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Problems with Dirichlet Boundary Conditions

2.1 Function Spaces

In what follows, we use the same notation for norms and inner products on
spaces of scalar and vector-valued functions, in accordance with the convention
adopted in §1.1. We also point out that all these function spaces are complex.

We start by introducing spaces of functions that depend on a complex
parameter p; their properties, studied in [2], are listed below without proof.

Let meR,peC, kR, and S C R2.

H,,(R?), H,,(5), and H,,(0S) are the standard Sobolev spaces whose
elements are defined on R?, S, and the boundary 05 of S, respectively.

H,, »(R?) is the space that coincides as a set with H,,(R?) but is equipped
with the norm

1/2
e[l = {/(1 +[pl* + |§2)’”|a(§)|2d§} :

R2

where 4 is the (distributional) Fourier transform of the three-component dis-
tribution u € S'(R?) (see the Appendix). Clearly, for any fixed p € C, the
norms on H,, ,(R?) and H,,(R?) are equivalent.

Iffmﬁp(S) is the subspace of all u € H,, ,(R?) such that suppu C S.

H,, ,(S) is the space of the restrictions to S of all v € H,, ,(R?). The
norm of u € Hy, ,(S) is defined by

g = inf .
S SO

The inner products in L*(R?), L2(S), and L?(9S) are denoted by (-, -)o,

(+5-)o;s, and (-, -)o;a5, respectively.
H_,, »,(R?) is the dual of H,, ,(R?) with respect to the duality generated

by ( ) ')0- R
H_,, ,(S) is the dual of Hy, ,(S5).
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Hy /o ,(08) is the space of the traces on 95 of all the elements of H; ,(S5).
It coincides as a set with H;/»(9S) but is equipped with the norm

.95 = inf w||1.p:s-

£ 1l1/2.p:05 T l[ull1.pss
Here v is the trace operator, which maps H; ;,(.S) continuously to Hy 5 ,(95).
We mention that the continuity of v is uniform with respect to p € C; that is,

vulli/2,p0s < cllullips,

where ¢ does not depend on p € C [2]. We recall that the trace operators
corresponding to the interior and exterior domains S* are denoted by .

H_y/3,(08) is the dual of H /5 ,,(0S) with respect to the duality generated
by (-, ')o;as-

Next, [T and [~ are extension operators that, in the context of our func-
tion spaces, map Hy /s ,(0S) to Hyp(ST) and Hip(S™) continuously and
uniformly with respect to p € C.

Hyp, k. (S) is the space of all 4(z,p), x € S, p € Cy, such that the mapping
U(p) = u(-,p) is holomorphic from C, to H,,(S) and

o0

Jillp s =500 [ (14 DIV s dr <00, p=otir.  (@21)
Formula (2.1) defines the norm on H,,  .(S). It is readily seen from its
definition that U(p) € Hp p(S) for any p € C.. In what follows, we write
@(z, p) if we want to emphasize that this is an element of H,, ,(S), and U(p)
when we want to regard it as a mapping from C, to H,,(95).

H1/2,,,(0S) are introduced similarly; that is, these spaces consist of all
f(x,p)7 x € 95, p € Cy, such that the corresponding mapping F(p) = f( ,D)
is holomorphic from C, to Hi/2(9S) and

oo

191025 = sup / (1+ [P F @) o dr < 0.
o K

— 00

Once again, the above equality defines the norms on these spaces and, as
above, we interpret f(z,p) as an element of Hyq/2,(0S) and F(p) as a map-
ping from C,, to Hyq/2(9S).

