Concepts and Methods of Geostatistics

Jacques Rivoirard

Centre de Géostatistique, Ecole des Mines de Paris

1 Introduction

A mathematician but also an engineer, Professor Georges Matheron has shown
an exceptional ability to formalize practical problems, edict relevant concepts
and methods in order to find workable solutions. From 1954 to 1963, while
working with the French Geological Survey in Algeria and in France, he dis-
covered the pioneering work of the South African school on the gold deposits
of the Witwatersrand, and formalized the major concepts of the theory that he
named Geostatistics. The “classical” geostatistics (linear geostatistics based
on stationary covariance and variogram) was fully developed in his thesis [11].
The regionalized variable under study, as Matheron called it, is then conve-
niently modelled as a Random Function. However one should not consider the
model as the reality, and the analysis of the role to be assigned to the model
led Matheron to write “Estimating and Choosing”, an essay on probability in
practice ([18] for the French version, [20] in English). In the mean time, the
bases of both non-linear geostatistics and non-stationary geostatistics were
laid out. The reader will find a detailed description of the different geosta-
tistical methods, as well as a valuable bibliography, in the reference book by
Chiles and Delfiner [1]. The present article describes the basic concepts of
geostatistics, from today’s perspective.

2 Linear geostatistics

2.1 The origin

Matheron discovered the work of the South African school during his first
professional appointment with the French Geological Survey in Algeria in
1954. One year later, a paper written by R. Duval [4] in collaboration with
R. Lévy and G. Matheron, presented the work by Krige [6] in a very concise
way in the French journal “Annales des Mines”.
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The basic ingredients of geostatistics (currently referred to as the support,
the dispersion variances, the conditional bias, see further on) were already
present in the South-African work (see the paper by Krige and Kleingeld in
this volume, page 5). The variances of gold sample values were observed to be
higher when these samples were taken within a larger area, e.g. the variance
of samples within a mine being higher than the variance of samples within a
mining block or panel (here a “sample” is given its physical meaning or its
corresponding ore value, which is different from the statistical meaning, i.e. the
collection of such sample values). In addition, those variances (more exactly
the logarithmic variances, see further on) are linked by Krige’s additivity
relationship:

variance of samples within mine

= wvariance of samples within panels + variance of panels within mine.
The fact that the variance of gold values within a given area depends on
the “support” on which the variable is defined (sample, panel..., i.e. the 2D
generic area in size and orientation, or the generic volume in 3D), has serious
consequences when selecting panels from their sampling. As panels are less
variant than samples, it follows that the mining panels, selected as being rich
according to their samplings, are naturally less rich than these samplings.
Similarly panels considered to be poor are richer than their samplings. No
bias on samples is necessary to explain this overestimation of rich panels and
underestimation of poor ones. It simply corresponds to a particularly danger-
ous case of conditional bias: conditionally to its samples, the expectation of
the value of a panel is not equal to its sampled value, it is lower when the
sampled value is high, higher when this value is low.

To avoid the overestimation of selected reserves caused by such a condi-
tional bias, corrected estimators of panels from samples have been developed
by the South-African school, based on the lognormal distribution. The log-
normal distribution was observed to provide a good fit to gold content values.
Let us recall that it is skewed positively, with a tail of large values, and a
shape factor given by the logarithmic variance, i.e. the variance of the loga-
rithm of the variable. The higher the logarithmic variance, the more dispersed
the values relatively to their mean. Because of the skewness of the distribu-
tion, lognormal estimators of the mean of the distribution (computed from the
arithmetic mean of log values, i.e. the geometric mean of values) from a lim-
ited number of samples, can be significantly better than the arithmetic mean
of values. Krige’s methodology assumes the permanence of the lognormality
of the distributions, e.g. the distributions of sample values within a panel,
or within a mine, are lognormal, as well as the distribution of panel values
within the mine. The variations of the values of such distributions are then
described by their logarithmic variances, these being linked by the additivity
relationship mentioned previously.

In addition to the article by Duval, Lévy and Matheron on Krige’s work,
the same issue of Annales des Mines contained another remarkable article
written by Matheron alone [8]. In particular, he derived the permanence of
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lognormality from a principle of self-similarity when splitting blocks itera-
tively as considered by de Wijs [3]. This synthesis allowed him to distinguish
two terms within the dispersion variance of the support v within the domain
V: a term depending on the sole geometry of v and V; and a coefficient of
“absolute dispersion” (as he called it) which is an intrinsic characteristic of
the mineralization (this parameter will be later replaced by the more general
structural tool given by the variogram). During these early years, Matheron
produced several statistical reports and studies of deposits. It is worth notic-
ing that the term “geostatistics” appeared explicitly in the title of a study of
a lead deposit dated 1955 [9)].

Next, Matheron stepped to the linear geostatistics, based on the additiv-
ity of variables and linear estimators, without any assumption on the type of
statistical distribution. As a matter of fact, the gold content variable initially
studied by Krige was the metal accumulation taken vertically across a reef ex-
tending in 2D. Supposing that a panel is partitioned into samples with same
support v, the mean value over the panel is equal to the arithmetic average of
sample values, whatever the statistical distribution of the values, lognormal or
not. In other words, the accumulation is an additive variable (this is also the
case for the thickness of the reef which gives the ore quantity, but not for the
grade, equal to the ratio between the metal and the ore quantities - or equiv-
alently between accumulation and thickness: the grade has to be weighted by
the thickness when averaged). In the early South-African school, the estima-
tion of a given block value was brought down to the estimation of the mean
value of the statistical distribution made of all possible samples constituting
the block, from the samples available at the periphery of the block, and the
spatial aspect was not modelled. By contrast, Matheron rather addressed the
estimation of the mean value over any block or domain, using located sam-
ple data and taking explicitly into account the geometrical configuration of
all the elements. This enabled him to formalize the concepts at the basis of
geostatistics in a very simple manner.

