. Hence, if j* is the largest integer j such
that Bj+1,n7j+1(90) 2 %, then

Ty —Tp, 20 j=1, gt
and
oy, — T <0 j=j4"+1,..,n—1.
Consequently,
Trjw = j:o,Ilr,l.i.I.l,n—erJ"

This shows that T}« is the Bayes rule over the class 3.
(ii) Again, by Lemma 6.3 in Shao (2003), Py(X < j) is decreasing in 6 and
Py(X > j) is increasing in 0. Hence,

n

sup R, (0) = Py, (X > j) = Z (Z) 0k (1 — 69)" "

0€(0,1) k=j+1
Then, the minimax rule over the class & is T),_1. I

Exercise 48 (#2.99). Let (Xi,...,X,) be a random sample from the
Cauchy distribution with location parameter u € R and a known scale
parameter o > 0. Consider the hypotheses Hy : u < g versus Hy : > o,
where p is a fixed constant. Calculate the size of the nonrandomized test
To(X) = I(¢,00)(X), where c is a fixed constant; find a ¢, such that T has
size a € (0,1); and find the p-value for T, .
Solution: Note that X has the same distribution as X;. Hence, the size
of T.(X) is

sup E(T.(X)) = sup P(X > ¢)

1<po 1<Ho

X — _

= sup P( K > ¢ ,u>

n<po g g

1 1 -

sup [ — — arctan (Cﬂﬂ
1<Ho 2 m g
1 1 (c - u0>
— — — arctan .
2w o

Therefore, if cq = pio + o tan (7(3 — «)), then the size of T, (X) is exactly
«. Note that

1 1 o — 1 1 X -
a = — — — arctan fa " o > — — — arctan Ho
2 0w o 2 0w o
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if and only if X > ¢, (i.e., T, (X) = 1). Hence, the p-value of T, (X) is

1 1 X -
inf{a|T. (X) =1} = 37 = arctan (a,uo> A |

Exercise 49 (#2.101). Let (Xi,...,X,,) be a random sample from the
exponential distribution on (a,00) with scale parameter 8, where a € R
and 0 > 0 are unknown parameters. Let o € (0,1) be given.

(i) Using T1(X) = >_1, (Xi— X (1)), where Xy is the smallest order statis-
tic, construct a confidence interval for § with confidence coefficient 1 — «
and find the expected interval length.

(ii) Using T1(X) and T3(X) = X(3), construct a confidence interval for a
with confidence coeflicient 1 — « and find the expected interval length.
(iii) Construct a confidence set for the two-dimensional parameter (a,0)
with confidence coeflicient 1 — a.

Solution. (i) Let W = T1(X)/60. Then W has the gamma distribution
with shape parameter n — 1 and scale parameter 1. Let ¢; < ¢ such that
P(cg < W < ¢3) =1 —a. Then ¢; and ¢o can be chosen so that they
do not depend on unknown parameters. A confidence interval for 6 with
confidence coefficient 1 — « is

(ntn, mtm)

C2 C1

Its expected length is

()= (2-L)-m

(ii) Using the result in Exercise 7(iii), [T2(X) — a]/T1(X) has the Lebesgue

density n (1 + n"—_tl) I(0,00)(t), which does not depend on any unknown

parameter. Choose two constants 0 < ¢; < ¢ such that

Cc2 t -n
/ n(1+n> dt =1— a.
o1 n—1

Then a confidence interval for a with confidence coefficient 1 — « is
(Ta — 211, To — 1 Th).
Its expected length is
El(ca — c1)Th] = (c2 — c1)(n — 1)6.
(iii) Let 0 < a1 < as be constants such that

Play<W<az)=vV1l—a
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and let 0 < by < by be constants such that

T5(X) —
P <b1 < % < bg) =e ™ _ e = /T —q.
Consider the region
T (X T (X
C(X) = {(9,a); 165 ) co< 165 ),TQ(X) — byl < a < To(X) — b19} :
2 1

