2 Examples

Example is the school of mankind, and they will learn at no other.
Edmund Burke (1729-1797)

This section, like the previous section, is organised into 19 groups:

2.1 Trigonometry

2.2 Circles

2.3 Triangles

2.4 Quadrilaterals

2.5 Polygons

2.6 Three-dimensional objects

2.7 Coordinate systems

2.8 Vectors

2.9 Quaternions

2.10 Transformations

2.11 Two-dimensional straight lines
2.12 Lines and circles

2.13 Second degree curves

2.14 Three-dimensional straight lines
2.15 Planes

2.16 Lines, planes and spheres

2.17 Three-dimensional triangles
2.18 Parametric curves and patches
2.19 Second degree surfaces in standard form

The following examples illustrate how geometric formulas are used in practice. Hopefully, the
reader will see the advantages of using unit vectors, and the difference between using
parametric equations and the general form of line equations and plane equations. There is no
one strategy that overall is superior to another - much will depend upon the context.
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Vectors

Vector notation provides a very compact way of expressing the solution to a geometric problem.
For example, the formula for calculating the intersection of a line and plane is given by

p=t+Av
—(n-t+d
where /\ZQ
nev

The position vector p identifies a point P where the line intersects the plane. Therefore, the
coordinates of P are given by

X, = x; + Ax,
Yo =0t Ay,
Z, =z, T Az,

This sort of ‘coordinate unpacking’ is used throughout the examples in this section.
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2.1 Trigonometry

Examples of cofunction identities
sina = cos(% - a)= cos B
tana = cot(% — a)= cot 3

csca = sec(%— a)z sec B

Examples of even—odd identities
sin(—a) = —sin «
cos(—a) = cos a

tan(—a) = —tan «
Examples of Pythagorean identities
sina + cos’a =1
1 + tana = sec’a

1 + cot?a = csc’a

Examples of compound angle identities

sin(a + 8) = sin ¢ cos B + cos a sin 3

cos(a + B) = cos e cos B — sin a sin B

tana + tan 8

tan(a + B) =
(@ p) 1—tana tan B

sin 30° = cos 60° = 0.5

1
tan45° = =1
tan 45°
11
sin30°  cos60°

sin(—30°) = —sin 30° = —0.5
cos(—60°) = cos 60° = 0.5
tan(—45°) = —tan 45° = —1

sin?30° + cos?30° = 1 + 2 =1
2 4o 1
1+ tan“45° = P =2
cos” 45°
2 l
1+ cot”45° = > =2
sin” 45°

sin(10° + 20°) = sin 10° cos 20°
+ cos 10° sin 20° = 0.5

cos(10° + 50°) = cos 10° cos 50°
— sin 10° sin 50° = 0.5

tan 20° + tan 25°
tan(20° + 25°) = ——” A
1 — tan 20° tan 25°
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Examples of double-angle identities

sin 2« = 2 sin « €OS « sin 30° = 2 sin 15° cos 15° = 0.5
cos2a=1—2sin«a cos 60° = 1 — 2sin? 30° = 0.5
cos 2a = cos’> @ — sin’ « cos 60° = cos? 30° — sin? 30° = 0.5
2tan °
tanza:—? tan45°=M=l
1—tan” 3 1 — tan® 22.5°

Examples of multiple-angle identities

sin 3a = 3 sin @ — 4 sin’ & sin 30° = 3 sin 10° — 4 sin® 10° = 0.5
cos3a =4cos’a — 3 cosa cos 60° = 4 cos® 20° — 3 cos 20° = 0.5
— tan® 3tan15° — tan’15°

tan 3 — JtAne —tan'a tands® = 2o~ AL 2

1—3tan’a 1—3tan"15°
sin 4« = 4 sin a cos & — 8 sin® & cos « sin 30° = 4 sin 7.5° cos 7.5°

— 8sin®7.5° cos 7.5° = 0.5

cosda = 8costa — 8costa + 1 cos 60° = 8 cos* 15° — 8 cos? 15° + 1 = 0.5

4tana —4tan’a 4tan15° — 4 tan’ 15°
tan 4o = 5 " tan 60° = = 1.732051

l1—6tan”a + tan" a 1 — 6tan*15° + tan®* 15°

sin 5a = 16 sin® & — 20 sin®> @ + 5 sin « sin 30° = 16 sin® 6° — 20 sin’® 6° + 5 sin 6° = 0.5

cos 5a = 16 cos® @ — 20 cos® a + 5 cos « cos 60° = 16 cos® 12° — 20 cos® 12°
+ 5cos 12° = 0.5

Stana —10tan’ @ + tan’ « o 5tan9°—10 tan’ 9° + tan’ 9°
tan 45° = =1

1—10tan’ @ + 5tan* 1—10tan® 9° + 5tan* 9°

tan 5«

Functions of the half-angle

. 1—cos - °
smg=i 1T cosa sin30° = + ﬂ ==+05
2 V 2 \ 2
[1—1— /H— 120°
cosg=i TS cos60° = £ inos
2 2 2
o 1—cosa 1 — cos90°
tan— =+, ——— tan45° =+, |[—— = *1
2 1+ cosa 1+ cos90°
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Functions converting to the half-angle tangent form

«a
2tan—
sina =
o
1+ tan® —
2
a
1—tan®> —
cosa =
a
1+ tan®> —
2
o
2tan—
tana = 2
o
1—tan®> —
2

Relationships between sums of functions

sina+sin,8=2sin(a+ﬁ]cos(a_ )

2 2

sina—sh1,8=2cos(a+'8)sin(a_ )
2 2

a+
cosa+ cos 3 = 2cos(

cosoz—cos,B=—23m(a;BJsm[a_B

sin(a + B)

tana +tan B =
cosa cos 3

sin(a —
tana —tan 8 = u
cosa cos 3

. 2tan15°
Sin30° = ——->— = 05
1+ tan” 15°
1— tan’® 30°
08 60° = a—nz =05
1+ tan” 30°
2tan22.5°
tan45° = o020 S
1— tan” 22.5°

sin 30° + sin 30° = 2 sin 30° cos 0° =

sin 60° — sin 30° = 2 cos 45° sin 15° = 0.366

cos 60° + cos 60° = 2 cos 60° cos 0° =

cos 60° — cos 30° = —2 sin 45°sin 15° = —0.366

in 90°
tan 45° + tan 45° = i S 2
C0s 45° cos 45°

sin15°

tan60° — tan45° = —
c0s 60° cos 45°

= 0.732
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2.2 Circles

Example: Properties of circles

Circle

Area of circle

Perimeter

Length of arc

Area of sector

Area of segment

Length of chord

A=mr

C=md

s= a ad

360°

00
——ar?

360°

1’2
?( o) gn a[rad])

.«
¢ = 2rsin—
2

A=m2%=1257

C=m4 =12.57
s= 0 74 = 4.19
360°
74 = 2.09
360°

213

é[zw_ﬁ]:m
2

¢ = 4sin 60° = 3.46
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2.3 Triangles

2.3.1 Checking for similar triangles

Triangles A and B are similar because three corresponding sides are in the same ratio:

20 10

Triangles C and D are similar because two corresponding sides are in the same ratio, and the

included angles are equal: % = % = 2 and the included angles equal 30°.

16

30°

20 10

Triangles E and F are similar because two corresponding angles are equal.

30° 55°

2.3.2 Checking for congruent triangles

Triangles A and B are congruent because three corresponding sides are equal.

16 14 16 14

20 20
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Triangles C and D are congruent because two corresponding sides are equal, and the included
angles are equal.

€ D
30° 30°

20 20

Triangles E and F are congruent because one side and the adjoining angles are equal.

30° 55¢ 30° 55°
20 20

2.3.3 Solving the angles and sides of a triangle

Use the sine rule to find angle a.

16 14
16 14

sina  sin30°

30° a

16
sina = — sin 30°
14

a=sin? Esin 30° | = 34.85°
14

Use the cosine rule to find side a.

a® = 20% + 16°> — 2 X 20 X 16 cos 30° 16 a
a* = 400 + 256 — 720 cos 30° 50°

a=>57 20

Use the tangent rule to find side b.
b a

tan atp
a+b_ 2 a B

a=b tan(a_ﬁ]
2

a=3 o = 36.87° B = 53.13°
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3+b _ tan 45° _ 1 _
3—b tan(—8.13°) —0.14285
3+b=-73—-b) .. b=4

Given a — b use Mollweide’s rule to find side c.

. |la—8
sin| —— 0
a—b ( 2 ) 110

30° 40°
a—-b=2 a=40° B=30° y=110° ‘
2 in 5°
290 15195
¢ €os55°
¢ =13.162
Given a + b use Newton’s rule to find side c.
at+b 2
= a b
c
sin(y)
2 30° 40°
a+b=16 a=40° B=30° y=110° ¢
l O
16 _ 085 151613
¢ sin55°
¢ = 13.15648
2.3.4 (alculating the area of a triangle
Use Heron’s formula to calculate the area of a triangle.
a= \/g b=2 c=2
8§+2+2
Semiperimeter s = % —2+42 Y
2
Area = \/s(s —a)(s—b)(s—c) b a

—Je+V2)2+2 - V822

Area = 2
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Use a determinant to calculate the area of a triangle. Y A C2,3)
Area AABC = 1| ¥ A ]
rea =51 % yg 1
X Yo 1
AL, 1 B@3, 1
111 1,1 G, D
Area=113 1 1 >
2 31 X
=21+2+9-3-3-2)=
Reversing the vertex order:
1 11
Ara=1l2 3 1|=1(3+3+2-1-2-9)=-
311
2.3.5 The center and radius of the inscribed and circumscribed circles for a triangle
Calculate the center of the inscribed circle for triangle ABC.
a=\8 b=2 c=2
=(0,00 B=(20 C=(0,2)
ax, +bx, +cx,.
x e ——————
M a+b+c
5. = ay, +by, oy,
M a+b+c
. _Jsxo0+2x2+2x0 4 X
M J8+2+2 4+/8
J8X0+2X0+2X2 4

< Js 4242 N

Position of the center
Xy = 0.5858 yar = 0.5858
Calculate the radius of the inscribed circle for triangle ABC.

\/7+2+2 \/’+2

_ \/(s —a)(s —b)(s —c)
N



Examples 83

o \/(ﬁ +2-8)W2)(2)
V2 +2

r= 2—\/5 = 0.5858
r = 0.5858 xp = 0.5858 ¥yu = 0.5858

Calculate the radius of the circumscribed circle for triangle ABC.

a=\/§ b=2 c=2
A = (0,0) B =(2,0) C=(0,2)

" 4XArea AABC  4X2

abc \/gxzxzzﬁ

Calculate the center of the circumscribed circle for triangle ABC.