2.2 Additivity, support and dispersion variances

Let z(x) be a “regionalized variable”, as Matheron called it, depending on the
location x, traditionally a point in 2D or 3D. In practice such a point often
corresponds to the sample support. Assuming that the variable is additive,
its “regularized” value over v (e.g. a block) is the arithmetic average of its
points:

z(v) = ﬁv/z(x) dx

Similarly we have:

AV) = 5 Yo (w)

when considering the regularized value over V, this being partitioned into NV
blocks v; with same support v.
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The variation of the v; values within V' can be measured by the “dispersion
variance” of support v within domain V'

2lV) = 5 3 o) — (V)]

%

Similarly the dispersion variance of a point within V is:
1
FOW) = 7 [ o) = 2P o
v

We also have:

2 .:i 2(x) — 2(v;)]? da
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and the mean of these quantities over the different v;’s within V' gives the
dispersion variance s%(O|v) of a point within v. It is easy to demonstrate that
such dispersion variances are linked through the additivity relationship:

s2(0|V) = s*(0O|v) + s2(v|V)

This formula is similar to the relationship obtained by Krige on logarithmic
variances, but is satisfied for any statistical distribution of the variable, pro-
vided that this variable is additive.

In addition, such dispersion variances, which are of crucial importance
when the sample support does not coincide with the support of interest (min-
ing block, area to be depolluted...), are related to the “spatial structure”
represented by the variogram. But this will be more conveniently developed
later within the framework of Random Function.

2.3 Intrinsic approach versus transitive approach

When developing linear geostatistics, Matheron distinguished two approaches,
the transitive approach (seldom used), and the intrinsic approach. In the tran-
sitive approach, the phenomenon to be studied (orebody, fish stock...) is
supposed to be known, for instance, on a regular rectangular grid defined
by its orientation, its mesh size, and its origin. The exact boundaries of the
phenomenon are considered to be unknown, and the grid is supposed to ex-
tend beyond them. The transitive approach allows for instance to estimate
the global abundance from such a grid, with an error variance derived from a
structural tool called the transitive covariogram (similar to a noncentered co-
variance, where terms are summed instead of being averaged). The approach
can be particularly useful when studying resources with diffuse limits such as
some fish or larvae densities in the sea, or when estimating the extension area
or the volume of a phenomenon only known at the nodes of a grid. In the case
of a regular grid with a given orientation, the only element of randomness is
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the origin of the grid, which is supposed uniformly distributed over the mesh
size.

By contrast, in the traditional intrinsic approach, the domain is consid-
ered to be known, and the variable is supposed to have an intrinsic behaviour,
independent of the geometry and of the boundaries of the domain. The do-
main can be considered as a window, allowing to see the variable, which is
assumed to extend with the same behaviour beyond the window boundaries.
To describe such an intrinsic behaviour, the methodology relies on a form of
stationarity, i.e. invariance under translations. Although classical linear geo-
statistics was essentially completed by the early 60’s [10], Matheron did not
introduce the convenient framework of Random Function until he completed
his thesis [11].

2.4 The intrinsic model and the variogram

The regionalized variable z(z) is then considered as a realization, a possi-
ble outcome, of a Random Function (RF in short) Z(z), whose specifications
constitute the RF model. This framework allows a simple formulation of sta-
tionarity. Thanks to de Wijs’s work [3], and to Krige’s observation of variance
increasing with the area, Matheron privileged the stationarity of the incre-
ments over the stationarity of the variable itself. In linear geostatistics the
most common model is the intrinsic RF model, defined by the increments
Z(x + h) — Z(x) having a zero expectation and a stationary variance (de-
pending on vector h, not on location z ):

ElZ(x+h)—Z(x)]=0

Var[Z(z + h) — Z(x)] = B{[Z(x + h) — Z(z)]*} = 2v(h)

The intrinsic RF model is then completely specified by its structural tool y(h),
the variogram, which expresses the mean variability between two points as a
function of the vector between them, and which depicts the more or less reg-
ular behaviour of Z(x). In practice, a set of distances is chosen, in accordance
with the sampling grid. For each distance an experimental variogram value is
computed from pairs of data separated by this distance, using implicitly the
invariance of increments under translation. This experimental variogram is
then interpreted (e.g. some variations being considered as insignificant fluctu-
ations) and fitted by a mathematical function, the variogram model, assuming
additional hypotheses on its regularity for instance. As the variogram directly
measures the variability between pairs of points, Matheron called it the in-
trinsic dispersion function in early times. The intrinsic RF model, based on
increments, allows to express the expectation and variance of linear combina-
tions > Ao Z(zq), but only when > A, =0 (as a matter of fact, such linear

(0% «
combinations can be seen as linear combinations of increments; the expec-
tation and the variance of other linear combinations, in particular Z(z), are
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simply not defined in the model). These admissible linear combinations have
a zero expectation, and a variance which depends on the variogram:

Var Z/\QZ(xa) = ZZ)\Q/\Q’Y(JZQ —Ty)
a a g

To ensure the positivity of such variances, the function —y(h) must be condi-
tionally positive definite. The fitting task is usually simplified by considering
a sum of known authorized model components (one of them being the white
noise or “nugget effect”, a simple discontinuity at the origin).