By the result in Exercise 7(iii), 77(X) and T5(X) are independent. Hence

P((a,0) € C(X)) =P (a1 < n(X) < ag, b < LX) —a < b2>

0 0
T(X T5(X) —
:P(a1< 1(0 )<a2>P(b1<2(0)a<b2>
=vVii-avl -«
=1-«a

Hence, C'(X) is a confidence region for (a,#) with confidence coefficient
l1—a. 1

Exercise 50 (#2.104). Let (X1,..., X,) be a random sample from the
uniform distribution on the interval (6 — %, 0+ %), where 6 € R is unknown.
Let X(jy be the jth order statistic. Show that (X1) + X(,,))/2 is strongly
consistent for # and also consistent in mean squared error.

Solution. (i) For any € > 0,

and

P(|X(n) — (0+ %)| > E) =P (X(n) < (04— %) - E)
=[P(X1<0+3-9)]"
=(1-e"
Since Y7 (1 — €)™ < oo, we conclude that lim, X(;) = 6 — 1 a.s. and

lim,, X,y = 60 + % a.s. Hence lim, (X(1) + X(,))/2 = 0 as.
(ii) A direct calculation shows that

1
n+1

1
E[X(n)—((‘)—i—%)]:n/ z2"dr — 1 = —
0
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and
1

n+1’

1
E[Xq) — (0 - %)] = n/o r(1—z)" tdr =
Hence (X (1) + X(5,))/2 is unbiased for 6. Note that

Var(X () = Var (X — (6 — 3))

= BlX(m) — (0 -3 = [EX(n) — (0 = 3)I?

1
:n/o x""'ldx—{G—&-é— ! -0-13)

2
o n . n
on+2 <n+1>

— 0

as n — oo. Similarly, lim,, Var(X()) = 0. By the Cauchy-Schwarz inequal-
ity, [COV(X(U,X("))]Q < Var(X(l))Var(X(n)). ThUS, hmn COV(X(l),X(n))
= 0 and, consequently, lim, E[(X 1)+ X(,))/2 — 0]> = lim,, 4~ ! [Var(X 1) +
Var(X(n)) + QCOV(X(l), X(n))] =0.1

Exercise 51 (#2.105). Let (Xi,...,X,) be a random sample from a
population with the Lebesgue density fo(z) = 271 (14 0x)I(_1,1)(x), where
6 € (—1,1) is an unknown parameter. Find an estimator of 6 that is
strongly consistent and consistent in mean squared error.

Solution. By the strong law of large numbers, the sample mean X is
strongly consistent for

e 0 [ 0
EX, = 1+6 = - 2dx = —.
1 2/ z(1+ 0x)dx 2/ x dz 3

-1 -1

Hence 3X is a strongly consistent estimator of §. Since 3X is unbiased for
0 and Var(3X) = 9Var(X;)/n, where

2 o 1 [, 2 1 6
Var(X;) = EX; — (EX ) =<z [ z*(1+4+0z)de — —=-— —,
2/, 9 2 9

we conclude that 3X is consistent in mean squared error. 1

Exercise 52 (#2.106). Let X, ..., X,, be a random sample. Suppose that
T, is an unbiased estimator of ¢ based on X1, ..., X,, such that for any n,
Var(T},) < oo and Var(T,,) < Var(U,,) for any other unbiased estimator U,
of ¢ based on X7, ..., X,,. Show that T,, is consistent in mean squared error.
Solution. Let U, = n~'>"  Ti(X;). Then U, is unbiased for ¢ since
T1(X1) is unbiased for ¥. By the assumption, Var(7T,) < Var(U,,). Hence
lim,, Var(T},) = 0 since lim,, Var(U,) = lim,, Var(T;(X1))/n =0.



88 Chapter 2. Fundamentals of Statistics

Exercise 53 (#2.111). Let Xy, ..., X,, be a random sample from P with
unknown mean p € R and variance o2 > 0, and let g(u) = 0 if u # 0 and
g(0) = 1. Find a consistent estimator of g(y).