3cP=xA+i Vac bj
abc| y,p ¢
yo=rat b, e
xP:\/§>\</52><2‘(2) 1‘21
n il 4
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2.4 Quadrilaterals

Example: Calculate the area of a quadrilateral.

a=12

b:\/l_O /D

c=2

N~ St

AC:d1:4 2.7

0.6 d B
BD =d, = V18 AN 45° //c ””””””
a

S:‘H_bzﬂ:iﬂ{; / b

By inspection

AABO =1
ABCO =1
ACDO =2
ADAO =2

therefore Area ABCD = 6.

Here are four ways of computing the area:

4\él_ssin45°=6\/5g=6

dle :
Area = sinf =

Area = i(b2 +d*—a®—c*)tanf = i(10+20—2 —4)tan45° =6

Area = i\/4d12d22 —B*+d*—a® =)

=i\/4><16><18—(10+20—2—4)2 =6

Area = \/(5 —a)(s — b)(s — ¢)(s — d) — abcd cos* &

o atB LS +10843°
2 2

90°

Area = \/ 41101 X 2.3620 X 3.5243 X 1.0522 — 40 cos> 90° = 6

It just so happens that the quadrilateral is a cyclic quadrilateral.
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Example: Calculate the center and radius of the circumscribed circle for a rectangle.

Y 2.4

?B(3, 3)

D(0,2).

CAc

X
PA:(lal) PB:(3a3) PC:(2:4) PD:(0>2)
The center of the circumscribed circle is

xp = 3 (x, +x0) Y =50, T o)
xp =11+2)=15 yp=10+4)=25

The radius of the circumscribed circle is

R= %\/(xB - xA)2 + (v, — yA)2 + (x5 —xc)2 + (v, —yc)2

=161+ (-1 +(3-2" +(3-4° = 110

The circle has a radius of %\/ﬁ with a center at (1.5, 2.5).
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2.5 Polygons

Example: Determine the internal angles of a polygon

The internal angles of an n-sided polygon sum to (n — 2) X 180°.

Triangle (n = 3) Quadrilateral (n = 4)
%)
531 a3

3
> a, =180°
i=1

Pentagon (n = 5)

Example: Determine the alternate internal angles of a cyclic polygon

The alternate internal angles of an n-sided cyclic polygon sum to (n — 2) X 90°
[n = 4 and is even].

Cyclic quadrilateral (n = 4) Cyclic hexagon (n = 6)

o+ o3 =a, +a, =180° o) o3+ as=a, +ay + ag = 360°
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Example: Calculate the area of regular polygon

T
Area = Lns? cot —
4
n
where #n = number of sides
s = length of side
Lets =1

Area

0.433
1

1.72
2.598
3.634
4.828

N U W

Example: Calculate the area of a polygon

The figure shows a polygon with the following Y
vertices in counter-clockwise sequence
3 P
X 0 2 5 5 2
2 0 2
1
By inspection, the area is 10.5 1 5 3 4 5 X

The area of a polygon is given by

n—1
— 1 —
Area = o z (x,'yiﬂ(mod n) yixiﬂ(mod n))
i=0

Area=%(0X0+2><1+5><3+5><3+2><2—2><2—0><5—1><5—3><2—3><0)

Area = %(36 —15) =10.5
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2.6 Three-dimensional objects

2.6.1 Cone, cylinder and sphere

Example: Area and volume of a cone, cylinder and sphere

Area (h=2r)(s= \/Er) (r=1)
Cone ar(r+s)=Q10+ \/g)’ITTZ a+ \/g)’]T
Sphere 4r7? 477
Cylinder 2ar(r + h) = 6mr 6T
Volume

Cone 1 mr’h = 2 wr’ i
Sphere %wr3 L
Cylinder wr*h = 2mrr? 27

2.6.2 Conical frustum, spherical segment and torus

Example: Area and volume of a conical frustum, spherical segment and torus

Circular, conical frustum

— (2 2
S=m(r’ +r, +s(n +r,))

T T
r
= 74 +1+2@2 +1) = 2903

S
— 2 2
V= %77'h(rl +r, +rr)
V=1m4+1+2)=733
Spherical segment
S=2mrh

Ifr=1 h=1 §=6.28
§mhGr + 3 + 1) e ?/'

Ifr,=0 rn,=1 h=1 V=209
(half the volume)

V =
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Torus

S = 47*R
Ifr=1 R=1 S =39.48
V = 27*?R
Ifr=1 R=1 V =19.74

2.6.3 Tetrahedron

Example: Volume of a tetrahedron

Tetrahedron
Let A = (1,0,0) B=(0,0,1) C=(0,1,0)
xa ya Za

0 0 1
VZ%xb Y, zbZ%l 0 0=
xc yc zc 010




20 Geometry for computer graphics

2.7 Coordinate systems

2.7.1 Cartesian coordinates in [R?

Example: Distance in R?
Find the distance between the points (12, 16) and (9, 12).

Given d= \/(xz _x1)2 +(y2 _}'1)2
_ o\ . 2
therefore d= \/(12 9) + (16 —12)* = J9+16
d=5

2.7.2 Cartesian coordinates in R3

Example: Distance in R?
Find the distance between the points (12, 16,22) and (9, 12, 20).

Given d=\/(xz—xl)z+()’2_)’1)2+(zz_zl)2

d= \/(12 —9)% + (16 — 12)* + (22 — 20)*

therefore =49+16+4 = \/5
d = 5.39

2.7.3 Polar coordinates

Example: Conversion between Cartesian and polar coordinates

Find the polar coordinates (r, #) for the points (4, 3), (—4, 3), (—4, —3) and (4, —3).

Given r=qx"+y

and 6 = tan"! (%) (1st and 4th quadrants only)
For (4,3) r=~16+9 =5
3
and 6 = tan 2= 36.87°
(4,3) = (5,36.87°)
For (—4,3) r=>5
and 0 = 180° — 36.87° = 143.13°

(—4,3) = (5,143.13°)
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For (—4, —3) r=25

and 6 = 180° + 36.87° = 216.87°
(—4, —3) = (5,216.87°)

For (4, —3) r=>5

and 0 = —36.87° or 323.13°

(4, —3) = (5,323.13°)
Find the Cartesian coordinates (x, y) for the point (5,216.87°).

Given x=rcosH
and y=rsiné
For (5,216.87°) x = 5¢c0s216.87° = —4
and y = 5s5in216.87° = —3

(5,216.87°) = (—4, —3)

2.7.4 (ylindrical coordinates

Example: Conversion between Cartesian and cylindrical coordinates

Find the cylindrical coordinates (r, 8, z) for the points (4, 3,4), (—4, 3,4),(—4, —3,4) and
(4, —3,4).

Given r=qyx*+y

0= tan_l(l) (1st and 4th quadrants only)

and z=12z

For (4, 3,4) r=+16+9 =5

3
0= tan_l[z) = 36.87°

and z=4
(4,3,4) = (5,36.87°%4)

For (—4,3,4) r=25

6 = 180° — 36.87° = 143.13°
and z=4

(—4,3,4) = (5,143.13°4)
For (—4, —3,4) r=5

6 = 180° + 36.87° = 216.87°
and z=4

(—4, —3,4) = (5,216.87° 4)
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For (4, —3,4) r=>5
0 = —36.87° or 323.13°
and z=4

(4, —3,4) = (5,216.87°,4)

Find the Cartesian coordinates (x, y, z) for the point (5, 216.87°,4).

Given X =rcosf
y=rsinf
and z=12z

For (5,216.87°,4) X = 5c0s216.87° = —4
y =5sin216.87° = —3
z=4
(5,216.87°,4) = (—4, —3,4)

2.7.5 Spherical coordinates

Example: Conversion between Cartesian and spherical coordinates

Find the spherical coordinates (p, 6, ¢) for the points (4, 3,4),(—4,3,4),(—4, —3,4) and (4, —3,4).
Given p=Ax*+y +27

0= tanl(zj (1st and 4th quadrants only)
x

z

’xZ +y2 +22
For (4,3, 4) p=16+9+16 = 41 = 6.403

0 =tan' > =36.87°
4

and ¢ = cos

and ¢ = cos™! 4 5130
6.403

(4,3,4) = (6.403, 36.87°,51.34°)

For (—4,3,4) p = 6.403
6 = 180° — 36.87° = 143.13°
and ¢ = 51.34°

(—4,3,4) = (6.403,143.13°,51.34°)
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For (—4, —3,4)
and

For (4, —3,4)
and

p = 6.403
0 = 180° + 36.87° = 216.87°
¢ = 51.34°

(—4, —3,4) = (6.403,216.87°,51.34°)
p = 6.403
0 =tan! (_73) = —36.87° = 323.13°

¢ = 51.34°
(4, —3,4) = (6.403, 323.13°, 51.34°)
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2.8 Vectors

2.8.1 Vector between two points

Given

2.8.2 Scaling a vector

Given
scale by 3

2.8.3 Reversing a vector

Given

2.8.4 Magnitude of a vector

Given

P,(1,2,3) and P,(4,6,8)

a=3i+4j+5k

a=3i+4j+5k
3a = 9i + 12j + 15k

a=3i+4j+ 5k
—a=—3i—4j — 5k

a=3i+4j+5k

lla]|= V32 + 4% +5* = /50 = 7.071

2.8.5 Normalizing a vector to a unit length

Given

check

2.8.6 Vector addition/subtraction

Given

a=3i+4j+5k

3 4 5
i+ j+ k

\/50 Jm] \/50

9 16 = 25
= /—+—+— =1
50 50 50

a= = 0.424i + 0.566j + 0.707k

a|

a=3i+4j+5k and b=2i+4j+6k
a+b=5i+8j+ 11k



Examples

95

2.8.7 Position vector

Given a point (3, 4, 5) its position vector is 3i + 4j + 5k.

