
Chapter 2

Fundamentals of Statistics

Exercise 1 (#2.9). Consider the family of double exponential distribu-
tions: P =

{
2−1e−|t−µ| : −∞ < µ < ∞

}
. Show that P is not an expo-

nential family.
Solution. Assume that P is an exponential family. Then there exist p-
dimensional Borel functions T (X) and η(µ) (p ≥ 1) and one-dimensional
Borel functions h(X) and ξ(µ) such that

2−1 exp{−|t− µ|} = exp{[η(µ)]τT (t) − ξ(µ)}h(t)

for any t and µ. Let X = (X1, ..., Xn) be a random sample from P ∈ P
(i.e., X1, ..., Xn are independent and identically distributed with P ∈ P),
where n > p, Tn(X) =

∑n
i=1 T (Xi), and hn(X) = Πn

i=1h(Xi). Then the
joint Lebesgue density of X is

2−n exp

{
−

n∑
i=1

|xi − µ|
}

= exp {[η(µ)]τTn(x) − nξ(µ)}hn(x)

for any x = (x1, ..., xn) and µ, which implies that
n∑

i=1

|xi| −
n∑

i=1

|xi − µ| = [η̃(µ)]τTn(x) − nξ̃(µ)

for any x and µ, where η̃(µ) = η(µ) − η(0) and ξ̃(µ) = ξ(µ) − ξ(0). Define
ψµ(x) =

∑n
i=1 |xi| −

∑n
i=1 |xi − µ|. We conclude that if x = (x1, ..., xn)

and y = (y1, ..., yn) such that Tn(x) = Tn(y), then ψµ(x) = ψµ(y) for all µ,
which implies that vector of the ordered xi’s is the same as the vector of
the ordered yi’s.

On the other hand, we may choose real numbers µ1, ..., µp such that
η̃(µi), i = 1, ..., p, are linearly independent vectors. Since

ψµi(x) = [η̃(µi)]τTn(x) − nξ̃(µi), i = 1, ..., p,
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52 Chapter 2. Fundamentals of Statistics

for any x, Tn(x) is then a function of the p functions ψµi(x), i = 1, ..., p.
Since n > p, it can be shown that there exist x and y in Rn such that
ψµi

(x) = ψµi(y), i = 1, ..., p, (which implies Tn(x) = Tn(y)), but the vector
of ordered xi’s is not the same as the vector of ordered yi’s. This contradicts
the previous conclusion. Hence, P is not an exponential family.

Exercise 2 (#2.13). A discrete random variable X with

P (X = x) = γ(x)θx/c(θ), x = 0, 1, 2, ...,

where γ(x) ≥ 0, θ > 0, and c(θ) =
∑∞

x=0 γ(x)θ
x, is called a random vari-

able with a power series distribution. Show that
(i) {γ(x)θx/c(θ) : θ > 0} is an exponential family;
(ii) if X1, ..., Xn are independent and identically distributed with a power
series distribution γ(x)θx/c(θ), then

∑n
i=1Xi has the power series distribu-

tion γn(x)θx/[c(θ)]n, where γn(x) is the coefficient of θx in the power series
expansion of [c(θ)]n.
Solution. (i) Note that

γ(x)θx/c(θ) = exp{x log θ − log(c(θ))}γ(x).

Thus, {γ(x)θx/c(θ) : θ > 0} is an exponential family.
(ii) From part (i), we know that the natural parameter η = log θ, and
also ζ(η) = log (c(eη)). From the properties of exponential families (e.g.,
Theorem 2.1 in Shao, 2003), the moment generating function of X is
ψX(t) = eζ(η+t)/eζ(η) = c(θet)/c(θ). The moment generating function of∑n

i=1Xi is [c(θet)]n /[c(θ)]n, which is the moment generating function of
the power series distribution γn(x)θx/[c(θ)]n.

Exercise 3 (#2.17). Let X be a random variable having the gamma
distribution with shape parameter α and scale parameter γ, where α is
know and γ is unknown. let Y = σ logX. Show that
(i) if σ > 0 is unknown, then the distribution of Y is in a location-scale
family;
(ii) if σ > 0 is known, then the distribution of Y is in an exponential family.
Solution. (i) The Lebesgue density of X is

1
Γ(α)γα

xα−1e−x/γI(0,∞)(x).

Applying the result in the note of Exercise 17 in Chapter 1, the Lebesgue
density for Y = σ logX is

1
Γ(α)σ

eα(y−σ log γ)/σ exp
{

−e(y−σ log γ)/σ
}
.

It belongs to a location-scale family with location parameter η = σ log γ
and scale parameter σ.
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(ii) When σ is known, we rewrite the density of Y as

1
σΓ(α)

exp{αy/σ} exp
{

−ey/σ

γ
− α log γ

}
.

Therefore, the distribution of Y is from an exponential family.

Exercise 4. Let (X1, ..., Xn) be a random sample from N(0, 1). Show that
X2

i /
∑n

j=1X
2
j and

∑n
j=1X

2
j are independent, i = 1, ..., n.

Solution. Note that X2
1 , ..., X

2
n are independent and have the chi-square

distribution χ2
1. Hence their joint Lebesgue density is

ce−(y1+···+yn)/2

√
y1 · · · yn

, yj > 0,

where c is a constant. Let U =
∑n

j=1X
2
j and Vi = X2

i /U , i = 1, ..., n. Then
X2

i = UVi and
∑n

j=1 Vj = 1. The Lebesgue density for (U, V1, ..., Vn−1) is

ce−u/2vnu
n−1

√
unv1 · · · vn

= cun/2−1e−u/2

√
1 − v1 · · · vn−1

v1 · · · vn−1
, u > 0, vj > 0.

Hence U and (V1/U, ..., Vn−1/U) are independent. Since Vn = 1 − (V1 +
· · · + Vn−1), we conclude that U and Vn/U are independent.

An alternative solution can be obtained by using Basu’s theorem (e.g.,
Theorem 2.4 in Shao, 2003).

Exercise 5. Let X = (X1, ..., Xn) be a random n-vector having the mul-
tivariate normal distribution Nn(µJ,D), where J is the n-vector of 1’s,

D = σ2




1 ρ · · · ρ

ρ 1 · · · ρ

· · · · · · · · · · · ·
ρ ρ · · · 1


 ,

and |ρ| < 1. Show that X̄ = n−1∑n
i=1Xi and W =

∑n
i=1(Xi − X̄)2

are independent, X̄ has the normal distribution N
(
µ, 1+(n−1)ρ

n σ2
)
, and

W/[(1 − ρ)σ2] has the chi-square distribution χ2
n−1.

Solution. Define

A =




1√
n

1√
n

1√
n

1√
n

· · · 1√
n

1√
2·1

−1√
2·1 0 0 · · · 0

1√
3·2

1√
3·2

−2√
3·2 0 · · · 0

· · · · · · · · · · · · · · · · · ·
1√

n(n−1)
1√

n(n−1)
1√

n(n−1)
1√

n(n−1)
· · · −(n−1)√

n(n−1)



.
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Then AAτ = I (the identity matrix) and

ADAτ = σ2




1 + (n− 1)ρ 0 · · · 0
0 1 − ρ · · · 0

· · · · · · · · · · · ·
0 0 · · · 1 − ρ


 .

Let Y = AX. Then Y is normally distributed with E(Y ) = AE(X) =
(
√
nµ, 0, ..., 0) and Var(Y ) = ADAτ , i.e., the components of Y are in-

dependent. Let Yi be the ith component of Y . Then, Y1 =
√
nX̄ and∑n

i=1 Y
2
i = Y τY = XτAτAX = XτX =

∑n
i=1X

2
i . Hence X̄ = Y1/

√
n

and W =
∑n

i=1(Xi − X̄)2 =
∑n

i=1X
2
i − nX̄2 =

∑n
i=1 Y

2
i − Y 2

1 =
∑n

i=2 Y
2
i .

Since Yi’s are independent, X̄ and W are independent.
Since Y1 has distribution N(

√
nµ, [1 + (n − 1)ρ]σ2), X̄ = Y1/

√
n has

distribution N
(
µ, 1+(n−1)ρ

n σ2
)
. Since Y2, ..., Yn are independent and iden-

tically distributed as N(0, (1−ρ)σ2), W/[(1−ρ)σ2] =
∑n

i=2 Y
2
i /[(1−ρ)σ2]

has the χ2
n−1 distribution.

Exercise 6. Let (X1, ..., Xn) be a random sample from the uniform dis-
tribution on the interval [0, 1] and let R = X(n) − X(1), where X(i) is the
ith order statistic. Derive the Lebesgue density of R and show that the
limiting distribution of 2n(1 −R) is the chi-square distribution χ2

4.
Solution. The joint Lebesgue density of X(1) and X(n) is

f(x, y) =
{
n(n− 1)(y − x)n−2 0 < x < y < 1
0 otherwise

(see, e.g., Example 2.9 in Shao, 2003). Then, the joint Lebesgue density of
R and X(n) is

g(x, y) =
{
n(n− 1)xn−2 0 < x < y < 1
0 otherwise

and, when 0 < x < 1, the Lebesgue density of R is∫
g(x, y)dy =

∫ 1

x

n(n− 1)yn−2ds = n(n− 1)xn−2(1 − x)

for 0 < x < 1. Consequently, the Lebesgue density of 2n(1 −R) is

hn(x) =

{
n−1
4n x
(
1 − x

2n

)n−2 0 < x < 2n
0 otherwise.

Since limn

(
1 − x

2n

)n−2 = e−x/2, limn hn(x) = 4−1xex/2I(0,∞)(x), which is
the Lebesgue density of the χ2

4 distribution. By Scheffé’s theorem (e.g.,
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Proposition 1.18 in Shao, 2003), the limiting distribution of 2n(1 − R) is
the χ2

4 distribution.

Exercise 7. Let (X1, ..., Xn) be a random sample from the exponential
distribution with Lebesgue density θ−1e(a−x)/θI(0,∞)(x), where a ∈ R and
θ > 0 are parameters. Let X(1) ≤ · · · ≤ X(n) be order statistics, X(0) = 0,
and Zi = X(i) −X(i−1), i = 1, ..., n. Show that
(i) Z1, ..., Zn are independent and 2(n− i+ 1)Zi/θ has the χ2

2 distribution;
(ii) 2[
∑r

i=1X(i) + (n− r)X(r) −na]/θ has the χ2
2r distribution, r = 1, ..., n;

(iii) X(1) and Y are independent and (X(1)−a)/Y has the Lebesgue density

n
(
1 + nt

n−1

)−n

I(0,∞)(t), where Y = (n− 1)−1∑n
i=1(Xi −X(1)).

Solution. If we can prove the result for the case of a = 0 and θ = 1, then
the result for the general case follows by considering the transformation
(Xi − a)/θ, i = 1, ..., n. Hence, we assume that a = 0 and θ = 1.
(i) The joint Lebesgue density of X(1), ..., X(n) is

f(x1, ..., xn) =
{
n!e−x1−···−xn 0 < x1 < · · · < xn

0 otherwise.

Then the joint Lebesgue density of Zi, i = 1, ..., n, is

g(x1, ..., xn) =
{
n!e−nx1−···−(n−i+1)xi−···−xn xi > 0, i = 1, ..., n,
0 otherwise.

Hence Z1, ..., Zn are independent and, for each i, the Lebesgue density of
2Zi is (n− i+ 1)e−(n−i+1)xiI(0,∞)(xi). Then the density of 2(n− i+ 1)Zi

is 2−1e−xi/2I(0,∞)(xi), which is the density of the χ2
2 distribution.

(ii) For r = 1, ..., n,

r∑
i=1

X(i) + (n− r)X(r) =
r∑

i=1

(n− i+ 1)Zi.

From (i), Z1, ..., Zn are independent and 2(n − i + 1)Zi has the χ2
2 distri-

bution. Hence 2
∑r

i=1X(i) +(n− r)X(r) has the χ2
2r distribution for any r.

(iii) Note that

Y =
1

n− 1

n∑
i=2

(X(i) −X(1)) =
1

n− 1

n∑
i=2

(n− i+ 1)Zi.

From the result in (i), Y and X(1) are independent and 2(n − 1)Y has
the χ2

2(n−1) distribution. Hence the Lebesgue density of Y is fY (y) =
(n−1)n

(n−1)! y
n−2e−(n−1)yI(0,∞)(y). Note that the Lebesgue density of X(1) is
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fX(1)(x) = ne−nxI(0,∞)(x). Hence, for t > 0, the density of the ratio
X(1)/Y is (e.g., Example 1.15 in Shao, 2003)

f(t) =
∫

|x|fY (x)fX(1)(tx)dx

=
∫ ∞

0

n(n− 1)n

(n− 1)!
xn−1e−(n+nt−1)xdx

= n

(
1 +

nt

n− 1

)−n ∫ ∞

0

(n+ nt− 1)n

(n− 1)!
xn−1e−(n+nt−1)xdx

= n

(
1 +

nt

n− 1

)−n

.

Exercise 8 (#2.19). Let (X1, ..., Xn) be a random sample from the
gamma distribution with shape parameter α and scale parameter γx and let
(Y1, ..., Yn) be a random sample from the gamma distribution with shape
parameter α and scale parameter γy. Assume that Xi’s and Yi’s are inde-
pendent. Derive the distribution of the statistic X̄/Ȳ , where X̄ and Ȳ are
the sample means based on Xi’s and Yi’s, respectively.
Solution. From the property of the gamma distribution, nX̄ has the
gamma distribution with shape parameter nα and scale parameter γx and
nȲ has the gamma distribution with shape parameter nα and scale param-
eter γy. Since X̄ and Ȳ are independent, the Lebesgue density of the ratio
X̄/Ȳ is, for t > 0,

f(t) =
1

[Γ(nα)]2(γxγy)nα

∫ ∞

0
(tx)nα−1e−tx/γxxnαe−x/γydx

=
Γ(2nα)tnα−1

[Γ(nα)]2(γxγy)nα

(
t

γx
+

1
γy

)−2nα

.

