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Introduction

1.1 Basic Ideas of Domain Decomposition

The basic ideas of domain decomposition are quite natural and simple. Con-
sider the Poisson equation on a region {2, in two or three dimensions, with
zero Dirichlet data given on 92, the boundary of (2. Suppose also that (2 is
partitioned into two nonoverlapping subdomains (2; :

ﬁ:ﬁluﬁg, 01092:@, anﬂlﬂaﬁz;
see Fig. 1.1. We also assume that
measure(0fy N0f2) >0, measure(d2NON2) >0,

and that the boundaries of the subdomains are Lipschitz continuous, and
consider the following problem:

—Au=f in Q,
u =0 on 9. (1.1)

Under suitable regularity assumptions on f and the boundaries of the subdo-
mains, typically f square-summable and the boundaries Lipschitz, problem
(1.1) is equivalent to the following coupled problem:

—A’U,l = f in Ql,
ur =0 on 0 \ T,
Uy = u2 on F,
Oui  Ouy r (1.2)
o = 0w,
—AuQ = f in QQ,
uz =0 on 00, \ T.
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Here u; is the restriction of u to (2; and n; the outward normal to (2;. This
equivalence can be proven by considering the corresponding variational prob-
lems; see [392, Sect. 1.2]. The conditions on the interface I" are called trans-
mission conditions and they are also equivalent to the equality of any two
independent linear combinations of the traces of the functions and their nor-
mal derivatives. In the following, we will also refer to the normal derivative
as the fluz.
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Fig. 1.1. Partition into two nonoverlapping subdomains.

Remark 1.1. The following one-dimensional example shows that some regu-
larity beyond f € H~1({2) is required. Let u be the weak solution of
d’*u .
—w=—25 in (—1,1),
u(—-1) =u(l) =0,

(1.3)

where §(x) is the delta function. The unique weak solution v € H(—1,1) is

[ -1-22<0,
u(z) = —14+zz>0,

and its derivative has a jump at =z = 0.

We note that this particular problem is quite relevant to domain decom-
position theory. In many algorithms, we will first eliminate all nonzero com-
ponents of the right hand side, of a finite element approximation, except those
on the interface, in this case x = 0. We are then left with an equation for the
remaining finite element error, which is a direct analog of equation (1.3).

1.2 Matrix and Vector Representations

In this section, we consider matrix and vector representations of certain op-
erators and linear functionals; we refer to appendix B for additional details.
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Starting with any domain decomposition algorithm written in terms of func-
tions and operators, we will be able to rewrite it in matrix form as a precon-
ditioned iterative method for a certain linear system.

We now consider a triangulation of the domain (2 and a finite element
approximation of problem (1.1). We always assume that subdomains consist
of unions of elements or, equivalently, that subdomain boundaries do not cut
through any elements. Such an approximation gives rise to a linear system

Au=f (1.4)

with a symmetric, positive definite matrix which, for a mesh size of h, typically
has a condition number on the order of 1/h?. Here,

1 1
A o A 4 i
A= 0 AR AR |, u=|J2D|, =], (@5
AR} AR) Arp ur fr

where we have partitioned the degrees of freedom into those internal to (2,
and to (29, and those of the interior of I'.

The stiffness matrix A and the load vector f can be obtained by subassem-
bling the corresponding components contributed by the two subdomains. In-

deed, if
F9 = ( (;> AW = (A(gf)) Aé%) i=1,2, (1.6)
fF AFI AFF

are the right hand sides and the local stiffness matrices for Poisson problems
with a Dirichlet condition on 8f2;\ I" and a Neumann condition on I', we have

Arp = AL+ AT), fr= 0+ 10

In view of the transmission conditions in (1.2), we will look for an ap-
proximation of the normal derivatives on I'. Given the local exact solution u;,
its normal derivative can be defined as a linear functional by using Green’s
formula. Thus, if ¢; is a nodal basis function for a node on I', we have, using
(1.2),