2.8.8 Scalar (dot) product

Given a=3i+4j+5k and b=2i+4j+6k
a*b=3X2+4X4+5X6=52

2.8.9 Angle between two vectors

Given a=3i+4+5k and b=2i+4j+ 6k

Let a be the angle between a and b.

lall=V3 + £ +5 =50 and [[bl=v2 + £ +6 =56

o= cos ! xx, tyy tzz
llall-{[bl

_ X2+4X4+5X _ 2
a=cos ! 5 > X6 = cos”! _2 10.67°
52915

V50456

2.8.10 Vector (cross) product

Given a=3i+2j+5k and b=i+j+8k

axb= =11i —19j+k

— 0 e
= DN e
o u 7

11i — 19j + kis orthogonal to a and b.
Remember that aXb#bXa

Proof bXxa= =-11i+19j—k

—11i + 19j — ks still orthogonal to a and b but is in the opposite direction to
11i — 19j + k.
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2.8.11 Scalar triple product
Given a=2j+2k b = 10k c=>5i
xu }/ﬂ Zﬂ
as(bxXe)=|x, y, 2z

xc yc z

Volume = a+(bXc¢) =

4

0
0
5

2.8.12 Vector normal to a triangle

Given P,(5,0,0)  P,(0,0,5)  P5(10,0,5)

X, T X X3 T X
a=1y, =N b= Ys ™ N
Z, 7% 2374

a= —5i+ 5k b = 5i + 5k

n=aXb=|-5
5

Surface normal n = 50j

2.8.13 Area of a triangle

Given Pi(5,0,0)  P,(0,0,5)  P5(10,0,5)

X% XX
a= )’2_)’1 - ys_yl

2,73 Z; 7%

a= —5i+ 5k b =5i + 5k

<

— 1 — 1
Area—3||a><b||—5

Area = 25
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2.9 Quaternions

2.9.1 Quaternion addition and subtraction

QT q=[(s51 £ 5) + (x; Tx)i+ (1 T ,)j + (21 = 2)k]

Given q; = [1 + 2i + 3j + 4K]
and q =[1 —1i+2j+ 5K]
then qQ+q=1[2+i+5 +9k]

2.9.2 Quaternion multiplication

Q192 = [(518; — V1°Vp), 51V, + 5,v) + vy X vy

Given q =[1 +i]
and q=[1+j]
then Qe =[1+i+j+K]

2.9.3 Magnitude of a quaternion

la | = s + 52 + 2 + 22
Given q; = [1+ 2i + 3j + 4K]

then llq,l| = V1* +2> +3° + 4% = J30

2.9.4 The inverse quaternion

_ [s —ad— yj— ZK]
gl=" 20750

lla, I
Given q = [1+ 2i + 3j + 4K]
then q =Li[-2i-3j—4kl=[5-Li-L1j-2K]

2.9.5 Rotating a vector
Rotate pusing p’ = qpq~' where q = [cos(),sin(£)V]

Let p be the quaternion for (1,0,0) i.e.p = [0 + i]
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Let q be a unit quaternion aligned with the z-axis which rotates p 180°

ie. q = [cos 90°sin 90°(k)] = [0 + K]

then q'=[—-Kk

but llqll =1

therefore p =[0+Kk]-[0+i]-[0—Kk]=[0+j]-[0—Kk]=1[0—1i]

[0 — i] points to the rotated point: (—1,0,0), which is correct.

2.9.6 Quaternion as a matrix

sS+xt—y' -7 2(9?1 — 52) 2(xy + 52)
R(0) = 2(xy + sz) sS+y —x*-2° 2(yz — sx)
2(xz — sy) 2(yz + sx) s+t —x2— yz

Let’s express the previous rotation quaternion as a matrix:
Given [0+Kk] then s=0, x=0, y=0, z=1

0 1

-1] [-1 o o] [1
0ol=|0 -1 0|0
then 0 0o 0o 1| |o

which confirms the previous result.

-1 0 O
therefore RO=10 -1 0
0
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2.10 Transformations

In the following examples the coordinates of the original shape A are shown on the right-
hand side of the transform enclosed in brackets, whilst the coordinates of the transformed

shape A’ are shown on the left-hand side.

2.10.1 Scaling relative to the origin in R?

Scale shape A by a factor of 2 in the x-direction and

1 in the y-direction relative to the origin.

[ x' Sx 0 0 X
y[=10 S, 0f-|y
1 0 0 1 1

2.10.2 Scaling relative to a point in [

Scale shape A by a factor of 2 in the x-direction and

1 in the y-direction relative to the point (1, 0).

—x’ Sx 0 XP(I—Sx) x
YI=10 S, »U=S)| |y
0

1 0 1 1
A Transform A
(1 3 3 20 —1] [1 2 2
00 2[=lo1 of-lo o 2
111 00 1| |1 11

2.10.3 Translation in R?

Translate shape A by 1 in the x-direction and 1 in the y-direction.

Y
3 1
Y
1
A‘
3
Y
3
2
1 A
AI
2 3 X
Y
3
2
/[
1
3




100

Geometry for computer graphics

2.10.4 Rotation about the origin in R

Rotate shape A 90° about the origin.

x' cosa —sina 0 X
y'|=|sina cosa O y
1 0 0 1 1
A’ Transform A
0 0 —2 0 -1 0 1 2 2
1 2 21=|1 00 0 0 2
11 1 0 01 1 11
2.10.5 Rotation about a point in R2
Rotate shape A 90° about the point (1, 0).
[ X cosa —sina  x,(l—cosa)+ y,sina
Y |=|sina cosa y,(1—cosa)—x,sina
| 1 0 0 1
A Transform A
11 -1 0 -1 1 1 2 2
01 1f(=j1 0 —-1|-{0 0 2
11 1 0 0 1 1 11

2.10.6 Shearing along the x-axis in R

Shear shape A 45° along the x-axis.

[ 1 tana 0 x
yl=10 1 o0f-|y
1 0 0 1 1

A’ Transform A
0 2 4 2 1 1 0 02 2 0
0 0 2 2(=(0 1 0 00 2 2
1 111 0 0 1 1 111

X
Y
1

Y
2
A/
1
[
-2 —1 1 2 X

Y
-2
Y,
3
2
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2.10.7 Shearing along the y-axis in [R?

Shear shape A 45° along the y-axis.

[ x' 1 00 x
y|=|tana 1 Of-|y
1 0 01 1

A Transform A

[0 2 2 0 1 00] o220
023 1|=|1 1 0]]oo0o 11
1111 00 1| 1111

2.10.8 Reflection about the x-axis in [R?

Reflect shape A about the x-axis.

[ % 1 0 o] [x
y1=(0 -1 0f-|y
1 0 0 1 1

A’ Transform

[0 2 2 1 00
00 —-1|=[0o -1 of-
11 1 0 01

2.10.9 Reflection about the y-axis in R

A
0 2
00
11

2
1
1

Reflect shape A about the y-axis.

x' -1 0 0 x
yl=] 01 0|-|y
1 0 0 1 1
A’ Transform A
-1 -2 =2 -1 0 0 1 2 2
0 0 2= 0 1 0 0 0 2
1 1 1 0 01 1 11

(3]

A’
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2.10.10 Reflection about a line parallel with the x-axis in R?

Reflect shape A about the line y, = 2. Y
3
[ x' 1 0 0 x| Ve A
YI=10 L 2y, |y A
1] o o 1 1| 1
A Transform -~ A
2 4 4 1 0 0 2 4 4 1 2 3 47X
2 2 1(=|0 -1 4 2 2 3
1 11 0 01 1 11
2.10.11 Reflection about a line parallel with the y-axis in [R2
Reflect shape A about the line x, = 2. Y
3
Fx’ -1 0 ZXP xq 2
Y=l o1 0 |-y } 7
1 00 1 1 |
A Transform A -
2 00[ [-1 0 4] 24 4 boow 34X
1 1 2f(=1 01 0|1 1 2
1 11 0 0 1 1 11
2.10.12 Translated change of axes in R
The axes are subjected to a translation of (2, 1). Y Y’
3
—x’ 1 0 —Xg x 2
b il LU N S B
1| oo 1 1 ' -
) A X
) A Transform A A’ ‘
-1 00 1 0 —2| |1 2 2 12 3 4x
-1 -1 1|=({0 1 —1(-]0 O 2
1 11 11 1 1 11
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2.10.13 Rotated change of axes in [R2

Rotate the axes 90°. Y
3
x' cosa sina 0 x X2
y'|=|—-sina cosa O0[-]|y
1 0 0 1 1 ,
L i A
A’ Transform A A
— O—
0 0 2 o1 0| [1 2 2 y 1 | 1 2X
-1 -2 —-2|=|-1 0 0]-]0 0 2
1 1 1 1 1 1 1 1 1

2.10.14 The identity matrix in [R?

X
W~

. A’ Transform A
1 2 2 1 00 1 2 2 1 A
0 0 2|=(0 1 0 00 2 A
1 1 1 0 0 1 1 1 1 — e

2.10.15 Scaling relative to the origin in R

Scale shape A 1.5 in the x-direction, 2 in the y-direction
and 2 in the z-direction.

% S, 0 0 0 x

Y= 0 Sy 0 0f |y

z 0 0 § 0 z

L1 o o o 1| [1

) A Transform A
0 3 3 15 0 0 0 0 2 2
2 2 4(_10 2 0 0 1 1 2
2 2 2 0 0 2 O 1 1 1
1 1 1 0 0 0 1 1 11
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2.10.16 Scaling relative to a point in 3

Scale shape A 1.5 in the x-direction, 2 in the y-direction
and 2 in the z-direction relative to the point (0, 1, 1).

X/ X 0 P X X
y, _ 0 S}, 0 yP (1 - Sy) y
z 0 0 S, 2z,0-S)]| |z
L1 0 0 0 1 1
A Transform A
0 3 3 1.5 0 0 0 0 2 2
11 3|_({0 2 0 -1 1 1 2
1 1 1 0 0 2 -1 1 1 1
_1 11 0 0 O 1 1 1 1
2.10.17 Translation in R3
Translate shape A by (2,2, 3).
w1 [1 o0 1] [«
ylofo v o |ty
Zi loo1 1| |z
| 1 00 0 1 1
) A Transform A
2 4 4 1 0 0 2 0 2 2
2 2 4(_10 1 0 2 0 0 2
3 3 3 0 01 3 0 0 O
¥l 1 1 0 0 0 1 1 1 1
2.10.18 Rotation about the x-axis in R
Rotate shape A about the x-axis 90°.
[ x 1 0 o ol [x
Yy |_]0 cosa —sina Of, |y
z' 0 sina cosa O z
1] [0 o o 1] |1
3 A’ Transform A
00 0 1 0 00 0 0 O
0 0 —2(_f{0 0 -1 O 1 3 3
1 3 3 0 1 0 0 0 0 2
_1 1 1 00 0 1 1 11
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2.10.19 Rotation about the y-axis in R?

Rotate shape A about the y-axis 90°.

[ % cosae 0 sina 0 x
yl_] o0 1 0 O0f.|y
z' —sina 0 cosa O z
1 o o o 1] |1
A Transform A
1 3 3 0 0 1 0 0 0 2
0 0 0(_] 01 0 O 0 0 O
0 0 —2 -1 0 0 O 1 3 3
_1 1 1 0 0 0 1 1 1 1

2.10.20 Rotation about the z-axis in 3

Rotate shape A about the z-axis 90°.

x' cosa —sina 0 O x
y'|_|sine cosa 0 Of |y
z 0 0 1 0 z
1 0 o o0 1] |1
A Transform ) A
0 0 —2 0 -1 0 O 1 3 3
1 3 3111 0 0 0].]0 0 2
0 0 0 0 01 0 0 0 O
11 1] o 00 1] |1 11

2.10.21 Rotation about an arbitrary axis in [

! a’K +cosa  abK —csina  acK +bsina
_|abK +csina VK +cosa bcK —asina

acK —bsina  bcK +asina 2K + cosa
0 0 0

— N R
—_o O O

K=1-cosa
Axisv=ai+ bj+ck and |v|]|=1

Givenv=k and a=90°

thenK =1
A Transform A
0 0 —2 0 -1 0 0 1 3 3
1 3 3111 0 0 O 0 0 2
0 0 0 0O 010 0 00
1 1 1 0 0 0 1 1 11

=N R
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2.10.22 Reflection about the yz-plane in R?