Solution. Consider the estimator T'(X) = Iy ,-1/4y(|X|), where X is the
sample mean. Note that 7' = 0 or 1. Hence, we only need to show that
lim, P(T = 1) = 1 when g(p) = 1 (i.e,, p = 0) and lim, P(T = 1) =0
when g(p) = 0 (e, p # 0). If p = 0, by the central limit theorem,
vnX —4 N(0,0?) and, thus

lim P(T(X) = 1) = lim P(v/n|X| < n*/%) = lim ®(n/*) =1,

where ® is the cumulative distribution function of N(0,1). If u # 0, then
by the law of large numbers, |X| —, || > 0 and, hence, n='/4/|X| —, 0.
Then

lim P(T(X) = 1) = lim P(1 < n~V4/|1X))=0. n

Exercise 54 (#2.115). Let (X, ..., X,,) be a random sample of random
variables from a population P with EX? < oo and X be the sample mean.
Consider the estimation of p = EXj.

(i) Let T, = X + &, /+/n, where &, is a random variable satisfying &, = 0
with probability 1 — n~! and &, = n®/2 with probability n~'. Show that
the bias of T;, is not the same as the asymptotic bias of 7T, for any P.

(ii) Let T, = X + n,/+/n, where 1, is a random variable that is indepen-
dent of X1, ..., X,, and equals 0 with probability 1 — 2n~! and ++/n with
probability n~!. Show that the asymptotic mean squared error of T,, the
asymptotic mean squared error of X, and the mean squared error of X are
the same, but the mean squared error of T, is larger than the mean squared
error of X for any P.

Note. The asymptotic bias and mean squared error are defined according
to Definitions 2.11 and 2.12 in Shao (2003).

Solution. (i) Since E(&,) = n®/?n~! =n!/2 E(T,) = BE(X)+n"2E(¢,)
=y + 1. This means that the bias of T}, is 1. Since &, —, 0 and X —, p,
T, —p p. Thus, the asymptotic bias of T}, is 0.

(ii) Since 1, —, 0 and /n(X — u) —4 N(0,0?), where o = Var(X1), by
Slutsky’s theorem, /n(T,, — p) = v/n(X — p) + 7, —a N(0,0%). Hence,
the asymptotic mean squared error of T}, is the same as that of X and is
equal to 02/n, which is the mean squared error of X. Since E(n,) = 0,
E(T,) = E(X) = u and the mean squared error of Tj, is

- o2 2 o2
Var(T,,) = Var(X) + Var(n,/vn) = — + ~>

— ]
n n

which is the mean squared error of X. i
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Exercise 55 (#2.116(b)). Let (X1,..., X,,) be a random sample of ran-
dom variables with finite § = EX; and Var(X;) = 6, where 6 > 0 is
unknown. Consider the estimation of V. Let Ty, = VX and T, = X/S,
where X and S? are the sample mean and sample variance. Obtain the
asymptotic relative efficiency of Ty, with respect to To,.

Solution. Since \/n(X — 0) —4 N(0,6), by the §-method with g(t) = v/t
and ¢'(t) = (2V1)~L, va(VX —VB) =4 N(0, 7). From Example 2.8 in
Shao (2003),

V(X —0,8% —0) =4 N2(0,%),

0 M3 )
Z:
( ps  pa— 62

and pr = E(X; — 0)*, k = 3,4. By the §-method with g(z,y) = z/\/Y,
9g/0x = 1/,/y and 0g/dy = —x/(2y*/?), we obtain that

where

\/H(Tgn — \/5) —a N (0, 9_1[92 — U3 + (,U4 — 92)/4]) .

Hence, the asymptotic relative efficiency of Ty, with respect to Ty, is 40 —
407 3 + 07 (g — 6°).

Exercise 56 (#2.118). Let (X1,..., X,) be a random sample from the
N(0,0?) distribution with an unknown o > 0. Consider the estimation of
o. Find the asymptotic relative efficiency of Ty, = /7 /2>, | X;|/n with
respect to T, = (31 X2/n)1/2.

