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Introduction

Robots occupy a privileged place in the modernization of numerous industrial
sectors.

e The word robot finds its origins in “robota” which means “work™ in
Slavic languages.

e Was introduced by the Czech science fiction writer Karel Capek.

e [he term “robot” is nowadays used to denote autonomous machines.
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Introduction

These machines may be roughly classified as follows:

e Robot manipulators
(

Ground robots { Wheeled robots

e Mobile robots { Legged robots
Submarine robots

\ Aerial robots.

This book is exclusively devoted to robot manipulators.
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Robotics

e Term coined by the science fiction writer Isaac Asimov
e Science devoted to the study of robots

e Incorporates a variety of fields:

— Electric engineering, mechanical engineering, industrial engineering,
computer science and applied mathematics

* Automatic control of robot manipulators (spine of robotics).
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The International Federation of Robotics (norm ISO/TR 8373) defines:

A manipulating industrial robot is an automatically controlled,
reprogrammable, multipurpose manipulator programmable in
three or more axes, which may be either fixed in place or mobile
for use in industrial automation applications.
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The number of joints of a manipulator determines as well, its number of
degrees of freedom (DOF ) —typically 6 DOF —.

e 3 determine the position of the end of the last link in the Cartesian space

e 3 more specify its orientation.

Figure 1: Robot manipulator.
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In the present textbook:

“A robot manipulator —or simply manipulator— is a mechanical
articulated arm that is constituted of links interconnected through
hinges or joints that allow a relative movement between two
consecutive links".
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e The joint positions of the robot are collected in the vector g, i.e.,

q1

: q2

q:=| .

| dn
e The joint velocities are: q := %q
o

: T
e The torques and forces are collected in the vector: 7 := _2
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Ch. 1. What does ‘control of robots’
consists in?

Robot control consists in studying how to make a robot manipulator perform
a task.

Control design may be divided roughly in the following steps:

e Familiarization with the physical system under consideration,
e Modeling.

e Control specifications.
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Familiarization with the physical system under
consideration

Figure 2: Freely moving robot.

e For this robot, the outputs y, are the positions g and joint velocities g

e or the position and orientation of the end effector.

R. Kelly, V. Santibanez and A. Loria 10



Control of Robot Manipulators in Joint Space Ch. 1. What does ‘control of robots’ consists in?

Figure 3: Robot interacting with its environment.

e |n this case, the output y may include the torques and forces f exerted
by the end tool over its environment.
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w

Figure 4: Robotic system: fixed camera.

e In this system, the output y may correspond to the coordinates associated
to each of the marks with reference to a screen on a monitor.
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Image

Figure b: Robotic system: camera in hand.

e Output y may correspond to the coordinates of the screen.
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ROBOT

q

Figure 6: Input-output representation of a robot.

e The input variables, are basically the torques and forces T,

e The outputs are the joint positions and velocities:

y=y(q,q,f) = [g]

R. Kelly, V. Santibanez and A. Loria
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Derivation of the dynamic model

The system’s mathematical model is obtained typically via one of the two
following techniques.

e Analytic. Physics laws of the system’s motion.

e Experimental. Experimental data collected from the system itself.
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Some interesting topics related with modelling are:

e Robustness. Faculty of a control system to cope with errors due to
neglected dynamics.

e Parametric identification. The objective is to obtain the numeric values
of different physical parameters.

The dynamic model of robot manipulators

e is derived in the analytic form using basically the laws of mechanics.

e an n DOF system (multivariable nonlinear system).
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Control specifications

Definition of control objectives:

e Stability

e Regulation

e Trajectory tracking (motion control)

e Optimization.
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e Stability. Consists in the property of a system by which it goes on
working at certain regime or ‘closely’ to it 'for ever'.

— Lyapunov stability theory.
— Iinput-output stability theory.

In the case when the output y corresponds to the joint position g and
velocity gq.

e Regulation "Position control in joint coordinates”

e Trajectory tracking “Tracking control in joint coordinates”
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Motion control of robot manipulators

e "Point-to-point”. Determines a series of points in the manipulator’s
workspace, by which the end effector is required to pass.

Figure 7: Point-to-point motion specification.
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e (Continuous) trajectory. The control problem consists in making the
end-effector follow a trajectory as closely as possible.

Figure 8: Trajectory motion specification.

e Set-point control problem. The specified trajectory is simply a point in
the workspace.
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Robot navigation problem consists in solving, in one single step, the following
subproblems.

e Path planning. Determines a curve in the state space of the desired
posture

e Trajectory generation. Parameterizes in time above curve

e Control design. Solves the control problem
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Ch. 2. Introduction to Lyapunov stability theory

Basic notation

Throughout the text we employ the following symbols.

\ “for all”
- “there exists”
€ “belong(s) to”
— “implies”
— “is equivalent to” or “if and only if"
— “tends to"
.= and =: "is defined as” and “equals by definition to" .
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Preliminaries: Linear algebra

Vectors

e IR" denotes the real Euclidean space of dimension n

e Vector x of dimension n

T = . :[xl ro -+ Ip

e Denoted by bold small letters, either Latin or Greek.
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Euclidean norm

The Euclidean norm ||x|| of a vector € IR™ is defined as

|l =

n
E xf —Vale
i=1

\

Matrices

IR™*™ denotes the set of real matrices A of dimension n X m

aixz Q2 - Q1im
az1 Q22 -+ A2m
A — {aw} — : : .. :
_anl an2 Anm _
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Eigenvalues

For each square matrix A € IR**"

complex numbers)

there exist n eigenvalues (in general,

e denoted by \{{A}, \o{A}, -, N\ {A}.

e satisfy: det [\, {A}] — A] =0, fori=1,2,---,n
For the case of a symmetric matrix A = A” € IR™*",

o \i{A}, N{A},---, N\ {A} € R

e theorem of Rayleigh—Ritz establishes that for all € IR"

Amax {A} 2] > 2TA2 > Anin{ A} [l
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Spectral norm

R’I’LXm

The spectral norm || A|| of a matrix A € | is defined as

|A] = \/ Mtax{ATA},
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Fixed points

Consider a continuous function f : IR" — IR"™. The vector * € IR" is a
fixed point of f(x) if
f(x®) =x™.

o If * is a fixed point of the function f(x), then x* is a solution of

f(x)—x =0.

e The Contraction Mapping Theorem provides a sufficient condition for
the existence and unicity of fixed points.
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Theorem 2.1 —Contraction Mapping. Consider 2 C IR™ and the
following continuous function

f:R"xQ — IR"
HIEELD

where 0 € () stands for a vector of parameters.

e Assume that there exists a non-negative constant k£ such that
| f(x,0) — f(y,0)]] < kl|lx—y| forall z,y €IR™ and all 8 € Q.

— If k < 1, then for each 8 € (), the function f(x,0) possesses a unique
fixed point * € IR".
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Lyapunov stability

Second method of Lyapunov or direct method of Lyapunov.

Dynamical systems described by

x = f(t,x), x €IR", telR,, (1)
where
e x corresponds to the state.

e We will use (t) to denote a solution to (1) in place of x(t,t., x(t,)).
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We assume that f : IR, x IR"™ — IR" is continuous in ¢t and « and is such
that

e it has a unique solution corresponding to each initial condition t,, x(to)
and

e the solution x(t,t,, x(t,)) depends continuously on the initial conditions
to, (to).

o If f(t,x) = f(x) then, is said to be autonomous.

— we can safely consider that ¢, = 0.

o f(t,x) = A(t)x + u(t) is linear differential equation

— In the opposite case it is nonlinear
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The concept of equilibrium

Definition 2.1 A constant vector . € IR" is an equilibrium or equilibrium
state of the system & = f(t,x), if

flt,z.) =0 Vt>0.

Typically € = 0 € IR" is an equilibrium of & = f(¢,x). If this is not the
case, this may be translated to the origin.
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A T2

z(0) = 2. ) §v2

~Y
&
—_

Figure 9: Equilibrium
If the initial state x(¢,) € IR" is an equilibrium (x(t,) = . € IR™) then,

e x(t)=x., Vt>t,>0

e £(t)=0 Vt>t,>0.
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Example 2.2

Consider a pendulum whose dynamic model is

Jq + mgl sin(q) = 7(t)

Figure 10: Pendulum.
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where

e m is the mass of the pendulum
e J is the total moment of inertia about the joint axis
e [ is the distance from its axis of rotation to the center of mass

e ¢ is the angular position.

In terms of the state [¢ ¢]!, the dynamic model is given by
i q B q
dat | .| | ;.1 .
q] S [7(t) —mgl sin(q)] |
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If 7(¢t) =0,
e the equilibrium states are given by

q q-]T:[nW O]T for n=---,-2,-1,0,1,2,---
since mgl sin(nw) = 0.
If 7(t) = 7* such that |7*| > mgl,

e there does not exist any equilibrium since there is no g* € IR such that
T = mgl sin(q*).
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Definitions of stability

NI 5
~+Y
\ \
\ \\
8Y
ik

Figure 11: Stability

Definition 2.2 —Stability.

The origin is a stable equilibrium (in the sense of Lyapunov) of Equation (1)
if, for each pair of numbers € > 0 and ¢, > 0, there exists § = d(e,t,) > 0
such that

|lx(t)|| <0 = |x(t)] <e Vi>t, >0. (2)
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Example 2.3

Figure 12: Harmonic oscillator: Phase plane

System described by the equations:

$.1:£E2

Zbg — —X1

The origin is the unique equilibrium point and is stable.

R. Kelly, V. Santibanez and A. Loria
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Definition 2.3 —Uniform stability.

The origin is a uniformly stable equilibrium (in the sense of Lyapunov) of
Equation (1) if for each number € > 0 there exists 6 = d(¢) > 0 such that
(2) holds.
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Figure 13: Asymptotic stability

Definition 2.4 —Asymptotic stability.
The origin is an asymptotically stable equilibrium of (1) if
1. the origin is stable and

2. the origin is attractive, i.e., for each t,, there exists §' = ¢'(t,) > 0 :

le(to)l| <6 = [le@)| -0 as t—oo, Vio=20. (3)
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L2

Figure 14: Attractive but unstable equilibrium (z; = rcos(f) and
xo = 1 sin(6))

Example 2.4

5
C o2
7 1007’( r)

0 = sin?(0/2) 0 e[0,2n).

Equilibria at the origin [r 6] = [0 0] and at [r 0]1 =[1 0]T.
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Definition 2.5 —Uniform asymptotic stability.
The origin is an uniformly asymptotically stable equilibrium of (1) if
1. the origin is uniformly stable and

2. the origin is uniformly attractive, that is, there exists a number 6’ > 0
such that (3) holds with a rate of convergence independent of ¢,.
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Definition 2.6 —Global asymptotic stability.

The origin is a globally asymptotically stable equilibrium

1. the origin is stable and

2. the origin is globally attractive, that is,

|x(t)]] = 0 as t—o00, Va(t,) €IR"t, > 0.
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Definition 2.7 —Global uniform asymptotic stability.
The origin is a globally uniformly asymptotically stable equilibrium of
Equation (1) if:

1. the origin is uniformly stable with §(g) in (2) which satisfies §(g) — oo
as € — oo (uniform boundedness) and

2. the origin is globally uniformly attractive, i.e., for all (t,) € IR™ and all

tozov
|lx(t)|| =0 as t— o0

with a convergence rate that is independent of ..
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Definition 2.8 —Global exponential stability.

The origin is a globally exponentially stable equilibrium of (1) if there exist
positive constants o and 3, independent of ¢,, such that

||| < o ||l&(to)]| e Pt Vi>t, >0, vV x(t,) € IR™.
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Figure 15: Van der Pol: Phase plane.

Definition 2.9 —Instability.

The origin of Equation (1) is unstable if it is not stable.

Example 2.6 Van der Pol system,

r1r = T2,

Ty = —x1+ (1 —2%)xs.

R. Kelly, V. Santibanez and A. Loria
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Lyapunov functions

Definition 2.10 —Locally and globally positive definite function.

A continuous function W : IR™ — IR is said to be locally positive definite
if

1. W(0) =0,

2. W(x) >0 for small |x| #0.

It is said to be globally positive definite (or simply positive definite) if
1. W(0) =0,

2. W(x)>0 Vax#0.
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e W(x) is said to be (locally) negative definite if —W (x) is (locally)
positive definite.

e A function V : IRy X IR" — IRy is (resp. locally) positive definite if
there exists a positive definite function W : IR" — IR, such that

1. V(,0)=0Y¢ >0
2. V(t,x) >W(x), Vt>0, VaxeclR™ (resp.for small ||x]).
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Definition 2.11 —Radially unbounded function and decrescent
function.

A continuous function W : IR" — IR is said to be radially unbounded if
W(x) — oo as || x||— .
e V(t,x) is radially unbounded if V(t,x) > W(x) for all t > 0.

A continuous function V : IRy x IR™ — IR is (resp. locally) decrescent if
there exists a (resp. locally) positive definite function W : IR"™ — IR such
that

Vit,e) <W(x) Vt>0 VaxeclR" (resp. for small ||z|).

o If V(t,2) =V (x) then V(x) is decrescent.
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Example 2.7

Consider the graphs of the functions V;(x) with i = 1,...,4 as depicted in
Figure 16.

e Vi(x) is locally positive definite but is not (globally) positive definite.

e V5(x) is locally positive definite and (globally) positive definite. Also it
is radially unbounded.

e V5(x) is locally positive definite and (globally) positive definite but it is
not radially unbounded.

e V,(x) is positive definite and radially unbounded.
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Figure 16: Examples
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Definition 2.12 —Lyapunov function candidate.

A function V : IR, X IR" — IR is said to be a Lyapunov function candidate
for the equilibrium = 0 € IR" of the equation & = f(t, x) if

1. V(t,x) is locally positive definite,

2 oV (t,X)

5 Is continuous with respect to ¢ and x,

3 oV (t,X)

R is continuous with respect to ¢ and x.
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Definition 2.13 —Time derivative of a Lyapunov function candidate.

Let V (¢, x) be a Lyapunov function candidate for the equation & = f(¢,x).
The total time derivative of V/(¢,x) along the trajectories of (1), denoted
by V(t,x), is given by

d ov(t,x) OV z)"

V(t, x) = E{V(t’ x)} = g I f(t, ).
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Definition 2.14 —Lyapunov function.

A Lyapunov function candidate V(t,x) for Equation (1) is a Lyapunov
function for (1) if its total time derivative along the trajectories of (1)
satisfies

Vit,z) <0 Vit>0

and for small ||z .

R. Kelly, V. Santibanez and A. Loria 53



Control of Robot Manipulators in Joint Space Ch. 2. Introduction to Lyapunov stability theory

Lyapunov’s direct method

Theorem 2.2 —Stability and uniform stability.

The origin is a stable equilibrium of Equation & = f(¢,«), if there exists
¢ V(t,0) =0V ¢ >0
o V(t,x) > Wi(x) >0, Vt>0 Ilocally

e V(t,x) <0, Vt>0 forsmall ||z].

e If moreover V(t,x) < Wy(x), V t >0 (decrescent) for small |x|,
then the origin is uniformly stable.

Wi(x) and Ws(x) are positive definite functions.
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Theorem 2.3 —(Uniform) boundedness of solutions plus uniform
stability.

The origin is a uniformly stable equilibrium of & = f(¢, ) and the solutions
x(t) are uniformly bounded for all initial conditions (¢,,x(t,)) € IRy x IR"
if there exists

e V(t,x) >Wi(x) >0, Vt>0 VxelR”

— and V(t,0) =0Vt >0 (positive definite condition)
— with Wi(x) — oo as || x ||— oo (radially unbounded)

o Vit,x) <Wy(x) Vt>0 VaxelR" (decrescent)

e V(t,z) <0 Vit>t,>0 VYaxeclR".

Wi(x) and Ws(x) are positive definite functions.
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Example 2.11

Consider the dynamic model of an ideal pendulum without friction
JGg+ mgl sin(q) =0 with ¢(0),¢(0) € IR
or, in the state-space form
T1 = X9
Ty = —m—glsin(:vl),

where 1 = q and x5 = g.

e Autonomous nonlinear equation
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e It has multiple equilibria,

—atlg ¢f =[nm 0f forn=---,-2,-1,0,1,2,---
— the origin is an equilibrium

_m2

AYAYA

0 g 2

\VYAVAV]

Y A T

1

Figure 17: Pendulum: Phase plane
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e Lyapunov function candidate

V(x1,22) = mgl [1 —cos(zy)]+J %%
which is locally positive definite
e Total time derivative of V(z1, x2)
V(:I:l,xg) = mgl sin(x1)21 + Jxods

= 0.

e According with Theorem 2.2 the origin is a stable equilibrium.
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Theorem 2.4 —Global (uniform) asymptotic stability

The origin of @ = f(t,x) is globally asymptotically stable if there exists

o V(t,x) >Wi(x) >0, Vt>0 VxelR"

—and V(¢t,0) =0Vt >0 (positive definite condition)
— with Wi(x) — o0 as || x ||— oo (radially unbounded)

o Vit,x) <Wi(x) <0 Vt>0 VaeclR".
—and V(t,0) =0V ¢t >0 (negative definite condition)

e If moreover V(t,z) < Wy(x) Vt>0 V x € IR" (decrescent), the
origin is globally uniformly asymptotically stable.

Wi(x), Wa(x) and W3(x) are positive definite functions.
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Theorem 2.5 —Global exponential stability.

The origin of & = f(t,x) is globally exponentially stable if there exists a
Lyapunov function candidate V (¢, ) and positive constants «, (3, v and
p > 1 such that:

o aflz|” < V(t, ) < B,

o V(t,x) < —4|z||? Vt>t.>0 VzeclR™.

If all the above conditions hold only for small ||x| then we say that the
origin is an exponentially stable equilibrium.
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Theorem 2.6

Consider the differential equation

r = f(t,x), xclR", t e IR,
r = f(x), x € IR".

The unicity of an existing equilibrium point is necessary for the following
properties (or, in other words, the following properties imply the unicity of
an equilibrium)

e Global asymptotic stability,

e Global exponential stability.
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Theorem 2.7 —La Salle

Consider the autonomous differential equation & = f(x), whose origin
x = 0 € IR" is an equilibrium. Assume that there exists

e a globally positive definite and radially unbounded Lyapunov function
candidate V (), such that

e V() <0 VaelR"™
Define the set = {a: cIR": V(z) = o} If

e x(0) = 0 is the only initial state in €2, such that x(¢) € ) for all t > 0,

e then the origin = 0 € IR" is globally asymptotically stable.
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Corollary 2.1 —Simplified La Salle.
Consider the set of autonomous differential equations

Ch. 2. Introduction to Lyapunov stability theory

z = f.(x z), x € IR"
z = f.(x,2), z € IR™.
where f.(0,0) = f.(0,0) = 0. That is, the origin is an equilibrium

point. Let V : IR" x IR™ — IR, be globally positive definite and radially

unbounded in both arguments. Assume that there exists a globally positive
definite function W : IR™ — IR such that

V(e,z)=-W(z).