Reflect shape A in the yz-plane.

x' -1 0 0 0 X
yil_]1 01 0 0f. |y
z' 0010 z
1 000 1] |1
A’ Transform A
0 —2 2] [-1 00 o] [0 2
1 1 3[_| o100 |11
1 1 1 0 010 11
|1 1 1 0 0 01 1 1
2.10.23 Reflection about the zx-plane in R®
Reflect shape A in the zx-plane.
[x] [1 0o 0 o] [x
y1_{0 -1 0 O0f. |y
z' 0 01 0 z
1] [0 o0 o0 1] |1
A’ Transform A
0o 2 2 1 0 0 0 0 2
-1 -1 =3|_|o -1 0 of |1 1
1 1 1 0 010 11
| 1 1 1 0 0 01 11
2.10.24 Reflection about the xy-plane in R3
Reflect shape A in the xy-plane.
[x] [1 0 o o] [«
yl_10 1 0 0of. |y
A 00 -1 0 z
1] [0 0 o 1] |1
A Transform A
0o 2 2 1 0 0O 0 2
1 1 3110 1 0 0 1 1
-1 -1 -1 00 -1 0 1 1
| 1 1 1 0 0 01 11

—— 0 N

—— W N

— -0 N
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2.10.25 Reflection about a plane parallel with the yz-plane in R

Reflect shape A in the yz-plane x, = 1.

x' -1 0 0 2x, x
Yyl 010 0 y
z' 001 0 z
1 000 1 1
A Transform A
1 -1 1] [-1 00 2] [1 3 3
1 1 311 01 0O 1 1 3
1 1 1 0 010 1 1 1
_l 1 1 0 0 0 1 1 1 1

2.10.26 Reflection about a plane parallel with the zx-plane in R3
Reflect shape A in the zx-plane y, = 2.

!

X 1 00 0 X

y =10 -1 0 2y, y

z 0 01 o0 z

1] [0 00 1 1

A Transform A

022 [t o0 o] [o2 2 X
2 2 0|_{0 -1 0 4 2 2 4

1 11 0 010 1 11

_l 1 1 0 0 0 1 1 1 1

2.10.27 Reflection about a plane parallel with the xy-plane in R?

Reflect shape A in the xy-plane z, = 1.

- B

x' 10 0 O x
yl_10 1 0 0 y
z 0 0 -1 2z, z
(1] oo o 1] [1]
A Transform ) A
0 2 2 1 0 0 0 0 2 2
113|_lo1 o0of 113
0 0 O 0o 0 -1 2 2 2 2
_1 1 1 00 0 1 _1 1 1
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2.10.28 Translated axesin R3

The axes are subjected to a translation of (2,0, 1).

x' 1 0 0 —Xr X

y1=10 1 0 —y, y

z 0 0 1 —=z z

| 1 000 1 1

) A’ Transform A

-2 -2 0 0 1 0 0 —2 00 2 2

0 0 0 0f_10 1 0 0 0 0 0O

-1 1 1 -1 0 0 1 -1 0 2 2 0

L 1 1 1 1 0 0 O 1 1 1 11
2.10.29 Rotated axesin R>
The axes are subjected to a rotation as illustrated.

Fx’, o T 0 X

Yl=|™1 T2 s 0 y

z Ty Ty Ty 0 z

|1 0 0 0 1 1

A’ Transform A

0 -2 —2 0 00 -1 0 0 0 2 2

0 0 0 0|_f0 1 0 0 00 0 O

0 0 2 2 1 0 0 0 02 2 0

_1 1 1 1 00 0 1 1 1 11
2.10.30 The identity matrix in R

A Transform A

0 2 2 1 0 0 O 0 2 2

11 2(_|o1 00| 112

1 1 1 0 01 0 1 1 1

1 1 1 0 0 0 1 1 1 1
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2.11 Two-dimensional straight lines

2.11.1 Convert the normal form of the line equation to its general form
and the Hessian normal form

Given the normal form of the line equation

3 5
:—_x+_
7 4 4

The general form of the line equation is obtained by rearranging the equation to
3x+4y—-5=0

The Hessian normal form is obtained be dividing throughout by the magnitude of the line’s
normal vector:

3x+4y—5 -0
V32 + 42

3 4
—x+—-y—1=0
5 5)/

The line intersects the x-axis at x = 12 and the y-axis at y = 11. The unit normal vector to the
line n = 0.6i + 0.8j and the perpendicular from the origin to the line is 1.

2.11.2 Derive the unit normal vector and perpendicular from the origin
to the line for the line equation3x + 4y + 6 = 0

The normal vector is n = 3i + 4j -X
. . « 1 . .
The unit normal vectoris n = ———(3i + 4j)
V3% + 42
= 0.6i + 0.8
— lc|
The distance is d=———=—=12
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2.11.3 Derive the straight-line equation from two points

Normal form of the line equation

Given Pi(x;,y1) and  Py(xy¥,)
and y=mx+c v Py
then m = u

XX

PI
and czyl—xl(—yz_yl) X
X%

If the two points are P;(1,0) and P,(3,4)

4—0 4—0
then 4 (3—1}6 (3—1)
and y=2x—2
General form of the line equation
Given Pi(x1,y1) and  Py(x,y,)
and Ax+By+C=0
then A=y, —»n B=x; — x, C= —(x1y; — x201)
If the two points are P;(1,0) and P,(3,4)
then 4—-0x+(1—-3)y—-(1X4-3X0)=0
and 4x—2y—4=0
or 2x—y—2=0

Determinant form of the line equation

. 1y X x Y
Given Lix + |71 =71 1
‘1 Y, x, 1 ‘y X, ), ‘
If the two points are P;(1,0) and P,(3,4)
1 0 1 1|,_1(1 O
then ‘1 4x+‘3 l‘y—‘3 4‘
and 4x—2y—4=0

or 2x—y—2=0
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Hessian normal form of the line equation

Given 4x —2y—4=0
.. . 1 1 1
The normalizing factor is = =
2 +b 16+4 V20
then 4 x— 2 y— 4 =0
Voo V207 Vo
and I R T
NERNEANG]
. L |
The normal unit vector to the line is n = T(Zl )
5
The perpendicular from the origin to the line = %
5
Parametric form of the line equation
Given Pi(x;,y1) and  Py(xyy,)
and p=p;t+Av
and V=P P
If the two points are P;(1,0) and P,(3,4)
v =2i+4j
Therefore x=1+2A
and y=4A
For example, whenA=0 x=1 y=0
and whenA=—-05 x=0 y=-2
2.11.4 Point of intersection of two straight lines
General form of the line equation
Given ax+by+ec=0
and ax+by+c¢=0
b —cb a.c, —a,c
Th . — 271 172 —_21 172
ey intersect at Xp —a1b2 “ab Ip —albz “ap,
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Let the straight lines be 2c+2y—4=0 and 2x+4y—4=0

—4X2+4X4
Therefore Xp = = § =2
2X4—2X2 4

2X—4—-2X—-4 0
and Vo= —————=-=0
2X4—-2X2 4

The point of intersection is (2, 0) as confirmed by the diagram.

Parametric form of the line equation

Given p=r+a q=s+eb Y
where r =i + ] s = xsi+ yg
and a =X+ Y, b = x;i + yj
S
then A= xb(ys_yR)_yb(xs_xR) Tr % .
R e Ne
Point of intersection xp = xg + Ax, Vo= YR + AYa \
Given r=j a=2—j s=2j b=2i—2j b

_ 22—1)+2(0—0)
2X(—1)— 2 X (-2)

2
=Z=1
2

The point of intersection is (2, 0) as confirmed by the diagram.

2.11.5 Calculate the angle between two straight lines

General form of the line equation

Given ax+by+ec=0 ax+by+ec=0
where n=aji+t bj m = a,i + byj
Angl a—cosl( n-m )
ngle = —
[In]] - [l A

Let the line equationsbe  2x +2y —4 =10

and 2x+4y—4=0
N
_ 2X2+2X4
Therefore a = cos '
V2 42222 + 22

= 18.435°
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Normal form of the line equation
Given y=mx+ ¢ y=mx + ¢
1+mm,

Angle a=cos || ——12
,l1+m12\/1+m§

x
Let the line equationsbe y=—x+2 and y= e +1

where 1 2 2

LN, = 18435°

\/1 +(—1)? \/1 +(=1)

Therefore a = cos

Parametric form of the line equation

Given p=r+la q=s+teb
Angle a= cos_l( a-b )
llall - I[bll
Let the line equationsbe p=r+Aa and q=s+¢b
where r=j a=2i—j s = —2j b =2i - 2j
4 2X2+(1)(=2) o
Theref a=¢cos |——F—F——|=18435
erefore ( NN
2.11.6 Test if three points lie on a straight line
Given Py(x, 1), Py(xy, y,) and Ps(x3, y3) Y
and r=Pl—P; and s=@ P,
The three points lie on a straight line when s = Ar.
Let the points be Pi(0, =2)  Py(1,—-1)  Ps(4,2) ) | x
Therefore r=i+j and s=4i+4j Py

and s =4r

Therefore the points lie on a straight line as confirmed by the diagram.
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2.11.7 Test for parallel and perpendicular lines
General form of the line equation

Given ax+by+ec=0 ax+by+c=0
where n=aji+ bj m = a,i + byj
The lines are parallel if n = Am.

The lines are mutually perpendicular if n « m = 0.

Given three lines Lpx—y+1=0 YA
Lyx—y=0
L3: x + y —2=0
Ls
L, and L, are parallel because the normal vectors to the lines are
L K

n=i—j and n,=i—j
and n=Ain, (A=1)

L, and L, are perpendicular because

nem=0 1X1+(-1)X1=0

Normal form of the line equation

Given y=mx+ ¢ y=myx+c

The lines are parallel if m; = m,.

The lines are mutually perpendicular if m;m, = —1

Given three lines Li:y=x+1
Ly:y=x
Ly:y=—x+2

L, and L, are parallel because

m =my;=1
L, and L; are perpendicular because

myms; = —1 1 X (-1)= -1
Parametric form of the line equation
Given p=r+Aia q=s+eb
where a=ux,i+yj b = x,i + y,j
The lines are parallel if a = kb.
The lines are mutually perpendicular ifa+b = 0.