Hp ko, (G) and Hiyo (') consist, respectively, of the inverse Laplace
transforms u and f of the elements @ and f of Hypg(S) and Hoyq o i, (05);
these spaces are equipped with the norms

Hu”m,k’n;G = Hﬁllm,k’mSa
(2.2)

1172800 = 1 Fll£1/2.0,m:05-



2.2 Solvability of the Transformed Problems 21

By the Paley—Wiener theorem and Parseval’s equality [12], for a nonnegative
integer k the spaces Hi i . (G) consist of all three-component distributions u
defined on S x R that vanish for ¢ < 0 and are such that

/e_zm Z |(8;J‘8tat+ku)(x’t)|2 dx dt < oo, (2.3)

aQ Ja]+a: <1

where « is a two-component multi-index, oy is a nonnegative integer, and 0% is
the partial differentiation operator acting with respect to the space variables.
The norm on Hi . (G) defined by (2.3) is equivalent to (2.2). A similar
remark is also valid for Hy g . (T').

In what follows, we relax the terminology and refer to the elements of
all of the above spaces as “functions” instead of “distributions” or “general-
ized functions”, since the former term, although technically incorrect, is more
familiar to the nonspecialist reader.

Finally, C5°(G™*) are the spaces of infinitely differentiable functions with
compact support in G, respectively.

2.2 Solvability of the Transformed Problems

In this section, we discuss the problems (D;t) obtained after applying the
Laplace transformation with respect to the time variable in the original prob-
lems (DD*). Our aim is to establish the unique solvability of (D) for every
p € Cy and derive certain estimates for their solutions. We use two different
approaches to solve these problems. The first one is based on the Fredholm
Alternative and works well in the case of interior domains. Unfortunately, the
same cannot be done in exterior problems because here the operators occur-
ring in the corresponding functional equations lose their compactness in the
natural spaces where such problems are set. This makes it necessary for us to
modify the method when we deal with exterior domains.

The transformed problems that we consider here are more general in that
they include the contribution of the body forces and moments ¢ occurring on
the right-hand side in the equation of motion (1.8). Thus, the classical version
of these more general problems (D) consists in finding @ € C?(5%) N C(5%)
such that

Bp*a(x,p) + (Ad)(z,p) = 4(z,p), x €S,

ﬁi(mvp) = f(xap)v T € 05, (24)

where
ﬁ(l’,p) = Eu(gc,t)7 Cj(;&p) = EQ(x7t)> f(x,p) = ﬁf(:(:,t).

In order to simplify the notation, and since there is no danger of ambiguity,
throughout this section we omit the hat from the symbols of functions that
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depend on x and p, it being understood that, unless otherwise stipulated, we
are carrying out our arguments in spaces of Laplace transforms.

As usual, to derive the variational version of (DF), we multiply (2.4)
termwise by v* € C§°(S*) and integrate the result over S*; thus, we ob-
tain

p2(Buvv)0;Si + a’:l:(uav) = (qvv)O;Si, (25)
where
(BU, ’U)O;Si = (Bl/2u? Bl/QU)O;Sia

ay(u,v) =2 / E(u,v*") dz,
S+
and F(u,v) is the sesquilinear form defined by the internal energy density;
that is [9],
2E(u, ’U) = hQEV()(’u7 ’U) =+ h2/1,(82’ul + 81U2)(82'D] + 81’(72)
+ pl(ur + Orug) (V1 + 0103) + (uz + O2u3) (V2 + 0203)],
Eo(u,v) = (A +2p) [(81u1)(9191) + (Dauz)(9272)]
+ )\[(alul)(agl_)g) + (5'2u2)(81171)].

It is obvious that
a+ (ua U) = a4 (1)7 U), (26)

where the superposed bar denotes complex conjugation. Equation (2.5) indi-
cates that the variational version of problems (2.4) should consist in finding
u € Hy ,(ST) such that

pQ(Bl/Qu,Bl/Qv)O;Si + a4+ (u,v) = (¢,v)p.5= Vv € ﬁl,p(si),
vru=f.

Throughout what follows, we denote by the same symbol ¢ all positive
constants occurring in estimates, which are independent of the functions in
these estimates and of p € C,;, but may depend on k.