Solution. Since E(y/7/2|X1]) = 0 and Var(\/n/2|X1|) = (5§ — 1)0?, by
the central limit theorem, we obtain that

V(Tin — o) =a N (0, (5 — 1) 0?).

Since EX? = 02 and Var(X1) = 20, /n(n™t 31| X2—0?) =4 N(0,20%).
By the d-method with g(t) = v/t and ¢'(t) = (21/t) !, we obtain that

\/ﬁ(TQn — 0’) —a N (0, %02) .

Hence, the asymptotic relative efficiency of Ty, with respect to Ty, is equal
tod/(Z-1)=(r—2)"1.a

Exercise 57 (#2.121). Let Xi,..., X, be a random sample of random
variables with EX; = pu, Var(X;) = 1, and EX} < co. Let Ty, =
n~! 2?21 Xi2 —1 and Ty, = X2 — n~! be estimators of 1?2, where X is
the sample mean.

(i) Find the asymptotic relative efficiency of T3, with respect to Ts,.

(ii) Show that the asymptotic relative efficiency of Ty,, with respect to T,
is no larger than 1 if the distribution of X; — p is symmetric about 0 and
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p# 0.
(iii) Find a distribution P for which the asymptotic relative efficiency of

Ty, with respect to 15, is larger than 1.
Solution. (i) Since EX? = Var(X;)+ pu? = 1+ 2, by applying the central
limit theorem to {X?} we obtain that

V(T — p°) =v/n li ZXf — (1 +p®)| —a N(0,7),

where v = Var(X?2). Also, by the central limit theorem, v/n(X — p) —4
N(0,1). When p # 0, by the §-method and Slutsky’s theorem,

VAT, =) = VA(X? =) = = —a NO.42)

When p =0, /nX —4 N(0,1) and, thus,
(T —p?) =nX? 1= (ynX)2 =124 W -1,

where W has the chi-square distribution x2. Note that E(W — 1) = 0 and
Var(W — 1) = 2. Therefore, the asymptotic relative efficiency of T3, with
respect to Th, is equal to

4#2
6:{ Var(X7?) /”L#O

2 _
nVar(X?) p=0.

(i) If the distribution of X; — u is symmetric about 0, then E(X; —pu)3 =0
and, thus,

Var(X?) = EX{ — (EX})?
= E[(X1 —p) + p* — (1 +p4%)?
= E(X1 — p)! + 4pE(X) — p)® + 62 E(X, — p)?
+ 4P E(Xy — p) + pt — (L4202 + p*)
= B(X; —p)' +4p% -1
> 4p?,

where the inequality follows from the Jensen’s inequality F(X; — p)* >
[E(X1—pu)%)? = 1. Therefore, when u # 0, the asymptotic relative efficiency
e<1.

(iii) Let the common distribution of X; be the distribution of Y/+/p(1 — p),
where Y is a binary random variable with P(Y = 1) = p and P(Y =0) =
1 —p. Then EX; = /p/(1 —p) = u, Var(X;) = 1, and EX} < co. Note
that

Var(X7) = Var(Y?)/[p*(1 = p)*] = Var(Y)/[p*(1 = p)’] = [p(1 = p)] "
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Then the asymptotic relative efficiency is e = 4u?/Var(X?%) = 4p?, which
is larger than 1if p € (1/2,1). 1

Exercise 58 (#2.119). Let (Xy,...,X,) be a random sample of ran-
dom variables with unknown mean p € R, unknown variance o2 > 0, and
EX} < oo. Consider the estimation of ;2 and the following three estima-
tors: Ty, = X2, Ty, = X2 — S%/n, T3, = max{0,Ty,}, where X and S?
are the sample mean and variance.

(i) Show that the asymptotic mean squared errors of T},, j = 1,2,3, are
the same when p # 0.

(ii) When p = 0, obtain the asymptotic relative efficiency of T5,, with re-
spect to T, and the asymptotic relative efficiency of T3, with respect to
Ts,. Find out which estimator is asymptotically more efficient.