Exercise 9 (#2.22). Let (Yi, Zi), i = 1, ..., n, be independent and iden-
tically distributed random 2-vectors. The sample correlation coefficient is
defined to be

T =
1

(n− 1)SY SZ

n∑
i=1

(Yi − Ȳ )(Zi − Z̄),

where Ȳ =n−1∑n
i=1 Yi, Z̄=n−1∑n

i=1 Zi, S2
Y =(n−1)−1∑n

i=1(Yi−Ȳ )2, and
S2

Z =(n−1)−1∑n
i=1(Zi−Z̄)2.

(i) Assume that E|Yi|4 < ∞ and E|Zi|4 < ∞. Show that
√
n(T − ρ) →d N(0, c2),
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where ρ is the correlation coefficient between Y1 and Z1 and c is a constant.
Identify c in terms of moments of (Y1, Z1).
(ii) Assume that Yi and Zi are independently distributed as N(µ1, σ

2
1) and

N(µ2, σ
2
2), respectively. Show that T has the Lebesgue density

Γ
(

n−1
2

)
√
πΓ
(

n−2
2

) (1 − t2)(n−4)/2I(−1,1)(t).

(iii) Under the conditions of part (ii), show that the result in (i) is the same
as that obtained by applying Scheffé’s theorem to the density of

√
nT .

Solution. (i) Consider first the special case of EY1 = EZ1 = 0 and Var(Y1)
= Var(Z1) = 1. Let Wi =

(
Yi, Zi, Y

2
i , Z

2
i , YiZi

)
and W̄ = n−1∑n

i=1Wi.
Since W1, ...,Wn are independent and identically distributed and Var(W1)
is finite under the assumption of E|Y1|4 < ∞ and E|Z1|4 < ∞, by the
central limit theorem,

√
n(W̄ −θ) →d N5(0,Σ), where θ = (0, 0, 1, 1, ρ) and

Σ=




1 ρ E(Y 3
1 ) E(Y1Z

2
1 ) E(Y 2

1 Z1)
ρ 1 E(Y 2

1 Z1) E(Z3
1 ) E(Y1Z

2
1 )

E(Y 3
1 ) E(Y 2

1 Z1) E(Y 4
1 ) − 1 E(Y 2

1 Z
2
1 ) − 1 E(Y 3

1 Z1) − ρ

E(Y1Z
2
1 ) E(Z3

1 ) E(Y 2
1 Z

2
1 ) − 1 E(Z4

1 ) − 1 E(Y1Z
3
1 ) − ρ

E(Y 2
1 Z1) E(Y1Z

2
1 ) E(Y 3

1 Z1) − ρ E(Y1Z
3
1 ) − ρ E(Y 2

1 Z
2
1 ) − ρ2


.

Define
h(x1, x2, x3, x4, x5) =

x5 − x1x2√
(x3 − x2

1)(x4 − x2
2)
.

Then T = h(W̄ ) and ρ = h(θ). By the δ-method (e.g., Theorem 1.12 in
Shao, 2003),

√
n[h(W̄ ) − h(θ)] →d N(0, c2), where c2 = ξτΣξ and ξ =

∂h(w)
∂w

∣∣
w=θ

= (0, 0,−ρ/2,−ρ/2, 1). Hence

c2 = ρ2[E(Y 4
1 ) + E(Z4

1 ) + 2E(Y 2
1 Z

2
1 )]/4

− ρ[E(Y 3
1 Z1) + E(Y1Z

3
1 )] + E(Y 2

1 Z
2
1 ).

The result for the general case can be obtained by considering the trans-
formation (Yi − EYi)/

√
Var(Yi) and (Zi − EZi)/

√
Var(Zi). The value of

c2 is then given by the previous expression with Y1 and Z1 replaced by
(Y1 − EY1)/

√
Var(Y1) and (Z1 − EZ1)/

√
Var(Z1), respectively.

(ii) We only need to consider the case of µ1 = µ2 = 0 and σ2
1 = σ2

2 = 1.
Let Y = (Y1, ..., Yn), Z = (Z1, ..., Zn), and AZ be the n-vector whose ith
component is (Zi − Z̄)/(

√
n− 1SZ). Note that

(n− 1)S2
Y − (Aτ

ZY )2 = Y τBZY

with BZ = In − n−1JJτ −AZA
τ
Z , where In is the identity matrix of order

n and J is the n-vector of 1’s. Since Aτ
ZAZ = 1 and JτAZ = 0, BZAZ = 0,
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B2
Z = BZ and tr(BZ) = n − 2. Consequently, when Z is considered to

be a fixed vector, Y τBZY and Aτ
ZY are independent, Aτ

ZY is distributed
as N(0, 1), Y τBZY has the χ2

n−2 distribution, and
√
n− 2Aτ

ZY/
√
Y τBZY

has the t-distribution tn−2. Since T = Aτ
ZY/(

√
n− 1SY ),

P (T ≤ t) = E[P (T ≤ t|Z)]

= E

[
P

(
Aτ

ZY√
Y τBZY + (Aτ

ZY )2
≤ t

∣∣∣∣Z
)]

= E

[
P

(
Aτ

ZY√
Y τBZY

≤ t√
1 − t2

∣∣∣∣Z
)]

= E

[
P

(
tn−2 ≤ t

√
n− 2√
1 − t2

)]

=
Γ(n−1

2 )√
(n− 2)πΓ(n−2

2 )

∫ t
√

n−2√
1−t2

0

(
1 +

x2

n− 2

)−(n−1)/2

dx,

where tn−2 denotes a random variable having the t-distribution tn−2 and
the third equality follows from the fact that a√

a2+b2
≤ t if and only if

a√
b2

≤ t√
1−t2

for real numbers a and b and t ∈ (0, 1). Thus, T has Lebesgue
density

d

dt
P (T ≤ t) =

Γ(n−1
2 )

√
πΓ(n−2

2 )
(1 − t2)(n−4)/2I(−1,1)(t).

(iii) Under the conditions of part (ii), ρ = 0 and, from the result in (i),
c = 1 and

√
nT →d N(0, 1). From the result in (ii),

√
nT has Lebesgue

density

Γ(n−1
2 )

√
nπΓ(n−2

2 )

(
1 − t2

n

)(n−4)/2

I(−√
n,

√
n)(t) → 1√

2π
e−t2/2

by Stirling’s formula. By Scheffé’s Theorem,
√
nT →d N(0, 1).

Exercise 10 (#2.23). Let X1, ..., Xn be independent and identically dis-
tributed random variables with EX4

1 < ∞, T = (Y,Z), and T1 = Y/
√
Z,

where Y = n−1∑n
i=1 |Xi| and Z = n−1∑n

i=1X
2
i .

(i) Show that
√
n(T−θ) →d N2(0,Σ) and

√
n(T1−ϑ) →d N(0, c2). Identify

θ, Σ, ϑ, and c2 in terms of moments of X1.
(ii) Repeat (i) when X1 has the normal distribution N(0, σ2).
(iii) Repeat (i) when X1 has Lebesgue density (2σ)−1e−|x|/σ.
Solution. (i) Define θj = E|X1|j , j = 1, 2, 3, 4, and Wi = (|Xi|, X2

i ),
i = 1, ..., n. Then T = n−1∑n

i=1Wi. Let θ = EW1 = (θ1, θ2). By the
central limit theorem,

√
n(T − θ) →d N2(0,Σ), where

Σ =
(

Var(|X1|) Cov(|X1|, X2
1 )

Cov(|X1|, X2
1 ) Var(X2

1 )

)
=
(

θ2 − θ21 θ3 − θ1θ2
θ3 − θ1θ2 θ4 − θ22

)
.
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Let g(y, z) = y/
√
z. Then T1 = g(T ), g(θ) = θ1/

√
θ2, ∂g

∂y

∣∣
(y,z)=θ

= 1/
√
θ2,

and ∂g
∂z

∣∣
(y,z)=θ

= −θ1/(2θ3/2
2 ). Then, by the δ-method,

√
n(T1 − ϑ) →d

N(0, c2) with ϑ = θ1/
√
θ2 and

c2 = 1 +
θ21θ4
4θ32

− θ1θ3
θ22

− θ21
4θ3

.

(ii) We only need to calculate θj . When X1 is distributed as N(0, σ2), a
direct calculation shows that θ1 =

√
2σ/

√
π, θ2 = σ2, θ3 = 2

√
2σ3/

√
π, and

θ4 = 3σ4.
(iii) Note that |X1| has the exponential distribution with Lebesgue density
σ−1e−x/σI(0,∞)(x). Hence, θj = σjj!.

Exercise 11 (#2.25). Let X be a sample from P ∈ P, where P is a
family of distributions on the Borel σ-field on Rn. Show that if T (X) is
a sufficient statistic for P ∈ P and T = ψ(S), where ψ is measurable and
S(X) is another statistic, then S(X) is sufficient for P ∈ P.
Solution. Assume first that all P in P are dominated by a σ-finite measure
ν. Then, by the factorization theorem (e.g., Theorem 2.2 in Shao, 2003),

dP

dν
(x) = g

P
(T (x))h(x),

where h is a Borel function of x (not depending on P ) and g
P
(t) is a Borel

function of t. If T = ψ(S), then

dP

dν
(x) = g

P
(ψ(S(x)))h(x)

and, by the factorization theorem again, S(X) is sufficient for P ∈ P.
Consider the general case. Suppose that S(X) is not sufficient for P ∈

P. By definition, there exist at least two measures P1 ∈ P and P2 ∈ P
such that the conditional distributions of X given S(X) under P1 and P2
are different. Let P0 = {P1, P2}, which is a sub-family of P. Since T (X) is
sufficient for P ∈ P, it is also sufficient for P ∈ P0. Since all P in P0 are
dominated by the measure P1 + P2, by the previously proved result, S(X)
is sufficient for P ∈ P0. Hence, the conditional distributions of X given
S(X) under P1 and P2 are the same. This contradiction proves that S(X)
is sufficient for P ∈ P.

Exercise 12. Let P = {fθ : θ ∈ Θ}, where fθ’s are probability densities,
fθ(x) > 0 for all x ∈ R and, for any θ ∈ Θ, fθ(x) is continuous in x. Let
X1 and X2 be independent and identically distributed as fθ. Show that if
X1 +X2 is sufficient for θ, then P is an exponential family indexed by θ.
Solution. The joint density of X1 and X2 is fθ(x1)fθ(x2). By the factor-
ization theorem, there exist functions gθ(t) and h(x1, x2) such that

fθ(x1)fθ(x2) = gθ(x1 + x2)h(x1, x2).
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Then
log fθ(x1) + log fθ(x2) = g(x1 + x2, θ) + h1(x1, x2),

where g(t, θ) = log gθ(t) and h1(x1, x2) = log h(x1, x2). Let θ0 ∈ Θ and
r(x, θ) = log fθ(x) − log fθ0(x) and q(x, θ) = g(x, θ) − g(x, θ0). Then

q(x1 + x2, θ) = log fθ(x1) + log fθ(x2) + h1(x1, x2)
− log fθ0(x1) − log fθ0(x2) − h1(x1, x2)

= r(x1, θ) + r(x2, θ).

Consequently,

r(x1 + x2, θ) + r(0, θ) = q(x1 + x2, θ) = r(x1, θ) + r(x2, θ)

for any x1, x2, and θ. Let s(x, θ) = r(x, θ) − r(0, θ). Then

s(x1, θ) + s(x2, θ) = s(x1 + x2, θ)

for any x1, x2, and θ. Hence,

s(n, θ) = ns(1, θ) n = 0,±1,±2, ....

For any rational number n
m (n and m are integers and m 
= 0),

s
(

n
m , θ
)

= ns
( 1

m , θ
)

= m
mns
( 1

m , θ
)

= n
ms
(

m
m , θ
)

= n
ms (1, θ) .

Hence s(x, θ) = xs(1, θ) for any rational x. From the continuity of fθ, we
conclude that s(x, θ) = xs(1, θ) for any x ∈ R, i.e.,

r(x, θ) = s(1, θ)x+ r(0, θ)

any x ∈ R. Then, for any x and θ,

fθ(x) = exp{r(x, θ) + log fθ0(x)}
= exp{s(1, θ)x+ r(0, θ) + log fθ0(x)}
= exp{η(θ)x− ξ(θ)}h(x),

where η(θ) = s(1, θ), ξ(θ) = −r(0, θ), and h(x) = fθ0(x). This shows that
P is an exponential family indexed by θ.

Exercise 13 (#2.30). Let X and Y be two random variables such that
Y has the binomial distribution with size N and probability π and, given
Y = y, X has the binomial distribution with size y and probability p.
(i) Suppose that p ∈ (0, 1) and π ∈ (0, 1) are unknown and N is known.
Show that (X,Y ) is minimal sufficient for (p, π).
(ii) Suppose that π and N are known and p ∈ (0, 1) is unknown. Show
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whether X is sufficient for p and whether Y is sufficient for p.
Solution. (i) Let A = {(x, y) : x = 0, 1, ..., y, y = 0, 1, ..., N}. The joint
probability density of (X,Y ) with respect to the counting measure is(

N

y

)
πy(1 − π)N−y

(
y

x

)
px(1 − p)y−xIA

= exp
{
x log

p

1 − p
+ y log

π(1 − p)
1 − π

+N log(1 − π)
}(

N

y

)(
y

x

)
IA.

Hence, (X,Y ) has a distribution from an exponential family of full rank
(0 < p < 1 and 0 < π < 1). This implies that (X,Y ) is minimal sufficient
for (p, π).
(ii) The joint probability density of (X,Y ) can be written as

exp
{
x log

p

1 − p
+ y log(1 − p)

}
πy(1 − π)N−y

(
N

y

)(
y

x

)
IA.