Given three lines p=r+a q=s+¢eb u=t+ fc
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where Li:a=i+j
and Ly:b=1i+]j
and Ly:c=i—j

L, and L, are parallel becausea = b
L, and L; are perpendicular because

XgXe+ Yoy, =0 IX1+1X(-1)=0

2.11.8 Find the position and distance of the nearest point
on a line to the origin

General form of the line equation

Given ax +by+c=0
where n = ai + bj
q=An
—c
where A=
nen
Distance 0Q = ||q]| = ||An]|

Given the line equation x+y—1=

where a= b= c=—1
Therefore A=1

snd n=M=h =,
The nearest point is Q (% > %)

Distance 0Q =L nf| = 12 = 07071

Parametric form of the line equation

Given q=t+Av

—Vet

where A=
Vev
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Distance

Given the direction vectors

The nearest point is

Distance

0Q = |q|

t=j v=i—j

A=

N =

X

— — 1 —
Q—xT+/\xV—O+E><1—

1

2
Vo= yp Ay, =1HIXE) =1
a(3.3)

0Q = [t + Av]| = |Li + L j| = 07071

2.11.9 Find the position and distance of the nearest point on a line to a point

General form of the line equation

Given

where

where

Distance

Given

then

Therefore

The nearest point is

Distance

ax+by+c=0

n = ai + bj
q=p+ An
A= _Ropte
nen
PQ = ||An]|

P(1,1) and x+y—-1=0

a=1 b=1 c=-—1

2—1

_ —_1
A= 3 >

_ _q1_1 —1
xQ—xP-f—/\xn—l EXI_E
yQIyP—l—/\yn:l—%Xl:%
11
Q(4:3)

PQ = ||An| = % [li + j|| = 0.7071
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Parametric form of the line equation

Given q=t+ v
ve(p—t
where A= v~
Vev
Distance PQ=|p—t—Av|
Given the direction vectors t=j and v=i—j
and p=i+j
=1
A=
- — 11
Xog =XpFHAx, =0+ =2

[NRE

Yo =yrt Ny, =1-3=
The nearest point is Q(L L)

222

Distance PQ=|lp—t—Av||=|3i+1j|| = 07071

2.11.10 Find the reflection of a point in a line passing through the origin

General form of the line equation

Given ax+by+c=0
where n =ai+ bj
q=p— An
A= 2(nsptc)
nen
Given the line equation x+y=0
where a=1 b=1 c=0 P(1,1)
X
=221
2
Therefore Xq=%xp—Ax, =0—1X1=—-1

Yo=yp— Ay =1—-1X1=0
The reflection point is Q(—1,0)
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Parametric form of the line equation

Given s=t+ Av
q=2t+ev—p

2ve(p—t
where Sz—p)

Vev
Given xp=0 yp=1 t=0 v=i—j

2X (1)

= =-1

2
Therefore Xq=2xr+tex,—xp=2X0—-1X1-0=-1
The reflection point is Q(—1,0)

2.11.11 Find the reflection of a point in a line

General form of the line equation

Given ax+by+c=0
where n =ai+ bj
q=p— An
2mep+
y=2mepto)
nen
Given the line equation x+y—1=0
where a=1 b=1 c=-1
X —
A=2Xemn
2
Therefore Xq=Xp—Ax,=1—-1X1=0
YQ=)Yp A =1-1X1=0
The reflection point is Q(0,0)

Parametric form of the line equation

Given s=t+ Av
q=2t+tev—p

_ 2ve(p—t)
Vev

where €
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Given xp=1 yp=1 t=j v=i—j
2 X1
e="""=1
2
Therefore Xqg=2xr+ex, —xp=2X0+1X1—-1=0

The reflection point is Q(0,0)

2.11.12 Find the normal to a line through a point
General form of the line equation

If line m is ax+by+c=0

and line n is perpendicular to m passing through the point
P (xP)yP)

The line equation for n is —bx+ay+ bxp—ayp=10

Given m is x+y—1=0

then a=1 b=1 x=1 yp=1
Line n is —x+y=0

Parametric form of the line equation

Given line m q =t + Avand a point P
u=p-—(t+ Av)

ve(p—t
where PR AL il
Vev
line n is p + eu where ¢ is a scalar.
Given v=i—j p=i+tj t=j
()i

__uzyer 1

i—j-G—j 2
u=G+j) - GHiG—j)=Li+ij

Line n is n=@{+j+e(li+1j)=0+1ei+1+1e)j

where ¢ is a scalar, which is equivalent to —x + y = 0.
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2.11.13 Find the line equidistant from two points

General form of the line equation

Given ax+by+c=0

Line nis x+y—1=0

Line m is given by (= x)x+(,—y)y =205 —x +y, - y)=0

with P;(0,1) and P,(1,0)

Line m is (1—0)x+(0—1)y—%(1—0+0—1)=0
x—y=0

Parametric form of the line equation

Given q=p+Av

where q= (50 +x)=Ap, = yDi+ (G0, + )+ Ax, —x)j
with Pi(0,1) and P,(1,0)

Therefore q=(G0O+)—A0—-1)i+(;1+0)+A1—0)

q= (L +Ni+ &+

e.g. when A = 0 we have P(%,%) and when A =  the point is Q(1,1)

This is equivalent to y=x or —x+y=0



Examples

121

2.11.14 (reating the parametric line equation for a line segment

Y

P

/ A

p

X

P, (x1,y1) and P, (x,, y,) delimit the line segment and the parametric line equation is
given by

p=qtAv
where q=xi+yj and v=_(x—x)i+t (y, —y)j
Therefore Xp = x; + AMx, — x;)

yr=y1+ Ay, =)
Given P; (1,2) and P,(3,1). P is between P; and P, for A € [0,1]
ie. xp=1+A3—-1)=1+2A
VP=24A1—-2)=2—A
For example, when A = 0.5

x, =2 and y, =15
2

1
2

2.11.15 Intersecting two line segments

Y

Given two line segments with equationsr + Aaand s + €b

where a=x,4+yj and b=xi+ y,j
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The point of intersectionis x; =x,+ Ax, y; =y, + Ay,

_ %505 =)~y —x)
%Va T XDy

where A

Let the two line segments be @ and PP, with P(1,2), Py(3,1), P5(1,0), P4(3,1)
Therefore r=i+2 and a=2i—j
s=i and b=2i+2j

Lo 20-2)—20-1) _
2X (1) —2X2

Therefore

W o

As 0 < A <1 there is a point of intersection

The point of intersection is (23,1%), which is correct.
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2.12 Lines and circles

2.12.1 Line intersecting a circle

General form of the line equation

X

The diagram shows a circle radius r = 1 centered at C(xc, yc) = (2, 1) and three lines: L}, L,
and L that miss, touch and intersect the circle respectively.

The line equation is

Point(s) of intersection

where

Miss condition

Line L, is

L, normalized is

where

then

ax +by+c=0
X=X, —ac, t,/c;(az —1) + b*r?
y=Y.—bc, = c;(b2 —1)+a’r?

cr=axc+byc+c

—x+y—1=0

1

1 ,-L

——=x+
2

-
S}

Lo}

|

:
&=

L _ L
a= \/5 b \/E

(o=—2 4L 1
T 2 2

2012 2,2 —5(1_ 1—_1
c (b =) +ar —2(2 1)—1—2 >

B

The negative discriminant confirms the non-intersection.

(1)

)
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Touch condition

Line L, is y —2=0 (whichis already normalized) (3)
therefore a=0 b=1 c¢c=-2
and cr=0+1—-2=-1

HPP -1 +arr=11—-1)=0
The zero discriminant confirms the touch condition:
using (1) x=2
and (2) y=2

Therefore the touching point is (2, 2) which is correct.

Intersect condition

Line L; is x—y=0 (4)
. . 1 1
L; normalized is —x——=y=0
2 2
1 1
where a=—= b=—-—— c=0
2 2
2 1 1

Using (1) x=2-

and (4) y=2 and 1

The intersection points are (2,2) and (1, 1) which are correct.

Parametric form of the line equation

L]




Examples 125

The diagram shows a circle radius r = 1 centered at C(x¢, y¢c) = (2, 1) and three lines:
L;, L, and L; that miss, touch, and intersect the circle respectively.

The lines are pi =t + Av p:=t t Av, ps =t; + Avs
. . 1.
where t=j v, =—F—=it—j
2 2

t2=2j V2=i

t, =0 v, = ! i+ ! j

3 3 \/E \/5
and c=2i+]j

Let us substitute the lines into the following equations:

Point(s) of intersection  x, = xr + Ax,

yp=yrt Ay,

where A=s-v = \/(s'v)2 —|Is|? +7*
s=c—t

Ll: S:2i

(sev)?—|s|f+r*=2-4+1=-1

The negative discriminant confirms a miss condition.
Ly s=2i—j
(sev)?—|s|f+r*=4-5+1=0

The zero discriminant confirms a touch condition.

Therefore A=2
The touch point is xp=2 yp=2 whichis correct.
L3: S = 2i + j
(sev)= sl +r* =45-5+1=1
The positive discriminant confirms an intersect condition.
S =22 V2
Therefore A=—=*—==2V2 and +2
2 2
The intersection points are
A=22 x,=0+22-==2
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1
y, =0+2{2—=2
2

-

A=+2 X, =042 =1
? 2

yP=0+\/EL=1

V2

The intersection points are (1, 1) and (2, 2) which are correct.

2.12.2 Touching and intersecting circles
Touching circles

The diagram shows two circles touching one another at a point P(xp, yp).

Y

X

One circle with radius r; = 1 is centered at C,(1, 1), the other with radius r, = 0.5 is centered
at C, (2.5,1).

Given d= \/(xcz =%V 0, = Ve’
The touch conditionis d=r +r,

The touch point i = i d _ n
e touch pointis Xp = Xt E(xcz —xg) and  y, =y +E()’C2 ~Ya)

then d=@5-1 +1-17 =15
The touch condition is satisfied.

1
x,=1+—25-1) =2
P 1.5( )

1
=1+—01-1)=1
e 1.5( )

Therefore the touch point is P(2, 1) which is correct.
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Intersecting circles

The diagram shows two circles intersecting one another

at points Py(xp;, yp1) and Py(xpy, ¥p2)-
One circle with radius r; = 1 is centered at C(1, 1),
the other with radius r, = 1 is centered at C,(2.5, 1).

The intersect condition d<r +rn

The points of intersection are  xp; = x¢; + Axy — €y,
ym=yat Ayatexg
Xpy = Xc1 T Axg T €yy

Y = Yo T Ayg — exy

2 2 2
where P
2d
T2
and =] — A2
dZ
d=1

1-1+225 _ 1

2X225 2

4 1 7

8: —_—— — = —

9 4 6

_ 13

therefore Xp, _1-1—EE =12

13

and x =1+=-=2=13
P2 22 ¢

The intersection points are (1 % ,

&)

G

N | W

N
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2.13 Second degree curves

2.13.1 Circle
General equation

Center (x¢, y¢) (x—x)*+ @ —y)?=r
Given a radius r = 2 and center (2, 2)

then (x—=22+(@p—-2?% =4

2.13.2 Ellipse

General equation

- &y Y,
Center origin —+==1 1
a b
witha=2,b=1 2
X
2
x 2
then —+y =
4 Y

2.13.3 Parabola

Parametric equation

Vertex origin

1 23 45 X
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2.13.4 Hyperbola

General equation

2 2
X
=-r=
a b
Foci at (£, 0) c=+a*+b
2 2

then — =1 with

c=5
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2.14 Three-dimensional straight lines

2.14.1 Derive the straight-line equation from two points

Given P, and P, V=p,— P1

P=Pp1+ AV
Given P,(0,1,3) and P,(2,2,0)
P, =j+3k

v=2i+j-3k

and P=p1 Tt Av

2.14.2 Intersection of two straight lines

Given two lines p=t+Aia and q=s+t¢b
where t=xi+yjt+tzk and s=xi+yj+zk
a=x,i+yj+zk and b=x,+ yj+ zk

Step 1: If a X b = 0 the lines are parallel and do not intersect.
Step 2: If (t — s) *(a X b) # 0 the lines do not touch.
Step 3: Solving AX, — €Xp = X, — X;

Na = 86 =Ys — It
Az, — &z, = 2z, — z;

provides values for A and & which, when substituted in the

original line equations, reveal the intersection point.