(2.7)

2.1 Theorem. For any f € Hy/2,(0S) and g € H_1,(ST), p € Cy, £ > 0,
problem (DY) has a unique weak solution u € Hy ,(S™) and

ullypis+ < elpl(llall—1,pis+ + [ fll1/2,p:09)- (2.8)

Proof. First we consider (D; ) with homogeneous boundary conditions, which
consists in finding ug € H; ,(ST) such that

P2 (BY?ug, BYv)o.5+ + ay(ug,v) = (q,v)o.5+ Yo € Hyp(ST).  (2.9)
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Repeating the proof of Lemma 2.3 in [7], we can show that a (u,v) is coercive
on [Hi ,(ST)]?. Since the form is also continuous on this space, we conclude
that for any ¢ € H_1 ,(S™), the variational equation

ay(uo,v) = (¢,v)0.5+ Vv € Hyp(S) (2.10)
has a unique solution uy € H 1,p(ST), which satisfies the estimate

luollr < cllgll—1;5+-

On the other hand, since a4 (ug,v) defines a bounded antilinear (conjugate
linear) functional on Hj ,(S™) for any ug € Hy,(ST), it can be written in
the form (2.10) with some g € H_1 ,(S*). Let A be the operator defined by

a4 (up,v), which associates ug € Hy ,(ST) with ¢ € H_1,(ST) as described
above; thus,

at(uop,v) = (Aug,v)o.s+ Vug,v € Hy(SH).

A is a homeomorphism from H;(S1) to H_1(ST). Additionally, from (2.6) it
follows that A is self-adjoint in the sense that

(.A’u,o, U)O;S+ = (’LLO,.A’U)O;SJr Yug,v € I‘OILP(S+).
This is easily verified, since for any ug, v € }OILp(Sﬂ,

(Auo, v)o;5+ = a(uo,v) = ay(v,u9)
= (Av,up)g,g+ = (o, Av)g;s+-
Equation (2.9) can now be written in the form
p?Bug + Aug = q. (2.11)
Applying A~! on both sides in (2.11), we arrive at the equivalent equation
P? A Bug +up = A g (2.12)

in the Banach space FILP(S*). We denote by By the restriction of A™1B
from H_1(S%) to Hy(S) and claim that By is compact on Hy(S%). Let
{un }5°; be a weakly convergent sequence in Hy(S™T). Since ST is a bounded
domain, Rellich’s lemma implies that the set {u,}52, is strongly compact in
L?(ST). Therefore, there is a subsequence {un, };";1 that converges strongly
in L2(ST), consequently, also in H_1(S¥). Because A~!B is continuous from
H_1(S%) to Hy(S), the sequence {Boun, }32, is strongly convergent in the
space H 1(ST), which proves that By is a compact operator.
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While studying the solvability of (2.12), we are under the conditions of the
Fredholm Alternative, so (2.12)—hence, also (2.11)—has a unique solution
up € H1(ST) if and only if the homogeneous equation

p? A" Bug + ug = 0 (2.13)

has only the trivial solution. In turn, (2.13) can be rewritten in the equivalent
form
p2Bu0 + .AUQ = 0,

or

P?(BY?ug, BY?v)g.g+ + a4 (ug,v) =0 Yo € Hy(SH). (2.14)

Taking v = ug in (2.14), writing p = o + i7, and separating the real and
imaginary parts, we arrive at

(0® = ) Buolf.g+ + as (uo, uo) =0, (2.15)

207 B ?ug|5,5+ = 0. (2.16)

If 7 # 0, then from (2.16) it follows that BY/?uy = 0; hence, ug = 0. If 7 = 0,
then the equality ug = 0 follows from (2.15). So (2.11) is uniquely solvable in
Hy(SH) for any g € H_1(SF).