This is from an exponential family not of full rank. Let p0 = 1
2 , p1 = 1

3 ,
p2 = 2

3 , and η(p) = (log p
1−p , log(1 − p)). Then, two vectors in R2, η(p1) −

η(p0) = (− log 2, 2 log 2 − log 3) and η(p2) − η(p0) = (log 2, log 2 − log 3),
are linearly independent. By the properties of exponential families (e.g.,
Example 2.14 in Shao, 2003), (X,Y ) is minimal sufficient for p. Thus,
neither X nor Y is sufficient for p.

Exercise 14 (#2.34). Let X1, ..., Xn be independent and identically dis-
tributed random variables having the Lebesgue density

exp
{

−
(

x−µ
σ

)4 − ξ(θ)
}
,

where θ = (µ, σ) ∈ Θ = R × (0,∞). Show that P = {Pθ : θ ∈ Θ} is
an exponential family, where Pθ is the joint distribution of X1, ..., Xn, and
that the statistic T =

(∑n
i=1Xi,

∑n
i=1X

2
i ,
∑n

i=1X
3
i ,
∑n

i=1X
4
i

)
is minimal

sufficient for θ ∈ Θ.
Solution. Let T (x) = (

∑n
i=1 xi,

∑n
i=1 x

2
i ,
∑n

i=1 x
3
i ,
∑n

i=3 x
4
i ) for any x =

(x1, ..., xn) and let η(θ) = σ−4(−4µ3, 6µ2,−4µ, 1). The joint density of
(X1, ..., Xn) is

fθ(x) = exp
{
[η(θ)]τT (x) − nµ4/σ4 − nξ(θ)

}
,

which belongs to an exponential family. For any two sample points x =
(x1, ..., xn) and y = (y1, ..., yn),

fθ(x)
fθ(y)

= exp

{
− 1
σ4

[(
n∑

i=1

x4
i −

n∑
i=1

y4
i

)
− 4µ

(
n∑

i=1

x3
i −

n∑
i=1

y3
i

)

+ 6µ2

(
n∑

i=1

x2
i −

n∑
i=1

y2
i

)
− 4µ3

(
n∑

i=1

xi −
n∑

i=1

yi

)]}
,
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which is free of parameter (µ, σ) if and only if T (x) = T (y). By Theorem
2.3(iii) in Shao (2003), T (X) is minimal sufficient for θ.

Exercise 15 (#2.35). Let (X1, ..., Xn) be a random sample of random
variables having the Lebesgue density fθ(x)=(2θ)−1

[
I(0,θ)(x)+I(2θ,3θ)(x)

]
.

Find a minimal sufficient statistic for θ ∈ (0,∞).
Solution. We use the idea of Theorem 2.3(i)-(ii) in Shao (2003). Let Θr =
{θ1, θ2, ...} be the set of positive rational numbers, P0 = {gθ : θ ∈ Θr}, and
P = {gθ : θ > 0}, where gθ(x) =

∏n
i=1 fθ(xi) for x = (x1, ..., xn). Then

P0 ⊂ P and a.s. P0 implies a.s. P (i.e., if an event A satisfying P (A) = 0
for all P ∈ P0, then P (A) = 0 for all P ∈ P). Let {ci} be a sequence
of positive numbers satisfying

∑∞
i=1 ci = 1 and g∞(x) =

∑∞
i=1 cigθi(x).

Define T = (T1, T2, ...) with Ti(x) = gθi
(x)/g∞(x). By Theorem 2.3(ii) in

Shao (2003), T is minimal sufficient for θ ∈ Θ0 (or P ∈ P0). For any θ > 0,
there is a sequence {θik

} ⊂ {θi} such that limk θik
= θ. Then

gθ(x) = lim
k
gθik

(x) = lim
k
Tik

(x)g∞(x)

holds for all x ∈ C with P (C) = 1 for all P ∈ P. By the factorization
theorem, T is sufficient for θ > 0 (or P ∈ P). By Theorem 2.3(i) in Shao
(2003), T is minimal sufficient for θ > 0.

Exercise 16 (#2.36). Let (X1, ..., Xn) be a random sample of random
variables having the Cauchy distribution with location parameter µ and
scale parameter σ, where µ ∈ R and σ > 0 are unknown parameters. Show
that the vector of order statistics is minimal sufficient for (µ, σ).
Solution. The joint Lebesgue density of (X1, ..., Xn) is

fµ,σ(x) =
σn

πn

n∏
i=1

1
σ2 + (xi − µ)2

, x = (x1, ..., xn).

For any x = (x1, ..., xn) and y = (y1, ..., yn), suppose that

fµ,σ(x)
fµ,σ(y)

= ψ(x, y)

holds for any µ and σ, where ψ does not depend on (µ, σ). Let σ = 1. Then
we must have

n∏
i=1

[
1 + (yi − µ)2

]
= ψ(x, y)

n∏
i=1

[
1 + (xi − µ)2

]

for all µ. Both sides of the above identity can be viewed as polynomials of
degree 2n in µ. Comparison of the coefficients to the highest terms gives



Chapter 2. Fundamentals of Statistics 63

ψ(x, y) = 1. Thus,

n∏
i=1

[
1 + (yi − µ)2

]
=

n∏
i=1

[
1 + (xi − µ)2

]

for all µ. As a polynomial of µ, the left-hand side of the above identity
has 2n complex roots xi ±

√
−1, i = 1, ..., n, while the right-hand side of

the above identity has 2n complex roots yi ±
√

−1, i = 1, ..., n. By the
unique factorization theorem for the entire functions in complex analysis,
we conclude that the two sets of roots must agree. This means that the
ordered values of xi’s are the same as the ordered values of yi’s. By Theorem
2.3(iii) in Shao (2003), the order statistics of X1, ..., Xn is minimal sufficient
for (µ, σ).

Exercise 17 (#2.40). Let (X1, ..., Xn), n ≥ 2, be a random sample from a
distribution having Lebesgue density fθ,j , where θ > 0, j = 1, 2, fθ,1 is the
density of N(0, θ2), and fθ,2(x) = (2θ)−1e−|x|/θ. Show that T = (T1, T2) is
minimal sufficient for (θ, j), where T1 =

∑n
i=1X

2
i and T2 =

∑n
i=1 |Xi|.

Solution A. Let P be the joint distribution of X1, ..., Xn. By the factor-
ization theorem, T is sufficient for (θ, j). Let P = {P : θ > 0, j = 1, 2},
P1 = {P : θ > 0, j = 1}, and P2 = {P : θ > 0, j = 2}. Let S be a statistic
sufficient for P ∈ P. Then S is sufficient for P ∈ Pj , j = 1, 2. Note that P1
is an exponential family with T1 as a minimal sufficient statistic. Hence,
there exists a Borel function ψ1 such that T1 = ψ1(S) a.s. P1. Since all
densities in P are dominated by those in P1, we conclude that T1 = ψ1(S)
a.s. P. Similarly, P2 is an exponential family with T2 as a minimal sufficient
statistic and, thus, there exists a Borel function ψ2 such that T2 = ψ2(S)
a.s. P. This proves that T = (ψ1(S), ψ2(S)) a.s. P. Hence T is minimal
sufficient for (θ, j).
Solution B. Let P be the joint distribution of X1, ..., Xn. The Lebesgue
density of P can be written as

exp
{

−
I{1}(j)

2θ2
T1 −

I{2}(j)
θ

T2

}[
I{1}(j)

(2πθ2)n/2 +
I{2}(j)
(2θ)n

]
.

Hence P = {P : θ > 0, j = 1, 2} is an exponential family. Let

η(θ, j) = −
(
I{1}(j)

2θ2
,
I{2}(j)
θ

)
.

Note that η(1, 1) = (− 1
2 , 0), η(2−1/2, 1) = (−1, 0), and η(1, 2) = (0,−1).

Then, η(2−1/2, 1) − η(1, 1) = (− 1
2 , 0) and η(1, 2) − η(1, 1) = ( 1

2 ,−1) are
two linearly independent vectors in R2. Hence T = (T1, T2) is minimal
sufficient for (θ, j) (e.g., Example 2.14 in Shao, 2003).
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Exercise 18 (#2.41). Let (X1, ..., Xn), n ≥ 2, be a random sample from
a distribution with discrete probability density fθ,j , where θ ∈ (0, 1), j =
1, 2, fθ,1 is the Poisson distribution with mean θ, and fθ,2 is the binomial
distribution with size 1 and probability θ.
(i) Show that T =

∑n
i=1Xi is not sufficient for (θ, j).

(ii) Find a two-dimensional minimal sufficient statistic for (θ, j).
Solution. (i) To show that T is not sufficient for (θ, j), it suffices to
show that, for some x ≤ t, P (Xn = x|T = t) for j = 1 is different from
P (Xn = x|T = t) for j = 2. When j = 1,

P (Xn = x|T = t) =
(
t

x

)
(n− 1)t−x

nt
> 0,

whereas when j = 2, P (Xn = x|T = t) = 0 as long as x > 1.
(ii) Let gθ,j be the joint probability density of X1, ..., Xn. Let P0 =
{g 1

4 ,1, g 1
2 ,1, g 1

2 ,2}. Then, a.s. P0 implies a.s. P. By Theorem 2.3(ii) in
Shao (2003), the two-dimensional statistic

S =

(
g 1

2 ,1

g 1
4 ,1
,
g 1

2 ,2

g 1
4 ,1

)
=
(
en/42−T , en/2W2T−n

)

is minimal sufficient for the family P0, where

W =
{

1 Xi = 0 or 1, i = 1, ..., n,
0 otherwise.

Since there is a one-to-one transformation between S and (T,W ), we con-
clude that (T,W ) is minimal sufficient for the family P0. For any x =
(x1, ..., xn), the joint density of X1, ..., Xn is

enθI{1}(j)(1 − θ)nI{2}(j)W I{2}(j)eT [I{1}(j) log θ+I{2}(j) log θ
(1−θ) ]

n∏
i=1

1
xi!

.

Hence, by the factorization theorem, (T,W ) is sufficient for (θ, j). By
Theorem 2.3(i) in Shao (2003), (T,W ) is minimal sufficient for (θ, j).

Exercise 19 (#2.44). Let (X1, ..., Xn) be a random sample from a dis-
tribution on R having the Lebesgue density θ−1e−(x−θ)/θI(θ,∞)(x), where
θ > 0 is an unknown parameter.
(i) Find a statistic that is minimal sufficient for θ.
(ii) Show whether the minimal sufficient statistic in (i) is complete.
Solution. (i) Let T (x) =

∑n
i=1 xi and W (x) = min1≤i≤n xi, where

x = (x1, ..., xn). The joint density of X = (X1, ..., Xn) is

fθ(x) =
en

θn
e−T (x)/θI(θ,∞)(W (x)).
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For x = (x1, ..., xn) and y = (y1, ..., yn),

fθ(x)
fθ(y)

= e[T (y)−T (x)]/θ I(θ,∞)(W (x))
I(θ,∞)(W (y))

is free of θ if and only if T (x) = T (y) and W (x) = W (y). Hence, the
two-dimensional statistic (T (X),W (X)) is minimal sufficient for θ.
(ii) A direct calculation shows that, for any θ, E[T (X)] = 2nθ and E[W (X)]
= (1 + n−1)θ. Hence E[(2n)−1T − (1 + n−1)−1W (X)] = 0 for any θ and
(2n)−1T − (1 + n−1)−1W (X) is not a constant. Thus, (T,W ) is not com-
plete.

Exercise 20 (#2.48). Let T be a complete (or boundedly complete)
and sufficient statistic. Suppose that there is a minimal sufficient statistic
S. Show that T is minimal sufficient and S is complete (or boundedly
complete).
Solution. We prove the case when T is complete. The case in which T
is boundedly complete is similar. Since S is minimal sufficient and T is
sufficient, there exists a Borel function h such that S = h(T ) a.s. Since
h cannot be a constant function and T is complete, we conclude that S is
complete. Consider T −E(T |S) = T −E[T |h(T )], which is a Borel function
of T and hence can be denoted as g(T ). Note that E[g(T )] = 0. By the
completeness of T , g(T ) = 0 a.s., that is, T = E(T |S) a.s. This means that
T is also a function of S and, therefore, T is minimal sufficient.

Exercise 21 (#2.53). Let X be a discrete random variable with proba-
bility density

fθ(x) =




θ x = 0
(1 − θ)2θx−1 x = 1, 2, ...
0 otherwise,

where θ ∈ (0, 1). Show that X is boundedly complete, but not complete.
Solution. Consider any Borel function h(x) such that

E[h(X)] = h(0)θ +
∞∑

x=1

h(x)(1 − θ)2θx−1 = 0

for any θ ∈ (0, 1). Rewriting the left-hand side of the above equation in the
ascending order of the powers of θ, we obtain that

h(1) +
∞∑

x=1

[h(x− 1) − 2h(x) + h(x+ 1)] θx = 0

for any θ ∈ (0, 1). Comparing the coefficients of both sides, we obtain that
h(1) = 0 and h(x−1)−h(x) = h(x)−h(x+1). Therefore, h(x) = (1−x)h(0)
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for x = 1, 2, .... This function is bounded if and only if h(0) = 0. If h(x) is
assumed to be bounded, then h(0) = 0 and, hence, h(x) ≡ 0. This means
that X is boundedly complete. For h(x) = 1 − x, E[h(X)] = 0 for any θ
but h(X) 
= 0. Therefore, X is not complete.

Exercise 22. Let X be a discrete random variable with

Pθ(X = x) =

(
θ
x

)(
N−θ
n−x

)
(
N
n

) , x = 0, 1, 2, ...,min{θ, n}, n− x ≤ N − θ,

where n and N are positive integers, N ≥ n, and θ = 0, 1, ..., N . Show that
X is complete.
Solution. Let g(x) be a function of x ∈ {0, 1, ..., n}. Assume Eθ[g(X)] = 0
for any θ, where Eθ is the expectation with respect to Pθ. When θ = 0,
P0(X = x) = 1 if x = 0 and E0[g(X)] = g(0). Thus, g(0) = 0. When θ = 1,
P1(X ≥ 2) = 0 and

E1[g(X)] = g(0)P1(X = 0) + g(1)P1(X = 1) = g(1)

(
N−1
n−1

)
(
N
n

) .
Since E1[g(X)] = 0, we obtain that g(1) = 0. Similarly, we can show that
g(2) = · · · = g(n) = 0. Hence X is complete.