If £ = 0 is the only solution of f_(x,0) = 0 then the origin [x! 21| =
0 is globally asymptotically stable.
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Lemma 2.2 Consider the continuously differentiable functions x : IRy —
IR", z : IRx — IR™, h: IRy — IR and P : IRy — [R(PF™)X(nHm) - Agqme
P(t) = P(t)I' > 0 foreach t € IR,

x x
e Define: V(t,x,z,h) = P(t) + h(t) > 0.
_Z_ _z_
_w_ T _w_
- Q) 0]
o If V(t,x,z,h) = — [ <0
_z_ O O _z_

forallt € IRy, € IR", z € IR™ and h € IR,, where Q(t) = Q(¢)! > 0
for all ¢t > 0, then,
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1. x(t), z(t) and h(t) are bounded for all ¢ > 0 and
2. x(t) is square-integrable, i.e.,

O
/ lz()||*dt < oo.
0
If moreover x is also bounded then we have that

lim x(t) = 0.

t— o0
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Ch. 3. Robot dynamics

We consider robot manipulators formed by an open kinematic chain.

20 /

<1

joint 1 -

Yo

Zo

Figure 18: Abstract diagram of an n-DOF robot manipulator.
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The generalized joint coordinate ¢g; is the angular displacement around z;
(revolute) or linear displacement along z; (prismatic).

Figure 19: Example of a 3-DOF robot.
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The vector of joint positions g has n elements

q1
g=|"| eRrR™

dn

The position and orientation of the robot's end-effector, are collected in the
vector x of operational positions .

where m < n.
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The direct kinematic model describes the relation betwwen g and x. It is a
function ¢ : IR" — IR™ such that

* x=(q).

The inverse kinematic model consists on the inverse relation of the direct
kinematic model

¢ g = '(x)

e The computation may be highly complex.
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Ch. 3. Robot dynamics

The dynamic model of a robot consists of an ordinary differential equation.

e In general, these are second order nonlinear models

fEL(q7Q7 Q7T) — Oa
0.

fC(Xa).(viaT) —

e T stands for the forces and torques applied.
e The dynamic model (4) is called joint dynamic model,
e while (5) corresponds to the operational dynamic model.

e We focus on the joint dynamic model.
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Lagrange’s equations of motion

Now we describe how to derive the dynamic model of a robot.

Consider the robot manipulator with n links depicted in Figure 20.

43 « 7
Z0 ’ Zn
.. \

link 2
Z\2 o /6 @ joint n
/
\
\

joint 2 3 .
. link n
\\ Q2 qn \\
Zl\ \
o~ link 1

joint 1 G\CQ {i;]
X = .

Yo

Zo

Figure 20: Abstract diagram of an n-DOF robot manipulator.
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The Lagrangian L(q, q) is defined as

L(q,q) =K(q,q) —U(q). (6)
where
e K (q,q) is the kinetic energy function

e UU(q) is the potential energy function (we assume only conservative
forces)

The total energy £ of a robot manipulator of n DOF is

£(q,q9) =K (q,q) +U(q)

where ¢ = [q1,- -+, qn]"
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The equations of motion of Lagrange for a manipulator of n DOF, are given

by
d 10L(q.q)| 0L(g,q) _ _
dt oq oq ’
or in the equivalent form by
d 10L(q,q)| 0L(q.q) _ .
| O R AN

where

e 7, correspond to the external as well as to other non conservative forces
and torques at each joint.
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The use of Lagrange’s equations in the derivation of the robot dynamics
can be reduced to four main stages:

1. Computation of the kinetic energy function K(q, q) .
2. Computation of the potential energy function U(q) .
3. Computation of the Lagrangian (6) £(q,q) .

4. Development of Lagrange's equations (7).
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Example 3.3

Consider the robot manipulator with 2 DOF shown in Figure 21.

Figure 21: 2-DOF robot.
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where,

e [ is the length the first link
e my and mso are the masses of the links

e [.1 and [.o are the distances of the rotating axes to the centers of their
respective mass

e /1 and I denote the moments of inertia of the links

e q=[q1 ¢2]' defines the vector of joint positions

Notice that the center of mass of link 2 may be physically placed “out” of
the link itself! This is determined by the value of the constant angle o
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The kinetic energy function X(q, q) may be decomposed by

e K(q,q) =Ki(q,q)+ K2(q,q),
where

— Ki(q, q) is the kinetic energy associated to the mass m;
— Ka(q, ) is the kinetic energy associated to the mass ms
with
« K1(q,q) = 5mil2163 + 51147

+ Ka(q,q) = %lﬁéﬁ."‘ T212545 + malilea cos(qr — g2 + 0)d1do
+ §IQQ§ .
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The Lagrangian L(q,q) = K(q,q) —U(q) , takes the form

1 . 1 :
— §(m1531 +mol?) g7 + §m2l§2q§
+ malileo cos(qr — g2 + 6)G1go
| 1.
+ Qllcﬁ + 5 293
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Ch. 3. Robot dynamics

By using Lagrange’s equations % [%g_’q)] — —8%‘57‘1) = T,
we have
o= [mald +moli + N G
+ malilea cos(q1 — q2 + )Gz
+ malyleo sin(q1 — Q2 + 5)q§
and,

T2 = malilea cos(q1 — g2 + 9)G1
+ [mal?, + I2) o
— malyles sin(qr — g2 + 0)di -

i=1,--.n

R. Kelly, V. Santibanez and A. Loria
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Denoting C1 = cos(g2 — q1), S21 = sin(gs — ¢1), one obtains

T = [mllgl -+ mgl% -+ Il] dl

+ [mglllcg COS(5)021 + malil.o Sin(5)521]g2

+ [—malileo cos(0)Sa1 + maliles Sin((S)Cgl]qg

and

To = [mglllcg COS(5)021 + mglllcg Sin(5)321]d1
+ [m2lgg + 12](12
-+ [m2l1l02 COS(5)521 — mglllcg sin(é)Cgl]cﬁ
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which are of the form (4) with

.. [ m —RHS(8)
fri(a,4:4,7) = [ 75 — RHS(9) ]

where RHS(8) and RHS(9) denote the terms on the right hand side of (8)
and (9) respectively.
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Example 3.4

Consider the 3-DOF Cartesian robot manipulator shown in Figure 22.

Figure 22: 3-DOF robot.

o K(q,q) = 3 [mid3 + [m1 + ma]d3 + [m1 + ma + ms)gi| .

o U(q) = [m1+ma+mslgq: .
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We obtain the Lagrangian as:

1 , : :
= 3 [mlq?% + [mq + malds + [my + mo + m3]€1ﬂ

— [m1 + mo + ms)gq1,

hence, the dynamic equations result

my 4+ mo +mslGi + [m1 +ma+mslg = 7
m1 + malGe = T
migs = T3
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In terms of the state vector [(1 ¢2 q3 ¢1 G2 ¢3] , above equations
may be expressed as

_Q1_ _ a _
i q2
d q3 43
N — 1
at | . T — M1+ My +m
q1 m1+m2+m3[1 [ 2 3l9]
. 1
-
02 mi + Mo 2
: 1
| 43 | — T3
L ml -
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The necessary and sufficient condition for the existence of equilibria is

o 7, = [my + mo+ mslg,

e 7 =0 and

e 3=20

Actually we have an infinite number of them:

. . VA * * * T
[611 q2 43 q1 Q2 C]3] :[Ch 9 q3 0 0 O]

with q7, ¢35, g3 € IR.
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Dynamic model in compact form

Consider a robot manipulator of n DOF composed of rigid links
interconnected by frictionless joints.

e K(q,q) = %qTM(q)q expresses the kinetic energy

where

x M(q) = M(q)! > 0 for all ¢ € IR is the n x n inertia matrix.
e UU(q) denotes the potential energy

e The Lagrangian results

L(q,q) ==q" M(q)g—U(q).
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The Lagrange’s equations of motion

jt lﬁﬁgg Q)] _0L(q,q) _

may be written as

% [8% BqTM (‘I)"I” - FflTM (q)EJ] JHMe_

which takes the compact form,

M(q)g+C(q,q)qg+g(q) =T
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where
N 19 g
Clg,q)g = M(q) T 4" M(q)q|
g(q) = ab(;;q)

e C(q,q)q is a vector of dimension n called vector of centrifugal and
Coriolis forces,

e g(q) is a vector of dimension n of gravitational forces or torques and

e T is a vector of dimension n called the vector of external forces
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C(q,q) € IR™™"™ may be not unique, but C(q, q)q is indeed unique.

e One way to obtain C(q, q) is through the Christoffel symbols

1 [0Mis(q) | 0Myi(q)  OMis(a)
2 8q7; an 8Qk

cijk(q) =

— The kjth element of the matrix C(q, ¢), Ck;(q, @), is given by

- 4T
c1jk(q)

Cri(q,q) = C2j]f(q)

 osi(q)
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Ch. 3. Robot dynamics

The model M(q)q + C(q,q)q + g(q) = T may be viewed as

ROBOT

q

q

Figure 23: Input-output representation of a robot.
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Example 3.6

Figure 24: 2-DOF robot.
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The dynamic model, for this robot, in compact form is

Mii1(q) Mia(q) | .. Cii(q,q) Cia(q,q)] .
A M21(CI)VM22(C]) lq +\[ Co1(q, Q)ch(q’ g) Jq = T7(1)
M(q) Clq,q)

where

M;ii(q) [malZ, + moli + 1]

Mis(q) = [malileo cos(§)Car 4+ malyles sin(d)Sa1]
Ms1(q) = [malileo cos(§)Caor 4+ malyles sin(9)Saq]
Mao(q) = [malZ + I
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Cii(g:q) = 0

Ci2(q,q) = [—malilea cos(9)Sa1 + maliles sin(d)Ca1)¢o
Co1(q,q) = |malilea cos(0)S21 — malilee sin(6)Ca1)d
C22(g,q) = 0

That is, the gravitational forces vector is zero.
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Ch. 3. Robot dynamics

The dynamic model M(q)q + C(q,q)q + g(q) = 7T in terms of the state

vector [q7 ¢*

d

dt

can be expressed as

q

M(q)~"[v(t) — C(q,9)q — g(q)]

(10)

e The necessary and sufficient condition for the existence of equilibria is

* T(t) be constant (say, 7)
* and there exist a solution ¢* € IR" to g(q*) = 7.

e The equilibria are given by [¢7 ¢']T = [¢*T 07" € IR*".
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— . - . . T - TT
e When 7 = 0, the possible equilibria of (10) are given by [q* ¢ ]
[q*T OT]T

where

* g* is a solution of g(g*) =0
* As g(q) = az/at_ilq)’ we have that g* corresponds to the vectors where
the potential energy possesses extrema.
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Dynamic model of robots with actuators

Figure 25: 2-DOF robot.

On a real robot manipulator the torques vector 7, is delivered by actuators
e eclectromechanical,

e pneumatic or

e hydraulic.
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They have their own dynamics,

Figure 26: 2-DOF robot.
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Ch. 3. Robot dynamics

Actuators with linear dynamics

Figure 27: Diagram of a DC motor.

Simplified linear dynamic model of a DC motor

KKy, 1 K,

= v
R, q+ 2 rR,

Im + fmd +

where:
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e J,, : rotor’s inertia [kg m?],

e K, : motor-torque constant [N m/A],

e R, : armature resistance [{2],

e K : back emf [Vs/rad],

e f,, : rotor's friction coefficient with respect to its hinges [N m],

e T : net torque applied after the set of gears at the load's axis [N m],
e ¢ : angular position of the load’s axis [rad],

e 1 : gear reduction ratio (in general r > 1),

e v : armature voltage [V].
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We can obtain
Jq+ Bq+ Rt = Kv

with
J = diag{Jp, }

B diag{fmi N (KaKb> }
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The complete dynamic model of a manipulator (considering friction in the
joints) including its actuators is

(RM(q)+J)g+RC(q,q9)g+Rglq)+R f(qg)+B qg=Kv. (11)

—_—_—— = = = = = = = = = = = = = = = = = = = = = =

L]

|
|

\
Q:
|

Figure 28: Block-diagram of a robot with its actuators.
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Example 3.8

Consider the pendulum depicted in Figure 29.

Figure 29: Pendular device with a DC motor.

The equation of motion for this device including its load is given by

JG+ frg+ [mply +ml] g sin(q) =7
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where

e J : arm’s inertia without load (i.e., with m=0),
e my : arm's mass (without load),

e [, : distance from the rotating axis to the arm’s center of mass (without
load),
e m : load’s mass (assumed to be punctual),

e [ : distance from the rotating axis to the load m,
e ¢ : gravity acceleration,

e 7 : applied torque at the rotating axis,

e fr : friction coefficient of the arm and its load.

R. Kelly, V. Santibanez and A. Loria 103



Control of Robot Manipulators in Joint Space Ch. 3. Robot dynamics

The equation above may also be written in the compact form

Jrq + qu + kr, Sin(q) =T

where

o J; = J+ ml?

o kL = [mblb —I—ml]g
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The complete dynamic model of the pendular device may be obtained as:

JL . fL KaKb . kL . . Ka
[Jm+ﬁ]q+[fm+ﬁ+ R q—l—ﬁsm(q)—r}zav,
where, we identify
1

_ K,

R = 2 K =
K, K, | rlig
B = fm R f(Q) — qu

C(g,4) = 0 g(q) = kg sin(q).
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When the gear ratios r; are sufficiently large, the robot-with-actuators
equation (11) may be approximated by

Jg+ Bg~ Kv.

In the opposite case, the equation (11) may be rewritten as

M'(q)g+ C(q,q)q+g(q) + f(¢) + R~'Bg= R 'Kv

where M'(q) = M(q) + R~1J.
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In terms of the state vector [q ¢g| we have

d q q

dt q M'(q)™' |[R"' Kv— R Bqg—C(q.4)g —9(q) — f(q)]

dt

e The problem of motion control is:

— given g4, qq and g,
— determine v, to be applied to the motors,
— in such a manner that g follow precisely q, .
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Ch. 4. Properties of the dynamic model

Dynamic model for n-DOF robots

M(q)g+C(q,q)qg+g(q) = T.

These properties, may be classified as follows.

e Properties of the inertia matrix M (q),

e Properties of the centrifugal and Coriolis forces matrix C'(q, q),
e Properties of the gravitational forces and torques vector g(q),

e Residual dynamics.
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Properties of the inertia matrix

Property 4.1 —Inertia matrix M(q)

The inertia matrix M(q) = M(q)" > 0 € IR" ", satisfies the following
properties:

There exists a real positive number a such that

1 M(q) > al VqelR”

where I denotes the identity matrix of dimension n x n. The
matrix M (q)~! exists and is positive definite.
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For robots having only revolute joints there exists a constant 3 > 0
such that
M M(q)} <8 VqelR™.

One way of computing 3 is

52 n (x|t (a)])

v,7,9

where M;;(q) stands for the ijth element of the matrix M(q).
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For robots having only revolute joints there exists a constant
kas > 0 such that

|M(z)z — M(y)z| < kn 1z —yll =]

3.
for all vectors x, vy, z € IR". One simple way to determine k), is
as follows. -y
ky > n? (max (9) |)
ig.k,a | Oqy
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For robots having only revolute joints there exists a number
k% > 0 such that

IM (z)yll < Ky llyll

for all x,y € IR".
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The centrifugal and Coriolis forces matrix

Property 4.2 —Coriolis matrix C(q, q)

Ran

The centrifugal and Coriolis forces matrix C(q,q) € | satisfies the

following.

1 || For a given manipulator, the matrix C'(q,q) may be not unique
but the vector C'(q, g)q is unique.

2.l C(q,0) = 0 for all vectors g € IR".
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For all vectors q, x,y, z € IR" and scalars o we have that

Clq,z)y = C(q,y)z
C(q,z)y +aC(q,x)y.

C(g,z+ ax)y
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Ch. 4. Properties of the dynamic model

The vector C'(q, )y may be written in the form

z'C1(q)y
C(q,x)y = x'Cs(q)y

a:TCn(q)y

where Cy(q) are symmetric matrices of dimension n X n
for all k = 1,2,---,n. The ij-th element Cy, (q) of the
matrix Cy(q) corresponds to the so-called Christoffel symbol

of the first kind c¢;;x(q) and which is defined as c¢;k(q) =
1 {ij(q) 4 OMii(q) _ 9Miy(Q)
2 9q; aq] 8qk
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For robots having exclusively revolute joints, there exists a number
kc, > 0 such that

IC(g; )yl < ko, llz| [y

for all g, x,y € IR"™.
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For robots having exclusively revolute joints, there exist numbers
kc, > 0 and k¢, > 0 such that

6. |C(=, z)w — Cy,v)w|| < ke llz —v] [Jw]
+ke, [l =yl [lw] [|z]

for all vector v, x,y, z, w € IR".
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The matrix C(q, q), defined using the Christoffel symbol is related to
the inertia matrix M (q) by the expression

1 .
z' |SM(q) - Clq,q)| =0 Vg gzclR"

and as a matter of fact, %M(q)—C(q, q) is skewsymmetric. Equivalently,
the matrix M (q) — 2C(q, q) is antisymmetric, and it is also true that

M(q) = C(q,dq) + C(q,q)" .
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Independently of the way in which C(q, q) is derived, it always
satisfies

g |=M(q) - C(q,q)|g=0 VY q,gcR",
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The vector of gravitational torques

Property 4.3 —Gravity vector g(q)

The gravitational torques vector g(q) € IR" is continuous and therefore
bounded for each bounded g and also satisfies the following.