Such a measurement of variability is not specific to geostatistics. The nov-
elty introduced by Matheron consisted in establishing it within a simple model
while accounting for the important concepts of support, regularization, and
not the least, the two different following types of variances, and to make all
this available to the practitioner: the engineer and the mathematician are in
perfect agreement.

If Z(x) is an intrinsic RF, so is the regularized Z(v) over support v, with a
“regularized” variogram deduced from the variogram of Z(z). The dispersion
variance of the support v within the domain V' also depends on the variogram
of Z(x):

D*(u|V) =3(V, V) = (v, v)

and in particular for a point support:

D*(O[V) = 5(V, V)
where 5(V1, V) stands for Wllvzl‘{vj;v(x —y)dxdy

Such dispersion variances are linked by the additivity relationship, e.g.:

D?(0|V) = D?(O|v) + D*(v|V)

In practice this explains, or makes it possible to predict the drop of variance
when changing the support, from a quasi point sample support to a larger
interest support, for instance:

D*(0|V) = D*(v|V) = D*(OJv) = ¥(v, v)

The other type of variance is the estimation variance, or variance of the
error when estimating for instance the value Z(V') over V by the value Z(v)
over v (or the contrary). The estimation error Z(v) — Z(V') is an admissible
linear combination. Therefore its mean is 0 (estimation is unbiased), and its
variance is:

Var[Z(v) = Z(V)] = 27(v, V) = 5(v, v) =3(V, V)

Using a variation of this formula, the “global estimation variance” can be
computed when estimating a whole domain with a regular sampling grid for
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instance. Conversely, assuming a given variogram, this can help define a sam-
pling grid in order to obtain a given estimation variance.
If we now consider the estimation of Z(V) by a linear combination of
samples Y A\, Z(24), the estimation error is Z(V) — > Ay Z(z4). It is an ad-
(0%

[e3
missible linear combination iff Y A, = 1 (if not, the error is simply not defined

(e
in the intrinsic RF model). Then its expectation is 0 and its variance can be
developed:

Var | Z(V) =Y " AaZ(za)

«

=23 XF(@a: V) = DD Aadg¥(xa, 25) —H(V, V)
« a B

By minimizing this estimation variance, one gets an estimator, usually called
Ordinary Kriging (OK). Kriging is a generic term for optimal — and generally
linear — estimators in geostatistics, and the minimized variance is referred to
as the kriging variance (not to be confused with the variance of the kriging
estimator, which anyway is not defined in the intrinsic model). One will find an
interesting historical study on the origins of kriging compared to other similar
methods in a paper by Cressie [2]. The ordinary kriging weights, constrained
by the above condition, are solution of a linear system. Such an Ordinary
Kriging can be used to estimate the value at a point, the mean value over
a block or a domain, or, in the case of mapping, a grid of points or a set of
blocks.

2.5 The stationary case

The variogram ~y(h) may be unbounded and can increase infinitely. When it is
bounded (for instance stabilizing on a “sill” level beyond a “range” distance),
the IRF can be reduced to a 2"? order stationary RF, characterized by its
first two moments being stationary:

E[Z(x)]=m

Cov[Z(z), Z(x + h)] = C(h)

In particular the a priori variance Var Z(z) is equal to C'(0) and we have
v(h) = C(0) — C(h). The dispersion variance D?(O|V) = 5(V, V) tends to-
wards the a priori variance C(0) (absent from a purely intrinsic model) when
V increases infinitely in an appropriate way. Then:

21 =0C = i Xr — X
Var Z(V) = B[(Z(V) = m)?] = C(V, V) = MQU/U/O( y) dz dy
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tends to zero and Z(V') tends to the mean m (supposed to be ergodic).
The stationary model allows to develop the variance of any linear combi-

nation:
Var Z)\ Z(xq —ZZ)\ AsClzp — x4q)

(the covariance being a positive definite function to ensure the positivity of
such variances). The best linear estimator in this model is usually called Sim-
ple Kriging (SK). Being unbiased it can be written:

Z/\ Z(xa) + 1—ZA]

and the kriging weights minimizing the estimation variance are solution of a
linear system.

2.6 Questioning the model

For practical applications, an interesting question is whether the mean pa-
rameter m is known, and even what meaning it has when we only have a
single realization of the RF model, defined over a finite domain (think of the
metal grade of an orebody for instance). If the mean is considered to be un-
known, it can be removed from the above estimation by setting the condition
> Xa = 1: we are then back to Ordinary Kriging. In practice, stationarity, as
usually detected by the variogram stabilizing on a sill, is often not guaranteed
for large distances, e.g. throughout the whole domain: stationarity is then
only local. In that case Ordinary Kriging is preferred, using datapoints within
a moving neighbourhood around the target (point or block of a grid), i.e. a
neighbourhood that moves with the target (as opposed to a unique neighbour-
hood including all datapoints). In practice the choice of the neighbourhood is
still a difficult and much debated question on which we will come back later:
in theory the larger the neighbourhood, the better the estimation, but also
the stronger the stationarity hypothesis. In particular, while Ordinary Kriging
is a weighted average of data within the neighbourhood, Simple Kriging also
makes use of the mean m, with a complementary weight. This compensates
for a possible sparseness of data with respect to the spatial structure, by at-
tracting the local estimate towards the mean in accordance to the stationarity
hypothesis.