Ou;
Z(f)] ds = /(Au,d)j + Vu; - V(f)j) dx = /(—f¢J + Vu; - V(f)j) dx
.Qi Qi
An approximation, A(¥), of the functional representing the normal derivative
can be found by replacing the exact solution u; in the right hand side with

its finite element approximation. Letting j run over the nodes on I" and using
the definition of the local stiffness matrix, we introduce the expression

D = 4D D 4 4@ O _ ) (1.7)
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This approximation, not surprisingly, coincides with the residual correspond-
ing to the nodes on I' of a Poisson problem with a Neumann condition on I
see (1.6). We also note that A(¥) is not obtained from the normal derivative of
the finite element solution but as an approximation of the linear functional of
the exact solution.
Using these definitions, we can find an approximation of problem (1.2):
A(l) (1) + A(l) (1) I(l)

)

u(l) = ugf) =ur,

(A + ALY — 119) = (AT + ATp? — 1) =

2) (2 2) (2 2
A u? + AR = 177

We note that the first and last equations of (1.8) are discretizations of Poisson

problems for the interior functions u%) with Dirichlet data which vanishes on
002; \ I' and is equal to a common value ur on I'. Alternatively, the first
and third equations provide a discretization of a Poisson problem in 27 for
the local function u; with Neumann data equal to A\ and vanishing Dirichlet
data on 02, \ I'. An analogous Neumann problem in (2; is provided by the
third and fourth equations. The solution of these local problems with suitable
Dirichlet and Neumann data provide the building blocks of the nonoverlapping
methods in section 1.3.

We note, finally, that while the equivalence of (1.1) and (1.2) might not
be immediate, the equivalence of (1.4) and (1.8) is trivial. If u(Fl) = ug) =ur,
then the third equation of (1.8), which ensures the equality of the approxima-
tions of the linear functionals representing the normal derivatives, coincides
with the third row of the original linear system (1.4) because of (1.5) and
(1.6). More importantly, while the continuous problem (1.2) is valid only if
the right hand side f is sufficiently regular, its discrete counterpart (1.8) is
always valid, since it can be found directly from the finite element problem.

If we, in particular, consider the one-dimensional problem of Remark 1.1
with 2, = (—1,0) and 2 = (0,1) and a triangulation with a node at x = 0,
we see that the right hand side fr cannot be built by summing two local
components. However, problem (1.8) is still equivalent to the original linear
system (1.4) since in (1.8) the local components fl(f ) are not needed but only
their sum fr. A full discussion of the continuous problem in two or more
dimensions is relatively complicated. We note that the methods discussed in
section 1.3 will have nonzero residuals only at nodal points on the interface
after the completion of the first iteration step and this is the analog of a solu-
tion of the continuous problem with a nonzero jump in the normal derivative
across the interface. However, as we have seen, no genuine technical problems
remain once we turn to the finite element case.
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1.3 Nonoverlapping Methods

We will first consider some simple iterative substructuring methods that rely
on a partition into nonoverlapping subdomains. We refer to Chap. 4, 5, and
6 for a systematic presentation and further details and generalizations. As
we will show, these methods are indeed preconditioned iterative methods for
the boundary value ur or for the normal derivative Ar. We start with these
methods since they are derived directly from the coupled problems (1.2) and
(1.8). We note that domain decomposition methods based on overlapping par-
titions were the first to be devised (namely, the alternating Schwarz method
on overlapping subdomains); they will be introduced in Sect. 1.4.

1.3.1 An Equation for ur: the Schur Complement System

Let us consider the linear system (1.4) with A, u, and f defined in (1.5). In
a first step of many iterative domain decomposition methods, the unknowns
in the interior of the subdomains (ug-’)) are eliminated. This corresponds to a
block factorization of the matrix of (1.5):