The vector g(q) and the velocity vector ¢ are correlated as

forall T e IRy .
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For robots having only revolute joints there exists a number ki,
such that

/0 g(q()Tq(t) dt + U(q(0)) > ky

for all T € IRy and where k;y = min {U(q)}.
q
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For robots having only revolute joints, the vector g(q) is Lipschitz, that
is, there exists a constant £; > 0 such that

lg(x) — g(y)ll < kg llz -yl

for all ,y € IR". A simple way to compute k, is by evaluating its partial

derivative
agi(CI) |)
ﬁqj

kg > n | max
6,J,q
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Furthermore, k, satisfies
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For robots having only revolute joints there exists a constant £’
such that

lg(q)|l < ¥
for all g € IR".
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Residual dynamics

The residual dynamics h(g, @) is defined as follows.

h(q,q) = [M(ay)—M(qy—q))d,
+ {C(Qda qq) —Clq,—q,q9, — 51)] 4,4

~

+9(aq) —9(qs — q),

and with an abuse of notation it may be written as

h(q.q) = [M(qy) — M(@)] a4+ [C(aq,dq) — Cla. @) ay + 9(as) — 9(q).
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Ch. 4. Properties of the dynamic model

Definition 4.1 —Vectorial tangent hyperbolic function

tanh(x;)
tanh(x) := : (12)
 tanh(zy,) |
—
—4-3-2-10 1 2 34
Figure 30: Tangent hyperbolic tanh(z).
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The first partial derivative of tanh(x) is given by

Otanh

o (x) =: Sech®(x) = diag{sech?(z;)}

where
1

eri — e~ Ti

sech(x;) :=
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The vectorial tangent hyperbolic function satisfies the following properties.
For any «,x € IR"”

e [tanh(z)| < a1 |||
e |[tanh(x)|| < as

e |[tanh(z)||” < a3 tanh(z) Tz

o |Sech V|| < o ||z

where aq,---,a4 > 0. With tanh(x) defined as in (12), the constants
a1 =1, a =/n,a3=1,a4 = 1.
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Property 4.4 —\Vector residual dynamics h(q, E])

The vector of residual dynamics h(q, q) of n x 1 depends on

® g, 4, and G, (supposed to be bounded)

— We denote by ||g4]/y; and ||@,||y; the supreme values over the norms
of the desired velocity and acceleration.

In addition, h(q, q) has the following property:
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There exist constants kp1, kp2 > 0 such that the norm of the
residual dynamics satisfies

L |n(@ @)

< k|l + kns [tanh(g)|

for all §,q € IR™, where tanh(q) is the vectorial tangent
hyperbolic function introduced in the latter Definition.
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where <
kh2 > : s .
tanh (—2>
S1
kCl quHM < kn1,
with
. C2
S1 = |:kg + k|l gllyg + ke HCIdHM} :
and

. . 2
5= 2 [+ Ky ldall + ko 1l -
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Ch. 5. Case study: The Pelican prototype robot

Figure 31: Pelican: experimental prototype from CICESE, Robotics lab.

The prototype is a

e vertical planar manipulator

e two links connected to revolute joints.
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The links are direct driven by two brushless DC motors.

Figure 32: Diagram of the Pelican prototype robot with 2 degrees of
freedom.
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Table 1: Physical parameters of Pelican prototype manipulator.

Description Notation Value Units
Length of Link 1 I 0.26 m
Length of Link 2 lo 0.26 m
Distance to the center of mass (Link 1) le1 0.0983 m
Distance to the center of mass (Link 2) leo 0.0229 m
Mass of Link 1 mi 6.5225 kg
Mass of Link 2 mo 2.0458 kg
Inertia rel. to center of mass (Link 1) I 0.1213 kg m?
Inertia rel. to center of mass (Link 2) Iy 0.0116 kg m?
Gravity acceleration g 9.81 m /sec?

R. Kelly, V. Santibanez and A. Loria

134



Control of Robot Manipulators in Joint Space Ch. 5. Case study: The Pelican prototype robot

The chapter is organized as follows:

e Direct kinematics.

e Inverse kinematics.

e Dynamic model.

e Model properties of the dynamic model.

e Reference trajectories.
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Direct kinematics

For this case, the problem consists on expressing

Y

[x] = (91, G2) ;

where ¢ : IR? — IR®.

The direct kinematic model is given by

r = [1sin(qr) + lesin(q1 + g2)

Y

—l1cos(q1) — lacos(q1 + q2) .
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It may also be obtained the relation between the velocities,

[ZC] _ [llcos(ql) -+ lQCOS(ql + QQ) lQCOS(ql -+ q2)] [q1]
Y l1sin(q1) + lasin(q1 + q2)  losin(qi + q2) | | ¢2
1
= J :
@ ||
where
e J(q) = 892((1) € IR**? is called 'Jacobian matrix’ or, ‘Jacobian’ of the
q
robot,
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and the Relation of accelerations
)= @) (3] @ |3
Y dt q2 q2
where we have defined

d N Oe(q) .
DD
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Inverse kinematics

It has the form [31] = ¢~ !(z,y), where =1 : ©® — IR? and © C IR*.
2

Figure 33: Two solutions to the inverse kinematics problem.

e |t may have multiple solutions or no solution at all!
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Figure 34: No solution to the inverse kinematics problem.

- -
-
~

y b 92 Y

Figure 35: No solution to the inverse kinematics problem.
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e A practical interest relies on its utility to

— define q; = |qq, qu]T from specified desired positions x4 and v .

qc“] = o Hx,y).
qd,
l .
=t () s (Lt
—Yd l1 + l2cos(qay,)
9 9 12 19
_ 1 (xgty;— 15
qa, = COS ( L )

— The desired joint velocities may be obtained as

] =0 5]
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— and the desired joint accelerations as

Gds,

~~

1T (@)

h
where _ P  Cyy
1S [15
» B 1S5 192
« J7(qq) = —1151 — 12512 11C1 + 15Cq9
LS, [11252
and

i —llslqdl — l2sl2(q.d1 + q.d2)

| 11C1qa, + 12C12(4a; + Ga,)

Yd

[%] Z:J_l(qd) [%J(Qd)] J_l(qdz Fd] +J N (qq) [?d]

—19S12(Ga; + Gd,)

12C12(4a, + qa,) |
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where for simplicity
S1 = sin(qq, ), S2 = sin(qq,), C1 = cos(qq, ),
) Sl2 — Sin(le + ng)v C12 — COS(le + ng) -

e Typically, singular configurations are those in which the end-effector of
the robot is located at the physical boundary of the workspace

Figure 36: “"Bent—over” singular configuration.
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Dynamic model

Lagrangian equations

We start by writing the kinetic energy:

where

e K1(q,q) is the kinetic energy associated to the mass m;

e K2(q,q) is associated to the mass my
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with

1 1

Ki(g,q) = 5777/1?){”1 + 5116]%
1 , |
= §m1l§1q% + 5116]% :
and
: 1 e | .\
Ka(g,q) = 5M2¥av2 + 512(611 + g2)
ma o . mo . .o .
= TZ%Q% + 75(2;2 (7 + 24142 + 43)

+ malilea (47 + G1G2) cos(gz)

| .
+ 512(% + o).
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Similarly the potential energy is given by

U(q) = Ui(q) + Ua(q)

where, assuming that the potential energy is zero at y = 0, we obtain that

o Ui(q) = —mileg cos(qr)

® UQ(Q) = —mal1g COS(Ql) — malcag COS(Q1 + QQ) -
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The Lagrangian is

L(g,q) = K(q,q)—U(q)
1

, 1 : .o :
= —[mllgl + mgl%]q% + imgl?ﬁ [q% + 2q192 + Qg]

2

+ maliles cos(qz) [¢7 + d1da]
+ |mylea + mali]g cos(qr)

+ maglea cos(q1 + q2)

| 1 . X
+ 51161% + 5hld + G2]?.

Applying the Lagrange's equations % [gé] — g—é =T

dt
that

1= 1,2 we get
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o= [mall 4+ malf + mally + 2maliles cos(qz) + I + I2] G
+ [mgl?ﬁ + moaliles cos(qz) + Ig] {2

— 277?,211162 Sin(Q2)le(j2 — m2lllc2 Sin(Q2)qg
+ [miler + moli]g sin(qq)
+ magleo sin(q1 + ¢2)

and

Ty = [mally + maliles cos(qe) + Lo g1 + [malZ, + I2)do
+ maliles sin(ge)di + magles sin(qr + go)
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Model in compact form
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where
Mii(q) = myl? +mo [l% 4+ 12, + 21110 COS(QQ)} + 1+ 1
Mis(q) = ms [132 + 11109 COS(QQ)} + I
Mai(q) = ma[lZ+ lile cos(qe)] + I
Maa(q) = molly+ I
Ci1(q,q) = —malileo sin(q2)qo
Ci2(q,q) = —malileo sin(qz2) [g1 + ¢2]
Co1(q,q) = malile sin(g2)g1
C22(q,q) = 0
91(q) = [maler +mali] g sin(q1) + maleag sin(q1 + ¢2)
92(q) = maleag sin(q1 + q2) -
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In terms of these state variables, the dynamic model of the robot may be
written as

q1 11 _
i 6?2 _ 22
dt _g;_  M(q)"'[r(t) - C(q,4)q — g9(q)] |

The formulas and numeric values of the constants Ayviax{M }, ks, kcy, ke,
and k, are summarized in Tables below
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Table 2: Parameters for the Pelican prototype.

AMax{M } n (EnjafﬂMij(qn)
kg n? ( max M )
i.g.ka| Oqy
o | (elen @)
. 5 9C%,;(a)
C n max |———
2 igklaq| Og
" d9i(q)
g n | max
i,3,4

aq]'
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Table 3: Numeric values of the parameters for the CICESE prototype.

Parameter Value Units

Miax{M} | 0.7193 kg m?
ks 0.0974 kg m?
ko, 0.0487 kg m?
ke 0.0974 kg m?
kg 23.94 | kg m2/sec2
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Desired reference trajectories

We have selected the following reference trajectories in joint space:

bi[l — e 20t 4 ¢[1 — =29 '] sin(wit)

dd1
— ; ; rad] (13)
| Qa2 | Do[1 — e 20 T + o[l — ™29 ] sin(wat) |
where
e by =7/4 [rad], c; = w/9 [rad] and w1 =4 [rad/sec|, and
e by = 7/3 [rad], co = 7/6 [rad] and ws = 3 [rad/sec].
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The figure depicts the graphs of above reference trajectories against time.

rad
20 2]
7 442
15 —
1 qq
1.0 —
0.5 —
0.0 R B R B A B 1
0 2 4 6 8 10
t [sec]

Figure 37: Desired reference trajectories.
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lga(®)]| [rad]
2.0

1.5 —
1.0 —
0.5 —

0.0 | | | | |

0 2 4 6 8 10
t [sec]

Figure 38: Norm of the desired reference positions.
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laq(t)]| [224]
2.4 —

1.8 —
1.2 —
0.6 —

0.0 | | | | |
0 y 4 6 8 10
t [sec]

Figure 39: Norm of the desired reference velocities vector.
3 3 3
Ga1 = 6b1t%e 20T 4 6c1t?e 20 Usin(wit) + [e1 — cre” 20 T cos (wit)wr,

Gao = 6byt?e™ 0 4 GegtZe 20 tBSiIl(CUQt) + [eg — coe™ 0 tg] cos (wat)ws .

in [rad/sec]. (14)
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. 2
LHOlNE

Figure 40: Norm of the desired reference accelerations vector.

ot
2 4 6 8 10
t [sec]
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Reference accelerations:

G = 12[)1t6_2‘0 t_ 36[)1t46_2'0 t* + 12c1te_2'0 753sen(cult)
— 36¢;tte” sen(wlt) + 12¢1t%e” 0 cos (wit)wr
—[e1 — cre Y tg]sen(wlt)w% rad / sec?],

Juo = 12bgte™ 20 t_ 36bytte 20 t’ + 12¢ote %Y t sin (wat)
— 36¢cot*e 20 * sin (wat) + 12ct%e 20 t cos (wat)ws

—2.0 t3]

— [ca — coe sin (wat)wy  [rad / sec’]

(15)
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From above figures we deduce the following upperbounds on the norms:

d,
4,
dq

Max

Max

Max

IAIA

VAN

1.92
2.33

9.92

rad]
rad/sec]

rad /sec]”
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Introduction

Motion controllers are clasified

e Set-point controllers (q,(t) = q,, is a constant vector),

e and tracking controllers (q,(t) is a time variant vector).

Consider the dynamic model of a robot manipulator M(q)q + C(q,q)q +
g(q) = 7, which can be written as:

d q q

dt q M(q)~ "' [r(t) — C(q,q4)d — g(q)]

dt
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where

e M(q) € IR"™™ is the inertia matrix,

e C(q,q)q € IR" is the vector of centrifugal and Coriolis forces,

e g(q) € IR" is el vector of gravitational forces and torques and

e 7 ¢ IR" is a vector of external forces and torques applied at the joints.

e The vectors q,q,q € IR" denote the position, velocity and joint
acceleration respectively.
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The objective of set-point control consists on finding 7 such that

lim q(t) = q,

t—00

where q,; € IR" is a given constant vector which represents the desired
set-point.

It is convenient to rewrite the set point control objective as

lim q(t) =0

t— 00

where ¢ € IR" stands for the joint position errors

qt) :==q,—q(t).
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In general, a control law may be expressed as

T=7(9,9,4,94,M(q),C(q,q9),9(q)) -

However, for practical purposes, it is desirable that the controller does not
depend on the joint acceleration gq.

4,

g,——| CONTROLLER T [ ROBOT q

dq 1

Figure 41: Set-point control: closed-loop system.
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A methodology to analyze the stability may be summarized in:

1. Derivation of the closed loop dynamic equation.

2. Representation of the closed loop equation in the state-space form, i.e.,

d — . :
pr [qdq q] = f(4.9,94, M (q),C(q,4),9(q)) -
CONTROLLER )
d —l\_’q
’ ROEOT q
Figure 42: Set-point control closed-loop system: Input-output

representation.
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3. Study of the existence and possible unicity of the equilibrium for the
closed loop equation.

4. Proposition of a Lyapunov function candidate to study the stability

5. Alternatively to step 4), determine the qualitative behavior of the
solutions of the closed loop equation.
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The controllers that we present may be called “conventional” (commonly
used in industrial robots).

e Velocity feedback Proportional control and Proportional Derivative (PD)
control

e PD control with gravity compensation
e PD control with precalculated gravity compensation

e Proportional Integral Derivative (PID) control
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Ch. 6. Velocity feedback proportional control and PD
control

T —
qq — <E> — K, ROBOT| B ;g

K,

Figure 43: Velocity feedback proportional control.

Control law given by 7 = K,q — K,q, where

e K, K, €IR"™™ are symmetric positive definite matrices
e g, € IR" corresponds to the desired joint position,

e g=¢q,— q € IR" is called position error.
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> T~ ROBOT 5 q

qq

@ aOx

Figure 44: PD Control.

The PD control law is given by: 7 = K,q + K,q, where

e K, K, € IR"" are also symmetric positive definite

e When q,, is constant, then, E] = —q (both control laws are identical).
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We assume a constant q,, then, the closed loop equation may be rewritten

d g] _q

dt q M(q)~'[Kpqg — Kvqg—C(q,9)qd — g9(q)]

dt

e It may have multiple equilibria given by

x [q" qT}T = [s?" 07]" where s € IR" is solution of

Kys —g(q;—5)=0.
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Robots without gravity term

Dynamic model given by

M(q)g+C(q,q)q =T.

Assuming that g, is constant, the closed loop equation becomes

d E] _q

q M(g,—q) ' [Kyqg— Kvqg—C(q,; — q,q)q]

dt

e It represents an autonomous differential equation (since g, is constant).

T : _ : :
e The origin [Z]T qT} = 0 is the only equilibrium of this equation.
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To study the stability of the equilibrium, consider

e Lyapunov function candidate

N | —

1

2

q1"TK, 0
_fl_ i 0 M(Qd — EI)
. 1 .
g M(q)q+ §qTqu.

Q1

*~ V(q,q) is positive definite since M(q) > 0 and K, > 0.
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e The total derivative of V(q, q) results

V(g,q) = —4'K.q
_q_T_O O_ _ —

N

q| [0 K] |q

— By Theorem 2.3 we conclude that the origin is stable and,
— the solutions q(t) and g(t) are bounded.

e By applying the La Salle’s theorem (Theorem 2.7) we have that
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— the set () is given by

0 = {a:elR”I:V(x)::o}
— {w: [g] c IR :V(q,q) :o}

= {gelR",g=0¢cIR"},

+ where |q(0)" Q(O)T}T — 0 € IR* is the only initial condition in €
for which x(t) € Q for all t > 0.
— This is enough to establish global asymptotic stability of the origin,

§" ¢"] =0eRR™
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Robots with gravity term

The closed loop equation is

a 2] | 4 _
= _ . (16)
q M(q) ' [Kpq — Kvqg—C(q,q4)q — g9(q)] |

The study of this section is limited to robots having only revolute joints.

e |t may have multiple equilibria given by

x [q" qT}T = [s?" 07]" where s € IR" is solution of

Kps —g(qq—s)=0.
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Example 6.1

Consider the model of an ideal pendulum

Jq + mgl sin(q) = 7.

Figure 45: Pendulum.
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The equilibria expression takes the form
kps —mgl sin(qq — s) = 0.
For the sake of illustration consider the following numeric values

J=1 mgl =1
kp:().25 qd:ﬂ'/Q.

The closed loop system under PD control has the equilibria
q c 1.25 —2.13 —3.56
q 0 |’ 0 ’ 0 '
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Unicity of the equilibrium. The equilibria of the closed loop equation
(16) satisfy

o [ qT}T = st OT}T, where

* s € IR" is solution of s = K 'g(q; — s) = f(s,qy) -

e For all vectors x,y,q,; € IR", we get that

k
1f(z,q0) — fy.q9)| < Amin{ng} |z — y|

o If A\min{K,} > k; we have (by contraction mapping theorem)

T
x the only equilibrium is [§” §7] = [S*T OT} |
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Arbitrarily bounded position and velocity error. Case where

e K, is not restricted to satisfy Amin{K,} > kg,

e but it is enough that K, be positive definite.