Given t=j+2k and s=2i+j
a=3i+j—2k and b= -2i+j+3k

Step 1: Prove that the lines are not parallel.
Although it is obvious that a and b are not parallel, let’s prove it by ensuring thata X b # 0.

i j k

a 3 1 |—2
b -2 1 3
aXb 5 5 5

Therefore the lines are not parallel.

Step 2: Prove that the lines are touching.
If (t — s)*(a X b) = 0 the lines touch.
Therefore (2i + 2k)«(5i + 5j + 5k) = 0 so the lines touch.
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Step 3: Compute the intersection point.
Create the three equations:
30 +2e=2 (1)
A—g= (2)
20 —3g=—2 (3)
From (2) A=¢

Substituting A = g in (1) A=% and e=1

Substitute A and ¢ in the original line equations

p=(G+2&)+2@i+j—2k) =i+ Zj+ Sk

The intersection point is (%, Z, %

2.14.3 (alculate the angle between two straight lines

Given p=r+A\a
and q=s+eb
angle a=cos ' ﬁJ
[lall - [Ibl]
Given a=2i+j—k and b=i+tj

—

(2i+j—k)-(i+j)]

o = Cos
Vo2
4 3
=cos | ——= [=30°
Jiz

2.14.4 Test if three points lie on a straight line
Given three points P;, P,, Ps.
Let r= ﬁ and s= 131—133
The points lie on a straight line when s = Ar where A is a
scalar. ‘
Given P(0,2,2) Py(1,2,1) P5(2,2,0) Z X
therefore r=i—k and s=2i—2k
and s =2r

Therefore the points lie on a straight line.
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2.14.5 Test for parallel and perpendicular straight lines

Given p=r+pa

and q=s+eb

The lines are parallel if a = Ab where A is a scalar.
The lines are perpendicular ifa*b = 0.

Given three lines Li:p, + pa
Ly:p, +¢b
Ly ps + Ac

where a=3i—2k
b =3i -2k
c=j

L, and L, are parallel because a = b.

L, and L; are perpendicular because a*c = (3i — 2k)+(j) = 0.

2.14.6 Find the position and distance of the nearest
point on a line to the origin

Given p=t+taAv
—Vvet
where A=
Vev
Distance OP = ||p||
Given t=2j+3k v=3i-3k

_ —(Gi—3k)-@Qj+3k) _ 9
(Bi-3k)«(3i—3k) 18

_ _ 1 11
therefore X, = Xp T Ax, =0+3X3=17

Vp =yT+)\yv=2+%><0=2

P

Distance OP = |lpl| = |31+ 2j+ 2 k|| = 2.92

2.14.7 Find the position and distance of the nearest
point on a line to a point

Given q=t+Av
where PIERA Al (-9
Vev
Distance PQ=|lp — (t+ Av)||
Given t=j+ 3k
v=3i+j—-3k

and p=3i+tj

N =

_ — 1y (—3) — 11
z, =zt Az, =3+ 2 X( 3)—13
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then

Distance

_ Gitj-3k)-Gi-3k) _18
Gi+j—3k)Gi+j—3k) 19

X, = X, +Ax =0+18x3=2842
v 19

Q

Ya =y, tAy, =1+%X1=1.947

_ _ 8 v (—3) —
z —zT+/\zV—3+}—9><( 3) = 0.1579

Q
PQ = |(3i + j) — ((j + 3k) + 13(3i + j — 3K))|| = 0.9733

2.14.8 Find the reflection of a pointin aline

Given

where

Given

and

then

s =t + Avand a point P with reflection Q
q=2t+ev—p

8:2v-(p—t)
Vev
t=j+k
v=3itj—k
p=3i+j

o 20itj-k)Gi-k) _20
Gi+j—k) -Gi+j—k 11

X, = 2x, tex, —x, =2><0+%><3—3=2.4545
Vo= tey, —y, =2X1+ 38 X1-1=28181

zy =2z, tez, —z, =2><1+%><(—1)—0=0.1818

The reflection point is Q(2.45,2.82,0.18)

2.14.9 Find the normal to a line through a point

Given
the normal is

where

Given

and

therefore

q=t+Av
u=p-—(t+ Av)
A:v-(p—t)
Vev
t=j+k
v=3i+tj—k
p=3i+tj

_ Gi+j-keGi-k _10
Gitj—k-Gitj—k 11
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and Xy :xP_(xT+AxV):3_(0+%X3):0.2727
Yy = Yp —Op +Ay,) =1-(1+11X1) = —0909
z, =2, —(z; +Az,) = 0— (1+ 12 X (1)) = —0.0909

therefore u = 0.273i — 0.909j — 0.091k

The line equation for the normal is n=p+eu

2.14.10 Find the shortest distance between two skew lines

Given p=qtitv
and p'=q +7v
—a)e X v’
Shortest distance d= it = a) (V, il
[lv X v'||
Given q=j+3k
q =3k
v=2+j—3k
v =—
Calculate v X v’
i ] x
v 2 1 -3
v/ 0 |—1
vXv | —1 2 0
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2.15 Planes

2.15.1 Cartesian form of the plane equation

Given ax t+by+cz=4d
where the normal is n=ai+bj+ck

Po = Xoi + yoj + zok

and d=n-p,
If the normal is n=j+k
and the point Py(0,1,0)
then Ox+1y+1z=0X0+1X1+1X0=1

The plane equation is y+tz=1

2.15.2 General form of the plane equation

Given ax + by + cz — (axy + by, + cz;) =0

where the normal is n=ai+ bj+ck

and a point is Po = Xl + yoj + 2ok

If the normal is n=j+k

and the point Py(0,1,0)

then Ox+1y+1z—(0X0+1X1+1X0)=0

The plane equation is y+tz—1=0

2.15.3 Hessian normal form of the plane equation

To convert the previous equation into Hessian normal form, rearrange the formula and divide
throughout by ||n||.

Given y+tz—1=0
where the normal is n=j+k

IInfl = V2
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1 1 1
therefore ﬁy + ﬁz B ﬁ =0

or gﬁy+§\/§z—§ﬁ=o

2.15.4 Parametric form of the plane equation

Given vectors a and b that are parallel to the plane
and point T is on the plane

where c=Ma+¢b
and p=t+c
then Xp = Xp + Ax, + &x;

yp=yrt Ay, t+ ey,
zp=zr+ Az, + ez,

The plane is parallel with the xz-plane and intersects the y-axis at y = 1.
Let a and b be unit vectors parallel with the plane

ie. a=1i b=k
and T(1,1,1) is a point on the plane

therefore t=i+j+k
and p=ttia+eb

As a and b are unit vectors, A and £ measure Euclidean distances.
Thereforeif A =2ande =1

xp=1+2X1+1X0=3
Yp=1+2X0+1X0=1
Zp=1+2X0+1X1=2

2.15.5 Converting a plane equation from parametric form to general form

Given p=ttia+eb
for P to be perpendicular to O
L= @+b)b+1) — (@-0)]]b]
llal*[[bIP* — (a=b)*

. _ (@b)@-t) = bev)]alf
[[a]l*[[bI[* — (a~b)?

and
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x z
Py Jp P

y+——z —|lpl[=0
el liell” il

then

We know in advance that the general equation of this plane is
1 1 1y =
5 \/5)/ + 5 \/EZ 5 \/E 0

and intersects the y-axis and z-axis at y = 1 and z = 1 respectively.
The vectors for the parametric equation are

a=j—k
b=i
t=k
theretore _OO-Cx1_1
2 X 1-(0) 2
and _ 0y =-0x2
21— (0)
therefore xp=0+%><0+0><1=0

yp =0+L1X1+0x0=

= 1(— =1
z, =1+1(-)+0x0=1

— Jo2 412 1% _1
lpll = /o> +1* +1" = 1\2

1

The plane equation is 0x+—2=y +
12

and %\/Ey-ké\/gz—%\/g:O

or y+tz—1=0

2.15.6 Plane equation from three points
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Given three points R(xp, yr» Zr)> S(Xs, s> 25)> T(X15 Y15 275)

the plane equation is ax+by+cz+d=0

where
Yr Zx 1 zp xp 1 X, yp 1

a=|y, z; 1 b=|z, x; 1 c=lx; y; 1 d = —(ax, + by, +cz;)
Yr 2z 1 zp xp 1 X Yo 1

If the three points are R(0, 0, 1), S(1, 0, 0), T(0,1,0)
011 1 01 0 01

a=0 0 1|=1 b=[0 1 1|=1 c¢=[1 0 1|=1 d=—-(1X0+1X0+1X1)=-1
1 01 0 01 011

then the plane equationis x+y+z—1=0

2.15.7 Plane through a point and normal to a line

VA X
Given n=gai+bj+ck and Q(xqyg2q)
the plane equation is ax + by + cz— (axqg+ byg + czg) =0
If the line is n=i+j+k and Q(0,1,0)
the plane is xX+y+z—1=0

2.15.8 Plane through two points and parallel to a line

Given a line’s direction vector a and two points M(xys, yar Zar) and N(xx, ¥, 2w)

where a=ux,i+yj+zk
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and b= (xy—x)i+ Wy — Yy + (z2y — zppk

the plane equation is ax + by + cz— (axy + byy + czy) =0

where a = Ya2p — Yp2a b= zx;, — zpx, C=XaYb — XpYa
Given M=(0,1,00 and N=(0,0,1)

and a=i—j

therefore aXb=n=ait+bj+tck=-i—j—k

and —x—y—z—(0—-1+0)=0

The plane equation is —x—y—z+1=0

or x+y+z—-1=0

2.15.9 Intersection of two planes
Given two planes ax+by+cz+d =0 ax + by +cz+d,=0
where n, =ai+ bj+ck n, = a,i + byj + ¢,k

The direction vector of the intersection line is given by n; =n; X n,
and the point P; on the intersection line is given by

b b
a b ¢ d, b1 El —4, b2 EZ
DET =|a, b, c, X, = 33 3 3
a, b3 c DET
ils g9 < al% b |_ ql% b,
2| a la, c 2la, b, lla, b,
= Z =
Yo DET 0 DET

Example 1

Let the two intersecting planes be the xy-plane and the xz-plane, which means that the line of
intersection will be the y-axis.

