Preface

First, let us explain the precise meaning of the compressed title. The word
“eigenvalues” means the first nontrivial Neumann or Dirichlet eigenvalues,
or the principal eigenvalues. The word “inequalities” means the Poincaré
inequalities, the logarithmic Sobolev inequalities, the Nash inequalities, and so
on. Actually, the first eigenvalues can be described by some Poincaré inequali-
ties, and so the second topic has a wider range than the first one. Next, for
a Markov process, corresponding to its operator, each inequality describes a
type of ergodicity. Thus, study of the inequalities and their relations provides
a way to develop the ergodic theory for Markov processes. Due to these facts,
from a probabilistic point of view, the book can also be regarded as a study
of “ergodic convergence rates of Markov processes,” which could serve as an
alternative title of the book. However, this book is aimed at a larger class of
readers, not only probabilists.

The importance of these topics should be obvious. On the one hand, the
first eigenvalue is the leading term in the spectrum, which plays an important
role in almost every branch of mathematics. On the other hand, the ergodic
convergence rates constitute a recent research area in the theory of Markov
processes. This study has a very wide range of applications. In particular,
it provides a tool to describe the phase transitions and the effectiveness of
random algorithms, which are now a very fashionable research area.

This book surveys, in a popular way, the main progress made in the field
by our group. It consists of ten chapters plus two appendixes. The first chap-
ter is an overview of the second to the eighth ones. Mainly, we study several
different inequalities or different types of convergence by using three mathe-
matical tools: a probabilistic tool, the coupling methods (Chapters 2 and 3);
a generalized Cheeger’s method originating in Riemannian geometry (Chap-
ter 4); and an approach coming from potential theory and harmonic analysis
(Chapters 6 and 7). The explicit criteria for different types of convergence
and the explicit estimates of the convergence rates (or the optimal constants
in the inequalities) in dimension one are given in Chapters 5 and 6; some
generalizations are given in Chapter 7. The proofs of a diagram of nine types
of ergodicity (Theorem 1.9) are presented in Chapter 8. Very often, we deal
with one-dimensional elliptic operators or tridiagonal matrices (which can be
infinite) in detail, but we also handle general differential and integral oper-
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ators. To avoid heavy technical details, some proofs are split among several
locations in the text. This also provides different views of the same problem
at different levels. The topics of the last two chapters (9 and 10) are different
but closely related. Chapter 9 surveys the study of a class of interacting par-
ticle systems (from which a large part of the problems studied in this book
are motivated), and illustrates some applications. In the last chapter, one can
see an interesting application of the first eigenvalue, its eigenfunctions, and
an ergodic theorem to stochastic models of economics. Some related open
problems are included in each chapter. Moreover, an effort is made to make
each chapter, except the first one, more or less self-contained. Thus, once
one has read about the program in Chapter 1, one may freely go on to the
other chapters. The main exception is Chapter 3, which depends heavily on
Chapter 2. As usual, a quick way to get an impression about what is done in
the book is to look at the summaries given at the beginning of each chapter.

One should not be disappointed if one cannot find an answer in the book
for one’s own model. The complete solutions to our problems have only re-
cently been obtained in dimension one. Nevertheless, it is hoped that the
three methods studied in the book will be helpful. Each method has its own
advantages and disadvantages. In principle, the coupling method can produce
sharper estimates than the other two methods, but additional work is required
to figure out a suitable coupling and, more seriously, a good distance. The
Cheeger and capacitary methods work in a very general setup and are powerful
qualitatively, but they leave the estimation of isoperimetric constants to the
reader. The last task is usually quite hard in higher-dimensional situations.

This book serves as an introduction to a developing field. We emphasize
the ideas through simple examples rather than technical proofs, and most
of them are only sketched. It is hoped that the book will be readable by
nonspecialists. In the past ten years or more, the author has tried rather
hard to make acceptable lectures; the present book is based on these lecture
notes: Chen (1994b; 1997a; 1998a; 1999¢; 2001a; 2002b; 2002¢; 2003b; 2004a;
2004Db) [see Chen (2001c)]. Having presented eleven lectures in Japan in 2002,
the author understood that it would be worthwhile to publish a short book,
and then the job was started.

Since each topic discussed in the book has a long history and contains
a great number of publications, it is impossible to collect a complete list of
references. We emphasize the recent progress and related references. It is
hoped that the bibliography is still rich enough that the reader can discover
a large number of contributors in the field and more related references.

Beijing, The People’s Republic of China Mu-Fa Chen, October 2004
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