Exercise 23. Let X be a random variable having the uniform distribution
on the interval (θ, θ + 1), θ ∈ R. Show that X is not complete.
Solution. Consider g(X) = cos(2πX). Then g(X) 
= 0 but

E[g(X)] =
∫ θ+1

θ

cos(2πx)dx =
sin(2π(θ + 1)) − sin(2πθ)

2π
= 0

for any θ. Hence X is not complete.

Exercise 24 (#2.57). Let (X1, ..., Xn) be a random sample from the
N(θ, θ2) distribution, where θ > 0 is a parameter. Find a minimal sufficient
statistic for θ and show whether it is complete.
Solution. The joint Lebesgue density of X1, ..., Xn is

1
(2πθ2)n

exp

{
− 1

2θ2

n∑
i=1

x2
i +

1
θ

n∑
i=1

xi − 1
2

}
.

Let

η(θ) =
(

− 1
2θ2

,
1
θ

)
.

Then η( 1
2 ) − η(1) = (− 3

2 , 1) and η( 1√
2
) − η(1) = (− 1

2 ,
√

2) are linearly
independent vectors in R2. Hence T = (

∑n
i=1X

2
i ,
∑n

i=1Xi) is minimal
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sufficient for θ. Note that

E

(
n∑

i=1

X2
i

)
= nEX2

1 = 2nθ2

and

E

(
n∑

i=1

Xi

)2

= nθ2 + (nθ)2 = (n+ n2)θ2.

Let h(t1, t2) = 1
2n t1 − 1

n(n+1) t
2
2. Then h(t1, t2) 
= 0 but E[h(T )] = 0 for any

θ. Hence T is not complete.

Exercise 25 (#2.56). Suppose that (X1, Y1), ..., (Xn, Yn) are indepen-
dent and identically distributed random 2-vectors and Xi and Yi are in-
dependently distributed as N(µ, σ2

X) and N(µ, σ2
Y ), respectively, with θ =

(µ, σ2
X , σ

2
Y ) ∈ R × (0,∞) × (0,∞). Let X̄ and S2

X be the sample mean
and variance for Xi’s and Ȳ and S2

Y be the sample mean and variance for
Yi’s. Show that T = (X̄, Ȳ , S2

X , S
2
Y ) is minimal sufficient for θ but T is not

boundedly complete.
Solution. Let

η =
(

− 1
2σ2

X

,
µ

σ2
X

,− 1
2σ2

Y

,
µ

σ2
Y

)
and

S =

(
n∑

i=1

X2
i ,

n∑
i=1

Y 2
i ,

n∑
i=1

Xi,

n∑
i=1

Yi

)
.

Then the joint Lebesgue density of (X1, Y1), ..., (Xn, Yn) is

1
(2π)n

exp
{
ητS − nµ2

2σ2
X

− nµ2

2σ2
Y

− n log(σXσY )
}
.

Since the parameter space {η : µ ∈ R, σ2
X > 0, σ2

Y > 0} is a three-
dimensional curved hyper-surface in R4, we conclude that S is minimal
sufficient. Note that there is a one-to-one correspondence between T and
S. Hence T is also minimal sufficient.

To show that T is not boundedly complete, consider h(T ) = I{X̄>Ȳ }− 1
2 .

Then |h(T )| ≤ 0.5 and E[h(T )] = 0 for any η, but h(T ) 
= 0. Hence T is
not boundedly complete.

Exercise 26 (#2.58). Suppose that (X1, Y1), ..., (Xn, Yn) are independent
and identically distributed random 2-vectors having the normal distribution
with EX1 = EY1 = 0, Var(X1) = Var(Y1) = 1, and Cov(X1, Y1) = θ ∈
(−1, 1).
(i) Find a minimal sufficient statistic for θ.
(ii) Show whether the minimal sufficient statistic in (i) is complete or not.
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(iii) Prove that T1 =
∑n

i=1X
2
i and T2 =

∑n
i=1 Y

2
i are both ancillary but

(T1, T2) is not ancillary.
Solution. (i) The joint Lebesgue density of (X1, Y1), ..., (Xn, Yn) is

(
1

2π
√

1 − θ2

)n

exp

{
− 1

1 − θ2

n∑
i=1

(x2
i + y2

i ) +
2θ

1 − θ2

n∑
i=1

xiyi

}
.

Let

η =
(

− 1
1 − θ2

,
2θ

1 − θ2

)
.

The parameter space {η : −1 < θ < 1} is a curve in R2. Therefore,
(
∑n

i=1(X
2
i + Y 2

i ),
∑n

i=1XiYi) is minimal sufficient.
(ii) Note that E[

∑n
i=1(X

2
i + Y 2

i )] − 2n = 0, but
∑n

i=1(X
2
i + Y 2

i ) − 2n 
= 0.
Therefore, the minimal sufficient statistic is not complete.
(iii) Both T1 and T2 have the chi-square distribution χ2

n, which does not
depend on θ. Hence both T1 and T2 are ancillary. Note that

E(T1T2) = E

(
n∑

i=1

X2
i

) n∑
j=1

Y 2
j




= E

(
n∑

i=1

X2
i Y

2
i

)
+ E


∑

i 	=j

X2
i Y

2
j




= nE(X2
1Y

2
1 ) + n(n− 1)E(X2

1 )E(Y 2
1 )

= n(1 + 2θ2) + 2n(n− 1),

which depends on θ. Therefore the distribution of (T1, T2) depends on θ
and (T1, T2) is not ancillary.

Exercise 27 (#2.59). Let (X1, ..., Xn), n > 2, be a random sample from
the exponential distribution on (a,∞) with scale parameter θ. Show that
(i)
∑n

i=1(Xi −X(1)) and X(1) are independent for any (a, θ), where X(j) is
the jth order statistic;
(ii) Zi = (X(n) −X(i))/(X(n) −X(n−1)), i = 1, ..., n− 2, are independent of
(X(1),

∑n
i=1(Xi −X(1))).

Solution: (i) Let θ be arbitrarily fixed. Since the joint density ofX1, ..., Xn

is

θ−nena/θ exp

{
−1
θ

n∑
i=1

xi

}
I(a,∞)(x(1)),

where only a is considered as an unknown parameter, we conclude that X(1)

is sufficient for a. Note that n
θ e

−n(x−a)/θI(a,∞)(x) is the Lebesgue density
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for X(1). For any Borel function g,

E[g(X(1))] =
n

θ

∫ ∞

a

g(x)e−n(x−a)/θdx = 0

for any a is equivalent to ∫ ∞

a

g(x)e−nx/θdx = 0

for any a, which implies g(x) = 0 a.e. with respect to Lebesgue measure.
Hence, for any fixed θ, X(1) is sufficient and complete for a. The Lebesgue
density of Xi −a is θ−1e−x/θI(0,∞)(x), which does not depend on a. There-
fore, for any fixed θ,

∑n
i=1(Xi−X(1)) =

∑n
i=1[(Xi−a)−(X(1)−a)] is ancil-

lary. By Basu’s theorem (e.g., Theorem 2.4 in Shao, 2003),
∑n

i=1(Xi−X(1))
and X(1) are independent for any fixed θ. Since θ is arbitrary, we conclude
that
∑n

i=1(Xi −X(1)) and X(1) are independent for any (a, θ).
(ii) From Example 5.14 in Lehmann (1983, p. 47), (X(1),

∑n
i=1(Xi −X(1)))

is sufficient and complete for (a, θ). Note that (Xi − a)/θ has Lebesgue
density e−xI(0,∞)(x), which does not depend on (a, θ). Since

Zi =
X(n) −X(i)

X(n) −X(n−1)
=

X(n)−a

θ − X(i)−a

θ
X(n)−a

θ − X(n−1)−a

θ

,

the statistic (Z1, ..., Zn−2) is ancillary. By Basu’s Theorem, (Z1, ..., Zn−2)
is independent of

(
X(1),
∑n

i=1(Xi −X(1))
)
.

Exercise 28 (#2.61). Let (X1, ..., Xn), n > 2, be a random sample
of random variables having the uniform distribution on the interval [a, b],
where −∞ < a < b < ∞. Show that Zi = (X(i) − X(1))/(X(n) − X(1)),
i = 2, ..., n− 1, are independent of (X(1), X(n)) for any a and b, where X(j)
is the jth order statistic.
Solution. Note that (Xi − a)/(b− a) has the uniform distribution on the
interval [0, 1], which does not depend on any (a, b). Since

Zi =
X(i) −X(1)

X(n) −X(1)
=

X(i)−a

b−a − X(1)−a

b−a
X(n)−a

b−a − X(1)−a

b−a

,

the statistic (Z2, ..., Zn−1) is ancillary. By Basu’s Theorem, the result fol-
lows if (X(1), X(n)) is sufficient and complete for (a, b). The joint Lebesgue
density of X1, ..., Xn is (b− a)−nI{a<x(1)<x(n)<b}. By the factorization the-
orem, (X(1), X(n)) is sufficient for (a, b). The joint Lebesgue density of
(X(1), X(n)) is

n(n− 1)
(b− a)n

(y − x)n−2I{a<x<y<b}.
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For any Borel function g(x, y), E[g(X(1), X(n))] = 0 for any a < b implies
that ∫

a<x<y<b

g(x, y)(y − x)n−2dxdy = 0

for any a < b. Hence g(x, y)(y − x)n−2 = 0 a.e. m2, where m2 is the
Lebesgue measure on R2. Since (y − x)n−2 
= 0 a.e. m2, we conclude that
g(x, y) = 0 a.e. m2. Hence, (X(1), X(n)) is complete.

Exercise 29 (#2.62). Let (X1, ..., Xn), n > 2, be a random sample from
a distribution P on R with EX2

1 < ∞, X̄ be the sample mean, X(j) be the
jth order statistic, and T = (X(1) +X(n))/2. Consider the estimation of a
parameter θ ∈ R under the squared error loss.
(i) Show that X̄ is better than T if P = N(θ, σ2), θ ∈ R, σ > 0.
(ii) Show that T is better than X̄ if P is the uniform distribution on the
interval (θ − 1

2 , θ + 1
2 ), θ ∈ R.

(iii) Find a family P for which neither X̄ nor T is better than the other.
Solution. (i) Since X̄ is complete and sufficient for θ and T−X̄ is ancillary
to θ, by Basu’s theorem, T − X̄ and X̄ are independent. Then

RT (θ) = E[(T − X̄) + (X̄ − θ)]2 = E(T − X̄)2 +RX̄(θ) > RX̄(θ),

where the last inequality follows from the fact that T 
= X̄ a.s. Therefore
X̄ is better.
(ii) Let W = X(1)−θ+X(n)−θ

2 . Then the Lebesgue density of W is

f(w) =




n2n−1
(
w + 1

2

)n−1 − 1
2 < w < 0

n2n−1
( 1

2 − w
)n−1 0 < w < 1

2
0 otherwise.

Therefore ET = EW + θ = θ and

RT (θ) = Var(T ) = Var(W ) =
1

2(n+ 1)(n+ 2)
.

On the other hand,

RX̄(θ) = Var(X̄) =
Var(X1)

n
=

1
12n

.

Hence, when n > 2, RT (θ) < RX̄(θ).
(iii) Consider the family P = P1 ∪ P2, where P1 is the family in part (i)
and P2 is the family in part (ii). When P ∈ P1, X̄ is better than T . When
P ∈ P2, T is better than X̄. Therefore, neither of them is better than the
other for P ∈ P.

Exercise 30 (#2.64). Let (X1, ..., Xn) be a random sample of binary
random variables with P (Xi = 1) = θ ∈ (0, 1). Consider estimating θ with
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the squared error loss. Calculate the risks of the following estimators:
(i) the nonrandomized estimators X̄ (the sample mean) and

T0(X) =




0 if more than half of Xi’s are 0
1 if more than half of Xi’s are 1
1
2 if exactly half of Xi’s are 0;

(ii) the randomized estimators

T1(X) =
{
X̄ with probability 1

2
T0 with probability 1

2

and

T2(X) =
{
X̄ with probability X̄
1
2 with probability 1 − X̄.

Solution. (i) Note that

RT0(θ) = E(T0 − θ)2

= θ2P (X̄ < 0.5) + (1 − θ)2P (X̄ > 0.5) + (0.5 − θ)2P (X̄ = 0.5).

When n = 2k,

P (X̄ < 0.5) =
k−1∑
j=1

(
2k
j

)
θj(1 − θ)2k−j ,

P (X̄ > 0.5) =
2k∑

j=k+1

(
2k
j

)
θj(1 − θ)2k−j ,

and

P (X̄ = 0.5) =
(

2k
k

)
θk(1 − θ)k.

When n = 2k + 1,

P (X̄ < 0.5) =
k∑

j=0

(
2k + 1
j

)
θj(1 − θ)2k+1−j ,

P (X̄ > 0.5) =
2k+1∑

j=k+1

(
2k + 1
j

)
θj(1 − θ)2k+1−j ,

and P (X̄ = 0.5) = 0.
(ii) A direct calculation shows that

RT1(θ) = E(T1 − θ)2

=
1
2
E(X̄ − θ)2 +

1
2
E(T0 − θ)2

=
θ(1 − θ)

2n
+

1
2
RT0(θ),
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where RT0(θ) is given in part (i), and

RT2(θ) = E(T2 − θ)2

= E

[
X̄(X̄ − θ)2 +

(
1
2

− θ

)2

(1 − X̄)

]

= E(X̄ − θ)3 + θE(X̄ − θ)2 +
(

1
2

− θ

)2

(1 − θ)

=
1
n3

n∑
i=1

n∑
j=1

n∑
k=1

E(Xi − θ)(Xj − θ)(Xk − θ)

+
θ2(1 − θ)

n
+
(

1
2

− θ

)2

(1 − θ)

=
E(X1 − θ)3

n2 +
θ2(1 − θ)

n
+
(

1
2

− θ

)2

(1 − θ)

=
θ(1 − θ)3 − θ3(1 − θ)

n2 +
θ2(1 − θ)

n
+
(

1
2

− θ

)2

(1 − θ),

where the fourth equality follows from E(X̄ − θ)2 = Var(X̄) = θ(1 − θ)/n
and the fifth equality follows from the fact that E(Xi−θ)(Xj −θ)(Xk−θ) 
=
0 if and only if i = j = k.