1 1
I 0 0\ [4F) 0 4f)
A=LR= 0 I 0 0 A® 2@ (1.9)
AW AW 4@ 47 o o §
r'r<+I1r1r I'r“*11

and a resulting linear system

1 1 1

A0 A\ ()
0 A?I) Agz u= }2) . (1.10)
o o0 S gr

Here I is the identity matrix and § = App—A8 AL ™ A0 _ 42 4@ 71 4(2) 5
the Schur complement relative to the unknowns on I'. By a direct calculation,
we see that S and gp can be found by subassembling local contributions. In
particular, recalling the form of the local matrices (1.6) and defining the local
Schur complements by

S = AW — AP ADTAD 19 (1.11)
we find the Schur complement system for up to be
Sur =gr, (1.12)
with
S =80 453,

1 1) 1)1, 2 2) (2)7 L A2 1 2
or = 39~ ALY 1)+ 9~ A2 ) = ol 4 .
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We note that once u is found, by solving (1.12), the internal components can
be found by using (1.10):

i )L, LG i
uf = A () - Afur); (1.13)

these are just solutions of two inhomogeneous Dirichlet problems.

The Schur complement system, which provides an equation for the ap-
proximation of the trace of the exact solution on I', has been derived purely
algebraically by block Gaussian elimination. It is interesting to note that it
can also be obtained by using the transmission conditions of the coupled sys-
tem. Thus, let us write the internal variables ugl) and u?) in terms of ur by
using the first and last equations of (1.8). Substituting these expressions into
the third equation of (1.8), we again arrive at equation (1.12). We note that
in this last step, we use the flux condition expressed in the third equation of
(1.8). A dual procedure that provides an equation for Ar is given in subsection
1.3.2.

We can also obtain an equation for the trace of the exact solution on I’
working directly with the continuous problem (1.2). The corresponding opera-
tor is called a Steklov-Poincaré operator. The Schur complement system (1.12)
is an approximation of the Steklov-Poincaré equation, determined directly by
the finite element approximation, particularly, by the approximation of the
normal derivatives (1.7). (We refer to Chap. 4 for a systematic presentation
of Schur complement systems.)

1.3.2 An Equation for the Flux

We now derive an equation for the normal derivative Ay on I" by employing a
procedure analogous to that of the previous subsection. We use the unknown
common boundary value A = Ag}) = —/\E?) (see the third equation of problem

(1.8)) and solve local Neumann problems to find (") and u(?):

<,4(g%> Aé%) (u%i) _ ( (,)f§i) (,)) Ci=1,2. (1.14)
AW AW ]\l fro+2Ar

Using a block factorization of the local matrices, we find
uf) = 51l 4 AW,

with g}i) given as in the previous subsection. Using the second equation of

}1) and ug) the same, we find

problem (1.8), which makes u
FAr =dr, (1.15)

with
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F=g80-14g5@)-1

(1.16)
dr = dP) +d%) = —sM=1g) 4 g@)-143),

We note that this is the same linear system which will appear as (6.29) in
section 6.3.1 if we specialize that formula to the case of two subdomains.
Once A is known, we can find the local solutions u(!) and u(? by solving the
two Neumann problems in (1.14).

In the rest of this section, we will consider some domain decomposition
methods of iterative substructuring type. We note that many others can be
defined by replacing Dirichlet and/or Neumann conditions on I" by more gen-
eral ones involving linear combinations of u and the normal derivative; see,
e.g, [392, Sect. 1.3] for some of them; our presentation is similar to that of
that reference. However, we will only work with the coupled differential and
algebraic problems (1.2) and (1.8), respectively. Our purpose is to illustrate
that many domain decomposition methods derived from (1.2) are indeed pre-
conditioned Richardson methods for the Schur complement system (1.12) or
for the equation (1.15). We note that the methods presented in the follow-
ing can be derived purely algebraically using suitable splittings of the system
(1.8), without any reference to the underlying continuous operator, traces, or
normal derivatives. However, employing a functional framework does not only
give an interpretation of these iteration procedures, but will also turn out to
be crucial as a preparation for the analysis of their convergence rates. For
many domain decomposition algorithms this will be carried out using equiva-
lences between certain discrete and Sobolev norms and certain Sobolev type
inequalities for finite element functions; the systematic development of this
theory will begin in Chap. 4.