Solution. (i) By the central limit theorem and the §-method,

V(X% — p?) = N(0,4p20?).

By the law of large numbers, S? —, o2 and, hence, S?/\/n —, 0. By
Slutsky’s theorem,

V(T — p?) = vVnX? — S?/y/n —4 N(0,4u%0?).

This shows that, when p # 0, the asymptotic mean squared error of T3y, is
the same as that of 71, = X?. When u # 0, X% —, u? > 0. Hence

lim P (T, # T3,) = lim P(Ty, < 0) = lim P(X? < $?/n) =0,

since S?/n —, 0. Therefore, the limiting distribution of v/n(Ts, — u?) is
the same as that of \/n(Ta, — u?).

(ii) Assume g = 0. From /nX —4 N(0,0?%), we conclude that nX? —,
o?W, where W has the chi-square distribution x?. Since p = 0, this shows
that (T, — p?) —q 0?W and, hence, the asymptotic mean squared error
of Ty, is c* EW?/n? = 30*/n2. On the other hand, by Slutsky’s theorem,
n(Tay — p?) = nX — S? =, o?W — o2, since S? —,, o2, Hence, the asymp-
totic mean squared error of Ty, is *E(W — 1)?/n? = o*Var(W)/n? =
20*/n%. The asymptotic relative efficiency of T, with respect to T3, is
3/2. Hence T, is asymptotically more efficient than T},,. Note that

n(Tsn — p?) = nmax{0, Ta, } = max{0,nTy,} —q max{0,c*(W — 1)},

since max{0,t} is a continuous function of ¢. Then the asymptotic mean
squared error of T3, is 0 E(max{0, W — 1})?/n? and The asymptotic rela-
tive efficiency of Ts,, with respect to Ty, is E(W —1)?/E(max{0, W —1})2.
Since

E(max{0,W — 1})? = E[(W - 1)*Iy1)] < B(W — 12,



92 Chapter 2. Fundamentals of Statistics

we conclude that T3, is asymptotically more efficient than 7},, j =1,2. 1

Exercise 59. Let (Xi,..., X;;) be a random sample from the exponential
distribution 9_16_36/9[(0’00)(1}), where 6 € (0,00). Consider the hypotheses
Hy : 0 < 0 versus Hy : 0 > 6y, where 6y > 0 is a fixed constant. Let
T. = I(C,OO)(X), where X is the sample mean.

(i) For any given level of significance a € (0,1), find a ¢, o such that the
test T¢, , has size a and show that Tt , is a consistent test, i.e., the power
of T¢,, ., converges to 1 as n — oo for any 6 > 6.

(ii) Find a sequence {b,} such that the test T} is consistent and the size
of Ty, converges to 0 as n — oo.

Solution. (i) Note that X /6 has the gamma distribution with shape pa-
rameter n and scale parameter 8/n. Let Gy, ¢ denote the cumulative dis-
tribution function of this distribution and ¢, o be the constant satisfying
Gn.0,(Cn,a) =1 — a. Then,

sup P(Te, , = 1) = sup[l — Gpo(cna)] = 1 = Gpgy(Cn,a) = a,

6<6o 6<8
i.e., the size of T¢,,  is a.

Since the power of T,, . is P(T., . = 1) = P(X > ¢,4) for 6 > 6
and, by the law of large numbers, X —, 6, the consistency of the test 7.,
follows if we can show that lim, ¢, o = 6p. By the central limit theorem,
V(X —0) —q N(0,6?). Hence, /n(5 — 1) —q4 N(0,1). By Pdlya’s
theorem (e.g., Proposition 1.16 in Shao, 2003),

lim sup ‘P(ﬁ (g - 1) < t) - @(t)' -0,

where ® is the cumulative distribution function of the standard normal
distribution. When 6 = 6,

a=P(X > cha) = P<\/ﬁ (% - 1) > \/ﬁ(cg; - 1)>

Hence

117131@(\/5@5 = 1)> —1-a,

which implies lim,, v/n(%5* — 1) = ®~1(1 — a) and, thus, lim, ¢, = 6o.
(ii) Let {a,} be a sequence of positive numbers such that lim,, a,, = 0 and
lim,, v/na, = co. Let a,, = 1 — ®(y/nay,) and b, = ¢y q,, where ¢, o is
defined in the proof of part (i). From the proof of part (i), the size of Tp,
is a,, which converges to 0 as n — oo since lim,, v/na, = co.