We now establish estimate (2.8). Taking v = ug in (2.9) and separating
the real and imaginary parts, we obtain

(0‘2 — 72)||Bl/2u0||g;s+ + a+(uo, UO) = Re(q; UO)O;S+7 (2'17)

207|| B *ug|§,g+ = Im(q, uo)o;s+- (2.18)

Multiplying (2.18) by ¢~'7 and adding the new equality to (2.17), we find
that

|P|2||BI/QU0||(2);S+ + a4 (uo, uo)
= Re(q, u0)o.5+ + o7 Im(q, ug)o; 5+
= o~ "Re{p(q,u0)o,5+ }-

Because p € C,, it follows that o > . Taking into account the inequality
a (ug,ug) > cllug||?, we obtain

HuOH%,p;S‘F < C|p|‘(q7u0)0;5+|7
from which

[uollypis+ < clplligll-1pis+-
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We now return to the full problem (2.7). Let w = [T f € Hy(S™). We recall
that since the extension operator {1 is continuous (uniformly with respect to
p € C), we have

w1 pis+ < cll fll1/2,p0s- (2.19)

Representing v in the form v = w + ug, we see that ug € ]?Il’p(S"“) satisfies
the equation

p*(B"?ug, BY?v) + ay (ug, v)
= (q,v)0,5+ —pZ(Bl/Qw,Bl/Qv)O;S+ — a4 (w,v)

Yo e Hy,(S*).  (2.20)

We claim that the form p?(BY/2w, BY/?v)g.5+ + a4 (w,v) defines a bounded
antilinear (conjugate linear) functional on ﬁl’p(SJr); true,

‘p2(Bl/2w7 Bl/zv)O;S"' + ay (’U}, U)|
< c(lpPllwllo;s+[vlloss+ + llwllizs+ v]lh)

< cllwllyps+llvllp Vo€ Hyp(ST).
Consequently, there is ¢ € H_1 ,(ST) such that
pQ(Bl/Qw,Bl/Qv)o;SJr +aq(w,v) = (¢,v)p.5+ YvE foll,p(SJr)

and
gl =1, pss+ < cllwllypis+ < el fllij2.p0s-

Equation (2.20) takes the form
])2(31/21107 Bl/zv)o;g+ + Cl+(’U;0,’U) = (q - [j, U)O;S+ Yv € ﬁl,p(s+).

As we already know, the latter problem is uniquely solvable and its solution
satisfies the estimate

1p < clpl(llall=1pis+ + 1l -1,ps5+)
< clplllall-1,pss+ + 1 fll1/2,p508)- (2.21)

[[uol

Combining (2.21) and (2.19), we arrive at (2.8). )
If u; and uy are two solutions of (2.7), then ug = u1 —uz € Hyp(S1) is a
solution of (2.14); hence, ug = 0, and the theorem is proved. D

As was mentioned above, we cannot repeat this proof in the case of S~
because Rellich’s lemma is not valid for an unbounded domain. Consequently,
we need to modify our approach.
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2.2 Theorem. For any f € Hy/2,(0S) and ¢ € H_1,(S7), p € Cy, £ > 0,
problem (D) has a unique solution u € Hy ,(S™) and

[ullpis— < clpl(llall-1ps- + [ fll/2p08)-

Proof. Again, first we assume that f = 0. In this case we seck ug € Hy ,(S7)
such that

P2 (BY?ug, BY?v),5- + a_(ug,v) = (¢,v)0,5- Yo € Hy,(S7).  (2.22)

To prove the unique solvability of (2.22), we consider an auxiliary variational
problem that consists in finding ug € H1(S™) such that

%mz(Bl/zuo,Bl/Qv)o;sf +a_(ug,v) = (¢,v)p.5- Vv € Hi(S7), (2.23)

where ¢ € H_1(S7) is prescribed. Repeating the proof of Lemma 2.2 in [7],
we find that there is a constant ¢ > 0 such that

a_(wu) + Jullds- > clull,g- Vu € Hi(S7). (2.24)
From (2.24) it follows that the form

a— x(u,v) = %KQ(Bl/Qu,Bl/Qv)O;S— + a_(u,v),

which is continuous on [H 1S _)] 2, is coercive on this space. The Lax—Milgram

lemma then implies that (2.23) has a unique solution ug € Hy(S™) for any
q € H_1(S7). On the other hand, for any ug € H1(S™), the form a_ ,(ug,v)
generates a bounded antilinear (conjugate linear) functional on Hy (S~ ); there-
fore, it can be written in the form (2.23). This enables us to define an operator
A, through the equality