Define the following non-negative function

- 1, .1 -
V(g,q) = §qTM(q)Q‘|‘ B Tqu—I—U(q) —ky > 0.

where kyy = ming {U(q)}
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The time derivative of V(q, q) yields

S . N R .. [
V(g,q) = ¢'M(q)g+ §qTM (@)a+a'Ky,qg+a glq),
2
= —q"'K, g
_q_T_O O_ _q_
_ <0

e Invoking Lemma 2.2, we conclude

*x q(t) and q(t) are bounded for all ¢, and
* the velocities vector is square integrable, that is, [~ [|q(t)]|?dt < oo
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* Moreover, the exact explicit bounds hold, for all ¢ > O:

lato)* < 2 T0A0)
_q(0)"M(g(0))a(0) + (0)" K,@(0) + 2U(q(0)) — 2k
)\min{Kp}
(17)
e 2V(@(0),4(0))
la®I” < S=Arn
_q(0)"M(g(0))a(0) + (0)" K,@(0) + 2U(q(0)) — 2k
Amin{M (q) }
(18)
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Example 6.2

Consider again the ideal pendulum from Example 6.1

JG + mgl sin(q) = T,

Figure 46: Pendulum.
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The potential energy function is U(q) = mgl(1 — cos(q)) and the constant

ki is zero.

e Consider next the numeric values

J =1 mgl =1
kp,=0.25 £k, =0.50
qd:7'('/2.

e Assume that we apply the PD controller to drive it from the initial

conditions ¢(0) = 0 and ¢(0) =0
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— According to the bounds (17) and (18), we get

G2(t) < §(0) = 2.46 rad®> V t>0

0 | | | |

0 5 10 15 20
t [sec]

Figure 47: Graph of ¢(t)*.
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— and ,
k d
§*(t) < —2.4%(0) = 0.61 (ﬂ) V t>0

. 2 2
0.08 —¢(¢)? [(ad)?]
0.06 —
0.04 —

0.02 —

0 5 10 15 20
t [sec]

Figure 48: Graph of ¢(t)*
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e |s interesting to observe

That is, the solutions tend to one of the three equilibria determined in
Example 6.1

R. Kelly, V. Santibanez and A. Loria 187



Control of Robot Manipulators in Joint Space Ch. 6. Velocity feedback proportional control and PD control

Example 6.3

Consider the 2-DOF prototype robot studied in Chapter 5,

Figure 49: Diagram of the Pelican prototype robot with 2 degrees of
freedom.
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whose vector of gravitational torques g(q) is

gi(q) = (maler + maly)g sin(q1) + magles sin(qr + g2)
92(CI) = magle SiH(Ch + C]2)-

The control objective consists on making that

i q(t) =4, = | Ta0 | lrad]

t—00

e |t may be verified that g(q,) # O

T
e The origin [C}T qT} — 0 € IR* of the closed loop equation with the
PD controller, is not an equilibrium.
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e Consider the PD controller

T =K,q — K,q
with the following numeric values
30 O 7 0
Kp_[() 30]’ K”_[O 3]'

— The initial conditions are fixed to g(0) = 0 and g(0) = 0.
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0.4 —[rad]

0.3 \a1

027 0.1309

0.1 ~9q
—q& 0.0174

00 +--——--=-=============—==—=

—0.1 | | | |
0.0 0.5 1.0 1.5 2.0
t [sec]

Figure 50: Position errors ¢; and ¢o.

— One may appreciate that lim; .., ¢1(¢) = 0.1309 and lim; .. Go(t) =
0.0174
— therefore, as it was expected, the control objective is not achieved
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Ch. 7. PD control with gravity compensation

9(q) ~ -
I
> —(RroBoT| L~ 4
T g
K, K,
44 -
dq ’@:

Figure 51: PD control with gravity compensation.

The control law is given by 7 = K,q + Koq + g(q) where

e K, K, €IR"™"™ are positive definite symmetric matrices.
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Ch. 7. PD control with gravity compensation

Global asymptotic stability by La Salle’s theorem

Considering g, as constant, the closed loop equation may be written as

d

dt

e The origin [¢" ¢

q

q

—q
M(q,—q) ' [Kpyq— Kvqg—Clg,; — a,q)q]

T . . I
|" =0¢ IR?™ is the unique equilibrium.
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To study the stability of the origin, consider

e Lyapunov function candidate

_~_T_ —_ - -
o 1 q Kp 0 q
Vig,q) = 5 )
q| | 0 M(g;—q)]| [4q]
1 S D
= §QTM(Q)CI‘|‘§QTqu

*~ V(q,q) is positive definite since M(q) > 0 and K, >0
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e [ts total derivative with respect to time is

V(g,q) = —¢'K.q

_Q_T_O O - — -

KN

q| |0 Kv] | q

* V(q,q) <0 because K, > 0

e Consequently, by Theorem 2.3 the origin is stable and all the solutions
q(t) and ¢(t) are bounded.
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e By applying the La Salle’s theorem (Theorem 2.7) we have that

— the set () is given by

Q = {w € IR*" : V(x) :O}

= {:13: [‘?] c R*™ :V(q,q) :o}

q
= {g€lR".g=0¢€IR"},
« where [g(0)7 (0)”]" =0 € IR?" is the only initial condition in 2
for which x(t) € 2 for all ¢ > 0.
— This is enough to establish global asymptotic stability of the origin,
-7 .77 2n
[q q } =0¢c IR™.
— Hence, lim; .o, q(t) = 0 and lim; .. g(t) = 0 (the set-point control
objective is achieved).
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Example 7.1

Consider the Pelican robot studied in Chapter 5

Figure 52: Diagram of the Pelican robot.
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The components of the vector of gravitational torques g(q) are given by

gi(q) = (maler + maly)g sin(q1) + maleag sin(q1 + g2)
92(CI) = maleag Siﬂ(ql + q2) .

e Consider the PD control with gravity compensation, where

K, = diag{k,} = diag{30} [Nm/rad]
K, = diag{k,} = diag{7, 3} [Nm sec/rad] .

— The components of 7, are given by

= ky¢1 —kog1+ 91(q)
To = kpGa — kugo + g2(q) .
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Ch. 7. PD control with gravity compensation

— The initial conditions are chosen as

q1(0) =0,
¢1(0) =0,

— and the desired joint positions as

dd1 = 7T/107

e hence, the initial state is taken to be

/10 ]
7 /30
0

q2(0) =0
G2(0) =0

0

Y

qq2 = m/30 [rad],

0.3141 ]

0.1047
0

0
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0.4 —[rad]

0.3 “\d1

0.2 —

0.1 \&2 0.0620
_¥ 0.0144

00 +--——===================—

—0.1 | | | |

0.0 0.5 1.0 1.5 2.0

Figure 53: Position errors ¢; and ¢o.

e From Figure above, steady state position errors due to to unmodelled
friction phenomenon, can be seen.
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Ch. 7. PD control with gravity compensation

Lyapunov function for global asymptotic stability
It is convenient to cite some properties of the vectorial function.

tanh(x) = [tanh(z;) tanh(xs) --- tanh(a:n)]T

tanh(x)

1.0
0.5 —
0.0 —
—0.5
~1.0

Figure 54: Tangent hyperbolic function, tanh(x)

x —X
where tanh(z) = S5
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e |x| > |tanh(z)|, and 1 > |tanh(z)| for all z € IR therefore,

*
lz|| ¥V xelR"

Jtan(a) < { V7R

*x tanh(x) = 0 if and only if x = 0.
* For a symmetric positive definite matrix A, it has

1
54 gl Ag > )\mm{A}Htanh( )N VvgelR”

* If moreover, A is diagonal, then

tanh(q)? Aq > Amin{A} [[tanh(q)||* V g € IR".
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We present now an alternative stability analysis.

e Consider the Lyapunov function candidate

_o 1. .
V(g,q) = §qTM (q)g +

1

;4 Ky@ —ytanh(9)"M(q)g  (19)

where
* v > 0 is a constant sufficiently small so as to satisfy simultaneously,

)\ming\g:i?]r\}ir;{M} > 72 (20)

4)\min{Kp})\min{Kv}

A%&ax{Kv} + AAmin{ Kp}vVn ke, + Amax{ M }]
* There always exists 7 > 0 arbitrarily small satisfying (20) and (21).

* V(q,q) > 0 because K, > 0 and ~ satisfies (20).

>y.  (21)

R. Kelly, V. Santibanez and A. Loria 203



Control of Robot Manipulators in Joint Space Ch. 7. PD control with gravity compensation

e The time derivative of the Lyapunov function candidate yields (19).
V(3,9) = -4 K.q+74" Sech®(q)" M(q)q — ytanh(q)" Kq
+ytanh(g)" K,q — ytanh(q)" C(q,9)" q.

* and is upperbounded by
- ltanh(@)||]" - [|ltanh(q)]|
V(2.9 <= [ al ] 9 [ - ]

where

Q= [ )‘min{Kp} _%)\MaX{Kv} ]
— _%)\MaX{Kv} %)\min{Kv} — \/ﬁk(]l — )\Max{M} .
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e V(q,q) is a negative definite function because

Anﬂn{}{b} > 0

and
4Anﬂn{}{p}Anﬂn{l(v}

Mtax{ Ko} + PAmin{ Kp}H vk + Avtax{ M }]

> 7.

e Finally, Theorem 2.4 allows to establish global asymptotic stability of the
origin.
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Ch. 8. PD control with desired gravity compensation
—— 9(q4)

ROBOT] N 9

Ky

é

Figure 55: PD Control with desired gravity compensation.
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Control law given by 7 = K,q + K,q+ g(q,), where

e K, K, € IR" ™ are symmetric positive definite matrices

e g(q,) may be evaluated offline, it is not necessary anymore to evaluate
g(q) in real time.
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Ch. 8. PD control with desired gravity compensation

Considering the desired position g, to be constant, the closed-loop equation

may be written as

g |a

dt

q

—q

M(q) ' [Kpq — Kvq — C(q,4)d + g(qq) — 9(q)]

T . _ .
o [EIT qT] —= 0 € IR*" is an equilibrium point.

(22)

e There are as many equilibria as solutions in g, may have the equation

~

Kyqg=g(q,—a) —g(q,) -

o If K, >> 0 (sufficiently ), then ¢ = 0 € IR" is the unique solution.
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Example 8.1

Consider the model of an ideal pendulum

JG§+ mgl sin(q) =7

Figure 56: Pendulum.
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where g(q) = mgl sin(q).

e The equilibria equation takes the form:
ky,q = mgl [sin(qq — G) — sin(qq)] -

e Consider the following numeric values,

J = mgl =1
[ 2025 qa=1/2.

e Either via a graphical method or numeric algorithms, one may verify the

IR Bl
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e Consider now a larger value for k, (sufficiently “large”), e.g.,

kp, = 1.25

In this scenario the origin is the unique equilibrium, i.e.,

- [ex
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Boundedness of position and velocity errors, ¢ and ¢

Assume that

e K, and K, are positive definite (without assuming that K, is sufficiently
“large” ).

Then

e For a desired constant position q,,

e the closed loop equation has an equilibrium at the origin, but there might
also be other equilibria.

e In spite of this, g(¢) and g(t) remain bounded for all initial conditions.
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Define the following non-negative function:

- . 1. .
V(g,q) = K(g,q)+U(q)— ku+§qTqu

N 1 _
+q'g(qy) + §g(qd)TKp 'g(qy)

where

e K(q,q) = %qTM(q)q denotes the kinetic energy
e U/(q) denotes the potential energy

e and ky = min,{U(q)}.
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The time derivative of V(q,q) along the trajectories of the closed loop
system results

Q
e N o N
V(g,qg)=—-q K, q.

e By invoking Lemma 2.2, we conclude that

* q(t) and q(t) are bounded
*x q(t), is square integrable, that is,

/ la()|2dt < oo.
0
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* The explicit upper-bounds on the position and velocity errors are:

lg(a@n)ll + /19 ()l + 2Amind K, }V (@(0), (0))

() < R (23)
for all t > 0, and
laP < Z A (24

for all t > 0.
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Example 8.2

Consider again the model of the ideal pendulum

JG + mgl sin(q) = T,

Figure 57: Pendulum.

R. Kelly, V. Santibanez and A. Loria 215



Control of Robot Manipulators in Joint Space Ch. 8. PD control with desired gravity compensation

The potential energy function is U(q) = mgl|1 — cos(q)] and ky = 0.

e Consider the numeric values

J =1 mgl =1
kp,=0.25 £k, =0.50
qd:7'('/2.

e Assume that we use the PD control with desired gravity compensation
to control it from the initial conditions ¢(0) = 0 and ¢(0) = 0.

e |t is easy to verify that

g(ga) = mglsin(n/2) =1
VG@0),d0) = Sk (0) + mgld(0) + 5 (mgl)? = 35T
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— According to the bounds (23) and (24), we get

- -2

gl + /gl + k()] + (mgl)?
kp

i’(t) < < 117.79 [rad?]

35 Ci(t)Q [rad2]

| ' | ' |
0 10 20 30
t [sec]

Figure 58: Graph of position errors, G(t)=.
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— and

At < 2 @~2(0)+mz~(0)+i(m 2| < 7.75 @2
4 = 7|27 JH 2k, S sec |

3 4(t)? [(2ad)?)

0 T | T | T |

0 10 20 30
t [sec]

Figure 59: Graph of velocities, ¢(t)?.

R. Kelly, V. Santibanez and A. Loria 218



Control of Robot Manipulators in Joint Space Ch. 8. PD control with desired gravity compensation

e Evidence from simulation shows
. qg(t) | —4.57
Jim L;(t)] = [ 0o |

e The solutions tend precisely to one among the three equilibria which do
not correspond to the origin.

e PD control with desired gravity compensation may fail to verify the
set-point control objective.
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Unicity of equilibrium

For robots having only revolute joints and considering the closed-loop
equation (22), we have.

e The equilibria satisfy [E]T qT]T = [E]T OT]T e IR*"™ where
* q € IR" is solution of ¢ = K, [9(q, — @) — 9(4)] = f(q,94) -

e For all vectors x,y € IR", we have that

k
1f(x,qq) — f(y,4qq)]| < Amin{ng} lz—yl,

o If \min{K,} > k; we have (by contraction mapping theorem)

* the unique equilibrium is the origin, [g" qT]T = [0T OT]T e IR*".
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Global asymptotic stability

To study stability of the equilibrium of closed loop equation, consider
® \nin{K,} > k, (the origin is the unique equilibrium)

e Lyapunov function candidate

1

Vig,q) = §QTM(Qd —q)q+U(q,—q) —U(q,)

. 1. _
+9(q,)"q+ §qTqu -

* V(q,q) is radially unbounded and positive definite because M (q) > 0
and Apin{Kp} > ky.
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e The time derivative of V (g, q) results in V(q,q) = —¢* K,q < 0

e By applying the La Salle’s Theorem 2.7, we have
— The set () is given by

Q

{w c IR : V() = O}

— {w: [‘?] € IR*" :V(q,q) :o}

q
= {g€lR",g=0€IR"}.
« |q(0)7 Q(O)T]T — 0 € IR®™ is the unique initial condition in  for
which x(t) €  for all t > 0.
— This is enough to guarantee global asymptotic stability of the origin

q" §7] =0e R
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Example 8.3

Consider the 2-DOF prototype robot studied in Chapter 5,

Figure 60: Diagram of the Pelican prototype robot with 2 degrees of
freedom.
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whose components of the gravitational torques vector g(q) are given by

g1(q) = [myley + mali]g sin(q1) + maleag sin(qy + g2)
g2(q) = maleag sin(qr + ¢2) -

The constant k; may be obtained as

2

kg = n [max i,7,q

= n|[mila +mali|g + maleag]

= 23.94 {kg mz/sec2].
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e Consider the PD controller with desired gravity compensation where
)\min{Kp} > kg .
— In particular, we pick

K, = diag{k,} =diag{30} [Nm/rad],
K, = diag{k,} = diag{7, 3} [Nm sec/rad] .

— The components of the control input 7 are given by

= kyq1 —kog1+ 91(qy),
7o = kpGe — kuga + 92(qy) -
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e The initial conditions corresponding to the positions and velocities, are

set to
Q1(O) — Oa QQ(O) — Oa
¢1(0) =0, ¢2(0) =0.

e T[he desired joint positions are chosen as

qq1 = 7/10 [rad] qgo = 7/30 [rad],

e hence, the initial state is set to

- = [m/10] [0.3141]
q(0) /30 0.1047
= = [rad].
. 0 0
1 4(0) | 0 0
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e Figure shows the experimental results

0.4 —[rad]
0.3 N\ @
0.2
01 _@K 0.03
i 0359
00 r=======7""""""""°- 00138
—0.1 | | | |
0.0 0.5 1.0 1.5 2.0

t [seq]

Figure 61: Position errors q; and g2

— The position errors do not vanish due to non—modeled friction effects.
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Lyapunov function for global asymptotic stability

We show now a global asymptotic stability analysis without using La Salle's
theorem

e Consider the following Lyapunov function candidate,

£
- 2T 2 — €0 - - -
V(g q) LA o a9 [a
q,q - 3
2 ——E0_ M
4] L7 H]q] (q) (9) 1 149]
+U(q) —U(da) +9(a0)'d + 3" K4
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which can be rewritten as

Vig,q) = %QTM (@)a+U(q) —U(ay) + 9(qq)'q

]. 1 ~T - 80 ~T .
+|—+—| g K,q— — q M(q)q
L‘l 52] P14 4 (@)

where ¢g > 0, €1 > 2 and €5 > 2 are chosen so that

2 min{ Kp}
kg

> g1 > 2

261

Eg = > 2

61—2

\/2>\min{Kp} > €0 > 0 with 5 ( Z AMaX{M(q)} )
a3
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— To show positive definitness, we rearrange

V@) = gl-a+ea Mo [-a+<a+ a7 | 2K, - arle)

N 1 N
+U(q) —U(gy) +9(gy)'a + aqTqu,

\ &

N

iy
* V(q,q) is positive definite because M (q) > 0, and
i [%Kp _ 52M(q)} > 0 and Apin{K,} > k,.
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e The time derivative of the above Lyapunov function candidate takes the
form

V(g,q) = —q¢'K,g+eq'M(q)g—eq'Ky,q+eq'Kuq
—4'C(q,9)q —q"[g(ay) — g(q)] — @' M(q)q,

— which is upperbounded by

Q
— " - T 7 - ) N " —_
L lall ] TAmin{Ep} — kg =3 max{ Ko} | [ llal]
V(gq) < —¢| 1 1 |
] [ —3AMaxdBor s Amind Ko} | [ [l4]] ]
1, 09
- 53‘min{K’U} — 2eo(kc, + zﬁ)l lall” -

o
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— The matrix () is positive definite if it holds that

Amin{Kp} > kg ?
2)\min{Kv}(>\min{Kp} o kg)
)\i/IaX{Kv}

> £0,

and we have that 6 > 0 if

)\min{Kv}
2lkc, + 20

> £ .
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— Under this scenario, we get

V@) < —poiermnd@} [l + 1] - 5lal”
< (@ da,
which is a negative definite function.
e We conclude that the origin [§7 ¢7] = 0 € IR* is a globally

asymptotically stable (Theorem 2.4).
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Ch. 9. PID control

S — ROBOT L ¢

% q
t
K, K,| | %
| i
d4 Y
N\
94 — )~

Figure 62: PID control.
The PID control law is given by T = K,q+ K,q+ K; o @(0) do, where

e K, K,,K; €IR" ", are symmetric positive definite matrices.
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e The control law may be expressed via the two following equations,

T = Kpq+K,q+ K
£ = q.