Now, assuming stationarity over the whole domain does not guarantee
that m can be known, nor that it even exists outside the model. It is interest-
ing to follow the evolution of Matheron’s thoughts on models through time.
Matheron introduced the RF framework for the intrinsic approach in 1965.
Although the transitive approach does not use the randomization of the re-
gionalized variable, Matheron ([13], p. 39) described the transitive methods

s “being rich in implicit probabilistic contents”, as he considered that the
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operations used for fitting a transitive covariogram “constitute a disguised
passage to expectations”. Finally Matheron ([18, 20]) went back, stating that,
if a methodology is performant, it should mean something on the regionalized
variable (the reality !): this questions the objective contents of the RF model,
by subordinating it to the regionalized variable. He proposed the operational
indexrandom set of methods. The operations of fitting a variogram or a co-
variogram are then considered as resulting from the choice of anticipating
hypotheses (which may or may not be correct, as could possibly be checked
later), that allow to tell more than the data alone. Parameters of the mod-
els, that cannot have their counterpart in terms of the regionalized variable,
are considered to be purely conventional and must disappear from the final
estimation results. This is of course the case of the mean parameter m of the
stationary model if the domain V' is not large enough to identify the average
Z(V), representing z(V'), with this mean. Such epistemological developments
are worth being considered, if one aims at applying mathematical models.

2.7 Additional remarks

Before going on the other parts of geostatistics, let us go back in more details
to some difficult points that concern the choice or the use of models.

Back to conditional unbiasness

Let Z(V)* be an estimator of the panel Z(V'). Moreover suppose that it is
unbiased:

E[Z(V)— Z(V)*] =0

Conditional unbiasness can be written:

E[Z(V) - 2(V)"|Z(V)] =0

or equivalently:

E[ZzWZ(V)'] = z(V)"

i.e. the regression of Z(V) on Z(V)* is linear and coincides with the first
bisector. This desirable property ensures that the results obtained when taking
a decision on the basis of Z(V)* are, on average, as expected (e.g. values
selected for being rich, being as rich as expected). This is not the case of the
estimator Z(V)* taken as the sampled value of Z(V'). Having a variance higher
than that of Z(V') due to the support effect, it is conditionally biased, with
E[Z(V)|Z(V)*] < Z(V)* when Z(V)* is high. This causes overestimation of
panels considered as rich, e.g. above a cut-off z:

EZWV)Z(V)* > 2] < E[Z(V)*|Z(V)* > 2]
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Krige’s lognormal estimator aims at correcting this conditional bias. Ide-
ally, if we denote data = {Z(x1), Z(x2),...} the values of samples (possibly
located outside the panel), the best estimator (unbiased with minimum error
variance) is the Conditional Expectation (CE): E[Z(V)|data]. If the mul-
tivariate distribution (Z(V'),data) were normal (any linear combination of
these being normally distributed), this regression would be linear, and would
coincide with Simple Kriging in a stationary model. However, and particu-
larly with skewed distributions, there is no reason for this regression to be
linear. Assuming for instance multilognormality (multivariate distribution of
logarithms being normal), the best regression is lognormal, hence based on
the geometric mean of the sample values. Although linear kriging was pro-
posed by Matheron as a means to correct in practice the above conditional
bias [13], there is no reason why it should do it fully. A practical advantage of
linear kriging comes from the reduced hypotheses: only the spatial structure,
and possibly the value of the mean parameter are required. As a matter of
fact, an expression such as F[Z(V)|data] is simply not defined within the 27¢
order stationary RF model. On the other hand, Matheron has shown that
the very shape of CE within a model may be used as a heuristic candidate
for the estimation, but that it rapidly gets beyond a realistic meaning with a
few conditioning datapoints ([18, 20]): CE is guaranteed to be the best esti-
mator only in theory. In addition (Z being additive), if V' is partitioned into
congruent samples, the best estimator of Z(V') when increasing the number
of samples, converges towards the true value, which is the (linear) arithmetic
mean. While strict conditional unbiasness seems an unreachable ideal, one
can try to approach it. One way is to look for a linear regression of Z(V)
on Z(V)* close to the first bisector (slope close to 1). In Simple Kriging, the
estimation error is uncorrelated with data and therefore:

Var Z(V) = Var Z(V)* + Var[Z(V) — Z(V)*]

So Simple Kriging reduces the variability, and the theoretical slope of the lin-
ear regression Cov(Z(V'), Z(V)*)/ Var Z(V)* equals 1. The mean compensates
for the lack of information in the neighbouring data (with a pure nugget effect,
Simple Kriging reduces to the mean m: no local estimation is really possible).
In Ordinary Kriging, assuming 2"¢ order stationarity with unknown mean,
things are different. The theoretical slope can be notably less than 1, in par-
ticular when the spatial structure is poor and the data sparse. In many cases
however, this slope takes low values when the neighbourhood is too small (Or-
dinary Kriging then has too high a variability, with an important conditional
bias), but may have a value close to 1 if the neighbourhood is large enough.
Hence this slope can be used as a criterion for choosing the neighbourhood.

Back to variances

A question considered by Krige was whether the log variance of samples within
a panel could be considered a constant for panels in identical configurations
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within a given mine. The same question formulated on the dispersion variance
of samples within a given panel, in linear geostatistics, would generally receive
a negative answer for skewed distributions. Rich panels would generally con-
tain richer and more variant samples: this corresponds to a proportional effect
(between the variance and the mean, or a function of the mean), or in statis-
tical language, a heteroscedasticity. This does not imply non-stationarity as
is often thought: exponentiating a 1D stationary autoregressive Gaussian pro-
cess yields to a stationary lognormal process presenting such a proportional
effect. When writing D2(O|V) = 5(V, V) for instance, linear geostatistics con-
siders an expectation, or average over all possible panels with same support
V', then taking the average of different values.