Exercise 31 (#2.66). Consider the estimation of an unknown parameter
θ ≥ 0 under the squared error loss. Show that if T and U are two estimators
such that T ≤ U and RT (P ) < RU (P ), then RT+(P ) < RU+(P ), where
RT (P ) is the risk of an estimator T and T+ denotes the positive part of T .
Solution. Note that T = T+−T−, where T− = max{−T, 0} is the negative
part of T , and T+T− = 0. Then

RT (P ) = E(T − θ)2

= E(T+ − T− − θ)2

= E(T+ − θ)2 + E(T 2
−) + 2θE(T−) − 2E(T+T−)

= RT+(P ) + E(T 2
−) + 2θE(T−).

Similarly,
RU (P ) = RU+(P ) + E(U2

−) + 2θE(U−).

Since T ≤ U , T− ≥ U−. Also, θ ≥ 0. Hence,

E(T 2
−) + 2θE(T−) ≥ E(U2

−) + 2θE(U−).

Since RT (P ) < RU (P ), we must have RT+(P ) < RU+(P ).

Exercise 32. Consider the estimation of an unknown parameter θ ∈ R
under the squared error loss. Show that if T and U are two estimators such
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that P (θ − t < T < θ + t) ≥ P (θ − t < U < θ + t) for any t > 0, then
RT (P ) ≤ RU (P ).
Solution. From the condition,

P ((T − θ)2 > s) ≤ P ((U − θ)2 > s)

for any s > 0. Hence,

RT (P ) = E(T − θ)2

=
∫ ∞

0
P ((T − θ)2 > s)ds

≤
∫ ∞

0
P ((U − θ)2 > s)ds

= E(U − θ)2

= RU (P ).

Exercise 33 (#2.67). Let (X1, ..., Xn) be a random sample from the
exponential distribution on (0,∞) with scale parameter θ ∈ (0,∞). Con-
sider the hypotheses H0 : θ ≤ θ0 versus H1 : θ > θ0, where θ0 > 0 is a
fixed constant. Obtain the risk function (in terms of θ) of the test rule
Tc = I(c,∞)(X̄) under the 0-1 loss, where X̄ is the sample mean and c > 0
is a constant.
Solution. Let L(θ, a) be the loss function. Then L(θ, 1) = 0 when θ > θ0,
L(θ, 1) = 1 when θ ≤ θ0, L(θ, 0) = 0 when θ ≤ θ0, and L(θ, 0) = 1 when
θ > θ0. Hence,

RTc(θ) = E[L(θ, I(c,∞)(X̄))]

= E
[
L(θ, 1)I(c,∞)(X̄) + L(θ, 0)I(0,c](X̄)

]
= L(θ, 1)P (X̄ > c) + L(θ, 0)P (X̄ ≤ c)

=
{
P (X̄ > c) θ ≤ θ0
P (X̄ ≤ c) θ > θ0.

Since nX̄ has the gamma distribution with shape parameter n and scale
parameter θ,

P (X̄ > c) =
1

θn(n− 1)!

∫ ∞

nc

xn−1e−x/θdx.

Exercise 34 (#2.71). Consider an estimation problem with a parametric
family P = {Pθ : θ ∈ Θ} and the squared error loss. If θ0 ∈ Θ satisfies that
Pθ � Pθ0 for any θ ∈ Θ, show that the estimator T ≡ θ0 is admissible.
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Solution. Note that the risk RT (θ) = 0 when θ = θ0. Suppose that U is an
estimator of θ and RU (θ) = E(U−θ)2 ≤ RT (θ) for all θ. Then RU (θ0) = 0,
i.e., E(U − θ0)2 = 0 under Pθ0 . Therefore, U = θ0 a.s. Pθ0 . Since Pθ � Pθ0

for any θ, we conclude that U = θ0 a.s. P. Hence U = T a.s. P. Thus, T
is admissible.

Exercise 35 (#2.73). Let (X1, ..., Xn) be a random sample of random
variables with EX2

1 < ∞. Consider estimating µ = EX1 under the squared
error loss. Show that
(i) any estimator of the form aX̄+ b is inadmissible, where X̄ is the sample
mean, a and b are constants, and a > 1;
(ii) any estimator of the form X̄ + b is inadmissible, where b 
= 0 is a
constant.
Solution. (i) Note that

RaX̄+b(P ) = E(aX̄ + b− µ)2

= a2Var(X̄) + (aµ+ b− µ)2

≥ a2Var(X̄)
= a2RX̄(P )
> RX̄(P )

when a > 1. Hence X̄ is better than aX̄ + b with a > 1.
(ii) For b 
= 0,

RX̄+b(P ) = E(X̄ + b− µ)2 = Var(X̄) + b2 > Var(X̄) = RX̄(P ).

Hence X̄ is better than X̄ + b with b 
= 0.

Exercise 36 (#2.74). Consider an estimation problem with ϑ ∈ [c, d] ⊂
R, where c and d are known. Suppose that the action space contains [c, d]
and the loss function is L(|ϑ− a|), where L(·) is an increasing function on
[0,∞). Show that any decision rule T with P (T (X) 
∈ [c, d]) > 0 for some
P ∈ P is inadmissible.
Solution. Consider the decision rule

T1 = cI(−∞,c)(T ) + TI[c,d](T ) + dI(d,∞)(T ).

Then |T1 − ϑ| ≤ |T − ϑ| and, since L is an increasing function,

RT1(P ) = E[L(|T1 − ϑ|)] ≤ E[L(|T − ϑ|)] = RT (P )

for any P ∈ P. Since

P (|T1(X) − ϑ| < |T (X) − ϑ|) = P (T (X) /∈ [a, b]) > 0

holds for some P∗ ∈ P,
RT1(P∗) < RT (P∗).
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Hence T1 is better than T and T is inadmissible.

Exercise 37 (#2.75). Let X be a sample from P ∈ P, δ0(X) be a
nonrandomized rule in a decision problem with Rk as the action space,
and T be a sufficient statistic for P ∈ P. Show that if E[IA(δ0(X))|T ]
is a nonrandomized rule, i.e., E[IA(δ0(X))|T ] = IA(h(T )) for any Borel
A ⊂ Rk, where h is a Borel function, then δ0(X) = h(T (X)) a.s. P .
Solution. From the assumption,

E

[
n∑

i=1

ciIAi(δ0(X))
∣∣∣∣T
]

=
n∑

i=1

ciIAi(h(T ))

for any positive integer n, constants c1, ..., cn, and Borel sets A1, ..., An.
Using the results in Exercise 39 of Chapter 1, we conclude that for any
bounded continuous function f , E[f(δ0(X))|T ] = f(h(T )) a.s. P . Then, by
the result in Exercise 45 of Chapter 1, δ0(X) = h(T ) a.s. P .

Exercise 38 (#2.76). LetX be a sample from P ∈ P, δ0(X) be a decision
rule (which may be randomized) in a problem with Rk as the action space,
and T be a sufficient statistic for P ∈ P. For any Borel A ⊂ Rk, define

δ1(T,A) = E[δ0(X,A)|T ].

Let L(P, a) be a loss function. Show that∫
Rk

L(P, a)dδ1(X, a) = E

[∫
Rk

L(P, a)dδ0(X, a)
∣∣∣∣T
]

a.s. P .

Solution. If L is a simple function (a linear combination of indicator
functions), then the result follows from the definition of δ1. For nonnegative
L, it is the limit of a sequence of nonnegative increasing simple functions.
Then the result follows from the result for simple L and the monotone
convergence theorem for conditional expectations (Exercise 38 in Chapter
1).

Exercise 39 (#2.80). Let X1, ..., Xn be random variables with a finite
common mean µ = EXi and finite variances. Consider the estimation of µ
under the squared error loss.
(i) Show that there is no optimal rule in � if � contains all possible esti-
mators.
(ii) Find an optimal rule in

�2 =

{
n∑

i=1

ciXi : ci ∈ R,
n∑

i=1

ci = 1

}

if Var(Xi) = σ2/ai with an unknown σ2 and known ai, i = 1, ..., n.
(iii) Find an optimal rule in �2 if X1, ..., Xn are identically distributed but



76 Chapter 2. Fundamentals of Statistics

are correlated with correlation coefficient ρ.
Solution. (i) Suppose that there exists an optimal rule T ∗. Let P1 and
P2 be two possible distributions of X = (X1, ..., Xn) such that µ = µj

under Pj and µ1 
= µ2. Let RT (P ) be the risk of T . For T1(X) ≡ µ1,
RT1(P1) = 0. Since T ∗ is better than T1, RT ∗(P1) ≤ RT1(P1) = 0 and,
hence, T ∗ ≡ µ1 a.s. P1. Let P̄ = (P1 +P2)/2. If X has distribution P̄ , then
µ = (µ1 + µ2)/2. Let T0(X) ≡ (µ1 + µ2)/2. Then RT0(P̄ ) = 0. Since T ∗

is better than T0, RT ∗(P̄ ) = 0 and, hence, T ∗ ≡ (µ1 + µ2)/2 a.s. P̄ , which
implies that T ∗ ≡ (µ1 + µ2)/2 a.s. P1 since P1 � P̄ . This is impossible
since µ1 
= (µ1 + µ2)/2.
(ii) Let T =

∑n
i=1 ciXi and T ∗ =

∑n
i=1 aiXi/

∑n
i=1 ai. Then

RT ∗(P ) = Var(T ∗)

= Var

(
n∑

i=1

aiXi

)/( n∑
i=1

ai

)2

=
n∑

i=1

a2
i Var(Xi)

/( n∑
i=1

ai

)2

=
n∑

i=1

aiσ
2
/( n∑

i=1

ai

)2

= σ2
/( n∑

i=1

ai

)
.

By the Cauchy-Schwarz inequality,(
n∑

i=1

ai

)(
n∑

i=1

c2i
ai

)
≥
(

n∑
i=1

ci

)2

= 1.

Hence,

RT ∗(P ) ≤ σ2
n∑

i=1

c2i
ai

= Var

(
n∑

i=1

ciXi

)
= Var(T ) = RT (P ).

Therefore T ∗ is optimal.
(iii) For any T =

∑n
i=1 ciXi,

RT (P ) = Var(T )

=
n∑

i=1

c2iσ
2 +
∑
i 	=j

cicjρσ
2

=
n∑

i=1

c2iσ
2 + ρσ2


( n∑

i=1

ci

)2

−
n∑

i=1

c2i



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= σ2

[
(1 − ρ)

n∑
i=1

c2i + ρ

]

≥ σ2


(1 − ρ)

(
n∑

i=1

ci

)2/
n+ ρ




= σ2 [(1 − ρ)/n+ ρ]
= Var(X̄),

where the last equality follows from the Cauchy–Schwarz inequality(
n∑

i=1

ci

)2

≤ n

n∑
i=1

c2i .

Hence, the sample mean X̄ is optimal.

Exercise 40 (#2.83). Let X be a discrete random variable with

P (X = −1) = p, P (X = k) = (1 − p)2pk, k = 0, 1, 2, ...,

where p ∈ (0, 1) is unknown. Show that
(i) U(X) is an unbiased estimator of 0 if and only if U(k) = ak for all
k = −1, 0, 1, 2, ... and some a;
(ii) T0(X) = I{0}(X) is unbiased for (1 − p)2 and, under the squared error
loss, T0 is an optimal rule in �, where � is the class of all unbiased estima-
tors of (1 − p)2;
(iii) T0(X) = I{−1}(X) is unbiased for p and, under the squared error loss,
there is no optimal rule in �, where � is the class of all unbiased estimators
of p.
Solution. (i) If U(X) is unbiased for 0, then

E[U(X)] = U(−1)p+
∞∑

k=0

U(k)(1 − p)2pk

=
∞∑

k=0

U(k)pk − 2
∞∑

k=0

U(k)pk+1 + U(−1)p+
∞∑

k=0

U(k)pk+2

= U(0) +
∞∑

k=−1

U(k + 2)pk+2 − 2
∞∑

k=−1

U(k + 1)pk+2

+
∞∑

k=−1

U(k)pk+2

=
∞∑

k=−1

[U(k) − 2U(k + 1) + U(k + 2)]pk+2

= 0
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for all p, which implies U(0) = 0 and U(k) − 2U(k + 1) + U(k + 2) = 0 for
k = −1, 0, 1, 2, ..., or equivalently, U(k) = ak, where a = U(1).
(ii) Since

E[T0(X)] = P (X = 0) = (1 − p)2,

T0 is unbiased. Let T be another unbiased estimator of (1 − p)2. Then
T (X)−T0(X) is unbiased for 0 and, by the result in (i), T (X) = T0(X)+aX
for some a. Then,

RT (p) = E[T0(X) + aX − (1 − p)2]2

= E(T0 + aX)2 + (1 − p)4 − 2(1 − p)2E[T0(X) + aX]
= E(T0 + aX)2 − (1 − p)4

= a2P (X = −1) + P (X = 0) + a2
∞∑

k=1

k2P (X = k) − (1 − p)4

≥ P (X = 0) − (1 − p)4

= Var(T0).