The closed loop equation is

¢ q
g - i
at | 1]~

] - M@ [Kd+ Ko+ Kig - Cla, 0)a - 9(a)]

R. Kelly, V. Santibanez and A. Loria 235



Control of Robot Manipulators in Joint Space

Ch. 9. PID control

e If the desired position g (t) is constant, the equilibrium is

'3 K, g(q,)
q| = 0
q] | O

c IR3".

This equilibrium may be translated to the origin (via change of variable)

z=¢-K; 'g(qy).
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The corresponding closed loop equation is

o _ i _
d| .| _ .
dt q| = q

_fl_ _M(Q)_l [Kpfl ~K,qg+ Kiz+g(qy) — C(q,9)q — g(q)] i

(25)

e Above equation is autonomous and its unique equilibrium is the origin
- 71T
[zT g’ qT] =0 € IR°".
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For the sequel,we adopt the following global change of variables,

w al I 0 z
q| = O [ O q with o > 0.
| q | _O 0 I_ | q |
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The closed loop equation (25) may be expressed as

-
d =~ -
a9~
| g
i g i
—q

) : (26)
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e Above equation is autonomous

. ~ 71T
e The origin of the state space, [wT g’ qT]

equilibrium.

— 0 € IR* is the unique

o If K, and K, are sufficiently “large” and Kj; sufficiently “small” in the
following sense

)\min{M})\min{Kv} > )\MaX{Ki}
)\MaXQ{M} )\min{Kp} R kg 7

and moreover
)\min{Kp} > kga

then, the set-point control objective is achieved locally.
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Lyapunov function candidate
e A positive definite Lyapunov function candidate is

Ch. 9. PID control

1'w'T'§Ki 0 0 J[w]
V(équw) — 5 q O aK’U _QM(q) E]
g | | 0 —aM(q) M(q) || q

1. 1 . . -
4 5qT [Kp _ EKZ] q+U(g;—q) —U(qy,) ‘|‘qT9(Qd)

* U(q) denotes as usual, the robot’s potential energy, and
* « IS a positive constant satisfying

Amin{M}Amin{Kv} AM&X{K’I:}
> > a > .
)\Max {M} )\min{Kp} o kg
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Time derivative of the Lyapunov function candidate
e It may be written as

V(g,qw) = —q" [K,—aM(q)g—q" [aK,— K] g
—aq'C(q,q)"q — aq" [g(q,) — 9(q)]

— It can be upperbounded by

V(@ qw) < - [HZ]T % amta] Lol
where

Qll = o P\min{Kp} _ kg] _ AMaX{Ki}a
Q22(9) = Amin{EKo} —a PAvax{ M} + ke, [l4]]-
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— It is possible to prove that there exists a ball D

D:=<q,q,welR": <n

Q- Qe 8

on which V (g, g, w) is negative semidefinite.

— Therefore, according with Theorem 2.2, the origin of the closed loop
equation (26), is a stable equilibrium.
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Asymptotic stability

We may use La Salle's theorem (Theorem 2.7).

e The set () is given by

0 = {we|R3“:V(w):o}
o |
= {zxz=|q| R : V(g,qw) =0
q

{fwelR", g=0€IR",g=0¢€cIR"} .

* lw(0)T  q(0)f Q(O)T]T — 0 € IR’ is the only initial condition in

for which x(t) € € for all ¢t > 0.
* We conclude that the origin is locally asymptotically stable.
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Tuning procedure

The preceding stability analysis allows to extract a simple tuning procedure.
® )\MaX{Ki} Z )\min{Ki} > (
® Max{Kp} 2 Amin{ Kp} > Ky

)\MaX{Ki} . )\MaXQ{M}
)‘min{Kp} - kg )‘min{M}

® )\MaX{Kv} Z )\min{Kv} >

— It requires the knowledge of the structure of M (q) and g(q).

— Nonetheless, it is sufficient to have upper bounds on Ayax{M(q)}
and kg4, and a lower bound for A\pin{M(q)}.
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Example 9.2

Consider the 2-DOF prototype robot showed in Figure 63.

Figure 63: Diagram of the Pelican prototype robot.
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The elements of the inertia matrix M(q) are

Mii(q) = mllgl + Mo (l% + ng + 21110 cos(q2)) + 17 + I
Mio(q) = mo (175 + lilea cos(q2)) + I

Myi(q) = mg (1(232 + 11109 COS(Q2)) + I

Mas(q) = malZ + L.

The components of the gravitational torques vector g(q), are given by

gi(q) = (mila +mali)g sin(q1) + maleag sin(q1 + g2)
92(CI) = Mmalceag Siﬂ(ql + Q2)-
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o Firstly, we compute the value of k, using the numeric values listed in
Table 5.1

kg — n(MaX i,7,q

99:(q) D

dq;
= n(mllcl + moly + m21c2)9

= 23.94 [kg m*/sec’]

e We proceed now to compute numerically Apnin{M(q)} and Aviax{M(q)}

Amin{M(q)} = 0.011 [kg m?],
Aax{M(q)} = 0.361, [kg m?]

which correspond to g5 = 0.
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e By following the tuning procedure, we finally determine the following
matrices,

K; = diag{1.5} [Nm /(rad sec)],
K, = diag{30} [Nm /rad],
K, = diag{7,3} [Nm sec/rad].
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0.4 —[rad]
0.3

0.2 —
w91

0.1
IR O —

—0.1 | | | |

0.0 12.5 25.0 37.5 50.0
t [sec]

Figure 64: Position errors ¢; and ¢o

From Figure we may conclude that the transient response is slower

e This is due to the fact that the tuning procedure limits Anin{K;} by a
relatively small upperbound.
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| ' |
1.5 2.0
t [sec]

Figure 65: Position errors ¢; and g2

If the tuning procedure is violated the performance of the PID controller
Improves up.

e The latter results have been obtained increasing the values of K; to

K; = diag{70,100} [Nm /(rad sec)].
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Part Il
TRACKING CONTROL
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Introduction

Consider the dynamic model

M(q)g+C(q,9)q+g(q) =T.

In terms of the state vector [g” qT}T gives
d q | | q |
a | .|~ L N
q] | M(q) " [7(t)—Clq,q)q — g(q)] |
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where

e M(q) € IR"™™ is the inertia matrix,

e C(q,q)q € IR" is the vector of centrifugal and Coriolis forces,

e g(q) € IR" is el vector of gravitational forces and torques and

e 7 ¢ IR" is a vector of external forces and torques applied at the joints.

e The vectors q,q,q € IR" denote the position, velocity and joint
acceleration respectively.
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Given a set of vectorial bounded functions q,, g, and g, referred to as
desired joint positions, velocities and accelerations.

The objective of tracking control consists on finding 7 such that

lim q(t) =0

t—o0
where

e g € IR" stands for the joint position errors vector
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In general, a control law may be expressed as

T=T (q7 Q7 Q7 qda Qda Qda M(Q), C(qa q)a g(q)) )

For practical purposes it is desirable that the controller does not depend on

the joint acceleration q.

q4
4,——| CONTROLLER T {ROBOT 8 9
.. — q
dq

Figure 66: Tracking control: closed loop system.
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A methodology to analyze the stability may be summarized in:

1. Derivation of the closed loop dynamic equation.

2. Representation of the closed loop equation in the state-space form,

d |qg,—q . L .
% [qj_q] :f(qaqaqdaqdaqdaM(q)ac(qaq)ag(q))'
gz CONTROLLER ~
4d ROEOT : ?1
Figure 67: Tracking control closed-loop system: Input-output

representation.
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3. Study of the existence and possible unicity of the equilibrium

4. Proposition of a Lyapunov function candidate to study the stability of
any equilibrium of interest

5. Alternatively to step 4), determine the qualitative behavior of the
solutions of the closed loop equation.
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The controllers that we consider are, in order,

e Computed torque control and Computed torque+ control.
e PD control with compensation and PD+ control.

e Feedforward control and PD plus feedforward control.
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Ch. 10. Computed-torque control and
Computed-torque+ control

In this chapter we study two controllers that do not present explicitly the
linear PD term

e Computed—torque control,

e Computed—torque+ control.
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Computed-torque control

o(@) =+
|
s @ M(q) ——()——{roBOT]_ {74
IKvl e C(9,4)
q,4 é

Figure 68: Computed-torque control.

The corresponding equation to computed-torque control is given by

T = M(q) [qd + K,q+ Kpc}] +C(g,94)q+9(q), (27)

where K, and K, are symmetric positive definite matrices.

R. Kelly, V. Santibanez and A. Loria 261



Control of Robot Manipulators in Joint Space Ch. 10. Computed-torque control and Computed-torque+ control

The closed loop equation is

M(q)g = M(q) [éd + Koq + Kpq
Above equation reduces to

g+ K,g+K,g=0

.71 T
which in turn, may be expressed in terms of the state vector {E]T q } as
Jlal | q 1 [ 0 I 1la
prl I | = e (28)

_EI_ | pZI_KvZI_ __Kp _Kv_ _EI_

where [ is the identity matrix of dimension n.
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It is important to remark that

e the closed loop equation (28) is represented by a linear autonomous
differential equation,

: cer C ~T T T om
e whose unique equilibrium point is given by [q q } =0 c IR*".
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Ch. 10. Computed-torque control and Computed-torque+ control

Consider next

e the globally positive definite Lyapunov function candidate

~ ~ _q
V(g,q) =

DN | —

q

1

. Tr.
= §[~—|—8(~]] [(’j—l—eé] +

where the constant ¢ satisfies,

T

K,+cK, ¢I] [q

el

DO~~~

K,—¢el >0.

~

q

q'[K,+eK, — I q (29)

K, +eK, -’ >0.
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Ch. 10. Computed-torque control and Computed-torque+ control

e Evaluating the total time derivative of V (g, q) we get that

PSS 2T K3 - ~
V(g.q) = —q [K,—ellqg—cq'Kyq
"] [eK, 0 ]
= — | (30)
q| | 0 K,—¢l
* V(q,q) in (30) is globally negative definite.
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.71 T
e In view of Theorem 2.4, we get that the origin [E]T q } —0€eIR*" is
globally uniformly asymptotically stable and therefore

tlim qt)=0
tlim q(t)=0.

e For practical purposes, we can choose,

K, = diag{w%,---,wi}
K, = diag{2wi, - -,2w,} .
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Example 10.2

Consider the Pelican prototype robot studied in Chapter 5

Figure 69: Diagram of the Pelican prototype.
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Consider the Computed-torque control (27) on this robot for tracking
control.

e The desired reference trajectory, q,(t), is given by Equation (13).

rad
20 1
7 dd2
1.5 —
7 dd
1.0 —
0.5 —
OO T | [ T T | T —I T ]
0 2 4 6 38 10

t [sec]

Figure 70: Desired reference trajectories.
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qd1 bi[1l — e 20 t | +c1[1 — e 20 t3] sin(wt) |
= ; [rad]
qd2 bo[l — €720 "] 4 ¢5[1 — =20 '] sin(wot) |

where
* by =m/4 [rad], ¢ = 7/9 [rad] and w; =4 [rad/sec]|, and
*x by =m/3 [rad], co = 7/6 [rad] and wy, = 3 [rad/sec].

e g, ,(t) and q,(t), were analytically found, and they correspond to
Equations (14) and (15), respectively.
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e The symmetric positive definite matrices K, and K, are chosen as

K, = diag{wi, w3} = diag{1500, 14000} [1 / sec]
K, = diag{2w, 2ws} = diag{77.46, 236.64} [1 / sec”] ,

— where we used w; = 38.7 [rad / sec|] and wy = 118.3 [rad / sec].

e [ he initial conditions are chosen as

-

):()7 QQ(()) =0
) =0, ¢2(0)=0.

q1(
g1 (

-
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0.02 — lrad]

0.01 —

0.00 ‘“" P\“ -

—0.01 —

—0.02 | | | | |

0 2 4 6 8 10
t [sec]

Figure 71: Position errors.

e The steady state position errors are not zero due to the friction effects
of the actual robot which nevertheless, are neglected in the analysis.
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Computed-torque+ control

/Lig(q) ———-

|

|
(2)——]M(g) F—(x)-"—{ ROBOT L«
T g

4,4 { i l
1 C(a,9)
P+ A
K, K, y
\ \ .
p+ A
44 =
qq —2)=

Figure 72: Computed-torque+ control.
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The equation corresponding to the computed-torque+ controller is given by
™= M(q) s+ Kod + K,a| + Cla.@)a+g(a) — Cla.qw  (31)
where

e K, and K, are symmetric positive definite design matrices,

e v ¢ IR" is obtained by filtering the errors of position g and velocity E]
that is,

bp . b |: = ~
SIS %
p+ AT pa LT 32
* p is the differential operator (i.e., p = %)

* A, b are positive design constants.
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The computed-torque+ control law is dynamic The expression (32) in the
state space form is a linear autonomous system given by

d 3 — A 0 '3 _Kp K, | [q
% — + ) (33)
&5 0 —Al| [ &] 0 —=Al) [q
& q
v = |- -—1I] —[0 I]]| (34)
& g

e where £,,&, € IR" are the new state variables.
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Now, we have the following closed loop equation

q q
d q ~M(q)~'C(q,q) [51 + &5+ EI} - K,q— Kpq (35)
at 3 ) —X, + Kpq + Koq |
&) L —A\&, — A\q ]

T T
e the origin {E]T q 5{ 55 — 0 € IR*" is an equilibrium point.
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The study of global asymptotic stability of the origin of the closed loop
equation (35)

e is actually an open problem.

e Nevertheless, using Lemma 2.2 and Corollary A.2 we will show that

— the functions g(t), g(t) and v(t) are bounded, and
— that the motion control objective is verified.
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Toward this end, we can get an equivalent closed loop equation
M(q) [+ Av|+C(q,q)v = 0.

e Consider now the following non-negative function

- 1 -
V(t,v,4) = v Mg, —@)v > 0
P

~

e The derivative with respect to time of V (v, q) is given by

V(v.q) = —vI\M <0
(v, q) v (gq)v <

Q
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We conclude

*ve Ll NLY
* and

T < 2V 00.80) o

\ .

v @l
This means that that v(t) — 0 exponentially.

e Making use of the latter and of Corollary A.2 we get that
q. g€ LyNLY

lim q(t) =0,

t—00
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Example 10.3

Consider the 2-DOF prototype robot studied in Chapter 5

Figure 73: Diagram of the Pelican prototype.
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Consider the Computed-torque+ control described by (31), (33) and (34)
applied to this robot.

e q,(t), q (t) and q,(t) are those used in the previous example.

rad
20 2]
- q42
15 —
1 a4
1.0 -
0.5 —
0.0 L R e At B 1
0 2 4 6 8 10
t [sec]

Figure 74: Desired reference trajectories.
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e K, and K,, and the constant A are taken as

K, = diag{wi, w3} = diag{1500, 14000} [1 / sec]
K, = diag{2w;, 2w>} = diag{77.46, 236.64} |1 / sec’]
A = 60.

e T he initial conditions of the controller state variables are fixed at
£,(0) =0, &,(0)=0.

e The initial conditions of the actual positions and velocities are set to
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0.02 — lrad]

0.01 —

"\‘ﬁ&th&t )

—0.01 —

—0.02 | | | | |

0 2 4 6 8 10
t [sec]

Figure 75: Position errors.

e It is interesting to remark that the plots obtained with the Computed-
torque control, present a considerable similarity to those of figure 75.
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Ch. 11. PD+ Control and PD Control with
Compensation

We present two controllers whose control laws are based on the dynamic
equations of the system but which also involve certain nonlinearities that
are evaluated along the desired trajectories.

e PD control with compensation

e PD-+ control.
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PD Control with Compensation

9(q) = ————+
|
|
g, ——)—M(q) ) () ——{RoBOT__t——4
q
I:A:| C(q7q) KU KP
O]
J J—
(.Id @ L/
dq @

Figure 76: PD control with compensation.

The PD control law with compensation may be written as
™ = Kpd+ Ko + M(q) |4+ Ad| + C(q,) [a.+ Ad) + 9(a),  (36)
o where K, = K >0, K, =K' >0 € R”" and A=K, 'K,.
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The equation of closed loop is

M(q) |G+ Ad| +C(a.q) |q+Ad) = —K,q - Kud.
v T
which may be expressed in terms of the state vector [E] q } as
d q _ q _
g [M@|-Ka- Kd-Clg.q) |a+Aa]| - A

e |t iIs non-autonomous and

_y -7 T T om cep . :
e has the origin [q q } = 0 € IR"™" as an equilibrium point.
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The stability analysis may be carried out by considering

e Lyapunov function candidate

Q1

_~_T_ - - —_
q 2K, + ATM(CId - CI)A ATM(CId - Q)

Qe

é] M(Qd - EI)A M(Qd — EI)

— We rewrite it in the following form

Vita.d) =i+ A Mg)|a+Aa] vama ()
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— which is equivalent to

veaa =3[ 1] 10 Y 1% ke ][4 1]

\

Qe Qe
(|

x |t is easy to see
V(t,3.8) > Sha{BTABY [l +

x It is positive definite (because K, > 0, K, > 0 and hence BY AB > 0)
and radially unbounded.
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— Correspondingly, since the inertia matrix is bounded uniformly in g,
we have that

~ 2 1 K3 ~ 2 ~
V(ta qaq) S §>\MaX{M} Hq + Aq|| + AMaX{Kp} HqH2

hence, V(t,q,q) is also decrescent.
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e The time derivative of the Lyapunov function candidate (37) is

V(ta.q) = -4 K.g—q'ATK,Ag
g1 ' TATK,A 0] g
q| | o0 K, | |q

— Globally negative definite function.

e From Theorem 2.4 we conclude immediately global uniform asymptotic

.71 T
stability of the equilibrium [qT § } — 0 ¢ IR,
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Example 11.1

Consider the Pelican robot presented in Chapter 5

Figure 77: Diagram of the Pelican robot.
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Consider this robot under PD control with compensation (36).

e It is desired that the robot tracks the trajectories q,(t), q,(t) and g (t)
represented by Equations (13)—(15).

rad
20 12
7 dd2
1.5 —
7 dd
1.0 —
0.5 —
OO T | [ T T | T —I T ]
0 2 4 0 38 10

t [sec]

Figure 78: Desired reference trajectories.
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qd1 bi[1l — e 20 t | +c1[1 — e 20 t3] sin(wt) |
= ; [rad]
qd2 bo[l — €720 "] 4 ¢5[1 — =20 '] sin(wot) |

where
* by =m/4 [rad], ¢ = 7/9 [rad] and w; =4 [rad/sec]|, and
*x by =m/3 [rad], co = 7/6 [rad] and wy, = 3 [rad/sec].

e g, ,(t) and q,(t), were analytically found, and they correspond to
Equations (14) and (15), respectively.
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e The symmetric positive definite matrices K, and K, are chosen so that

K, diag{200, 150} [N m / rad],
K, = diag{3} [N m sec / rad],

and therefore A = K, 'K, = diag{66.6, 50} [1/sec].

e The initial conditions corresponding a the positions and velocities are

)
)

-

q1(
q1(

07 QQ(()) =0
) QQ(()) = 0.

-
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0.02 —rad]

q

oo APAANY

—0.01 —

—0.02 | | | | |

0 2 4 6 8 10
t [sec]

Figure 79: Position errors.

e The experimental steady state tracking position errors q(t), by virtue of
friction phenomena in the actual robot, are not zero.
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PD+ control

9(q) R
|
dq M (q) /@ T —[ROBOT t .
q
C(qaéI) |Kv| |Kp|
qq @5_ i
dq @_

Figure 80: PD—+ control.