Similarly the kriging variance (the variance of the error which is mini-
mized by kriging) has the meaning of an average of the estimation variance
when translating the geometrical configuration (respective locations of data
and target to be estimated). It is not conditional on values of the variable
observed locally and thus can appear as locally unrealistic: for instance, it
is unrealistically small when the estimate is high, and conversely. To have a
variance more realistic locally, a correction can be applied, based on the mod-
elling of the proportional effect. On the other hand, non-linear geostatistics
can give theoretical access to conditional variances.

Back to lognormal

Lognormality was central in the early development of geostatistics in the 50’s.
Permanence of lognormality was in particular advocated when working on
different supports or within nested areas. In theory however, the average of
independent variables with the same lognormal distribution, for instance, is
not lognormal. Then, assuming that the variable is lognormal on a given
support, it would not remain true for multiple or dividing supports. In other
words, assuming that an additive variable is lognormal on some support, there
is no chance that this very support coincides with any support available in
practice. Since lognormality is not stable, Matheron [12] explored the family
of stable distributions that would remain stable with a change of support.
However this alternative has not led to practicable results. As one says, sim-
ple models are false, but complex models are useless... Lognormality, and
its permanence, can be expected to hold, although deviations from supposed
lognormality can have serious consequences (a third translation parameter in
addition to mean and variance, is often considered to enlarge the model). The
question of lognormality arises again from time to time. In a note with an
eloquent title, Matheron [16] has proposed a variety of enlarged lognormal
estimators, obtained notably by exponentiating a linear combination of loga-
rithms with sum of weights equal to 1 such as OK, and assuming or not the
permanence of lognormality when changing support. The sensitive estimator
referred to as “lognormal kriging” can take many different forms.
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3 Multivariate geostatistics

Linear geostatistics can naturally be extended to several variables (such as
different concentrations, or a variable and its gradient, etc.) Cokriging allows
estimating linearly one variable from a set of variables, known at the same
datapoints (isotopic case) or at different datapoints (heterotopic case). Cross
structural tools (covariance, variogram) will measure the correlated parts be-
tween two variables, or between increments, as a function of the vector sep-
arating pairs of points. In the frequently used linear models of coregionali-
sation, the set of simple and cross covariances (or variograms) is modelled
from a linear combination of structural basic components which usually rep-
resent different scales. Efficient filtering techniques (kriging analysis) make it
possible to extract such a scale component by cokriging from the different
variables. One advantage of these filtering techniques, and more generally of
kriging and cokriging, is their capability to handle points in irregular geomet-
rical configurations, and not only on regular grids.

Very often, the statistical features of the regionalized variables have a
limited scope, since they change with the support on which the variables
are considered (this is the case of lognormality, as we have seen before). In
particular, the correlation coefficient between two given variables may be small
on a small support, and much larger on a larger support — or the contrary.
On the opposite, the correlation may be an intrinsic measure of the linear
dependency between two variables. This is the case in the model of intrinsic
correlation, where simple and cross variograms are proportional to each other,
and where the correlation coefficient within a domain does not depend on
the support, nor on the domain [11]. Then, in the isotopic case, cokriging is
equivalent to kriging.

Similarly, the linear regression aY (x)+ b of one variable Z(x) on an-
other variable Y'(x) at the same location generally presents little interest,
since it changes with the support. However, in the model with residual
Z(x) = aY (x) + b+ R(z) where R(x) is spatially not correlated with Y (z) —
a hierarchical model where Z(x) is subordinated to the master variable Y (z),
the linear regression is independent from the support and then has an intrinsic
signification. This is the case when the cross-structure between Y (z) and Z(x)
is proportional to the structure of Y'(z). The decomposition of Z(x) into Y (x)
and R(z) has interesting properties in cokriging. When Y (x) is available at
every datapoint of Z(x), and in particular when Y (z) and Z(x)are available
at the same datapoints, the cokrigings of Y and Z can be obtained by kriging
Y and R separately.

An instructive example of coregionalisation (that makes the link with non-
linear geostatistics) is the case of a concentration Z(z) where the positive
values correspond to a geometrical set A with unknown delimitation within
the domain under study (ex: metal grade in a vein-type deposit). This set A
can be represented by its indicator 1,c4 , equal to 1 if the point = belongs
to A, and to 0 otherwise. If we consider this variable separately, its ideal
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estimator at point = from datapoints consists in its Conditional Expectation,
that is, its probability to belong to A conditionally to the datavalues. The
mathematical shape of such a conditional probability is generally unknown.
In the context of simulations, it is suggested to introduce such conditional
probabilities under given configurations from training images, using multi-
point statistics [22]. But most often a pseudo-probability is obtained by kriging
the indicator, with a post-processing to eliminate values outside the interval
[0, 1]. In addition a relationship may exist between variables, say grade and
geometry: for instance the low grades may be preferentially located near the
frontiers of the veins. Then the estimation of the indicator can be improved by
considering values of Z in addition to values of the indicator. A straightforward
exception corresponds to the positive values of Z(z) being distributed within
A, independently from its geometry. Then the estimation of the indicator,
which has the meaning of a probability, can be performed separately, and
complemented by an estimation of Z(z) assuming it is positive (and using
only the positive data values). Another exception is cokriging the indicator and
Z within a model with residual Z(x) = ml,ca + R(x) where we assume the
absence of spatial correlation between residual and indicator. This corresponds
to a reduced hypothesis of independence: internal independence between the
variable Z(z) and the set A [11] or absence of border effect, in the sense that
the expected value of Z(x) at a point  of A does not depend on whether a
neighbouring point x + h belongs to A or not. When data consist in Z values,
the cokriging of Z can be obtained by kriging separately the indicator and
the residual, and the ratio between the estimate of Z(x) and the estimate of
the indicator has the meaning of an estimation of Z(z) in case it would be
positive. We will come back to such considerations when dealing with non-
linear geostatistics.