Using the same argument as that in the proof of part (i), we can show

that
1oy, — q>(\/ﬁ (ezen - 1))‘ =0,

lim
n
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which implies that

i
W D1 — ay)

v (e 1) = 1.

0o

Since 1 — o, = ®(y/nay,), this implies that lim, ¢, o, = 6. Since b, =
Cn,a,, the test Ty, is consistent. I

Exercise 60 (#2.130). Let (Y;, Z;), i = 1, ...,n, be a random sample from
a bivariate normal distribution and let p be the correlation coefficient be-
tween Y7 and Z;. Construct a confidence interval for p that has asymptotic
significance level 1 — «, based on the sample correlation coefficient

A~ Z,
= G ST

where Y=n"13"" YV, Z=n"13""  Z;, S2 =(n—1)"13" | (V;-Y)?, and
§%=(n—1)""31L, (Zi- 2)*.

Solution. Assume first that EY; = EZ; = 0 and Var(Y;) = Var(Z;) =
From Exercise 9, v/n(p — p) —a N(0,c?) with

& = p’[EMY) + B(Z]) +2E(Y? Z7)] /4
—plE(Y3Z) + ECV1Z3)] + E(Y2Z3).

We now derive the value of ¢2. Under the normality assumption, E(Y;}) =
E(Z}) =3. Let U =Y, + Z; and V = Y; — Z;. Then U is distributed
as N(0,2(1 + p)), V is distributed as N(0,2(1 — p)) and U and V are
independent, since Cov(U,V) = E(UV) = E(Y? — Z?) = 0. Note that
Y1=U+V)/2and Z; = (U —-V)/2. Then,

E[(U+V)2(U-V)?

E(Y12212) = 16
_ E(Ut4VE-207V?)
B 16
_ EU*+4 EV*—-2EU?EV?
B 16
_ 320+ ) +3[2(1 — p)? — 2[2(1 + p)]2(1 — p)]
16
_ 3l 4+ (L —p?] - 21— p?)
4
_3(242p%) — 2+ 2p?
B 4

=142p°
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and

E[(U+V)3U -V)]

16
E[((U+V)3U] - E[(U +V)3V]

16
EU* +3B(U*V?) — EV* — 3BE(U%V?)
16
32(1+p)]* = 3[2(1 — p)]?
16

_3(1+p)? =301 —p)®
4

BE(Y3Z,) =

= 3p.
By symmetry, E(Y1Z}) = 3p. Using these results, we obtain that
= p?[34+3+2(1+2p%)]/4 — 2p(3p) + 1+ 2p?
= p*(2+4p%) — 6p + 1+ 29
=pt—2p" +1
= (1-p")%

In general, the distribution of p does not depend on the parameter vec-
tor (EY1, EZy, Var(Yy), Var(Z;)), which can be shown by considering the

transformation (Y; — EY;)/+/Var(Y;) and (Z; — EZ;)/+/Var(Z;). Hence,
Va(p = p) =a N0, (1= p)?)

always holds, which implies that p —, p. By Slutsky’s theorem,

Vn(p—p)

12 —a N(0,1).

Hence

. n(p —
IITILHP <_Zoz/2 < W < Za/2> =1- a,

where z, is the (1—a)th quantile of the standard normal distribution. Thus,
a confidence interval for p that has asymptotic significance level 1 — « is

[ ﬁ - (1 - ﬁZ)Za/Q/\/ﬁapA_F (1 - /32)2&/2/\/77] .
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