The control law of PD+ control is given by

T =K@+ Kuq+ M(q)g,+ C(q,4)q,+ 9(q) (38)
e where K, K, € IR"™" are symmetric positive definite matrices
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The closed loop equation may be written as

q

Q1

d

dt M(q, —q) ! [—Kp(} -~ Kyg—Clq— 4,4, - EI)EI} _

Qe

e Nonlinear nonautonomous differential equation

71T
e The only equilibrium point is the origin [E]T q } — 0 ¢ IR?".
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To analyze the stability of the origin consider now

e Lyapunov function candidate

£
_N_Tr_ - - -
. 2 9 Kp 0 1
V(t,q,Q) - 3 . ~ .
gl |0 M(gs—q)] g
1. < 1. .
= 54 M(q)q+§qTqu, (39)

— which is positive definite since M(q) > 0 and K, > 0.
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e Taking the time derivative of (39) we obtain

Q
TN
—q K, q

_(NI_T_O 0 - _(NI_

<
~
Q0
Q0
|

q| |0 K,||q

e From Theorem 2.3 we conclude stability of the origin.
e La Salle's theorem cannot be used to conclude global asymptotic stability.

e Alternatively, we may use Lemma 2.2
— position and velocity errors are bounded and

N
— the velocity error is square-integrable ([~ HE](t)H dt < 00. )
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Example 11.3

Consider the 2-DOF prototype robot studied in Chapter 5

Figure 81: Diagram of the Pelican robot.
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Consider the application of the PD control+4 (38) on this robot.

e The joint desired trajectories of position, velocity and acceleration: g (%),
q,(t) and g (t), are given by Equations (13)—(15).

rad
20 1
7 qd2
1.5 —
] dd
1.0 —
0.5 —
OO T | [ T T | T —I T ]
0 2 4 6 38 10

t [sec]

Figure 82: Desired reference trajectories.
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e The symmetric positive definite matrices K, and K, are chosen as

K, = diag{200, 150} [N m / rad]
K, = diag{3} [N m sec / rad] .

e The initial conditions corresponding to the positions and velocities, are

fixed as
Q1(O) = 0, CI2(O)
¢1(0) =0, ¢2(0) =

0
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Figure 83: Position errors.

e The experimental steady state tracking position errors q(t), by virtue of
friction phenomena (neglected in the analysis) in the actual robot, are
not zero.
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Lyapunov function for asymptotic stability

We present an alternative stability analysis. Consider now,

e Lyapunov function candidate,

gl [ K T=rM(q)] [q”

L 1|9 ] q
viead) = g (| Lo | (40)
4] Li+]q] (9) (9) 119
~ 2 3 ~ 3
= Wtq,q) +—=rq M(q)q
1+ lq||
—
£(q)
— where W(t,q,q) = %QTM(Q)Q + %QTqu is the Lyapunov function
(39).
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— The positive constant g is chosen so as to satisfy simultaneously
Amin{Kp}

* >0 >0
Macd M(q)} ~
)\min{Kv}
* > e >0
2 (kc, + 2\ {M(q)}) ~
2>\min K >\min K’U
* Pl K0}

: 2
(AMax{ Ko} + Ky 1dallpras)
— This, implies that the matrix K, — e?M(q) > 0

e The function (40) may be rewritten as

~ ~ 1 ~ ~ T 2 ~ 1~ ~
V(t,q,q) = 5 [q + 6q} M(q) [q + eq} + §qT K,—¢’M(q)] q

— which is positive definite since so is M(q) as well as K, — e*M(q).
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e Notice that V (¢, q, q) satisfies

o1t Miax{Ep} €0 Avax{M}] | 4]
V(t,q,q) <§[ (NI ] [50 AMaX{M} )\MaX{M} ] [ E] ’ (41)

— The matrix on the right hand side of inequality (41) is positive definite
in view of the condition on &,

Ao { K} .
> o >0 V g < IR
\/ Max{M(q)} ~

— Thus, the function (40) is positive definite, radially unbounded and
decrescent.
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e The time derivative of the Lyapunov function candidate (40) is given by
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— It may be upperbounded in the following manner

e T o~y -
. . q q
V(t,é,é) < —¢€ . Q 3
L q - — q =
h(llall, llall)
1 I
_ §l)\min{Kv}_2€0 (kC’l + QAMaX{M})l qaj

J
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x where the symmetric matrix () is given by

Amin{Kp} _% (AMaX{Kv} + kCl qu”) |

_ _% ()\MaX{K’U} + kcl quH) Q—iE)Amin{Kv}

.
~

« The function V(t,q, q) is negative definite

- ;TT
T } —0c

e Thus, using Theorem 2.4 we conclude that the origin [q q
IR®™ is globally uniformly asymptotically stable.
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Ch. 12. Feedforward control and PD plus feedforward

control
Practical implementation of controllers is via digital technology.

e Sampling of the joint position g and of the velocity g,
e computation of the control action T from the control law,

e the ‘order’ to apply this control action is sent to the actuators.

Control strategies using precomputed terms based on q,4(t), q,(t) and g (1),
has advantages:

e Reduction in the time of computation of 7

e Higher processing frequency (larger potential for ‘fast’ tasks)
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Feedforward control

. T —— q
G,— M(q,) > ROBOT :
I

C(a4,494) 9(qy)
) !
| |
‘P
qq : l J

Figure 84: Feedforward control.

The feedforward controller is given by

T =M(q4)qq+ C(q4,94)24 +9(q4) - (42)
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The behavior of the control system is described by

g [a q

dt | - _ . ) i
q —M (Mg —M)gy+ Cigy— Cq+gy— 9

where
°® M — M(q)1 Md = M(qd)’ C — C(q,CI), Cd — C(qd7Qd)
e g=g(q) and g, = g(q,).

.77T
e The origin [E]T q } — 0 € IR*" is an equilibrium point of the previous

equation but in general, it is not the only one.
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Example 12.3

Consider the 2-DOF prototype robot studied in Chapter 5

Figure 85: 2-DOF robot.
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Consider the application of feedforward control (42) on this robot.

e The desired trajectory is given by g,(t) which is defined in (13).

rad
20 2]
- q42
15 —
1 qq
1.0 —
0.5 —
0.0 R B R B A B 1
0 2 4 6 8 10
t [sec]

Figure 86: Desired reference trajectories.

e [ he initial conditions are chosen as

— Oa QQ(O) —
) — O: QQ(()) —

K
—_
/N
o O
~—

q1(
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0 2 4 6 8 10
t [sec]

Figure 87: Position errors

e Figure shows the position errors q(t) tend to an oscillatory behavior.
Naturally, this behavior is far from satisfactory.

e A rigorous generic analysis of stability or instability seems to be an
impossible task.
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PD plus feedforward control

44— M(q4) 2 )—=—(X)"=|ROBOT TZ
+ i
| [C(9a:94) | | 9(94) || Ko || K

qd : ‘ \\zj - [

. | | l @ -

Figure 88: PD plus feedforward control.

Control law is given by

T = Kpg + Ko + M(qy)iy + Clay a.)a, + g(ay),

e where K, =K, >0, K, =K, >0 €IR"*".
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The closed loop equation may be written as:

Jlal | q
E . - 1 ~ 2 NS . ) (43)
q M(q)~ [—qu — Kuvq — C(q,9)q — h(q, q)} |

e where the so-called residual dynamics, is given by

~ o~

h(q,q) = [M(q,) — M(q)]q,+[C(aq, aq) —C(a,9)]a,+9(aq) —9(q) .

o~

e The origin [q q |7 = 0 € IR*" of the state space is an equilibrium.

e However, the number of equilibria depends on the proportional gain K.
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Unicity of the equilibrium

The equilibria are the constant vectors

e [g° q|"=[g" 07T e R*",
— where ¢ € IR" is a solution of K,,g" + h(g",0) =0.
— It always is satisfied by the trivial solution ¢ = 0 € IR"

e Explicit conditions to ensure unicity of the equilibrium are presented next.

— Define k(¢*) = K, 'h(q",0).
— For all vectors x,y € IR", we have

Ik(z) — k(y)|

VAN

|K, " [h(z,0) = h(y,0)]]
< AMaX {Kp_l} Hh(iE,O) o h(y7 O)H :
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— On the other hand, we have that

|h(x,0) — h(y,0)]] < |[[[M(q;—1vy)— M(q,— =) qq|
+1C(ay —¥,44) — Clag — x,q,)] q4|
+llglaq —y) —glq, — )| .

|h(,0) = h(y, )l < |kg + kar ldallns + kes |2al3] 12— il -
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— We get that

|k(z) — k)| < —

ko + ks |G ke aallys| e = wll
< iy LFa P ldall + ke a3y e — vl

e Invoking the contraction mapping theorem, we conclude that

. - 12
)\min {Kp} > kg + kM quHM + kCQ quHM

— It is a sufficient condition for k(q™) to have a unique fixed point, and
therefore,

— for the origin of the state space to be the unique equilibrium of the
system in closed loop (43).
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Global uniform asymptotic stability

We assume that given a constant v > 0,

e K, is chosen sufficiently “large” in the sense that

AMaX{K’U} Z Amin{KfU} > khl + Y ba

e and so is K, but in the sense that

[2 Y a + kh2]2

! Y P\min{Kv} — khl — W/b]

)\MaX{Kp} Z )\min{Kp} > (O3 + kh2
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e so that 5 o
2Ck1 AMaX{M}

Amin{M}

MMax{Ep} > Amin{ Kp} > 7 (44)

— where kj1 and kjo are defined in Chapter 4
— while the constants a and b are given by

1 :
a = 5 P\Max{Kv} T kCl quHM + khl] y
b = oy )\Max{M} + Q9 kcl .
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Lyapunov function candidate. To carry out the stability analysis, consider

e Lyapunov function candidate

q' K,q +~tanh(q)"M(q)g (45

DO | —

~ 1.7 3
V(t,q,9) = 54 M(q)q+

where v > 0 is a given constant and

[ tanh(z)
tanh(x) = :

| tanh(z,)

with £ € IR".
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e The Lyapunov function candidate (45) satisfies the following inequality

q|| Amin{Kp} —v a1 Mac{ M1 | 4]l
veadz3 (1] [l ][]

— It is positive definite and radially unbounded since
+ K, is positive definite —Apin{K,} > 0—,
+ and it is chosen so as to satisfy (44).

a? \i M}
)\MaX{K } 2 )\min{K } > ’72 L~ Max .
P P mm{M}
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e One may also show

. g 1" AMax{ Kp} a1 Mviax{M1}] | |4l
voad<g|[Gl] [ 2500 n"] |4

— whose right hand side is positive definite and radially unbounded since
x the condition

)\Max{Kp} > ’7205% )\MaX{M}a
is satisfied under hypothesis (44) on K.
— This means that V (¢, q, q) is decrescent.
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Time derivative.

e The time derivative of the Lyapunov function candidate yields

. ~ T L LT ~ 3 ~ ~
V(t,4,q9) = —q Ku.q—~q Sech*(q)"M(q)q — vytanh(q)" K,q
— ytanh(q)" K,q +vtanh(q)"C(q,4)"q

2T s - - o
—q h(q,q) —~ tanh(q)"h(q,q) .
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e which can be ypperbounded by
Vi(t,q,q) <

Il

. [ntanh( >||]T

*x where

a

b

E

\

Amln{KP}

g — Lkn2
khg a ~ 2

1k 1
—a — k2 ~ [)\min{Kv} — khl] —b

I

R(¥)

1 :
5 Mvaxd Kot + key [1gally + knal
g Aax{M } + a2 ke,

* R(7y) is positive definite
* therefore, V (¢, q, q) is globally negative definite.

[tanh(q)|
||

e Theorem 2.4 concludes global uniform asymptotic stability of the origin.
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Tuning procedure. It can be summarized as

e Derivation of the dynamic robot model to be controlled. Particularly,
computation of M(q), C(q, q) and g(q) in closed form.

e Computation of the constants Anviax{ M (q)}, Amin{M (q@)}, kar, KYyy ke,
kc,, k" and kg4. For this, it is suggested to use the information given in
Table 4.1.

e Computation of ||G lyax |@allaras from the specification of a given task

to the robot.
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e Computation of the constants s; and sy given by

. . 2
s1.= [keg + g gl + ko dallh]

and
. .12
So = 2 {k, + K 1@l + Koy HQdHM}

Computation of kj1 and ko given by

* kh1 > kcl ‘lﬂdHM?
* kpa > -

tanh (S—2> .
s1
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e Computation of the constants a and b given by

1 .
a = 5 P\Max{Kv} + kC1 quHM + khl] y
b = Oy )\MaX{M} + o ka

where as = /n,ay = 1.
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e Select v > 0 and determine the design matrices K, and K, so that their
smallest eigenvalues satisfy

* )\min{Kv} > khl =+ Y ba
[2 Y a + kh2]2
* Amint K, > o
b = | (B} — i —

204% )\ﬁ/IaX{M}

Amin{M} ’

with a1 =1, a3 = 1.

+kh2 )

* Amin{i&p} >
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Example 12.5

Consider the 2-DOF prototype robot showed in the Figure

Figure 89: 2-DOF robot.
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The elements of the inertia matrix M(q) are

Mii(q) = malZ; +ma (15 + 12 + 20l cos(qr)) + 11 + I
Mio(q) = mo (175 + lilea cos(q2)) + I

Mai(q) = mo (15 + lilea cos(q2)) + I

Mas(q) = maly +1Is.
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The elements of the centrifugal and Coriolis forces matrix C'(q, q) are given

by
Ch1(gq,q) = —maliles sin(qa)ge
Ci2(g,q) = —maliles sin(g2) (¢1 + go)
C21(q,q) = malileo sin(q2)da
Ca2(q,q) = 0.

The elements of the vector of gravitational torques g(q) are

gi(q) = (maler + maly)g sin(q1) + maleag sin(q1 + g2)
92(CI) = maleag Siﬂ(ql + q2) .
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e Using the numeric values of the constants given in Table 5.1 as well as

the formulas on Table 4.1, we get

kv = 0.0974 [kg m?],
ko, = 0.0487 [kg m?],
ko, = 0.0974 [kg m?],
kg = 2394 |kg m2/se(:2],
kv = Max{M(q)} = 0.3614 [kg m°],
Amin{M(q)} = 0.011 [kg m’].
e Numerically, we get: k£’ =7.664 [N m], and

[allax = 233 [rad/se] and, [l = 952 [ rad/sec?].
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e Using this information and the definitions of the constants from the
tuning procedure, we get that

s1 = 25.385 [N m],

so = 22.733 [N m],
kni = 0.114 |kg m2/sec] ,

kno = 31.834 [N m],
a = 1614 [kg m®/sec|,

b = 0.43 [kgm?|.

e Finally, we set v = 2 [sec™!],
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e An appropriate choice of the gains is

K, = diag{200, 150} [N m],
K, = diag{3} [N m sec/rad].

e The initial conditions corresponding to the positions and velocities, are

chosen as
Q1(O) =0, CI2(O)
¢1(0) =0, ¢2(0)

0
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Figure 90: Position errors

e In contrast to example 12.3 where the controller did not carry the PD
term, the behavior abtained here is satisfactory.
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Introduction to Part IV

We deal with a variety of topics:

e Control without velocity measurements

e Control under model uncertainty.
Specifically:

— P"D" control with gravity compensation and P “D" control with desired
gravity compensation

— Introduction to adaptive robot control

— PD control with adaptive gravity compensation

— PD control with adaptive compensation.
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Ch. 13. P“D” Control with gravity compensation and
P“D” Control with precalculated gravity compensation

The interest to count on controllers without measurement of velocity, is
twofold:

e no poor quality for certain bands of operation

e suppression of velocity sensors (no tachometers and “resolvers”)

— reduction in the production cost
— robot lighter.
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The design of controllers that do not require velocity measurements to
control robot manipulators

e is a topic of investigation broached in the decade of the 1990's
e to date, many questions remain open.

e the common idea: to propose state observers to estimate the velocity.

In this chapter we present an alternative:

— substituting q, by the filtering of q
x through a first order system of zero relative degree,
x whose output is denoted, by 9.
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e Specifically, ¥ € IR" is given by:

bip
I = di
1ag {p—l— ai} q

* where, p = %, a; and b; are arbitrary strictly positive real constants,

fori=1,2,---,n.

e A state-space representation of above Equation is:

r = —Ax — ABgq
v = x+ Bgqg

* where, & € IR" represents the state vector of the filters,
* A = diag{a;} and B = diag{b;}.
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In this chapter we present the study of the proposed modification for the
following controllers:

e PD control with gravity compensation

e PD control with desired gravity compensation.

— the derivative part of both controllers is no longer proportional to the

derivative of the position error q
— this motivates the quotes in “D" in the name of the controller.
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P“D” Control with gravity compensation

Control law:
T = K,q+K,[q,—Y]+g(q)
= —Ax — ABgq
v = x+ Bgqg
where

e K, K, €IR"™"™ are diagonal positive definite matrices,

e A = diag{a;} and B = diag{b;} and a; and b; are arbitrary real strictly
positive constants for: =1,2,---,n.
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9(q) - m - - - 1
|
|
L ROBOT q
' B
44 V(S =—prrayas |~
dq

Figure 91: P"D"” Control with gravity compensation.

When q, is a constant vector

e the control law becomes

bip
r=K,§— K,diag?! —* L g+ .
pd g{pﬂbi}q g(q)
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e it verifies the set-point control objective: lim; .., q(t) = q, (with
q, € IR" constant)

e The closed loop equation may be rewritten as

£ — A& + ABq
d || _ .
dt q| = q
_fl_ _M(Qd_fl)_l[Kpfl—Kv[g—Bfl]_C(Qd_EI,fI)fI]_

* which is an autonomous differential equation
* & =x + Bq,.