The plane equationsarez=0 and x=0
where n; =k n,=i d, =0 d,=0

i j k
and n,=|0 0 1(=j
1 0 0
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0 01 00 1 _00 0
Therefore DET=|1 0 0|=1 v o 1 0|
010 X = ] =0
0 0]_,/0O O 0 0|_,/1 O
I I R R
Yo T 1 - 2y = 1 =0
therefore the line p = Ang

equation is

where n; =j

Example 2

Let the two intersecting planes be the xy-plane and the plane x = 1, which means that the line
of intersection will be parallel with the y-axis passing through the point (1,0, 0)

The plane equationsare z=0 and x—1=0

where n; =k n, =i d =0 d,=—1
i j k
and n,=0 0 1|=j
1 0 0
0 0 1 _10 1 _00 1
DET=|1 0 0|=1 .= 10 1 0 4
and 01 0 0 I
110 0| _,/0 O _410 0] _4/1 O
1o 5ol &) 1o 5] oo 2
};0: I =0 Z(): I =0

Therefore the line equationis p = p, + An;

where po=1
and n; =j
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Example 3

Let the two intersecting planesbe x+y—1=0 and —x+y=0.

Therefore

and

1 0 1 0
ols 314108 3
xo = = —
4 2
11 -1 1
oo 2 4
z, = 1 =0
Therefore the line equationis p = p, + An;
where Py =3it1j
and n; = 2k
2.15.10 Intersection of three planes
Given three planes ax+by+cz+d =0
ax+by+cztd,=0
a3x+b3y+C3Z+d3:0
the intersection point (x, y, z) is
d b ¢ a d ¢ a b 4
d, b, «c, a, d, a, b, d,
d, b, c a, d, c, a, b, d,
XxX=-———" _ — z=—
DET 7 DET DET
al bl Cl
where DET =|a, b, c,
a, b, ¢

w
w
w
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Example 1

Given the planes x=0 y=0 z=0

which are the three orthogonal planes intersecting at the origin.

1 00
DET=|0 1 0|=1
0 01
0 0O 1 00 1 00
x=—[0 1 0[=0 y=—0 0 0|=0 z=—(0 1 0|=0
0 01 0 01 0 0 0
The intersection point is the origin, which is correct.
Example 2
Given theplanes x+y+z—2=0 z=0 y—1=0
1 11
DET=({0 0 1|=-1
010
-2 11 1 -2 1 11 —2
0 0 1 0 01 00 O
-1 10 0 -1 0 01 -1
x:——lzl y=- ) =1 z=— =0

The intersection point is (1, 1, 0) which is correct.
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2.15.11 Angle between two planes
/
Z
Given two planes a;x + by + c;z+d; =0 and ayx+by+cz+d, =0
where n=aji+bj+ck and n,=aji+ bj+ ck
s — -1 l’11 .n2
the angle between the normals is a = cos (—
llm [ Im, I
Given the planes xX+y+z—1=0 and z=0
where n=i+j+k and n,=k
Iyl =3 and ]| =1
o1
a=cos | —= |= 5474°
J3
2.15.12 Angle between a line and a plane
Given the plane ax+by+cz+d=0
where n=ai+ bj+ck
and the line p=r+ia
the angle between the line and the plane’s normal is
1
o= COS_I( n-ea ) /
l[nll-l|all d X

Given the plane x+ty+tz—1=0
then n=it+tj+k
and a=i+j

Infl=+3 and [la]| =2

o[ 2
a = cos I(sz 35.26°
6
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2.15.13 Intersection of a line and a plane

Given a plane ax +by+cz+d=0
where n=ai+bj+ck
and a line p=t+Av
. . . —(n-t+d)
for the intersection point P A= T hev
Example 1
Given the plane x+y+z—1=0
and the line p=t+Av
where t=0
and v=i+]j
Lo —(IX0+1X0+1x0-1) 1
then I1X1+1X1+1X0 2
The point of intersection is P(%, %, 0).
Example 2
With the same plane x+ty+tz—1=0
but t=i+j+k
and v=i+j+tk
Lo TUXIFIXI+IX1-1) 2
1X1+1X1+1X1 3
p=t+Av

The point of intersection is p(%, L %)

2.15.14 Position and distance of the nearest point on
aplane to a point

Given the plane ax +by+cz+d=0
where n=ai+ bj+ck

and a point P with position vector p.
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The position vector of the nearest point Q is given by q = p + An

—(-p+d
where A=—PTE
n-n
The distance PQ is PQ = ||An||
Given the plane x+y=0
where n=i+j

and a point P(1, 1,0) where p=itj

a="B o
2
The nearest point is Q(0, 0, 0) the origin.
The distance is PQ=|—- 1(i + ])” -2
2.15.15 Reflection of a point in a plane
Given the plane ax +by+cz+d=0
where n=ai+bj+ck
and P is a point with position vector p
P’s reflection Q is given by q=p+ An
where A= “2m-p+d
n-+n
Given the plane x+y=0 and P(—-1,0,1)
n=i+j
A=2C0
2

The reflection point is (0, 1, 1).

2.15.16 Plane equidistant from two points
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Given two points  Py(x},¥1,2;) and Py(xy¥,,2,) the plane equation is

(e, =x)x+ (@, =2+ (2, —zl)z—%(xf —xl2 +y§ —yf +z§ —zlz) =0

Given P,(0,0,0) and P,(2,2,0)
the plane equation is 2&+2y—1(@+4)=0
or x+y—2=0

2.15.17 Reflected ray on a surface

Given the surface normal n

the incident ray s

the reflected ray r
then r=s+ An
—2nes
where A=
nen
Given n=i+j+k
. 1, 1
and s=i——j——k
4 4
1
th A=—=
en 3
1 2
and x, =l-——=—
3 3
_ 117
r 4 3 12
1 1 7
zZ =————=——
r 4 3 12
. 2, 7. 7
with r=—i——j——k
3 12 12

Let’s check this vector out. Its magnitude should equal the magnitude of the incident vector s,
and the reflection angle should equal the incident angle.

sl = \/12 +(_71] *(_71) _ @
Il = \/(gj () () e
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The reflection angle equals 0= cos_l( ner J

[Im[-[[x[|
The incident angle equals a = cos (&J
lIm[-[|=sll
For ner _ ne-—s
orf = « =
lInf[-[l=ll |Im]-{[-sl]
but sl =[xl
therefore ner=n-+—s

2, 7. 7 1
r=(+j+k-|Zi-—j-—k|=—=
ner =G )(31 12’ 12)

N | =

1 1
e—s=@{(+j+k):|-i+—-j+—-k|[=—
n i+j )(1 4) 4)

which confirms that the angle of reflection equals the angle of incidence.
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2.16 Lines, planes and spheres

2.16.1 Line intersecting a sphere
Given a sphere with radius r located at C with position
vector ¢

and a line equation p=t+ Av where
IIvll =1

a touch, miss or intersect condition is determined
by A

where A=sev(sev):— [Is|f + 72
and s=c—t

The diagram shows a sphere with radius » = 1 centered at C with position vectorc =i +j
and three lines L, L, and L that miss, touch and intersect the sphere respectively.

The lines are of the form p=t+ Av

therefore p1 =t + Av; p:=t t Av, p; = t; + Avs
h t =20 v, = ——it——j
where = =—F=it+t—F

1 1 \/; \/;

and c=i+j

Let us substitute the lines in the original equations:

Ly s=—i+j
(sev)!—|s]P+rP=0-2+1= -1

The negative discriminant confirms a miss condition.

L,: s=—i+j
(sev)—|s|P+r*=1-2+1=0

The zero discriminant confirms a touch condition, therefore A = 1.
The touch point is P,(2, 1, 0) which is correct.

Ly s=—i+j
(sev):—|s|P+r*=2-2+1=1

The positive discriminant confirms an intersect condition
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2
therefore )\=—i1=1+\/5 or v2-—1
2

The intersection points are:

if A=1++2 xP=2+(1+\/E)[—L)=1—
1

zP=O

if A=v2-1 xP=1+(\6—1)(—i)=1+i

V2 2
1 1
—0+(2-1)—=1-—
Yp ( )\/5 \/E
z, =0

1 1 1 1
The intersection points are P [1 - 1+ —, 0) and P (1 = 1-—F, 0] which
are correct. V2 V2 V2

2.16.2 Sphere touching a plane

Given a plane ax+tby+cz+d=0 Y$ .
where n=ai+ bj+ ck @ T
the nearest point Q on the plane to a point P is given by
2
q=p+An
‘Z‘/ () =

ptd X
where A=-—2PT9

nen
The distance is given by [|An||
for a plane and a sphere [|An|| = r

The diagram shows a sphere radius r = 1 centered at P(1, 1, 1)

The plane equation is y—2=0
therefore n=j
and p=it+tjt+k

therefore A=—-(1-2)=1
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which equals the sphere’s radius and therefore the sphere and the plane touch.
The touch point is xq=1+1X0=1

yo=1+1X1=2

Zg=1+1X0=1

therefore the touch point is Q(1, 2, 1) which is correct.

2.16.3 Touching spheres

Given d= \/(xcz —xo) + (e, = Vo) (2o, — 2
the touch condition is d=r +r

.. _ h
the touch point is X, = X E(xC2 = xg)

T
Ip = Ja +El(ycz ~Jar)

;
_ 1 _
Zp =2 T E(Zcz Ze))

Given that one sphere with radius r; = 1 is centered at C;(1, 1, 1) and the other with radius
r, = 0.5 is centered at C,(2.5,1,1)

then d=@5-12+0-12+0-1? =15
The touch condition is satisfied

1
and X, =1+ —Q25-1)=2

1.5

1

=1+—(@1-1)=1
e 1.5 =D

1
z,=1+—(1—-1)=1
P 1.5( )

therefore the touch point is P(2, 1, 1) which is correct.
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2.17 Three-dimensional triangles

2.17.1 Coordinates of a point inside a triangle

To locate points inside and outside the
triangle Py, P,, P; using barycentric
coordinates.

For any point Py(xy, yo, 2o) We can state

Xg = &x; + Ax, + Bx;3

Yo =&y T Ay, + Bys
zg =8z, + Az, + Bz

7 Py0,0,4) X
where e+t A+B=1

The table below shows values of P, for various values of ¢, A and 8. Let us check that the
positions of P, reside on the plane of the triangle.

The vertices of the triangle are P,(0, 2,0), P,(0,0,4), P5(3, 1, 0) therefore the Cartesian plane
equation is

ax + by + cz=4d (see plane equation from three points)

where
oz 1 z, X 1 x 1
a=\|y, z, 1 b=z, x, 1 c=|x, y, 1 d = ax +by +cz
Vs 24 1 z, X, 1 X, Y, 1
2 01 0 01 0 2 1
a=|0 4 1|=4 b=|4 0 1|=12 c=(0 0 1|=6 d=4X0+12X2+6X0
1 01 0 3 1 311

=24

therefore the plane equation is 4x + 12y + 6z = 24
The table also confirms that the values of P satisfy the plane equation.