Hence T0 is a optimal rule in �.
(iii) Since

E[T0(X)] = P (X = −1) = p,

T0 is unbiased. Let T be another unbiased estimator of p. Then T (X) =
T0(X) + aX for some a and

RT (p) = E(T0 + aX)2 − p2

= (1 − a)2p+ a2
∞∑

k=0

k2(1 − p)p2 − p2,

which is a quadratic function in a with minimum

a =

[
1 + (1 − p)

∞∑
k=1

k2pk−1

]−1

depending on p. Therefore, there is no optimal rule in �.

Exercise 41. Let X be a random sample from a population and θ be
an unknown parameter. Suppose that there are k + 1 estimators of θ,
T1, ..., Tk+1, such that ETi = θ+

∑k
j=1 ci,jbj(θ), i = 1, ..., k+1, where ci,j ’s

are constants and bj(θ) are functions of θ. Suppose that the determinant

C =

∣∣∣∣∣∣∣∣
1 1 · · · 1
c1,1 c2,1 · · · ck+1,1

· · · · · · · · · · · ·
c1,k c2,k · · · ck+1,k

∣∣∣∣∣∣∣∣

= 0.
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Show that

T ∗ =
1
C

∣∣∣∣∣∣∣∣
T1 T2 · · · Tk+1

c1,1 c2,1 · · · ck+1,1

· · · · · · · · · · · ·
c1,k c2,k · · · ck+1,k

∣∣∣∣∣∣∣∣
is an unbiased estimator of θ.
Solution. From the properties of a determinant,

ET ∗ =
1
C

∣∣∣∣∣∣∣∣
ET1 ET2 · · · ETk+1

c1,1 c2,1 · · · ck+1,1

· · · · · · · · · · · ·
c1,k c2,k · · · ck+1,k

∣∣∣∣∣∣∣∣

=
1
C

∣∣∣∣∣∣∣∣∣

θ +
∑k

j=1 c1,jbj(θ) · · · θ +
∑k

j=1 ck+1,jbj(θ)
c1,1 · · · ck+1,1

· · · · · · · · ·
c1,k · · · ck+1,k

∣∣∣∣∣∣∣∣∣

=
θ

C

∣∣∣∣∣∣∣∣
1 · · · 1
c1,1 · · · ck+1,1

· · · · · · · · ·
c1,k · · · ck+1,k

∣∣∣∣∣∣∣∣

+
1
C

∣∣∣∣∣∣∣∣∣

∑k
j=1 c1,jbj(θ) · · ·

∑k
j=1 ck+1,jbj(θ)

c1,1 · · · ck+1,1

· · · · · · · · ·
c1,k · · · ck+1,k

∣∣∣∣∣∣∣∣∣
= θ,

where the last equality follows from the fact that the last determinant is 0
because its first row is a linear combination of its other k rows.

Exercise 42 (#2.84). Let X be a random variable having the binomial
distribution with size n and probability p ∈ (0, 1). Show that there is no
unbiased estimator of p−1.
Solution. Suppose that T (X) is an unbiased estimator of p−1. Then

E[T (X)] =
n∑

k=0

(
n

k

)
T (k)pk(1 − p)n−k =

1
p

for all p. However,

n∑
k=0

(
n

k

)
T (k)pk(1 − p)n−k ≤

n∑
k=0

(
n

k

)
T (k) < ∞
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for any p but p−1 diverges to ∞ as p → 0. This is impossible. Hence, there
is no unbiased estimator of p−1.

Exercise 43 (#2.85). Let X = (X1, ..., Xn) be a random sample from
N(θ, 1), where θ = 0 or 1. Consider the estimation of θ with action space
{0, 1}, i.e., the range of any estimator is {0, 1}.
(i) Show that there does not exist any unbiased estimator of θ.
(ii) Find an estimator θ̂ of θ that is approximately unbiased, that is,
limnE(θ̂) = θ.
Solution. (i) Since the action space is {0, 1}, any randomized estimator θ̂
can be written as T (X), where T is Borel, 0 ≤ T (X) ≤ 1, and

θ̂ =
{

1 with probability T (X)
0 with probability 1 − T (X).

Then E(θ̂) = E[T (X)]. If θ̂ is unbiased, then E[T (X)] = θ for θ = 0, 1.
This implies that, when θ = 0, T (X) = 0 a.e. Lebesgue measure, whereas
when θ = 1, T (X) = 1 a.e. Lebesgue measure. This is impossible. Hence
there does not exist any unbiased estimator of θ.
(ii) Consider θ̂ = I(n−1/4,∞)(|X̄|), where X̄ is the sample mean. Since X̄ is
distributed as N(θ, n−1),

E(θ̂) = P (|X̄| > n−1/4) = 1 − Φ
(
n1/4 − θ

√
n
)

+ Φ
(
−n1/4 − θ

√
n
)
,

where Φ is the cumulative distribution function of N(0, 1). Hence, when
θ = 0, limnE(θ̂) = 1 − Φ(∞) + Φ(−∞) = 0 and, when θ = 1, limnE(θ̂) =
1 − Φ(−∞) + Φ(−∞) = 1.

Exercise 44 (#2.92(c)). Let X be a sample from Pθ, where θ ∈ Θ ⊂ R.
Consider the estimation of θ under the absolute error loss function |a− θ|.
Let Π be a given distribution on Θ with finite mean. Find a Bayes rule.
Solution. Let Pθ|X be the posterior distribution of θ and PX be the
marginal of X. By Fubini’s theorem,∫ ∫

|θ|dPθ|XdPX =
∫ ∫

|θ|dPθdΠ =
∫

|θ|dΠ < ∞.

Hence, for almost all X,
∫

|θ|dPθ|X < ∞. From Exercise 11 in Chapter 1,
if mX is a median of Pθ|X , then∫

|θ −mX |dPθ|X ≤
∫

|θ − a|dPθ|X for almost all X

holds for any a. Hence, E|θ −mX | ≤ E|θ − T (X)| for any other estimator
T (X). This shows that mX is a Bayes rule.
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Exercise 45 (#2.93). Let X be a sample having a probability density
fj(x) with respect to a σ-finite measure ν, where j is unknown and j ∈
{1, ..., J} with a known integer J ≥ 2. Consider a decision problem in
which the action space is {1, ..., J} and the loss function is

L(j, a) =
{

0 if a = j

1 if a 
= j.

(i) Obtain the risk of a decision rule (which may be randomized).
(ii) Let Π be a prior probability measure on {1, ..., J} with Π({j}) = πj ,
j = 1, ..., J . Obtain the Bayes risk of a decision rule.
(iii) Obtain a Bayes rule under the prior Π in (ii).
(iv) Assume that J = 2, π1 = π2 = 0.5, and fj(x) = φ(x − µj), where
φ(x) is the Lebesgue density of the standard normal distribution and µj ,
j = 1, 2, are known constants. Obtain the Bayes rule in (iii).
(v) Obtain a minimax rule when J = 2.
Solution. (i) Let δ be a randomized decision rule. For any X, let δ(X, j)
be the probability of taking action j under the rule δ. Let Ej be the
expectation taking under fj . Then

Rδ(j) = Ej

[
J∑

k=1

L(j, k)δ(X, k)

]
=
∑
k 	=j

Ej [δ(X, k)] = 1 − Ej [δ(X, j)],

since
∑J

k=1 δ(X, k) = 1.
(ii) The Bayes risk of a decision rule δ is

r
δ

=
J∑

j=1

πjRδ(j) = 1 −
J∑

j=1

πjEj [δ(X, j)].

(iii) Let δ∗ be a rule satisfying δ∗(X, j) = 1 if and only if πjfj(X) = g(X),
where g(X) = max1≤k≤J πkfk(X). Then δ∗ is a Bayes rule, since, for any
rule δ,

r
δ

= 1 −
J∑

j=1

∫
πjδ(x, j)fj(x)dν

≥ 1 −
J∑

j=1

∫
δ(x, j)g(x)dν

= 1 −
∫
g(x)dν

= 1 −
J∑

j=1

∫
g(x)=πjfj(x)

πjfj(x)dν

= r
δ∗ .
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(iv) From the result in (iii), the Bayes rule δ∗(X, j) = 1 if and only if
φ(x − µj) > φ(x − µk), k 
= j. Since φ(x − µj) = e−(x−µj)2/2/

√
2π, we

can obtain a nonrandomized Bayes rule that takes action 1 if and only if
|X − µ1| < |X − µ2|.
(v) Let c be a positive constant and consider a rule δc such that δc(X, 1) = 1
if f1(X) > cf2(X), δc(X, 2) = 1 if f1(X) < cf2(X), and δc(X, 1) = γ if
f1(X) = cf2(X). Since δc(X, j) = 1 if and only if πjfj(X)=maxk πkfk(X),
where π1 = 1/(c + 1) and π2 = c/(c + 1), it follows from part (iii) of the
solution that δc is a Bayes rule. Let Pj be the probability corresponding
to fj . The risk of δc is P1(f1(X) ≤ cf2(X)) − γP1(f1(x) = cf2(X)) when
j = 1 and 1 − P2(f1(X) ≤ cf2(X)) + γP2(f1(x) = cf2(X)) when j = 2.
Let ψ(c) = P1(f1(X) ≤ cf2(X)) + P2(f1(X) ≤ cf2(X)) − 1. Then ψ is
nondecreasing in c, ψ(0) = −1, limc→∞ ψ(c) = 1, and ψ(c) − ψ(c−) =
P1(f1(X) = cf2(X)) + P2(f1(X) = cf2(X)). Let c∗ = inf{c : ψ(c) ≥ 0}. If
ψ(c∗) = ψ(c∗−), we set γ = 0; otherwise, we set γ = ψ(c∗)/[ψ(c∗)−ψ(c∗−)].
Then, the risk of δc∗ is a constant. For any rule δ, supj Rδ(j) ≥ r

δ
≥ r

δc∗
=

Rδc∗ (j) = supj Rδc∗ (j). Hence, δc∗ is a minimax rule.

Exercise 46 (#2.94). Let θ̂ be an unbiased estimator of an unknown
θ ∈ R.
(i) Under the squared error loss, show that the estimator θ̂+c is not minimax
unless supθ RT (θ) = ∞ for any estimator T , where c 
= 0 is a known
constant.
(ii) Under the squared error loss, show that the estimator cθ̂ is not minimax
unless supθ RT (θ) = ∞ for any estimator T , where c ∈ (0, 1) is a known
constant.
(iii) Consider the loss function L(θ, a) = (a − θ)2/θ2 (assuming θ 
= 0).
Show that θ̂ is not minimax unless supθ RT (θ) = ∞ for any T .
Solution. (i) Under the squared error loss, the risk of θ̂ + c is

Rθ̂+c(P ) = E(θ̂ + c− θ)2 = c2 + Var(θ̂) = c2 +Rθ̂(P ).

Then
sup
P
Rθ̂+c(P ) = c2 + sup

P
Rθ̂(P )

and either supP Rθ̂+c(P ) = ∞ or supP Rθ̂+c(P ) > supP Rθ̂(P ). Hence,
the only case where θ̂ + c is minimax is when supP RT (P ) = ∞ for any
estimator T .
(ii) Under the squared error loss, the risk of cθ̂ is

Rcθ̂(P ) = E(cθ̂ − θ)2 = (1 − c)2θ2 + c2Var(θ̂) = (1 − c)2θ2 + c2Rθ̂(P ).

Then, supP Rθ̂+c(P ) = ∞ and the only case where θ̂+c is minimax is when
supP RT (P ) = ∞ for any estimator T .
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(iii) Under the given loss function, the risk of cθ̂ is

Rcθ̂(P ) = (1 − c)2 + c2Rθ̂(P ).

If supP Rθ̂(P ) = ∞, then the result follows. Assume ξ = supP Rθ̂(P ) < ∞.
Let c = ξ/(ξ + 1). Then

sup
P
Rcθ̂(P ) = (1 − c)2 + c2ξ =

ξ2

(ξ + 1)2
+

ξ

(ξ + 1)2
=

ξ

ξ + 1
< ξ.

Hence θ̂ is not minimax.

Exercise 47 (#2.96). Let X be an observation from the binomial distri-
bution with size n and probability θ ∈ (0, 1), where n is a known integer
≥ 2. Consider testing hypotheses H0 : θ ≤ θ0 versus H1 : θ > θ0, where
θ0 ∈ (0, 1) is a fixed value. Let � = {Tj : j = 0, 1, ..., n − 1} be a class of
nonrandomized decision rules, where Tj(X) = 1 (rejecting H0) if and only
if X ≥ j + 1. Consider the 0-1 loss function.
(i) When the uniform distribution on (0, 1) is used as the prior, show that
the Bayes rule within the class � is Tj∗(X), where j∗ is the largest integer
in {0, 1, ..., n − 1} such that Bj+1,n−j+1(θ0) ≥ 1

2 and Ba,b(·) denotes the
cumulative distribution function of the beta distribution with parameter
(a, b).
(ii) Derive a minimax rule over the class �.
Solution. (i) Let Pθ be the probability law of X. Under the 0-1 loss, the
risk of Tj is

RTj (θ) = Pθ(X > j)I(0,θ0](θ) + Pθ(X ≤ j)I(θ0,1)(θ)

=
n∑

k=j+1

(
n

k

)
θk(1 − θ)n−kI(0,θ0](θ) +

j∑
k=0

(
n

k

)
θk(1 − θ)n−kI(θ0,1)(θ).

Hence, the Bayes risk of Tj is

r
Tj

=
n∑

k=j+1

(
n

k

)∫ θ0

0
θk(1 − θ)n−kdθ +

j∑
k=0

(
n

k

)∫ 1

θ0

θk(1 − θ)n−kdθ

=
n∑

k=j+1

Bk+1,n−k+1(θ0) +
j∑

k=0

[1 −Bk+1,n−k+1(θ0)].

Then, for j = 1, ..., n− 1,

r
Tj−1

− r
Tj

= 2Bj+1,n−j+1(θ0) − 1.