T ~T -T}T

* the origin [5 q q = 0 € IR’ is the unique equilibrium.
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Stability of the origin,

e Lyapunov function candidate

1

V(€,q,q9) =K(q,q) + 5

~q Kpq+ = (6 Bg)' K,B~' (¢ — Bg)

where

* K(q, q) 1@"M(q)q is the kinetic energy function
x K,B~! is positive definite.

* Hence, V (&, q, q) is globally positive definite.
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e Time derivative of the Lyapunov function candidate
1

V€&aa) = ¢'M@a+54" M(a)q+a"Kpq

+[¢ - By K,B™ [5 Bcﬂ.

* Using the closed loop equation we obtain

V(€ q,q4) = -[¢—-Bg K,B'Al¢ - B
¢ 1T K,B'A —K,A 01[e¢e]"
- — | gq ~K,A BK,A 0 q
q I 0 0 0__q_

* V(€,4,q) is globally negative semidefinite.

e The origin is asymptotically stable (use the La Salle’s Theorem).
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Example 13.1

Consider the Pelican robot

Figure 92: Diagram of the Pelican robot.
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e The components of the vector of gravitational torques g(q) are given by

g1(q) = (mila +maly)g sin(qr) + malc2g sin(g: + ¢2)
92(CI) = Mmalag Siﬂ(ql + C]2) .

e Consider the P“D" controller with gravity compensation with

K, = diag{k,} = diag{30} [Nm/rad],

K, = diag{k,} =diag{7, 3} [Nm sec/rad],
A = diag{a;} = diag{30, 70} [1/sec],
B = diag{b;} = diag{30, 70} [1/sec]|.
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e The components of the control input T are given by

T = kpq1 — kU1 + g1(q)
T2 = kpqa — kU2 + g2(q)
Ty = —a1r1—a1biq

To = —aT2 — a2b2q2

V1 = x1+biqa

Vo = x2+ bago.

e Initial conditions
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e The desired joint positions are chosen as

dd1 = 7T/]-Oa

qa2 = 7/30 [rad].

e In terms of the state vector of the closed loop equation, the initial state

IS

I b17r/10 ]
b27T/30
/10
7 /30
0

0

[ 0.423 |

7.329
0.3141
0.1047

0
0
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0.4 — [rad]

0.3 —_ (']‘1

0.2 —

0.1 —& 0.0587

U il ¥
—0.1 | | | |

0.0 0.5 1.0 1.5 2.0
t [sec]

Figure 93: Position errors ¢1(t) and ¢a(t).

e Figure presents the experimental results,

* q(t) tends asymptotically to a constant nonzero value (due to the
non-modeled friction effects).
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P“D” Control with desired gravity compensation

Control law
T = Ky,q+K,|qg;— Y] +g(qy)
= —Ax — ABgq
v = x+ Bgqg
where

e K, K, €IR"™"™ are diagonal positive definite matrices,

e A = diag{a;} and B = diag{b;} with a; and b; arbitrary real strictly
positive constants for all 1 =1,2,---,n.
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|
| —
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Figure 94: P“D"” Control with desired gravity compensation.

When q, is a constant vector

e the control law may be expressed by

bi
T = K,q — K,diag {—p

+ :
p+%}q a(q,)
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If Amin{Kp} > kg, then

e it verifies the set-point control objective that is, lim;_, ., q(t) = q

e The closed loop equation may rewritten as:

¢ —A¢ + ABq
d|.| .
E q |— —q
q| [ M(q) ' [Kpg—K,[€—Bql+g(a,)—C(a,—a,4)a—9(a,—q)] |

* which is an autonomous differential equation.
* & =x + Bq,.

T ~T -T}T

* the origin [5 q q = 0 € IR’ is the unique equilibrium
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Stability of the origin

e Consider the Lyapunov function candidate

V(€.4.4) = Klg,— @.4) + /(@) + 56 - BO) KB (€ - B

where

* Klag—a.9) =3q" M(g,— @)q
* [(@) =U(qq — ) ~U(ga) + 9(4a) Tq+34'K,q .
x Since K,B™" is positive definite and

% )\min{Kp} > kg
x Consequently, V' (&, q, q) is also globally positive definite.
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e The time derivative of the Lyapunov function candidate yields

. -~ . ) . 1. . ) 2T - k3
V(E,q,q9) = ¢'M(q)g+ §qTM(q)q ~q 9(q,—a) +9(q))"q
+q"K,q+ [¢ - Ba) K,B7' [& - B .

* Using the closed loop equation we obtain

V(,q,q) = —(&-Bg) ' K,B'A(¢£ - Bg)

*x V(&,q,q) is a globally semidefinite negative function.

e The origin is global asymptotically stable (use La Salle’s Theorem).
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Example 13.2

Consider the Pelican robot

Figure 95: Diagram of the Pelican robot.
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e The components of the vector of gravitational torques g(q) are given by

g1(q) = (mila +maly)g sin(q1) + malc2g sin(gr + ¢2)
92((1) = Maleag Sin(Ql + 612) :

e The constant k; may be obtained as (see Property , 4.3):

o

= n((mile + maly)g + maleog)
= 23.94 {kg m2/se(:2} :

kg = n (max i j.q
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e Consider the P“D" control with desired gravity compensation satisfying:

)\min{Kp} > kg .

In particular, these matrices are taken to be

K, = diag{k,} = diag{30} [Nm/rad],

K, = diag{k,} =diag{7, 3} [Nm sec/rad],
A = diag{a;} = diag{30, 70} [1/sec],
B = diag{b;} = diag{30, 70} [1/sec]|.
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e The components of the control input T are given by

T = kpq1 — kU1 + g1(q)
T2 = kpqa — kU2 + g2(q)
Ty = —a1r1—a1biq

To = —aT2 — a2b2q2

V1 = x1+biqa

Vo = x2+ bago.

e Initial conditions
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e The desired joint positions are

dd1 = 7T/]-Oa

qa2 = 7/30 [rad].

e In terms of the state vector of the closed loop equation, the initial state

IS

I b17r/10 ]
b27T/30
/10
7 /30
0

0

[ 0.423 |

7.329
0.3141
0.1047

0
0
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[rad]
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0.0
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0.0 0.5 1.0 15 2.0

|

Figure 96: Position errors ¢i1(t) and ¢x(t)

e Figure shows the experimental results,

— q(t) tends asymptotically to a constant nonzero value (due to the
friction effects in the actual robot).
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Ch.14. Introduction to adaptive robot control

The implicit assumptions in the preceding chapters are:

e The model is accurately known

e [he constant physical parameters are accurately known.

Two general techniques deal with the absence of above considerations:

e Robust control aims at controlling, with a small error, a class of robot
manipulators (model is not accurately known) with the same controller.

e Adaptive control deals with

— uncertainty in the systems parameters (unknown constant parameters)
— it requires the precise knowledge of the structure of the system.
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In the subsequent chapters we describe and analyze two adaptive controllers
for robots.

e PD control with feedforward gravity compensation.

e PD control with adaptive compensation.
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Parameterization of the dynamic model

The dynamic model of robot manipulators as we know, is given by

M(q)g+C(q,q)q+g(q) =T

e To emphasize the dependence of the dynamic model on the dynamic
parameters, we write

M(q,0)g+C(q,q,0)q+9g(q,0) =T. (46)
where

*x 0 € IR™ is the m vector of parameters
* m is some known constant

* @, do not necessarily correspond to the physical parameters of the
robot
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Example 14.1

Consider the example of an ideal pendulum

e Dynamic model
ml?§ + mglsin(q) = 7

— where its mass m is concentrated at the tip,
— at a distance [ from its axis of rotation.
e We identify:
x M(q,0) = ml?j, and g(q,0) = mglsin(q).
2
* 0 = [ m (assuming that both parameters are unknown)

mgl
* It is a nonlinear vectorial function of the physical parameters.
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Linearity in the Dynamic Parameters

Above example also shows that

e the dynamic model is linear in the parameters 6.

ml? ]

ml*G + mglsin(q) = [§ sin(q)] [ mgl

= ®(q,4)0.

* ® contains nonlinear terms of the state, and
* 0@ is the vector of dynamic parameters.

e Property known as “linearity in the parameters” or “linear
parameterization” .
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Property 14.1. Linearity in the dynamic parameters.

For all w, v, w € IR" it holds that

M(q,0)u+C(q,w,0)v+g(q,0) = ®(q,u,v,w)0+rK(q, u,v, w)

where K(q,u, v, w) is a vector of n x 1, ®(q, u,v,w) is a matrix
of n x m and the vector 8 € IR™ depends only on the dynamic
parameters of the manipulator and its load.

2. || Moreover, if q, u, v, w € L™ then ®(q,u,v,w) € L2X™.
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The Nominal Model

The dynamics (46), may be expressed as

M(q,0)u+ C(q, w,0)v+g(q,0) =
(I)(qa u,v, ’UJ)H + Mo(Q)u + CO(q7 ’UJ)’U + gO(q)7

where
e the nominal model or nominal part of the model is,

k(g, u,v,w) = My(q)u + Co(g, w)v + go(q) -
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e My(q), Co(q, w) and the vector g,(q) are the parts of

* M(q), C(q,q) and g(q)
* do not depend on @ (unknown dynamic parameters).

o Given a vector O € IR™, we have

A

d(q,u,v,w)0 =
M(q,8)u+C(q,w,8)v+g(q,8)— My(q)u—Co(q, w)v—gy(q).

e A particular case is when u = v = w = 0 € IR". In this scenario

g(q,0) = ©(q,0,0,0)0 +g,(q).
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Example 14.7

Consider the Pelican robot

Figure 97: Diagram of the Pelican robot.
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e Dynamic model

Mi1(q) M12(CI)] g+ [011(517(:1) Cr2(q, Q)] g+ [91(Q)] _ -
Ma1(q) Maa(q) C21(q,q) C22(q,q) 92(q)
N ~ — = ~— = \—  —
M(q) c(q.,9) 9(q)
where

Mii(q) = mil? +mo [l% 4+ 12, + 20110 COS(QQ)} + 1+ 1
Mis(q) = ms [132 + 11109 COS(QQ)} + I
My (q) = ms [132 + 11109 COS(QQ)} + I
M22(q) = mglg2 -+ 12

Cii(g,q) = —malileo sin(gz2)go
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Ci2(q,q) = —moliles sin(qo) [§1 + ¢2

C21(q,q) = malile sin(q2)da

022(q7 q) = 0
gi1(q) = [miler +mali] g sin(q1) + malcag sin(qi + g2)
g2(q) = maleag sin(qr + g2) .

e We have selected as parameters of interest,

*x Mo, IQ and lCQ

e \We define the vectors
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e [he parameterization leads to
M(q,0)u+C(q,w,0)v+g(q,0) =
o
[@11 Dy (1)13] 9;
Do Doy Po3 9
3

+ Mo(q)u + Co(g, w)v + g¢(q),

where

b = l%ul + l1g sin(qq)

$19 = 217 cos(qo)uy + 11 cos(ga)us — Iy sin(go)wavy
—ly sin(ge2)|w1 + wa)vz + g sin(q1 + ¢2)

Q13 = up + ug

$y; =0
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®yy = 11 cos(g2)ur + 11 sin(ge)wivy + ¢ sin(qr + ¢2)

Doz = Uy + U2

_91_ mo
0 = O | = malco
_93_ _mglg2—|—]2_
myl2, +1; 0
Mifg) = | ™D
(0 0
CO(Q7w> — 0 O]

[ mql.1g sin
90(‘1) _ 1 190 (611)]‘

e O depends exclusively on the parameters of interest ms, I and ..
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The Adaptive Robot Control Problem

e Consider the dynamic equation

M(q,0)g+ C(q,q,0)qg+g(q,0) =1

or equivalently,

— Assume that ®(q,q,q,q) € IR"™™, My(q),Co(q,q) € IR"™"™ and
go(q) € IR™ are known

— but @ € IR™ is unknown

— Given a set of vectorial bounded functions q;, q; and q,,

— we seek to design controllers that achieve the position or the motion
control objectives.
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Parameterization of the controller

The control laws may be written in the functional form

T = T(qa Q7 qdq; Qda de M(Q), C(qa Q), g(q)) :

e Giving a little ‘more’ structure we have

T =71(4,4,494,44,4q4) + M(q)u+ Clq,w)v +g(q),

where
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* The first term 71(q,q,q4,44,q,), usually corresponds to linear control
terms of PD type, i.e.,

Tl(Qa 4,494 945 éd) — Kp[qd — CI] + K’U[qd - Q]

where
* K, is the gain matrix of position
* K, is the velocity (or derivative gain).
x |t does not depend explicitly on the dynamic model
x In the second term w, v, w € IR" depend on q, ¢ and on q,4, g, and q.
x |t depends explicitly on the dynamic model
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e |n general an adaptive controller is formed by two main parts:

— Control law or controller.
— Adaptation law.

e Control law in the generic form

A

T = Tl(qv Q7 d4, Qda qd) + M(qa é)u + C(q7 w, é)v + g(q7 9)

where

A

* 0 is the vector of adaptive parameters
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e An adaptation law (integral law or gradient type)

A

t
H(t) =T / 'Ivb (87 q, Q7 Q7 qd7 Qda qd) dS + 9(0)
0

where

* T =TT € IR™™ and 0(0) € IR™ are design parameters

* I is usually diagonal and positive definite (‘adaptation gain’)
* 1) is a vectorial function to determine, of dimension m.

* 0(0) is an arbitrary vector

x In practice, we choose it as the best approximation available on 6.
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Ta E;: . T
qd T(t7 q,4q, qd7 qd7 9) ROBOT gd

d,

t
/ Qp (57 q, iL é.'L qd: Qda qd) dS
0

Figure 98: Adaptive control of robots: block-diagram.

e An equivalent representation of the adaptation law

é(t) — Fw (87 q, iL éja d4; Qda qd) :

e |t is desirable from a practical viewpoint,

— that the control law as well as the adaptation law, do not depend explicitly
on q.
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Stability and Convergence of Adaptive Control Systems

e An adaptive system guarantees the parametric convergence if

* the limit of O(t) when t — oo exists and is such that

lim 6(t) =6

t—00

* Parametric convergence is not an intrinsic characteristic of an adaptive
controller.

e Stability analysis is based on Lyapunov theory,

x with the inclusion of

0=60—6 (parametric errors vector)
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e General form of the closed loop equation

Q1

E q — f (ta q, Q7 qd,, qcla Qda 9)

D

— the origin is an equilibrium point.
— In general, is not the only equilibrium point

e We study only stability and convergence of the position errors:

e Certainty equivalence (the achievement of the control objective under
parameter uncertainty)
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Ch.15. PD Control with Adaptive Desired Gravity
Compensation

We consider the scenario where all the joints of the robot are revolute.

The Control and Adaptive Laws

e Making use of (47), we have that for any vector 8 € IR™ and z € IR"

A

g(x,0) = ®(x,0,0,0)8 + gy (). (47)
— For simplicity, in the sequel we use

¢,(x) = (x,0,0,0).
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e The PD control with adaptive desired gravity compensation is described

A

T = K,q—K,q+g(q,0)
— K, — K,q+ ®,(q,)0 + g,(qy),

and

t
O(t) =T'd T/)Filf~—lcm+éo,

x where K, K, € IR"*" and T € IR™™™ are

x symmetric positive definite design matrices
* €0 IS a suitable positive constant.
* It was used (47) with ¢ = q.
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e Design parameters

% Only K,, and g must be chosen carefully.
e To that end, we start by defining Aviax{M }, ko1 and k, as

* AMacd M (q, 0)} < Aiax{M) VqelR", 6cQcCIR™
* ||C(q7 Q7 H)H < kCl ||q|| v qaq S IRna 6 cQcCIR™
* |g(z.0) — g(y.0)| <kllz—y| Vaz,yeR", 0cQCR™

e The constants Avax{M }, kc1 and k, are considered known.

— It is necessary to dispose of M(q,0), C(q,q,0), g(q,0) and 2,

— but one does not require to know 6.

— In practice the set €2 is determined from upper and lower—bounds on
the dynamic parameters
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e K, and g are chosen so that

C].) )\min{Kp} > kg,

2>\min{K }
C2 P> ¢,
) 82>\1\/Iax{]\4} ’
2>\min{Kv}[)‘min{Kp} — kg]
C3) )\ )\i/[?{X{K,U} > €0,
C4) min{ ’U} > £

2 [kCl + 2>\MaX{M}]
where €5 and 7 are defined so that

oy — 261
2—81—2
2Amin1 K
{ p}>€1>2.
kg
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~ A

e We define the parametric errors vector as: 6 =60 — 0.

— It is introduced only for analytical purposes (not used by the controller)

e |t may be verified that

A

()0 = Py(qq)0 + Py(q )0
= ®,(q,)0 +9(q,0) —go(q,),

e T[he control law may be written as

~

T=K,q— K,qg+ P,(q,)0+g(q,,0).

e Using above control law in the robot model, we obtain

~

M(q,0)g+C(q,q,0)g = K,q— K,q+ ®,(q;)0 +9(q,,0) —g(q,0).
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o As é = é we get that

~

g
0=_d,(q,)" [ Y

1+ |

T+ an? ™ q] '

e From all the above we have that the closed loop equation is formed by

q
d |
at | 4
K

—q

~

M(q) " K@~ Ko+ @y(q,)0 -

F(I)g(Qd)T[ g — q]

C(q,q4)q+9(q,) — g(q)}

]

— Autonomous differential equation (the origin is an equilibrium point).
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Stability analysis

e Lyapunov function candidate

£
- =TT -
1 2 €0
5 p _1 N M(q7 0) O
L 1 +[q]
ha.a.0) = 5|4 0.M(q,0)  M(q,0) 0
|| e 3
91 | 0 0 -t
T~ 1 ~T ~
+U(q,0) ~U(q4,0) +9(q0,0)"a + G K4
f(a)
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* Equivalent form

I 1. . -
V(t,q,q,0) = §qTM(q,9)q+U(q,9)—U(qd,9)+g(qd,9)Tq
]. 1 ~T ~ 60 ~T .
=+ =) §K,g— —2_ g™M(q.0
(51 82)61 »q TGl g M(q,0)q
+%éTF—1é,
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e The constants eg > 0, €1 > 2 and €5 > 2 are chosen so that

2>\min K
1K) > g1 > 2 (48)

kg

261
= 4

=2 g1 — 2 ( 9)

2Amin{ K}
>e0>0. 50

i (M (50)

x Condition (48) guarantees that f(q) is a positive definite function
* (50) ensures that P is a positive definite matrix
* Finally (49) implies that é + % =1
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e Define ¢ as
€0

e=c¢(||q]) := Txal

— Inequality (50) implies that the matrix
e

€2 1+ ||q

9 € 2 2
£ p_( 0 )M(q’g)_ K, —¢’M(q,0) > 0
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e The Lyapunov function candidate may be rewritten as,

~

V(t,q,q,0)

= ~[-q+¢q) M(q,0)[—q +<q]

1

2

1_ 2 -
+—qgt —Kp—52M(q,9) q

2 )

1~ ~

—01r'0
+2

- 1o

+U(q,0) —U(qy,0) +9(q,,0) q+8—1 K,q,

£(Q)

— which is obviously a positive definite function since
- M(q,0) >0, 2K, —¢°M(q,0) >0, T >0, and
— f(q) is also a positive definite function (since Apin{Kp} > ky)
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e Time derivative of the Lyapunov function candidate

V(t,q,q,0) = —q'K,q+eqg"M(q)q—cq"K,q+¢q"K,q
—e¢’C(q,q)a — =q"[g(qy) — g(q)]
—£q'M(q)q.