& A B Xo Yo 2 4x0 + 12)/0 + 620

1 0 0o 0 2 0 24

0 1 0o 0 0 4 24

0 0 1 3 1 0 24

1 1 1 1

At 24
1 1 1 1

0 3 5 1 3 5 2 24

1 1

5 3 0 0 1 2 24

1 1 1 4

3 3 3 1 1 3 24
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2.17.2 Unknown coordinate value inside a triangle
The x and z-coordinates of a point P, are known and it is required to determine its

y-coordinate inside the triangle Py, P, P;.
Using barycentric coordinates we have

yo=eyntAy,+ (1 —e—A)y;

e A 1
where = =
X, zy 1 X, zy 1 x oz 1
x, z, 1 X zy 1 x z, 1
X 0z, 1 x z 1 X, 0z, 1
For P, to be inside the triangle (¢, A) €0, 1].
If Py is positioned at P;i.e. x, =z, = 0, y, should be 2.
Therefore & = A = 1
0 0 1 0 0 1 0 0 1
0 4 1 3 01 0 4 1
3 01 0 0 1 3 01
and & _A_ 1
—12 0 -12
which makes e=1 and A=0
therefore Yo=1X2+0X0+ (1 —1—0)1 =2 whichis correct.

The table below shows the values of &, A,1 — ¢— A and y, for different values of x, and z,.
Let us check that the interpolated values of P, reside on the plane of the triangle.

The vertices of the triangle are P,(0, 2,0), P,(0,0,4), P5(3, 1, 0) therefore the Cartesian plane
equation is ax + by + ¢z = d (see plane equation from three points)

where
»n oz 1 z, x 1 x 1
a=\|y, z, 1 b=z, x, 1 c=|x, y, 1 d = ax +by +cz
Y, zy 1 z, x; 1 X 0y, 1
2 01 0 0 1 0 21
a=[(0 4 1|=4 b=(4 0 1|=12 c=/0 0 1|=6 d=4X0+12X2+6X0
1 01 0 3 1 311 —

therefore the plane equation is 4x + 12y + 6z = 24
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Xo Yo 2 € A 1—e— A 4x+12y+62z
0 2 0 1 0 0 24
3 1 0 0 0 1 24
0 0 4 0 1 0 24
1 22 + 3 1 24
5 1 1 2
2 s 1 I 1 3 24
7 S 1 1
1 s 1 12 4 3 24

The table below also confirms that the above values of P satisfy the plane equation.

Let us test a point outside the triangle’s boundary, e.g. Py(4, 0, 0)

therefore

which confirms that P, is outside the triangle’s boundary.

Similarly, for Py(0, 0, 5)

therefore

e _ A _ 1
4 0 1 4 0 1 0 0 1
0 4 1 3 01 0 4 1
3 01 0 01 3 01
E_A_ 1
4 0 -I12
1
€=73
€ _ A _ 1
0 51 0 51 0 0 1
0 4 1 3 01 0 4 1
3 01 0 01 3 01
e_ A _ 1
3 -15 -12

which confirms that P is also outside the triangle’s boundary.
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2.18 Parametric curves and patches

The following examples illustrate how various curves can be created by mixing together
different parametric functions.

2.18.1 Parametric curves in R2

Sine curve
t  =2w 1
max
a=1
x=t 0.5
. tel0, t ]
y = asint max
1 2 3 4 5 6,
—0.5
—1
Cosine curve
t =21 1
max
a=1
x=t 0.5

} telo,t ]
y = acost max

—0.5

Sine curve with growing amplitude

| v -
max 1 2 3 4 5 6
t
a=— -0.2
t
. t“‘a" telo, ¢ .1 —0.4
)/ = asint -0.6

0.2
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Cosine curve with growing amplitude

t =27
max
t

a:_

t

max telo, ¢ 1
X =t
y = acost

Sine curve with decaying amplitude

Loox = 27

a=1—L

et max telo, ¢ .1
y = asint

t . =2m
max

3
a: —_——

t

max telo, ¢ .1
x=t
Yy = acost

tmax=277
a:
x=t
. 2 tefo, ¢ 1
y =asn’t

0.8
0.6
0.4
0.2

—0.2
—0.4

0.6

0.4

0.2

-0.2

0.8
0.6
0.4
0.2

—-0.2
—0.4

0.8

0.6

0.4

0.2
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Cosine-squared curve

x=t
tel0, t
y=acoszt} 10, ]

Lissajous curve
t =2m

max

a =

x=as1.nt tef0,t ]
y = asin2t max

Cirde

a=1
X = acost

. } telo, t ]
y = asint max

Ellipse

0.8

0.6

0.4

0.2

—_
S}
w
~
W
o)}

0.5

1 —0.5 0.5 1

—0.5

0.5

0.5

D
%
D
—
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Spiral
t =2m
max
t
r = —_——
t

max 4o, r ]

y =rsint
Logarithmic spiral
ooy = 270
a=06
b=38

— t
x = ae[Cf)sbtl relor ]
y = ae'sinbt |
Parabola
tmax = 4
p=2

—100

=50

Ny
\/

50 100
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Neil’s parabola

max — 4 15
=2 10
X = 23 te _tmax,tma.x 5
at 2 2
-5
-10
-15
Cardioid
t =27
max
a=1

x=a(2cpst—c_032t) telo,t ]
y = a(2sint — sin2t) max

2.18.2 Parametric curves in R

Circle
t =2
max
a=1
X = acost
y=20 telo, ¢ .1

z=a+*asint
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Ellipse

a=2
b=1
X = acost
y = bsint
z=0

Spiral 1

a=1
X = acost
y = asint
z=t

Spiral 2

a=2
b=1
X = acost
y = bsint
z=t

t €[0, tmax]

telo,t

max]

telo, ¢ .1
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Spiral 3

t =47
max

a=1
b=2

X = acost Yo
y = bsint telo, ¢ .1

z=1

Spiral 4

a=1
X = —acost

y = asint telo, .1
z=t

Spiral 5

tmax:47T Y=1
a=1

X = acost

y = —asint telo, t
z=t

max]
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Spiral 6
t =4

max
t

t

max

r =

X =rcost
y = rsint
z=t

Spiral 7

t =41
max

t
r=1—-———

t

max
X = rcost
y =rsint
z=t

Sinusoid

t =21
max
a=1
x = asint
}[:
z=t

t €[0, tmax]

telo, t

telo, t

max

N
Il
IS
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Sinusoidal ring

t =27

max

a=1

b=02

n=3_§8

X = acost
y=bsinnty tel0,t
z = asint

x|

Coiled ring

t =2

max

R =2 (majorradius)
r =0.5 (minor radius)
n=24

x = (R+rcosnt)cost
y =rsinnt telo, ]
z =—(R+rcosnt)sint

2.18.3 Planar patch

. L2
Given Py, Pyg, P11, Py in R

AR I R H

Given Py(0, 0), Py;(2, 3), P11(4, 3), P14(4,0)
—|1 “1 110 201 1y
X, =[3 1][ 1 0][4 4][ 1 0][%]
3 -1 1{[0 3|-1 15
}’%_[% 1:||: 1 0:“:0 3:||: 1 O:H:i:|

2

1
2

Ny

D =

1
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2.18.4 Parametric surfacesin R

Modulated surface

y = sin(x + z)
T=m

a=1
y=asin(x+2)} (x,2)e[-T, T]

y = cos(x + z)
T=m

a=1
y=acos(x+2)} (x,2)el[-T,T]

y = sin(xz)
T=a

a=1
y =asin(xz)} (x,2)e[-T, T]

é%\\‘?jy
<k AN

P\
\\\\ F

- \\
\\\\\",’1/

1/ \\\\(.
I”n \%\"l,’:’:l 2

L ,/ TLZNN/
W\

". N
NI\
- Xy
. °
-2
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(@)
o

s(xz)

< 8 N\
g
S

cos(xz)} (x,2z) € [T, T]

y = cosx + sinz
T =27
a=1

9
SR
y=acosx+asinz} (x,z)e[-T, T] .Q \\’”\" ’ / ‘
/l' “\\\’ "/’I o
4

\ N
/’"Q‘ 5\\\&"’ e

y = zcosx + xsinz
T =4m

y =zcosx+xsinz} (x,z)e[-T, T]
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sin| \/x* + )/2 ) .

T=9 ~ .".. l” "~

sin( x4 yz )} (x, y) € [-T,T] X [i" ./‘\ ’

2.18.5 Quadratic Bézier curve
Quadratic Bézier curve in R2

A quadratic Bézier curve is given by
p(t) =1~ 6p, +26(1 — ) pc + ’p,
Given the points P;(0,0), Pc(1, 1.5), P,(2,0)

the quadratic Bézier curve is shown with its control points.

Quadratic Bézier curve in R?

Given the points P;(0, 0, 0), Pc(2,2.5,0), P,(3,0, 3)

the quadratic Bézier curve is shown with its control points.

2.18.6 CubicBézier curve

Cubic Bézier curve in R

A cubic Bézier curve is given by

p(t) = (1 —1°p, +3t(1 — 1) pey + 382 (1 — ) pey + £p,
Given the points

P,(0,0), Pcy(1,2), Py(2.3,2), Py(2.5,0)

the cubic Bézier curve is shown with its control points.

0
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0.2

«an\\\’ "\""\‘ &

i ety
. N LU ao

"’0’.‘"

5

o

‘p X ‘?

W

0.5

0.5



166 Geometry for computer graphics

Cubic Bézier curve in R3

Given the points P;(0, 0, 0), P¢(2,2.5,0), P,(3,0, 3), Y A
P,(0, 2,4) the cubic Bézier curve is shown with its
control points.

2.18.7 Quadratic Bézier patch

A quadratic surface patch is described by

5 , | Po Poar Pop || (1— vy
pw,v)=[A—w)" 2ul—uw) u’l|p, Py Py |l 2va—v)
p20 le p22 V2
Given Poo = (0’ 0, 1) Po1 = (1a 0, 2) Po2 (2’ 0, 0)

P, = (0512 p, =@ 1L3) p,2],12)
Py = (0,21,00 p, =@121,2) p,(2,2,0)

The surface patch is shown in the diagram
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2.18.8 Cubic Bézier patch

A cubic surface patch is described by

Poo

pu,v) =[1— u)’ 3ul—u)? 3uP1—u) u’] Py
Py

P30

Given poo = (0707 3) p01 = (13%:3%) p02(27%)3%) p03(3) 0) 3)
P, =(0,0,2) p, =01 127) p,2 123) p;502)

P20 = (07270) P21 = (1: 2:1%) P22(2>2,1%) p23(3>2’0)

p01
pll
Py
p31

P, = (0,30 py, =131 p,231) p,E553,0

The surface patch is shown in the diagram

p02
p12
p22
P32

Pos
P
Py
Ps;

-y
3p(1 —v)?
3y? (13— V)
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2.19 Second degree surfaces in standard form

Sphere Ellipsoid

X,y z
2424 2= e

X2+ 2+ 22 =100 PRI

Elliptic cylinder Elliptic paraboloid

Z
X*+z2=y

Elliptic hyperboloid of one sheet

*+Z2=y -1 y=x*-2
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