('Aﬁuovv)();s* = a—,m(“’Ovv) Vo € ﬁIl(S_)a

which is a homeomorphism from H;(S™) to H_1(S™). BEquation (2.23) can
be rewritten as A,up = ¢. In turn, (2.22) can be written in the form

Aguo + (p? — & k%) Bug = q. (2.25)
Applying A-! on both sides in (2.25), we arrive at the equivalent equation
uo + (p> — 3 %) A ' Bug = A 'q. (2.26)
Setting B'/?ug = uy, we again rewrite (2.26) in the equivalent form

up + (p° — %Hz)BlﬂA;lBlmub = BY2 A Y. (2.27)
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Equation (2.27) is solvable in H(S™). If u, € Hy(S™) is its solution, then
up is, at the same time, the solution of (2.27) in L?(S~). Conversely, let
up € L2(S7) be a solution of (2.27). Since

B2 A'BY?u, € Hi(S7), BY?AZ'qe Hy(57),

it follows that w, € Hy(S™). This means that problem (2.27) in Hy(S™) is
equivalent to itself in L2(S~). We now study the properties of the restriction
B, of BY2A-1BY2 from H;(S~) to L*(S™).

Let q, ¢ € L?>(S™) be arbitrary, and let

uy = A;lBl/2q, v = A;lBl/zi/J.
From the definition of A, it follows that

a*,/{(UOa U) = (Bl/QCL ’U)O;S* )
a—ﬁ(vv UO) = (B1/2¢a UO)O;S* 5
hence,
(Bl/z% U)O;S* = (Bl/2¢’ uO)O;S— = (Uo, Bl/Zw)O;S*- (228)

In turn, (2.28) can be rewritten as

(A;181/2Q7 Bl/2¢)0;57 = (Bl/Qqa A;181/2w)0‘5* )

s

or

(BHQ71/})O;S* = (anmw)O;S* VQa w € LQ(S_)' (2'29)

By (2.29), B, is a symmetric operator on L?(S™); therefore, it is self-adjoint
(as a symmetric operator defined on the whole of a Hilbert space [3]).
Once again, let ¢ € L?(S™) and ug = A ' B'/?¢; then

(Brq, @)o.s- = (A;'BY?q, B'/?q)g5-

= (uo, Axuo)o,s- = a— x(ug,up) > 0,

which means that B, is nonnegative. Since the spectrum of a self-adjoint
nonnegative operator lies on the half-line [0, 00) in the complex plane, every
point of C\ [0, 00) is a regular point for B, [3]. All that remains to do now is
to remark that for any p € C,,

(262 —p%) " ¢0,00).

This implies that (2.27) is uniquely solvable for any ¢ € H_;(S™). Con-
sequently, equation (2.22) has a unique solution wy € Hj ,(S™) for any
q € H_1,(57). To complete the proof, we repeat the last part of the proof
of Theorem 2.1, replacing the extension operator [T by [~. D
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2.3 Solvability of the Time-dependent Problems

We start with the variational version of problems (DD¥) for the nonhomo-
geneous equation of motion. The classical formulation of (DD¥) asks for a
function v € C?(G*) N C*(G™) such that

B(97u)(X) + (Au)(X) = ¢(X), X €GT,
u(z,04) = (Qyu)(z,04+) =0, z€ ST, (2.30)
ut(X) = f(X), Xel.
Multiplying the first equation (2.30) by v*, where v € C§°(G*) is such that
vt = 0, integrating the new equality over ST with respect to # and over

[0, 00) with respect to ¢, and taking into account the initial data for « and the
boundary value of v, we arrive at