4 Non stationary geostatistics

4.1 Kriging with external drift

Consider the model with residual Z(z) = aY (z) + b+ R(z) . In some circum-
stances the master variable Y is known everywhere and is used as an auxiliary
variable for the estimation of a sparsely sampled target variable Z. Assuming
that the coefficients a and b of the linear regression of Z(x) on Y (z) at the
same point x are known, Simple Kriging of the residual gives the estimation
of Z. If b is unknown, then an Ordinary Kriging of the residual is what is
needed. When working with a single realization, the auxiliary variable can be
considered deterministic, say f(x) to be consistent with literature, and the
model can be written Z(z) = af(z) + b+ R(x). This is helpful when a and b
are not known (either globally when using a unique neighbourhood, or locally
within a moving neighbourhood). A trick when estimating Z(z) as a linear

combination Y A\, Z(z4) of data (borrowed from Universal Kriging described
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further on), consists in imposing the following conditions:

> Aaf(a) = f(2)

> =1

This ensures that the mean error is 0 whatever the coefficients a and b. In the
model, the drift F(Z(z)) = af(x) + b of Z(x) depends upon f(x), hence the
name of kriging with external drift (KED). This can be naturally extended

to drifts Y a;fi(z) where fi(x) are known shape functions, for instance (1,
1
f(x), £2(x)): this was actually the origin of KED when mapping a geological

depth with f(x) representing the seismic travel time [1]. This KED method is
very popular, probably because of its flexibility: kriging implicitly estimates
the coefficients a; that best fit the drift onto the shape functions. The difficult
point may be the estimation of the residual structure to be used in kriging.
Indeed, if the coefficients a and b are unknown, the value of the residual is
unknown even at points where Y and Z are known. Coefficients and residuals
can be estimated, but the structure of the estimated residual is not the true
one. The residual structure is often determined indirectly e.g. through cross-
validation.

4.2 Universal kriging

By considering increments, the model of intrinsic RF seen previously is far
more general than the stationary one, which is constrained to vary around its
mean. This freedom is visible when looking at 1D random walks such as a
Brownian motion (which is intrinsic but not stationary). However the intrin-
sic model cannot force the function to show systematic variations (e.g. the
sea floor depth increasing from coast line, or the dome-shape top of an oil
reservoir). Then it can be helpful to consider a drift of the form Y a;fi(z),
1

where the f;’s are known. For instance using the monomials 1, 22, 32, zy (in

2D space) corresponds to a quadratic drift centred on the origin. Most often,

there is no point to be distinguished as the origin, and the family of functions

f1 is taken invariant by translation: the drift can be written > a;f;(z — o),
1

whatever the choice of the origin zg, e.g. 1, x, y, 22, y2, zy for a quadratic
drift. More generally, monomials of coordinates with degree < k allow repre-
senting a polynomial drift of degree k (sets of sine and cosine functions with a
fixed period, and more generally sets of exponential polynomials, also have this
property of invariance under translation). When making the assumption of a
polynomial drift of order k, the coefficients a;’s of the drift should be consid-

ered unknown a priori. Imposing universality conditions Y A, fi(za) = fi(x)
«
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to the linear estimation Y Ao Z(z,) of Z(z) will ensure the absence of bias,

whatever the values of thg coeflicients: this gives the Universal Kriging.

Yet the remaining problem lies in the estimation of the residual structure
when it is not small compared to the variations caused by the drift, since the
drift coefficients, and therefore the drift, are unknown. Fitting the drift on the
data tends to include some part of the true residual variability, and therefore
leads to an underestimation of the residual structure. The variogram of the
estimated residuals may in particular display a finite or a small range, whereas
this is not the case for the true residual.

4.3 Intrinsic Random Functions of order k

A solution to this problem was offered by the theory of Intrinsic Random
Functions of order k (“IRF-k ¢, [14]). By considering increments, the usual
intrinsic RF model studied initially was more general than the stationary one:
the constant mean, if any, disappeared, and the family of admissible structures
was enlarged from stationary covariances to variograms. Similarly the IRF-k
model is defined by considering increments of increments, ..., or generalized
increments, that filter out any polynomial drift of order k, and the tools are
enlarged to generalized covariances (-y(h) being a generalized covariance of
order 0). An IRF-k constitutes an equivalence class of RF that have a given
structure and differ by a polynomial of order k. Only those linear combina-
tions that are generalized increments are defined in the model. Their variances
can be developed using the generalized covariance and allow linear estimation
by kriging, unbiased with minimum variance. In practice the difficult point is
determining the structure (the generalized covariance), which is not direct as
for the usual variogram, except with regularly spaced data. Indirect fitting of
generalized covariances that are admissible linear combinations of odd mono-
mials of |h| is often used. Other generalized covariances are also admissible,
in particular some for which kriging coincides with splines.

The interest of the model of Intrinsic Random Functions of order k is
not limited to its theoretical clarity, in breaking the vicious circle between
drift and residual. As integrating a stationary RF yields an IRF-0, similarly
integrating an IRF-k yields an IRF-k+1, and IRF-k’s appear as the perfect
tool in some Partial Derivative Equations problems where the set of solutions
exactly corresponds to the set of RF defining an IRF-k (for instance the
set of Random Functions whose laplacian is a given stationary RF exactly
constitutes a unique IRF-1).