— It can be upper bounded, getting:

Q
o T - -
| ) Iq|| Amin{EKp} — kg —5AMax{ Ko}
V(ta 67q79) S — €
_||Q||_ i _%)\MaX{K’U} 2_(}:0>\min{Kv} ]
L, .
= 5 Pmin{ Ko} — 2e0(kicy + 2Amaxi M )] lal* .

J
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e () is positive definite if

)\min{Kp} > kg
2)\min{Kv}()\min{Kp} o kg)
Al%/[aX{K/U}

> £

while we have that § > 0 if

Amin{Kv}
2(kcy + 2 Mmax{M })

> £0.
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e Finally we obtain that

.z £0 . : 0.
V(1:2.0.0) <~ rerheand@) [lal” + 4] - Gl
< —eotmn{@ B dgp

T+lall 2
— It is a globally negative semidefinite function.

e Since moreover V(t,q,q, ) > 0 (globally)

— the origin of the closed loop equation is stable, and
— its solutions are bounded, that is: q,q € L, and 8 € LT .
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e Because:
d NN la@)|”
—V(t,q(t),q(t),0(t)) < —coAmin{@ = :
- V(t.a(t),q(t),0(t)) 0Amin{ }1+HCJ(t)H
— we have 3 5
o _ [T IGOP
£0Amin{ @} ~Jo 1+ ||q(2)|]

+ where V5 := V(0,q(0),q(0),6(0)).

— Thatis: ——L— e L7
RV -
— Using Lemma A.7 we obtain that: g € L%

e Thus, from q,q € L, and g € L%, and Lemma A.5 we obtain

lim q(t) = 0 € IR" (control objective achieved).

t— 00
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Example 15.2

Consider the Pelican robot

Figure 99: Diagram of the Pelican robot.
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e Dynamic model:

[iinte) Miate)** [Catars) cntw)®* (o)

M(q)

where

021(61, f]) 022((17 51) 92(CI)
~— -~ —_——
c(q.,q9) qgq)

mllzl + Mo [l% + ng + 2[1[02 COS(QQ)} + Il -+ IQ
™Mo [122 + 19 COS(QQ)} + I
meo [122 + 1l COS(QQ)} + 15

—mialileo sin(gz2)go
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Ci2(q,q) = —malilee sin(qz) [¢1 + ¢2

) = malile sin(g2)d

Ca(q,q) = 0
) = [maler +mali] g sin(q1) + maleag sin(q1 + go)
) = maleg sin(qr + q2) .

e \We consider parametric uncertainty in mo, Io and [.9;

— the numeric values of these constants are not known exactly.
— Nevertheless, we assume to know their upper-bounds:
x Mo, 1o and [.9, that is,

me <ma;  In<Iy; lw<ls.

e The control problem: lim;_. ., q(t) = 0 (with a constant q,).
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e Dynamic parameters vector 0 € IR?,

04 ma
0= |0 = maleo
_93_ _m2l22—|—]2_

e PD control with adaptive desired gravity compensation.

T = K,q— K,q+,(q,)0+ g,(q,)
t
A 8 0
o) = Ta,q)" [ || ds+60)
o L1+ llqll

*x K, K, € IR"*" and T € IR™”*"™ are symmetric positive definite design
matrices
* €0 IS a suitable positive constant.
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o Vector gy(q,)

90(q4) = [mlldg Sin(%l)] .

e Matrix ®,(q,)

(I)g(qd) — <I>(qd,0,0,0)
_ [llg sin(gq1) g sin(qa1 + qaz2) 0]
0 g sin(qa1 + qa2) 0] °

e \We first need to determine the numeric values of

s { M (g, 0)} < My { M} VgeclR", 0cQ
°||C(q,4q,0)| < kci1 4| Vq,qgclR", 09

o|lg(x,0) —g(y,0)| < k,|lz—y|| Vz,yeclIR" 0c
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e |t is necessary to characterize the set ) C IR, to which 8 € Q. as:
) =

_ T 2 —
To | € IR : |zq| < Tg; |wa| < Males; 23| < TMiales + I

e Expressions for Avax{M}, kc1 and k, for the case of parametric
uncertainty are:

—9 S —
Miacd MY > mil2, + 3 [z% 4ol + 3101102} + L+ T
kot > nmalile
kg > n[male + Mgl +Males] g
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e Fixing the following values for the bounds

my = 2898  [kg]
I, = 00125 [kgm’]
lo = 0.02862 [m],

— and considering the numeric values showed in table 5.1 we finally

obtain:
Aax{M} = 0475 [kg m?]
ki = 0.086 [kg m?]
kg = 2899 |kg m2/se(:2}.
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e The next step consists on calculating K, K, and gp and es.

x Condition C.1: Apin{K,} > Ky
* As, ky = 28.99, hence K, = diag{k,} = diag{30}.
* K, is chosen arbitrarily but symmetric positive definite.
+* We may fix it to K, = diag{k,} = diag{7, 3}.
* We chose €1 according with

2 min{Kp}
kg

> g1 > 2,

* SO an appropriate value is £; = 2.01.

* €9 IS determined from
281

E9 =
81—27

*x so we get o = 402,
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e Using above information, it is immediate to verify that

\/ Puint B} 561

52>\MaX{M}
2>\min{K’U}[>\min{Kp} _ kg] = 0.124
Aﬁ/[ax{Kv}
Amin{ Ko} —  1.448

2 ko1 + 2 AMax{ M }]

— According to conditions C.2 through C.4, g must be strictly smaller
than the previous quantities. Therefore, we choose 5 = 0.12.

e I' must be symmetric positive definite.

— A choice is e.g., I' = diag{~v1, 72} = diag{500, 10}.
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e The vector of initial adaptive parameters is arbitrary, and here it is taken
to be: 8(0) = 0.

e |n summary, the control law may be written as

71 = kyGi — ko1 + 1ig sin(ga1)01 + g sin(qar + gaz)02
+ milc1g sin(qqr)

A

To = kpga —kyg2+g sin(qq1 + q42)02 -

— Notice that the control law does not depend on 0s.
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e Consequently, the adaptation law only has the following two components:

. , o
Ql(t) = "}/llg sm(qdl) / [ Oq qi1 — Q1] ds + 91(0)
0

t
0>(t) = ~vg sin(qq1 + ¢ /[
> (1) (an+am) | |77

t
+ g Sin(le""QdQ)/ [
0

e |Laboratory experimental results.

— Initial conditions:

=
N——"
|

Q1(O> — 07 Q2(
Q1(O) — Oa QQ(

-
—
|
o O
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— Desired joint positions:
qar = 7/10, qq2 = 7/30 [rad].

— In terms of the state vector of the closed loop equation, the initial state

IS _ _ _ -
- /10 0.3141
4(0) /30 0.1047
= = rad] .
. 0 0
| 4(0) | 0 0
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0.4 —[rad]
0.3 —_ ‘il
02 —
00 +-—--——-——=====
—0.1 | | | |
0.0 12.5 25.0 375 50.0

t [sec]

Figure 100: Position errors ¢; and go.

— Above Figure shows that the components of the position error g(t) tend
asymptotically to zero in spite of the non-modeled friction phenomenon.
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10.0 —
75 —
5.0 7 01 3.2902
25 — L
00 koo 0.1648
—2.5 — 09
~5.0
7.5
0.0 125 25.0 37.5 50.0

t [sec]

Figure 101: Estimated parameters él and ég.

— From Figure we appreciate that both parameters tend to values which
are relatively near of the unknown values of 61 and 65, i.e.,

. O1(t)] _ [3.29027 _[6:] _ [ mo | _ [2.0458
t—oo | Ba(t) | [0.1648 | T |Gz | |male| | 0.047 |

* In general, the parameters do not converge to their true values ( persistency
of excitation is not verified)
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— If instead of limiting the value of £y we use the same gains as for the
latter controllers, the performance is improved.

0.4 — [rad]
0.3 —_ q‘l
0.2 —
0.1 _K
00 —fF---—====
—0.1 | | | |
0.0 0.5 1.0 15 2.0

t [sec]

Figure 102: Position errors q; and qs.
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x For this, we set the gains to

30 0

K, = [O 3()] [Nm /rad],
7 0

K, = 0 3] [Nm sec /rad],
1500 10

r = K 10] [Nm / (rad sec)],

and g9 = 5, i.e.,, K, and K, have the same values as for the PD
controllers.
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10.0 —
7.5 —

50 — 01 2.9053
2.5 L\/’/ 0 0.1942
0.0 — 2 <

—2.5 —
—5.0 —

0.0 0.5 1.0 1.5 2.0
t [sec]

Figure 103: Estimated parameters él and ég.
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Ch.16. PD Control with Adaptive Compensation

The control and adaptation laws

Firstly we recall that the PD controller with compensation is given by
™ = Ky + Ko + M(a) |, +Ad| + C(a,) [a,+ Ad] + 9(q),

e where K, K, € IR"™*™ are symmetric positive definite design matrices,

~

® g = q, — q denotes the position error,

e and A is defined as
A=K, 'K,.
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Now we recall the following property

e Parameterization of the dynamic model

M(q,0)u + C(q,w,0)v + g(q,0) =
®(q,u,v,w)0 + My(q)u + Co(q, w)v + go(q)

where
* ®(q,u,v,w) € IR"™™, My(q) € R"*", Cy(q,w) € IR"*", g,(q) €
IR™ and 0 € IR™.

* 6@ contains elements that depend on the dynamic parameters.
* Moy(q), Co(g,w) and g,(q) represent parts of
x M(q), C(q,q) and g(q) that do not depend on 6.
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e For any vector 6 € IR™, we obtain

A A

M(q,0) |da+ NG| + C(q,4,0) a4+ Ad] + 9(g.0) =

(g, 4y + g, 4q+ A7, @)0 + Mo(g) |, + Ad]
+Co(q:4) (a4 + Ag] + go(a) - (51)

— where we defined

u = éLzJFACLI
v = qu,+Aq
w = (.

— In the sequel we use the abbreviation: ® = ®(q, éjd+A51, q,+Aq,q).
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We are now ready to study the PD control with adaptive compensation

e Control law

r = K,q+ K,q+ M(q,0) [qd + Acﬂ +C(q,4,0) [a,+ Aq]
+9(q,0) (52)
= K+ Ko+ 90+ Mo(q) [, + Ad] + Co(a, @) [d, + Ad
and

t
é(t)zrf <I>T[51+Aq} ds + 6(0),
0

- K,, K, € IR"™ and T € IR™”™ are symmetric positive definite.
— The pass from (52) to (53) follows by using (51).
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~ A

e We define the parametric errors vector as: 6 = 6 — 0.

— Introduced only with analytic purposes (it is not used by the controller).
— 0 is unknown since it is a function of 6.

e |t may be verified that

A

dO PO + DO

= ®6+ M(q,0) [éd + A&} +C(q,q,0) [q,+ Aq| +g(q,0)

~Mo(q) |4+ Ad| — Cola, @) [au+ Ad) - go(a)
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e [he control law takes the form
T =K,q+ K,q+ ®0

+M/(q,0) [éd + A&} +C(q,q,0) (g, +Aq] +g(q,0).

e Now the robot model can be expressed as:

M(q,0) |a+Ad| +C(a,4.0) |a+Ad| = —K,a — K,g— 0.

e Considering these facts we have that

.
~

H:F@T[&JrAE]} |
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e Finally, the closed-loop equation, may be written as:

(q | i q
d . _ ~ 2 P . 2 ~ 2
—la| = M(q,0)* [—qu—qu—@H—C(q,qﬁ) [q+AqH — Agq
5 _ F(I)T{CL]—FAC}}

— which is a nonautonomous differential equation and of which the origin,

Q1

— 0 € IR*"™™  is an equilibrium point.

Qe

D
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Stability analysis

e Lyapunov function candidate

"] [2K, + ATM(q,0)A ATM(q,0) 0 | [q

~ ~ = 1 ~ ~
V(t,q,q,9)=§ q M(q,0)A M(q,0) 0 q
0] | 0 0 r-t] |6

— which is positive definite. This, may be more clear when rewriting it as

- 7 Ire. e 3 ~ ~Trr ~ l1-T _154
V(t,q,q,9)=§[q+/\q} M(q,G){quAq}Jrq qu+§9F 0.
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e The time derivative of the Lyapunov function candidate becomes

T T .

. ~ L K3 ~ 2 K3 Ir. ~ K3 ~

V(t,q,q,0) = [q+Aq} M(q,0) [q+Aq} + §[q+Aq} M(q,0) [q+Aq}
+24"K,g+0 T8

— It may be reduced to

. IR A K3 - -
V(t,q,q,0) = —q K,q—q'AN"K,Aq

+ ATK,A\ is symmetric positive definite (because, A is a non-singular
matrix while K, is a symmetric positive definite matrix, cf. Lemma
2.1)

x T herefore, V(t, q.q, é) is a globally negative semidefinite function.
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e Above result, and since, the Lyapunov function candidate is globally
positive definite, radially unbounded and decrescent,

— Theorem 2.3 guarantees that the origin of the closed-loop equation is
x uniformly stable, and
* all the solutions are bounded, that is,

q,qc L™,

OecL™.
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e Because
d . 3 ~ ~ ~
ZV(6.a(),4(1).8(1)) < —a(t)"ATK,Aq(1)
< _Amin{ATKvA} ||(~1(t)||2
— we have

Vo a2
> t dt
e 2 lael
« where V5 := (0, q(0), g(0),0(0))
— Thatis: g € L.

e Thus, from q,q € L and q € L%, and Lemma A.5 we obtain

lim q(t) = 0 € IR" (control objective achieved).

t— 00
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Example 16.3

Consider the Pelican robot

Figure 104: Diagram of the Pelican robot.
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e Dynamic model:

Mll(q; M12(CI)] qu\[

Cii(q,4) Chra(a, 61)] - [gl(q)] .

L Ma(q) Ma2a(q) Co1(q,q) Cx(q,q) ] 92(q)
M(q) c(q.q) 9(q)
where
Mii(q) = mil? +mo [l% 4+ 12, + 20110 COS(QQ)} + 1+ 1
Mis(q) = ms [132 + 11109 COS(QQ)} + I
Msi(q) = mo [ZSQ + lilea cos(g2)| + I
Mao(q) = malZ + I
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Cll (q7 q)

—mialilce sin(gz)go

—malileo sin(qz2) (g1 + ¢2]

malilea sin(q2)qs

0

(m1ler + moly] g sin(qy) + maleag sin(qr + g2)
Male2g sin(qr + qz2) -

e Unknown parameters: mo, I3 and [.s.

e \We wish to design a controller, such that: lim; .., q = 0.

— We use the PD Control with Adaptive Compensation.
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e Parameterization of the dynamic model:
M(q,0)u+ C(q,w,0)v +g(q.0) =

.-
[(1)11 Dy @13] 9;
Do Doy Po3 0,

+Mo(q)u + Co(q, w)v + 90(q)

where

i
[

l%ul + l1g sin(qq)

KA
o
|

— 2[1 COS((]Q)’LLl + ll COS((]Q)UQ — ll sin(q2)w2v1
—11 sin(q2) w1 + walvz + g sin(q1 + go)

D13 = up + us
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by = 0
®yy = 11 cos(ge)ur + 11 sin(ge)wivy + ¢ sin(qr + ¢2)

Doz = Uy + U2

(6, mo [ 2.0458 |
6 — 92 — mglcg — 0.047
_93 | _mglg2 + I | _0.0126_
myl2, +1; 0
e i N
(0 0
CO(Q7w> — 0 O]
[ mql.1g sin
aola) = | ")
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— Particularly:
M(q,0) |da+ Ad| + C(g,4,0) [aq+ Ad] + 9. 0) =
®0 + Mo(q) [Qd + AEI} +90(q);
where
o = aeni= ] = [l Tn e
o = acvsa= ][R

- - o[- [2)
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e [ he control law becomes

T

K,q+ K,q+ [

n

mllgl + Il)ul
0

while the adaptation law is

Ox(t) | = /Ot

XS]
OS]

P
Doy

||

®y1[v1 — ¢1]

| Puslvr — ¢1] + Paslv2 — G2

@13]
Dos

mile1g sin(qr)

0

Pialvr — ¢1] + Pazlve — ¢o]

ds +

|

>
—_
VR

-
N——"

> D
w N
A~~~
o O
~— —
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— Where,

K, = diag{200, 150} [N m / rad],
K, = diag{3} [N m sec / rad],
I = diag{1.6 |kg sec2/m2} ,0.004 |kg secﬂ ,0.004 [kg m? secﬂ },

>\11 >\12

d therefore, A =
and therefore [)\21 Moy

] = K, 1K, = diag{66.6, 50} [1/[sec]].

e Initial conditions, are chosen as:

q1(0) =0, ¢2(0)=0
1(0) =0, ¢2(0) =0
01(0) =0, 62(0)=0
03(0) =0
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0.02 —
0.01
0.00
—0.01 —
—0.02 | | | | |
0 2 4 6 8 10
t [sec]

Figure 105: Position errors.

e Figure 105 shows the steady state tracking position errors q(t),

— by virtue of friction phenomena in the actual robot, are not zero.
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3.0 — A
2.5 —
2.0
1.5 —
1.0 —
0.5 h
0.0 f|*r*2793' | |
0 2 4 8 10
t [sec]

Figure 106: Estimated parameters él, ég, and ég

e Figure 106 shows the evolution in time of the adaptive parameters.

— These parameters were arbitrarily assumed to be zero at the initial instant.
— We did not suppose having any knowledge a priori, about 6.
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Thanks a lot for your attention!
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