/ ay (u,v) — (BY20,u, BY/?8,v) )oss+] / v)o,+ dt. (2.31)
0 0

Conversely, if u € C2(G+)NCH(G™) satisfies (2.31) for any v € C§°(G*) such
that v =0, u(z,0+) =0, z € ST, and u* = f, then, integrating by parts in
(2.31), we find that w is the solution of (2.30). Equation (2.31) suggests that
the variational problem (DD™) should consist in finding u € Hy o, (G™) that
satisfies

/ a4 (u,v) B1/28u Bl/28tv)0 s+] dt
0

/ v)o.5+ dt Vv € CPP(GT), vh =0, (2.32)
0

yru = f,

where ¢ and f are prescribed. Similarly, the variational problem (DD™) con-
sists in finding u € Hy o, (G ™) that satisfies

/ — (BY20u, B'?9,v).5- | dt
0

/ Vs dt, Yo e CE(GT), v =0,  (2.33)
0

Y u=f.
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2.3 Theorem. For anyqeH_11.(G") and f€Hy/s; ('), k>0, problems
(2.32) and (2.33) have unique solutions u € Hy o ,.(GF). If ¢ € H_1 1 .(GF)
and f € Hyjop(I), k € R, then u € Hyp—1..(GF) and

[ullk-1me < cllgll-1pmc+ + 1 Fll1/20mr0)- (2.34)

Proof. We prove the assertion for (DD™); the case of (DD™) is treated simi-
larly.
Let 4 € Hy ,(S™) be the (weak) solution of the problem
(Ai)(z,p) = q(z,p), we€ST,

2 15~
p Bu(mf) + > (2.35)
v u(z,p) = f(x,p), x €IS,

obtained by applying the Laplace transformation in (DD) with a nonhomo-
geneous equation of motion. The existence of 4 was proved in the previous
section. For simplicity, in what follows we write

a(-,p) =Ulp), 4(-,p)=Q), f(.,p)=F(p),

and regard U, @, and F as functions from C, to H1(ST), H_1(ST), and
Hy/5(0S), respectively.

We claim that the inverse Laplace transform u of @ belongs to the space
Hyp1x(GT) if ¢ € H_14x(GT) and f € Hyjop(I'). To show this, first
we verify that U is holomorphic from C, to Hi(S™). Let py € Cy, and let
Kr(po) be a circle with center at pg and radius R (to be specified later), and
such that Kg(pg) C C.. We recall that the solution U(pg) of the problem

PeBU (po) + (AU)(po) = Q(po),
YU (po) = F(po)
satisfies the estimates
HU(P0)||1;S+ < C|po|(||Q(po)H71,po;s+ + HF(pO)Hl/Q,pO;BS>
< c([QWo)ll-1;5+ + [[F(po)ll1/2;05)-

Rewriting (2.35) in the form

poBU(p) + (AU)(p) = Q(p) — (p* — p3) BU (p), (2.36)

we see that

1U(p)

s+ < QW) v+ +[[FD)ll1/205

+10? = PRI P)l|-1;5+)-
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Since ||U(p)[|—1,5+ < |U(P)]l1;5+, it follows that for p satisfying

cdp® =3l < 3 (2.37)
we have

U@ s+ < Q) -15+ + [1F(P)ll1/2:05)- (2.38)

We choose R > 0 so that Kr(py) C C, and (2.37) holds for p € Kg(po). Since
@ and F' are holomorphic from C,, to H_;(S*) and H;/5(0S), respectively,
they are bounded in these spaces for p € Kr(pg). Estimate (2.38) shows that
U is also bounded in Hy(S¥) for p € Kgr(po). By (2.36),

PaB[U(p) — U(po)] + A[U(p) — U(po)]
= Q(p) — Qpo) — (v* — 1) BU (p),
v U(p) =7 U(po) = F(p) — F(po);
hence, for p € Kgr(po),
1U(p) = U(po)|l1;s+
< c([1Q(p) — Qo) 1.5+ + 1 F(p) = F(po)ll1/2:05
+1p* = pRlIBU D) -1.5+)-