5 Non-linear geostatistics

5.1 Estimation on point support

While requiring few hypotheses, linear geostatistics has a limited range cor-
relatively. The need for non-linear geostatistics can be felt in different cir-
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cumstances. Firstly the best estimator of a regionalized variable may be non
linear (although any estimation of the regularized variable should be asymp-
totically linear, as seen above). Secondly, even when using a linear estimation
such as kriging, the kriging variance is not conditional on the neighbouring
data: with skewly distributed variables, local measures of uncertainties such
as estimation variances should depend on the neighbouring data. Finally, and
this was the very origin of the development of the non-linear geostatistics in
the 70’s (after the early lognormal framework of geostatistics), in some cases
(selective mining, pollution. .. ), the practical problem is not to estimate the
variable itself, but a non-linear function of it: for example its exceeding a
given threshold z, which is represented by the indicator 1z(;)>.. Note that
thresholding an estimated value of Z(x) would be an incorrect answer to this
problem, as this may very well exceed the threshold while the true unknown
value does not.

When its assumptions are acceptable, a very convenient model is the
(multi-)gaussian Random Functions one (denoted Y for reasons explained
further on), where any linear combination on any finite set of points is nor-
mally distributed (which is far more demanding than to require the marginal
or even the bivariate distributions to be normal). Firstly, the best estimator
of Y(z) from data Y (z,) coincides with the linear regression, i.e. Simple Krig-
ing (assuming stationarity). Secondly the conditional variance coincides with
the unconditional one, i.e. the kriging variance. And finally, the conditional
distribution is normal, which makes the best estimation of any function of
Y possible through its Conditional Expectation. In particular the CE of the
indicator 1y (,)>, is equal to the conditional probability of exceeding y, given
the data.

Assuming stationarity and a large domain, the marginal distribution corre-
sponds to the histogram of the datavalues. In many cases it is quite different
from the famous bell shape curve, and therefore the multi-gaussian model
is most frequently used together with a Gaussian anamorphosis: the target
variable Z(z) is written as Z(x) = ¢(Y (z)), where ¢ is a non decreasing func-
tion and Y (z) a stationary standard Gaussian RF, hence the notation. For
instance, a lognormal distribution corresponds to an exponential anamorpho-
sis. When the inversion from Z to Y is straightforward (¢ strictly increasing
or nearly so), data and estimation on Z can be expressed in terms of Y.
This gives access to the conditional distribution of Z(z) and therefore to the
CE of Z(x) or any function, e.g. 17(;)>.. The requirements for this theoreti-
cally best estimator are severe, as not only the marginal distribution but also
the bivariate (Z(z), Z(x + h)) or the n-variate ones must be normal (after
transformation). Another method for estimating an indicator above a given
threshold consists in kriging directly this indicator. The method has been
made popular by Journel [5] for its simplicity and the few hypotheses ap-
parently required. Extension to several thresholds allows estimating variables
obtained from linear combinations of the different indicators, such as the dis-
cretized variable under study or any function of it. On the other hand, kriging
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an indicator ignores the extra information contained in the Z data or in the
other indicators. As a matter of fact, indicators at different thresholds are
not independent. The Disjunctive Kriging (DK), proposed early by Matheron
[15], is the estimator based on the cokriging of all indicators. This requires
the simple and cross structures of indicators, or equivalently the bivariate dis-
tributions [Z(x), Z(x + h)]. DK is simplified in isofactorial models, where it
is obtained by Simple Kriging of factors common to all the bivariate distribu-
tions of the model. Through a number of reports, Matheron has undertaken
a considerable work developing such models, including the change of support
seen in next section. An extensive bibliography can be found in Chiles and
Delfiner [1]. Most models correspond to diffusion processes, and refer to a
specified statistical distribution (e.g. Gaussian, gamma, binomial negative,
with Hermite, Laguerre, and Meixner polynomials as factors). Discrete diffu-
sion models have been developed specifically for diamond mining (see Krige
and Kleingeld in this volume). Another model is a hierarchical mosaic model,
where the indicators correspond to sets that are nested without border effects
and are factorized by indicator residuals [21].

One very particular model consists in a mosaic with independent valuation:
each tile of a stationary partition of the space is given an i.i.d. value. The
variographic structure of indicators or other functions is entirely based on
the probability for two points to belong to the same tile or not. In particular
there is no destructuring phenomenon when the cut-off increases or decreases,
contrary to what is currently observed on real data. In this particular model,
cokriging of indicators equals to their kriging, and DK of any function equals
its kriging, with the same kriging weights.

5.2 The change of support

Very often, the question of whether a threshold value is exceeded or not,
concerns areas much larger than the quasi point sample support: this may be
the whole domain itself, subdomains with specific geometries, or blocks with
same support v partitioning the domain. A general solution can be obtained
through conditional simulations mentioned further on. However simulations
are very demanding in terms of hypotheses.

The case of blocks with same support v partitioning the domain has been
studied in details by Matheron. Due to the support effect, the global distribu-
tion of values on such blocks is different from the distribution with a point sup-
port. They both have the same mean, and their variances are related through
the additivity relationship seen above. In addition other relations link the two
distributions, which can be derived from the key Cartier’s relationship [19, 7]:

E[Z(z)| Z(v)] = Z(v)

This stipulates that, conditionally to a block value, the expected value of a
random point uniformly distributed within this block, is equal to the block
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value. This relation, or equivalent ones, makes it possible to build change of
support models under various hypotheses (Gaussian, mosaic, etc.) which aim
at predicting the distribution of values on blocks when the point support dis-
tribution is known. They can be used in particular to predict global quantities
like the proportion of blocks above a cut-off.

