Table of Contents

Introduction ........... ... . ..

Content and Purpose of the Book ......... .. ... ... ... ...
Order and Character of the Exposition .......................
Remarks for the Professional ................................

Basic Concepts and Simplest Properties of Convex
Polyhedra ....... ... ... .. .. . .

1.1 Definition of a Convex Polyhedron ......................
1.2 Determining a Polyhedron from the Planes of Its Faces .
1.3 Determining a Closed Polyhedron from Its Vertices .......
1.4 Determining an Unbounded Polyhedron from Its Vertices
and the Limit Angle ........ . ... ... ... ...
1.5 The Spherical Image ......... ... ... ... i
1.6 Development .......... .. .. . .
1.7 Topological Properties of Polyhedra and Developments
1.8 Some Theorems of the Intrinsic Geometry of Developments
1.9 Generalizations ........... ... .. i

Methods and Results ........ ... .. ... . ... . ... .......

2.1 The Cauchy Lemma ......... .. ...
2.2 The Mapping Lemma .......... ... .. .. ...
2.3 Determining a Polyhedron from a Development (Survey of
Chapters 3,4, and 5) ...... .ot
2.4 Polyhedra with Prescribed Face Directions (Survey of
Chapters 6, 7, and 8) ...... ... it
2.5 Polyhedra with Vertices on Prescribed Rays (Survey of
Chapter 9) ...
2.6 Infinitesimal Rigidity Theorems (Survey of Chapters 10
and T1) .o
2.7 Passage from Polyhedra to Curved Surfaces ..............
2.8 Basic Topological Notions .............. ... .. ... ... ..
2.9 The Domain Invariance Theorem .......................

[ I



Contents

Uniqueness of Polyhedra with Prescribed Development

3.1 Several Lemmas on Polyhedral Angles ...................
3.2 Equality of Dihedral Angles in Polyhedra with Equal
Planar Angles . ... ...
3.3 Uniqueness of Polyhedra with Prescribed Development .
3.4 Unbounded Polyhedra of Curvature Less Than 27 ........
3.5 Polyhedra with Boundary .............. ... . ... .......
3.6 Generalizations .......... ...t

Existence of Polyhedra with Prescribed Development

4.1 The Manifold of Developments .........................
4.2 The Manifold of Polyhedra .............. ... ... ... ...,
4.3 Existence of Closed Convex Polyhedra with Prescribed
Development ........ .. ...
4.4 Existence of Unbounded Convex Polyhedra with
Prescribed Development .......... ... ... .. ... . ... ...
4.5 Existence of Unbounded Polyhedra Given the Development
and the Limit Angle ......... . ... ... . . ..

Gluing and Flexing Polyhedra with Boundary ...........

5.1 Gluing Polyhedra with Boundary .......................
5.2 Flexes of Convex Polyhedra ............................
5.3 Generalizations of Chapters4and b .....................

Conditions for Congruence of Polyhedra with Parallel
Faces ... . .

6.1 Lemmas on Convex Polyhedra ....................... ...
6.2 On Linear Combination of Polyhedra ....................
6.3 Congruence Conditions for Closed Polyhedra .............
6.4 Congruence Conditions for Unbounded Polyhedra .........
6.5 Another Proof and Generalization of the Theorem on
Unbounded Polyhedra. Polyhedra with Boundary .........
6.6 Generalizations ...............oiiiiii i

Existence Theorems for Polyhedra with Prescribed
Face Directions ......... ... .. .. .

7.1 Existence of Polyhedra with Prescribed Face Areas ........
7.2  Minkowski’s Proof of the Existence of Polyhedra with
Prescribed Face Areas ........... ... .,
7.3 Existence of Unbounded Polyhedra with Prescribed Face
Areas ..
7.4 The General Existence Theorem for Unbounded Polyhedra
7.5 Existence of Convex Polyhedra with Prescribed Support
Numbers . ...

155
155

163
169
173
182
186

193

193
202

210

212

218

229

229
246
261

271

271
281
287
291

295
304

311
311

317

321
327



Contents
7.6 Generalizations ........... ..

8 Relationship Between the Congruence Condition for
Polyhedra with Parallel Faces and Other Problems .....
8.1 Parallelohedra ........ ... .. . .. ..
8.2 A Polyhedron of Least Area with Fixed Volume ..........
8.3 Mixed Volumes and the Brunn Inequality ................

9 Polyhedra with Vertices on Prescribed Rays ............

9.1 Closed Polyhedra ............ .. ...,
9.2 Unbounded Polyhedra ............. ... ... ... .. ... . ...
9.3 Generalizations ......... .. .. . . . i

10 Infinitesimal Rigidity of Convex Polyhedra with
Stationary Development ............. ... ... ... ... ...,

10.1 Deformation of Polyhedral Angles ......................
10.2 The Strong Cauchy Lemma ............................
10.3 Stationary Dihedral Angles for Stationary Planar Angles
10.4 Infinitesimal Rigidity of Polyhedra and Equilibrium of
Hinge Mechanisms .......... .. .. ... . i ..
10.5 On the Deformation of Developments ...................
10.6 Rigidity of Polyhedra with Stationary Development .......
10.7 Generalizations ........... ...

11 Infinitesimal Rigidity Conditions for Polyhedra with
Prescribed Face Directions ..............................
11.1 On Deformations of Polygons ..........................
11.2 Infinitesimal Rigidity Theorems for Polyhedra ............
11.3 Relationship of Infinitesimal Rigidity Theorems with One

Another and with the Theory of Mixed Volumes ..........
11.4 Generalizations . ........... ... iuiuiiiieninnen..

12 Supplements ......... . ...
12.1 Supplement to Chapter 3: Yu. A. Volkov. An Estimate for
the Deformation of a Convex Surface in Dependence on
the Variation of Its Intrinsic Metric .............. ... ...
12.2 Supplement to Chapter 4: Yu. A. Volkov. Existence of
Convex Polyhedra with Prescribed Development. I ........
12.3 Supplement to Chapter 5: L. A. Shor. On Flexibility of
Convex Polyhedra with Boundary .......................

References . .......... ... .

Subject Index . ... .. ...



2 Springer
http://www.springer.com/978-3-540-23158-5
Convex Polyhedra

Alexandrov, A.D.

2005, XlI, 542 p. 165 illus., Hardcover
ISBEMN: 278-3-540-23158-5