As U(p) is bounded in H;(S™)—hence, also in H_1(S*)—for p € Kr(po), it
follows that
lim [|U(p) — U(po)|

P—DPo

1;8t — 0,

which means that U is continuous from C, to H;(S™) at pp. Finally, let
V € H1(S™) be the solution of the problem

PEBV — AV = Q'(po) — 2poU (po),
7V = F'(po);
then the function
W(p) = (p—po) " [U(p) = Ulpo)] =V € Hi(ST)
satisfies
PaBW (p) + (AW)(p)
=(p—po) ' [Q(p) — Qpo)] — Q' (po)
— B(p+po)U(p) — 2poU (po)],

YW = (p—po) ' [F(p) = F(po)] — F'(po).
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Next,
W s <o L2200 _ )
P —DPo —1;S+t
P —DPo 1/2;08

+[[(p 4+ po)U (p) — 2p0U (po) || -1;5+ }

Since U is continuous at pg,

lim [|[W(p)1;s+ =0,

pP—po

which means that U’(pg) exists and U’(pg) = V. The arbitrariness of py in
C,. implies that the mapping U is holomorphic from C, to H{(ST).
Given that

1U(p)]

Lpsst < APl(IQP)-1.pis+ + IF ()1 /2.p:05);

we have
o0
k:7
lell? ooy e = sup /(1+ ) UM s dr
O>RKR
— 00

o0

< esup / U+ IR 1 st + IFDIE 5.p05) dr
— 00

<cllalZy ks + 113 20 m0)s (2.39)

where p = o +47. This confirms (2.34).

To complete the proof of the theorem, we need to check that u is the only
solution of (2.32). We recall [11] that any two functions fi(t) and fa(¢) such
that

oo

/e-%t\fy(t)ﬁdt oo, v=1,2,
0

satisfy Parseval’s equality

o

/e_(“1+“2)tf1(t)fT@dt = % / Fi(k1 +i7)Fo (ko + i7) dT, (2.40)
0 —00
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where F,(p) are the Laplace transforms of f,(¢). Let v € C§°(G™T) be such
that v = 0. We make the notation

v(@,0) = vo(a), vo € Hi(SY), v(-,p)=V(p), w()=",

*

p=o-+ir, p =—0+iT,

choose any o > « and fix it, then take k1 = o and k2 = —o in (2.40) and find
that the Laplace transform of d;v at the point p* is p*V(p*) — Vo, and that

/ a4 (u,v) Bl/28tu,B1/28tv)0;S+ — (g, v)o,5+] dt
0 o0

= (2m)~" / a4 (UW), V(")) = (B?pU(p), B> (p"V (p*) = V0)) g, 5+

— 00

— QM) V(P") g5+ ] dr. (2.41)
Since U(p) is a weak solution of (2.4), it follows that
ar(U(p), W) +p*(B2U(p), B'*W) | o,
= (QW), W)y YW eH(ST).  (242)
Taking W = V(p*) — (p*)~'Vj in (2.42), we obtain
ar (U(p),V(p*)) = (B?pU(p), BY*(0"V (") = V0)) g5+
—(Q®), V(")) g5+

=a+(U(p), (p")""Vo) — (Qp), (P") Vo) .5+

Therefore, (2.41) takes the form

oo
/ a4 (u,v) Bl/Qatu’Bl/Qatv)O;SJr - (‘L@O;S*] dt
0 (o)

= (2m)~! /19’1[(62(1>),Vo)0;5+ —ay (U(p),Vo)] dr. (2.43)

— 00

We claim that the right-hand side in (2.43) vanishes. First, we remark
that
19112 150 < L+ I al2 0 pse ¥a € Hoa(ST). (2.44)
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For if § € H_1(R?) and q is its Fourier transform, then

lali2, = / (1+ €2) 116 2 de

R2

< (1+pl*) /(1 + )T+ [E7) T a6 dg

R2

< (14 pP) / (L [pf? + Je2)Hae) 2 de

R2

= (1+ lpI*)ll4lI% -
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(2.45)

Inequality (2.44) follows from (2.45) and the definition of the norms on the

spaces H_1(S*) and H_1 ,(S). By (2.44),

/ Q). Vooss+ [P dr < Va2 / 1QW) 2 1.+ dr
2 2 2
< Vol / 1+ PPIQ®) 2 se dr

< HVOH% ||q||2_1 LGt < 0.