The local estimation, i.e. predicting whether a given block Z(v) of the
domain, or the N blocks Z(v;) within a panel, exceeds a cut-off value or not, is
a difficult problem. In addition to the simulation approach, different methods
have been proposed. A direct approach consists in assuming a given type of
distribution (e.g. normal or lognormal) for the block value, only depending
upon an estimated value of the block with an appropriate estimation variance.
This is in particular justified within a Gaussian model, as the distribution of
a block, conditionally to the data, only depends on its simple kriging estimate
and variance, and provides the conditional probability of exceeding a cut-off,
or more generally the CE estimator of any function of the block. In the usual
case where an anamorphosis must be used, things are more complex, but CE
can be developed when coupled with a Gaussian change of support model.
Similarly, disjunctive kriging can be used under different models equipped
with a change of support. EC and DK provide a local estimation consistent
with their corresponding global change of support.

The previous non-linear methods are conveniently developed in a station-
ary framework. In an area with sparse data, the estimation is then strongly
attracted by the global characteristics of the domain, just like Simple Krig-
ing is attracted by the mean m. This is in accordance with the stationarity
hypothesis, but may be considered too strong. For estimations on point sup-
port, the stationary hypothesis made in kriging or cokriging indicators can be
reduced if an Ordinary Kriging is used instead of a Simple Kriging for indica-
tors or factors. However, things are more complex when a change of support is
used. Alternative methods, more flexible in this respect, have been proposed.
One of them consists in firstly estimating the value of the indicator of each
block that contains a sample data, and secondly performing the Ordinary
Kriging or Cokriging of such a service variable. Another method considers
the distribution of blocks within a given panel as being uniformly conditioned
by the sole estimate of this panel, then using a change of support model up to
the panel support. Still another approach is to derive the block distribution
within a panel from the more easily estimated distribution of points.

5.3 Information effect and geometrical constraints

Geostatistics is more than the development of mathematical - generally proba-
bilistic - models and methods, and their application. It also includes analyzing
the practical problems to be solved, and formalizing them in terms of con-
cepts, which Matheron considered very important. In the mining domain that
he studied in details, Matheron proposed an advanced formalization of re-
serves, in particular for selective mining. As an illustration, consider the case
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of an orebody divided into equal blocks, each one being possibly selected as ore
independently (free selection). It is necessary to account for the support effect
in order to predict the number of blocks above a cutoff, from the distribution
of point sample values: selectivity on block support is less than it would be
on points. Moreover, when a block is to be mined, the decision of selecting it
as ore or waste is not made on its true value which is unknown. It is made on
an estimate based on the data that are available at this stage (estimation by
kriging for instance). The result of such a selection is necessarily worse than
it would have been in the ideal case of a selection on the true values: this is
the information effect [19]. In practice, additional data will be available at the
pre-exploitation stage. When predicting the reserves months ahead, one has
to estimate the chances for the future estimated block values to exceed the
cutoff, and the correlative true quantity of metal that they contain.

In free selection, blocks are assumed to be possibly selected independently
from one another and from their location. In the opposite case, another effect —
geometrical constraints - must be considered. An example is given by vertical
constraints in a stratiform exploitation, when at a given 2D location, all blocks
between the lower and the upper selected blocks must be mined. Another com-
mon example is that of the open pit, where mining a given block implies that
of all the blocks ahead in the cone defined by the stability slope have been
previously mined. Matheron [17] has developed methods for the parameteri-
zation of reserves, which allow optimizing such contours of exploitation. They
provide a family of technically optimal projects, among which it is possible
to choose the best ones under present or hypothetical economical conditions.
No probabilistic framework is used here.

6 Simulations

Non-linear methods are more powerful than linear ones. They are however
more demanding in terms of hypotheses, reducing the robustness of models
with respect to reality. Hence the economy principle of geostatistics, i.e. not
using more than is necessary to solve a practical problem [20]. But in many
cases, the problem is too complex to be solved directly, even by non-linear
methods. Then stronger hypotheses are required, and a solution is to call
for simulations, that is, realizations of a complete RF model, considered as
plausible versions of the reality - in particular conditional simulations, which
honour the values at data points (see the article by Chiles and Lantuéjoul in
this volume). The increase in computational power and the possibilities of vi-
sualisation have boosted the use of simulations. The proper use of simulations
in terms of the practical problem to be addressed, and the choice of the model,
i.e. the hypotheses made on reality, are important points to be considered.
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7 Perspectives

The need to model complex environments realistically calls for the develop-
ment of new models, possibly process-based (e.g. diamonds deposited within
traps of the sea floor), or defined in a non Euclidean system (stream lines)
or in a higher dimensional space. In particular, spatio-temporal models must
be considered for variables such as fish or contaminants which vary in space
and time. Enlarging to new types of non-stationarity or to new multivariate
models is also a promising challenge. A Bayesian approach for geostatistics
is convenient to account for uncertainties in the model. It also constitutes a
powerful framework for inverse problems in hydrogeology for instance. In this
case and in many others, geostatistics offers a consistent approach to analyse
several variables jointly and to deal with measurements on different supports.
It also provides a flexible approach to combine, merge or filter different vari-
ables, measured at the same locations or not, whether on a regular sampling
design (e.g. grids, images) or not. Finally geostatistics can also be used for
the coupling between observation data and physical models.
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