The family {Bβ+1,n−β+1(y) : β > 0} is an exponential family having mono-
tone likelihood ratio in log y− log(1 − y). By Lemma 6.3 in Shao (2003), if
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Y has distribution Bβ+1,n−β+1, then P (Y ≤ t) = P (log Y − log(1 − Y ) ≤
log t− log(1− t)) is decreasing in β for any fixed t ∈ (0, 1). This shows that
Bj+1,n−j+1(θ0) is decreasing in j. Hence, if j∗ is the largest integer j such
that Bj+1,n−j+1(θ0) ≥ 1

2 , then

r
Tj−1

− r
Tj

≥ 0 j = 1, ..., j∗

and
r

Tj−1
− r

Tj
≤ 0 j = j∗ + 1, ..., n− 1.

Consequently,
r

Tj∗ = min
j=0,1,...,n−1

r
Tj
.

This shows that Tj∗ is the Bayes rule over the class �.
(ii) Again, by Lemma 6.3 in Shao (2003), Pθ(X ≤ j) is decreasing in θ and
Pθ(X > j) is increasing in θ. Hence,

sup
θ∈(0,1)

RTj (θ) = Pθ0(X > j) =
n∑

k=j+1

(
n

k

)
θk
0 (1 − θ0)n−k.

Then, the minimax rule over the class � is Tn−1.

Exercise 48 (#2.99). Let (X1, ..., Xn) be a random sample from the
Cauchy distribution with location parameter µ ∈ R and a known scale
parameter σ > 0. Consider the hypotheses H0 : µ ≤ µ0 versus H1 : µ > µ0,
where µ0 is a fixed constant. Calculate the size of the nonrandomized test
Tc(X) = I(c,∞)(X̄), where c is a fixed constant; find a cα such that Tcα has
size α ∈ (0, 1); and find the p-value for Tcα

.
Solution: Note that X̄ has the same distribution as X1. Hence, the size
of Tc(X) is

sup
µ≤µ0

E(Tc(X)) = sup
µ≤µ0

P (X̄ > c)

= sup
µ≤µ0

P

(
X̄ − µ

σ
>
c− µ

σ

)

= sup
µ≤µ0

[
1
2

− 1
π

arctan
(
c− µ

σ

)]

=
1
2

− 1
π

arctan
(
c− µ0

σ

)
.

Therefore, if cα = µ0 + σ tan
(
π( 1

2 − α)
)
, then the size of Tcα(X) is exactly

α. Note that

α =
1
2

− 1
π

arctan
(
cα − µ0

σ

)
>

1
2

− 1
π

arctan
(
X̄ − µ0

σ

)
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if and only if X̄ > cα (i.e., Tcα(X) = 1). Hence, the p-value of Tcα(X) is

inf{α|Tcα
(X) = 1} =

1
2

− 1
π

arctan
(
X̄ − µ0

σ

)
.

Exercise 49 (#2.101). Let (X1, ..., Xn) be a random sample from the
exponential distribution on (a,∞) with scale parameter θ, where a ∈ R
and θ > 0 are unknown parameters. Let α ∈ (0, 1) be given.
(i) Using T1(X) =

∑n
i=1(Xi −X(1)), where X(1) is the smallest order statis-

tic, construct a confidence interval for θ with confidence coefficient 1 − α
and find the expected interval length.
(ii) Using T1(X) and T2(X) = X(1), construct a confidence interval for a
with confidence coefficient 1 − α and find the expected interval length.
(iii) Construct a confidence set for the two-dimensional parameter (a, θ)
with confidence coefficient 1 − α.
Solution. (i) Let W = T1(X)/θ. Then W has the gamma distribution
with shape parameter n − 1 and scale parameter 1. Let c1 < c2 such that
P (c1 < W < c2) = 1 − α. Then c1 and c2 can be chosen so that they
do not depend on unknown parameters. A confidence interval for θ with
confidence coefficient 1 − α is(

T1(X)
c2

,
T1(X)
c1

)
.

Its expected length is(
1
c1

− 1
c2

)
E(T1) =

(
1
c1

− 1
c2

)
(n− 1)θ.

(ii) Using the result in Exercise 7(iii), [T2(X) − a]/T1(X) has the Lebesgue

density n
(
1 + nt

n−1

)−n

I(0,∞)(t), which does not depend on any unknown
parameter. Choose two constants 0 < c1 < c2 such that∫ c2

c1

n

(
1 +

nt

n− 1

)−n

dt = 1 − α.

Then a confidence interval for a with confidence coefficient 1 − α is

(T2 − c2T1, T2 − c1T1).

Its expected length is

E[(c2 − c1)T1] = (c2 − c1)(n− 1)θ.

(iii) Let 0 < a1 < a2 be constants such that

P (a1 < W < a2) =
√

1 − α
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and let 0 < b1 < b2 be constants such that

P

(
b1 <

T2(X) − a

θ
< b2

)
= e−nb1 − e−nb2 =

√
1 − α.

Consider the region

C(X) =
{

(θ, a):
T1(X)
a2

< θ <
T1(X)
a1

, T2(X) − b2θ < a < T2(X) − b1θ

}
.

By the result in Exercise 7(iii), T1(X) and T2(X) are independent. Hence

P
(
(a, θ) ∈ C(X)

)
= P

(
a1 <

T1(X)
θ

< a2, b1 <
T2(X) − a

θ
< b2

)

= P

(
a1 <

T1(X)
θ

< a2

)
P

(
b1 <

T2(X) − a

θ
< b2

)
=

√
1 − α

√
1 − α

= 1 − α.

Hence, C(X) is a confidence region for (a, θ) with confidence coefficient
1 − α.

Exercise 50 (#2.104). Let (X1, ..., Xn) be a random sample from the
uniform distribution on the interval (θ− 1

2 , θ+ 1
2 ), where θ ∈ R is unknown.

Let X(j) be the jth order statistic. Show that (X(1) +X(n))/2 is strongly
consistent for θ and also consistent in mean squared error.
Solution. (i) For any ε > 0,

P
(
|X(1) − (θ − 1

2 )| > ε
)

= P
(
X(1) > ε+ (θ − 1

2 )
)

=
[
P
(
X1 > ε+ θ − 1

2

)]n
= (1 − ε)n

and

P
(
|X(n) − (θ + 1

2 )| > ε
)

= P
(
X(n) < (θ + 1

2 ) − ε
)

=
[
P
(
X1 < θ + 1

2 − ε
)]n

= (1 − ε)n.

Since
∑n

i=1(1 − ε)n < ∞, we conclude that limnX(1) = θ − 1
2 a.s. and

limnX(n) = θ + 1
2 a.s. Hence limn(X(1) +X(n))/2 = θ a.s.

(ii) A direct calculation shows that

E[X(n) − (θ + 1
2 )] = n

∫ 1

0
xndx− 1 = − 1

n+ 1
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and

E[X(1) − (θ − 1
2 )] = n

∫ 1

0
x(1 − x)n−1dx =

1
n+ 1

.

Hence (X(1) +X(n))/2 is unbiased for θ. Note that

Var(X(n)) = Var
(
X(n) − (θ − 1

2 )
)

= E[X(n) − (θ − 1
2 )]2 − [EX(n) − (θ − 1

2 )]2

= n

∫ 1

0
xn+1dx−

[
θ + 1

2 − 1
n+ 1

− (θ − 1
2 )
]2

=
n

n+ 2
−
(

n

n+ 1

)2

→ 0

as n → ∞. Similarly, limn Var(X(1)) = 0. By the Cauchy-Schwarz inequal-
ity, [Cov(X(1), X(n))]2 ≤ Var(X(1))Var(X(n)). Thus, limn Cov(X(1), X(n))
= 0 and, consequently, limnE[(X(1) +X(n))/2− θ]2 = limn 4−1[Var(X(1) +
Var(X(n)) + 2Cov(X(1), X(n))] = 0.

Exercise 51 (#2.105). Let (X1, ..., Xn) be a random sample from a
population with the Lebesgue density fθ(x) = 2−1(1+ θx)I(−1,1)(x), where
θ ∈ (−1, 1) is an unknown parameter. Find an estimator of θ that is
strongly consistent and consistent in mean squared error.
Solution. By the strong law of large numbers, the sample mean X̄ is
strongly consistent for

EX1 =
1
2

∫ 1

−1
x(1 + θx)dx =

θ

2

∫ 1

−1
x2dx =

θ

3
.

Hence 3X̄ is a strongly consistent estimator of θ. Since 3X̄ is unbiased for
θ and Var(3X̄) = 9Var(X1)/n, where

Var(X1) = EX2
1 − (EX1)2 =

1
2

∫ 1

−1
x2(1 + θx)dx− θ2

9
=

1
2

− θ2

9
,

we conclude that 3X̄ is consistent in mean squared error.

Exercise 52 (#2.106). Let X1, ..., Xn be a random sample. Suppose that
Tn is an unbiased estimator of ϑ based on X1, ..., Xn such that for any n,
Var(Tn) < ∞ and Var(Tn) ≤ Var(Un) for any other unbiased estimator Un

of ϑ based on X1, ..., Xn. Show that Tn is consistent in mean squared error.
Solution. Let Un = n−1∑n

i=1 T1(Xi). Then Un is unbiased for ϑ since
T1(X1) is unbiased for ϑ. By the assumption, Var(Tn) ≤ Var(Un). Hence
limn Var(Tn) = 0 since limn Var(Un) = limn Var

(
T1(X1)

)
/n = 0.
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Exercise 53 (#2.111). Let X1, ..., Xn be a random sample from P with
unknown mean µ ∈ R and variance σ2 > 0, and let g(µ) = 0 if µ 
= 0 and
g(0) = 1. Find a consistent estimator of g(µ).
Solution. Consider the estimator T (X) = I(0,n−1/4)(|X̄|), where X̄ is the
sample mean. Note that T = 0 or 1. Hence, we only need to show that
limn P (T = 1) = 1 when g(µ) = 1 (i.e., µ = 0) and limn P (T = 1) = 0
when g(µ) = 0 (i.e., µ 
= 0). If µ = 0, by the central limit theorem,√
nX̄ →d N(0, σ2) and, thus

lim
n
P (T (X) = 1) = lim

n
P (

√
n|X̄| < n1/4) = lim

n
Φ(n1/4) = 1,

where Φ is the cumulative distribution function of N(0, 1). If µ 
= 0, then
by the law of large numbers, |X̄| →p |µ| > 0 and, hence, n−1/4/|X̄| →p 0.
Then

lim
n
P (T (X) = 1) = lim

n
P (1 < n−1/4/|X̄|) = 0.

Exercise 54 (#2.115). Let (X1, ..., Xn) be a random sample of random
variables from a population P with EX2

1 < ∞ and X̄ be the sample mean.
Consider the estimation of µ = EX1.
(i) Let Tn = X̄ + ξn/

√
n, where ξn is a random variable satisfying ξn = 0

with probability 1 − n−1 and ξn = n3/2 with probability n−1. Show that
the bias of Tn is not the same as the asymptotic bias of Tn for any P .
(ii) Let Tn = X̄ + ηn/

√
n, where ηn is a random variable that is indepen-

dent of X1, ..., Xn and equals 0 with probability 1 − 2n−1 and ±
√
n with

probability n−1. Show that the asymptotic mean squared error of Tn, the
asymptotic mean squared error of X̄, and the mean squared error of X̄ are
the same, but the mean squared error of Tn is larger than the mean squared
error of X̄ for any P .
Note. The asymptotic bias and mean squared error are defined according
to Definitions 2.11 and 2.12 in Shao (2003).
Solution. (i) Since E(ξn) = n3/2n−1 = n1/2, E(Tn) = E(X̄)+n−1/2E(ξn)
= µ+ 1. This means that the bias of Tn is 1. Since ξn →p 0 and X̄ →p µ,
Tn →p µ. Thus, the asymptotic bias of Tn is 0.
(ii) Since ηn →p 0 and

√
n(X̄ − µ) →d N(0, σ2), where σ2 = Var(X1), by

Slutsky’s theorem,
√
n(Tn − µ) =

√
n(X̄ − µ) + ηn →d N(0, σ2). Hence,

the asymptotic mean squared error of Tn is the same as that of X̄ and is
equal to σ2/n, which is the mean squared error of X̄. Since E(ηn) = 0,
E(Tn) = E(X̄) = µ and the mean squared error of Tn is

Var(Tn) = Var(X̄) + Var(ηn/
√
n) =

σ2

n
+

2
n
>
σ2

n
,

which is the mean squared error of X̄.
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Exercise 55 (#2.116(b)). Let (X1, ..., Xn) be a random sample of ran-
dom variables with finite θ = EX1 and Var(X1) = θ, where θ > 0 is
unknown. Consider the estimation of

√
θ. Let T1n =

√
X̄ and T2n = X̄/S,

where X̄ and S2 are the sample mean and sample variance. Obtain the
asymptotic relative efficiency of T1n with respect to T2n.
Solution. Since

√
n(X̄ − θ) →d N(0, θ), by the δ-method with g(t) =

√
t

and g′(t) = (2
√
t)−1,

√
n(

√
X̄ −

√
θ) →d N(0, 1

4 ). From Example 2.8 in
Shao (2003), √

n(X̄ − θ, S2 − θ) →d N2(0,Σ),

where

Σ =
(

θ µ3

µ3 µ4 − θ2

)

and µk = E(X1 − θ)k, k = 3, 4. By the δ-method with g(x, y) = x/
√
y,

∂g/∂x = 1/
√
y and ∂g/∂y = −x/(2y3/2), we obtain that

√
n(T2n −

√
θ) →d N

(
0, θ−1[θ2 − µ3 + (µ4 − θ2)/4]

)
.

Hence, the asymptotic relative efficiency of T1n with respect to T2n is 4θ−
4θ−1µ3 + θ−1(µ4 − θ2).

Exercise 56 (#2.118). Let (X1, ..., Xn) be a random sample from the
N(0, σ2) distribution with an unknown σ > 0. Consider the estimation of
σ. Find the asymptotic relative efficiency of T1n =

√
π/2
∑n

i=1 |Xi|/n with
respect to T2n = (

∑n
i=1X

2
i /n)1/2.