IR LAg]

Consequently, the function (%) = (q,v0)o,s+ satisfies

/6_20t|<p(t)|2 dt < oo,
0

so ¢ € Li (0,00), which implies that

(1) = / p(V) dA

is continuous for ¢ € [0, 00); in particular, (0) = 0. We have

(oo}

0=1(0) = (27T)71 / pil(Q(p)a V0)0;5+ dr.

— 00
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Next,
/m+ %Pw<¢Wh/Mmeym

< c|[Volf3]

and the above arguments yield

/ p_1a+(U(p), Vo)dr = 0.

Equality (2.43) now leads to

/ a4 (u,v) Bl/2atu,31/2atv)0;s+] dt = /(q7v)0;5+ dt,
0 0

which means that u is a weak solution of (2.32). To prove that this solution
is unique, suppose that u € Hy o,(G1), vTu = 0, satisfies

oo

lag (u,v) — (BY?d,u, Bl/Qatv)o;s+] dt=0

Vo e CP(GT), vto=0.  (2.46)
We fix an arbitrary 7" > 0. It is obvious that
u € Hy((0,7); L*(S%)) N L*((0,7): Hy (S7));

that is, U(t) = u(-,t), regarded as a vector-valued function from (0,7 to
L?(ST), belongs to Hy(0,T) and

T

/ﬂwmﬁﬁ+mww&Jﬁ<w. (2.47)
0

The same function, regarded as a mapping from (0,7") to H, (ST), belongs to
L?(0,T) and

/HU(t)H%dt < . (2.48)
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From (2.47) and (2.48) we see that Hy((0,T); L2(S*)) N L2((0,T); Hy(ST))
can be equipped with the norm

lul? oy = // (e, ) de dt,

0 g+ lal+a:<i

where G = S x (0,7).
We now construct the function Z(t) = z(-,t), where
T
— <
2(a,t) = tfu(:c, T)dr, t<T, (2.49)
0, t>T.

Clearly, the restriction of Z to (0, T') belongs to Hy((0,T); L*(S*))NL*((0,T);
H{(S%)) and that 2 can be approximated with any accuracy in the norm
Il - ”1?G¥ by means of elements v € C§°(G*) such that y"v = 0. Hence, we

may set v = z in (2.46) and obtain
T
/ ay (u, 2) Bl/28tu,Bl/28tz)0;g+] dt = 0.
0

We remark that

u(-,t), t<T
Z'(t) = (0,2)(-,t) = T ’ 2.50
0 =@ac0= {3 =0 (2.50
and rewrite (2.46) in the form
T
/ ay (02, 2) (Bl/zﬁtu,Bl/Zu)O;Sd dt =0,
0
or
r d
/% ay(z,2) ||Bl/2u||g;s+] dt = 0. (2.51)
0

Since U, regarded as a mapping from (0,7 to L?(S*), belongs to H1(0,T),
it is absolutely continuous on [0, T; hence,

T

d
[ G1B st = |BRUD s - 1B UOs
0
= |B2U(T) s (2.52)
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From (2.49) and (2.50), it follows that Z, as a mapping from (0, T') to H,(S™),
belongs to Hy(0,T); hence, Z is absolutely continuous on [0, 7] and

/

Formulas (2.51)—(2.53) now imply that

| =

at(2,2) dt = ay (Z(T), Z(T)) - as (2(0), Z(0))

IS

t
= —a,(2(0), Z(0)). (2.53)

a1 (2(0), Z(0)) + | BV2U(T) 350 = 0;

therefore, w(T) = u(-,T) = 0 for any T > 0, which completes the proof. DO
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