Solution. Since E(
√
π/2|X1|) = σ and Var(

√
π/2|X1|) = (π

2 − 1)σ2, by
the central limit theorem, we obtain that

√
n(T1n − σ) →d N

(
0,
(

π
2 − 1
)
σ2) .

Since EX2
1 = σ2 and Var(X1) = 2σ4,

√
n(n−1∑n

i=1X
2
i −σ2) →d N(0, 2σ4).

By the δ-method with g(t) =
√
t and g′(t) = (2

√
t)−1, we obtain that

√
n(T2n − σ) →d N

(
0, 1

2σ
2) .

Hence, the asymptotic relative efficiency of T1n with respect to T2n is equal
to 1

2/(
π
2 − 1) = (π − 2)−1.

Exercise 57 (#2.121). Let X1, ..., Xn be a random sample of random
variables with EXi = µ, Var(Xi) = 1, and EX4

i < ∞. Let T1n =
n−1∑n

i=1X
2
i − 1 and T2n = X̄2 − n−1 be estimators of µ2, where X̄ is

the sample mean.
(i) Find the asymptotic relative efficiency of T1n with respect to T2n.
(ii) Show that the asymptotic relative efficiency of T1n with respect to T2n

is no larger than 1 if the distribution of Xi − µ is symmetric about 0 and
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µ 
= 0.
(iii) Find a distribution P for which the asymptotic relative efficiency of
T1n with respect to T2n is larger than 1.
Solution. (i) Since EX2

1 = Var(X1)+µ2 = 1+µ2, by applying the central
limit theorem to {X2

i } we obtain that

√
n(T1n − µ2) =

√
n

[
1
n

n∑
i=1

X2
i − (1 + µ2)

]
→d N(0, γ),

where γ = Var(X2
1 ). Also, by the central limit theorem,

√
n(X̄ − µ) →d

N(0, 1). When µ 
= 0, by the δ-method and Slutsky’s theorem,

√
n(T2n − µ2) =

√
n(X̄2 − µ2) − 1√

n
→d N(0, 4µ2).

When µ = 0,
√
nX̄ →d N(0, 1) and, thus,

n(T2n − µ2) = nX̄2 − 1 = (
√
nX̄)2 − 1 →d W − 1,

where W has the chi-square distribution χ2
1. Note that E(W − 1) = 0 and

Var(W − 1) = 2. Therefore, the asymptotic relative efficiency of T1n with
respect to T2n is equal to

e =

{
4µ2

Var(X2
1 ) µ 
= 0

2
nVar(X2

1 ) µ = 0.

(ii) If the distribution of X1 −µ is symmetric about 0, then E(X1 −µ)3 = 0
and, thus,

Var(X2
1 ) = EX4

1 − (EX2
1 )2

= E[(X1 − µ) + µ]4 − (1 + µ2)2

= E(X1 − µ)4 + 4µE(X1 − µ)3 + 6µ2E(X1 − µ)2

+ 4µ3E(X1 − µ) + µ4 − (1 + 2µ2 + µ4)
= E(X1 − µ)4 + 4µ2 − 1
≥ 4µ2,

where the inequality follows from the Jensen’s inequality E(X1 − µ)4 ≥
[E(X1−µ)2]2 = 1. Therefore, when µ 
= 0, the asymptotic relative efficiency
e ≤ 1.
(iii) Let the common distribution of Xi be the distribution of Y/

√
p(1 − p),

where Y is a binary random variable with P (Y = 1) = p and P (Y = 0) =
1 − p. Then EXi =

√
p/(1 − p) = µ, Var(X1) = 1, and EX4

1 < ∞. Note
that

Var(X2
1 ) = Var(Y 2)/[p2(1 − p)2] = Var(Y )/[p2(1 − p)2] = [p(1 − p)]−1.
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Then the asymptotic relative efficiency is e = 4µ2/Var(X2
1 ) = 4p2, which

is larger than 1 if p ∈ (1/2, 1).

Exercise 58 (#2.119). Let (X1, ..., Xn) be a random sample of ran-
dom variables with unknown mean µ ∈ R, unknown variance σ2 > 0, and
EX4

1 < ∞. Consider the estimation of µ2 and the following three estima-
tors: T1n = X̄2, T2n = X̄2 − S2/n, T3n = max{0, T2n}, where X̄ and S2

are the sample mean and variance.
(i) Show that the asymptotic mean squared errors of Tjn, j = 1, 2, 3, are
the same when µ 
= 0.
(ii) When µ = 0, obtain the asymptotic relative efficiency of T2n with re-
spect to T1n and the asymptotic relative efficiency of T3n with respect to
T2n. Find out which estimator is asymptotically more efficient.
Solution. (i) By the central limit theorem and the δ-method,

√
n(X̄2 − µ2) →d N(0, 4µ2σ2).

By the law of large numbers, S2 →p σ2 and, hence, S2/
√
n →p 0. By

Slutsky’s theorem,
√
n(T2n − µ2) =

√
nX̄2 − S2/

√
n →d N(0, 4µ2σ2).

This shows that, when µ 
= 0, the asymptotic mean squared error of T2n is
the same as that of T1n = X̄2. When µ 
= 0, X̄2 →p µ

2 > 0. Hence

lim
n
P (T2n 
= T3n) = lim

n
P (T2n < 0) = lim

n
P (X̄2 < S2/n) = 0,

since S2/n →p 0. Therefore, the limiting distribution of
√
n(T3n − µ2) is

the same as that of
√
n(T2n − µ2).

(ii) Assume µ = 0. From
√
nX̄ →d N(0, σ2), we conclude that nX̄2 →d

σ2W , where W has the chi-square distribution χ2
1. Since µ = 0, this shows

that n(T1n − µ2) →d σ
2W and, hence, the asymptotic mean squared error

of T1n is σ4EW 2/n2 = 3σ4/n2. On the other hand, by Slutsky’s theorem,
n(T2n −µ2) = nX̄ −S2 →p σ

2W − σ2, since S2 →p σ
2. Hence, the asymp-

totic mean squared error of T2n is σ4E(W − 1)2/n2 = σ4Var(W )/n2 =
2σ4/n2. The asymptotic relative efficiency of T2n with respect to T1n is
3/2. Hence T2n is asymptotically more efficient than T1n. Note that

n(T3n − µ2) = nmax{0, T2n} = max{0, nT2n} →d max{0, σ2(W − 1)},

since max{0, t} is a continuous function of t. Then the asymptotic mean
squared error of T3n is σ4E(max{0,W − 1})2/n2 and The asymptotic rela-
tive efficiency of T3n with respect to T2n is E(W −1)2/E(max{0,W −1})2.
Since

E(max{0,W − 1})2 = E[(W − 1)2I{W>1}] < E(W − 1)2,
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we conclude that T3n is asymptotically more efficient than Tjn, j = 1, 2.

Exercise 59. Let (X1, ..., Xn) be a random sample from the exponential
distribution θ−1e−x/θI(0,∞)(x), where θ ∈ (0,∞). Consider the hypotheses
H0 : θ ≤ θ0 versus H1 : θ > θ0, where θ0 > 0 is a fixed constant. Let
Tc = I(c,∞)(X̄), where X̄ is the sample mean.
(i) For any given level of significance α ∈ (0, 1), find a cn,α such that the
test Tcn,α

has size α and show that Tcn,α is a consistent test, i.e., the power
of Tcn,α

converges to 1 as n → ∞ for any θ > θ0.
(ii) Find a sequence {bn} such that the test Tbn

is consistent and the size
of Tbn converges to 0 as n → ∞.
Solution. (i) Note that X̄/θ has the gamma distribution with shape pa-
rameter n and scale parameter θ/n. Let Gn,θ denote the cumulative dis-
tribution function of this distribution and cn,α be the constant satisfying
Gn,θ0(cn,α) = 1 − α. Then,

sup
θ≤θ0

P (Tcn,α
= 1) = sup

θ≤θ0

[1 −Gn,θ(cn,α)] = 1 −Gn,θ0(cn,α) = α,

i.e., the size of Tcn,α
is α.

Since the power of Tcn,α is P (Tcn,α = 1) = P (X̄ > cn,α) for θ > θ0
and, by the law of large numbers, X̄ →p θ, the consistency of the test Tcn,α

follows if we can show that limn cn,α = θ0. By the central limit theorem,√
n(X̄ − θ) →d N(0, θ2). Hence,

√
n( X̄

θ − 1) →d N(0, 1). By Pólya’s
theorem (e.g., Proposition 1.16 in Shao, 2003),

lim
n

sup
t

∣∣∣∣P
(√

n
(

X̄
θ − 1
)

≤ t

)
− Φ(t)

∣∣∣∣ = 0,

where Φ is the cumulative distribution function of the standard normal
distribution. When θ = θ0,

α = P (X̄ ≥ cn,α) = P

(√
n
(

X̄
θ0

− 1
)

≥
√
n
(

cn,α

θ0
− 1
))

.

Hence

lim
n

Φ
(√

n
(

cn,α

θ0
− 1
))

= 1 − α,

which implies limn
√
n( cn,α

θ0
− 1) = Φ−1(1 − α) and, thus, limn cn,α = θ0.

(ii) Let {an} be a sequence of positive numbers such that limn an = 0 and
limn

√
nan = ∞. Let αn = 1 − Φ(

√
nan) and bn = cn,αn , where cn,α is

defined in the proof of part (i). From the proof of part (i), the size of Tbn

is αn, which converges to 0 as n → ∞ since limn
√
nan = ∞.

Using the same argument as that in the proof of part (i), we can show
that

lim
n

∣∣∣∣1 − αn − Φ
(√

n
(

cn,αn

θ0
− 1
))∣∣∣∣ = 0,



Chapter 2. Fundamentals of Statistics 93

which implies that

lim
n

√
n

Φ−1(1 − αn)

(
cn,αn

θ0
− 1
)

= 1.

Since 1 − αn = Φ(
√
nan), this implies that limn cn,αn

= θ0. Since bn =
cn,αn

, the test Tbn
is consistent.

Exercise 60 (#2.130). Let (Yi, Zi), i = 1, ..., n, be a random sample from
a bivariate normal distribution and let ρ be the correlation coefficient be-
tween Y1 and Z1. Construct a confidence interval for ρ that has asymptotic
significance level 1 − α, based on the sample correlation coefficient

ρ̂ =
1

(n− 1)
√
S2

Y S
2
Z

n∑
i=1

(Yi − Ȳ )(Zi − Z̄),

where Ȳ =n−1∑n
i=1 Yi, Z̄=n−1∑n

i=1 Zi, S2
Y =(n−1)−1∑n

i=1(Yi−Ȳ )2, and
S2

Z =(n−1)−1∑n
i=1(Zi−Z̄)2.

Solution. Assume first that EY1 = EZ1 = 0 and Var(Y1) = Var(Z1) = 1.
From Exercise 9,

√
n(ρ̂− ρ) →d N(0, c2) with

c2 = ρ2[E(Y 4
1 ) + E(Z4

1 ) + 2E(Y 2
1 Z

2
1 )]/4

− ρ[E(Y 3
1 Z1) + E(Y1Z

3
1 )] + E(Y 2

1 Z
2
1 ).

We now derive the value of c2. Under the normality assumption, E(Y 4
1 ) =

E(Z4
1 ) = 3. Let U = Y1 + Z1 and V = Y1 − Z1. Then U is distributed

as N(0, 2(1 + ρ)), V is distributed as N(0, 2(1 − ρ)) and U and V are
independent, since Cov(U, V ) = E(UV ) = E(Y 2

1 − Z2
1 ) = 0. Note that

Y1 = (U + V )/2 and Z1 = (U − V )/2. Then,

E(Y 2
1 Z

2
1 ) =

E
[
(U + V )2(U − V )2

]
16

=
E
(
U4 + V 4 − 2U2V 2

)
16

=
EU4 + EV 4 − 2EU2EV 2

16

=
3[2(1 + ρ)]2 + 3[2(1 − ρ)]2 − 2[2(1 + ρ)][2(1 − ρ)]

16

=
3[(1 + ρ)2 + (1 − ρ)2] − 2(1 − ρ2)

4

=
3(2 + 2ρ2) − 2 + 2ρ2

4
= 1 + 2ρ2
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and

E(Y 3
1 Z1) =

E[(U + V )3(U − V )]
16

=
E[(U + V )3U ] − E[(U + V )3V ]

16

=
EU4 + 3E(U2V 2) − EV 4 − 3E(U2V 2)

16

=
3[2(1 + ρ)]2 − 3[2(1 − ρ)]2

16

=
3(1 + ρ)2 − 3(1 − ρ)2

4
= 3ρ.

By symmetry, E(Y1Z
3
1 ) = 3ρ. Using these results, we obtain that

c2 = ρ2[3 + 3 + 2(1 + 2ρ2)]/4 − 2ρ(3ρ) + 1 + 2ρ2

= ρ2(2 + ρ2) − 6ρ2 + 1 + 2ρ2

= ρ4 − 2ρ2 + 1
= (1 − ρ2)2.

In general, the distribution of ρ̂ does not depend on the parameter vec-
tor (EY1, EZ1,Var(Y1),Var(Z1)), which can be shown by considering the
transformation (Yi − EYi)/

√
Var(Yi) and (Zi − EZi)/

√
Var(Zi). Hence,

√
n(ρ̂− ρ) →d N(0, (1 − ρ)2)

always holds, which implies that ρ̂ →p ρ. By Slutsky’s theorem,
√
n(ρ̂− ρ)
1 − ρ̂2 →d N(0, 1).

Hence

lim
n
P

(
−zα/2 ≤

√
n(ρ̂− ρ)
1 − ρ̂2 ≤ zα/2

)
= 1 − α,

where za is the (1−a)th quantile of the standard normal distribution. Thus,
a confidence interval for ρ that has asymptotic significance level 1 − α is[

ρ̂− (1 − ρ̂2)zα/2/
√
n, ρ̂+ (1 − ρ̂2)zα/2/

√
n
]
.
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