All the algorithms to be introduced in the next few subsections involve
preconditioners in solving equations (1.12) or (1.15). We note that we could
also solve these equations by using a Richardson or conjugate gradient method
without preconditioning. The evaluation of S times a vector involves the so-
lution of one Dirichlet problem on each subdomain while that of F' times a
vector requires the solution of one Neumann problem on each subdomain. The
rate of convergence of such algorithms is determined by the condition numbers
of S and F. However, even if the Schur complement has a smaller condition
number than the original stiffness matrix, the number of iterations will in-
crease in proportion to 1/h when the mesh size h decreases; see Sect. 4.3 for
details. We also note that the conjugate gradient method will be faster than
the Richardson method and that it requires no a priori spectral information
while the optimal choice of the parameter 8 of the Richardson method involves
obtaining estimates of the smallest and largest eigenvalues of the operator; see
appendix C.3.
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1.3.3 The Dirichlet-Neumann Algorithm

Methods of this type were first considered in [61, 73, 211, 343, 57, 344]. Exten-
sions, also including global coarse solvers, were considered in [176, 173, 465].
The basic Dirichlet-Neumann algorithm consists of two fractional steps
corresponding to the two subregions (2;,i = 1,2. Given an initial guess u%.,
we first solve a Dirichlet problem in (2; with Dirichlet data u% on I', and
then a mixed Neumann-Dirichlet problem on (2 with a Neumann condition
on I' determined by the solution in (2, obtained in the previous step and with
Dirichlet conditions on the rest of 8¢2;. The new iterate uk. is chosen as the
trace of the solution in {25, or, more generally, as a linear combination of this
trace and v, using a suitably chosen relaxation parameter 6; see appendix
C.3. In terms of differential operators (see (1.2)), we can write, for n > 0:

—Au?"_l/z =f in Qy,
(D) Wt =g on O \ T,
wit? =y onT,
—Auptt = f in O, (1.17)
udtt =0 on Qs \ T,
(N) o n+1 o n+1/2
Y T onT
6”2 8TL1 ’

= guit 4+ (1 - @)uP on T,

with 6 € (0,0nax) - Using our approximation for the normal derivatives, i.e.
(1.7), we can derive the corresponding iteration for the discrete problem. If we
define the vectors of internal degrees of freedom as vy = ugl) and wy = ug2),

cf. (1.7), we find

(D) A+ AP = 1

() (Aii s ) (u) - ( o) f’(zlﬂ/Q) ;0
Arp Arr Ur fro=2Ar
uptt = 0apt + (1 - @)up,
with
R = A A 1)
It is clear that (1.18) arises from a splitting of the original system (1.8) and
thus provides a consistent iterative method for its solution, i.e., the limit of

any convergent sequence will satisfy the correct set of equations.
We next eliminate v™/? from (1.18) and find
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i = () — 5Wu).

Using then a block factorization of the local matrix A and eliminating w4 *!

from (1.18) yields the following equation:
SO (uEt —up) = 6(gr — Su),

which shows that the Dirichlet-Neumann algorithm is a preconditioned Richard-
son iteration for the Schur complement system (1.12), with the preconditioner

S The preconditioned operator is
SO g =14 807 W),

the application of which to a vector involves the solution of a Dirichlet prob-
lem, (a multiplication by S), and a multiplication by S ™! which corre-
sponds to solving a problem with Neumann conditions on I" and Dirichlet
conditions of the rest of 0(2>; see section 4.3 for further details.

We note that the spectral equivalence between S and S, and thus
a uniform bound for the condition number of S® 'S , is ensured by the
existence of stable, discrete harmonic, finite element extensions H;ur from the
interface I into the subdomains (2;; these matters are discussed systematically
in section 4.6, in particular in Lemma 4.10. Here, and in what follows, the
condition number of the preconditioned operator is the ratio of the largest and
smallest eigenvalues of the symmetric generalized eigenvalue problem defined
by the operator and its preconditioner, in the case at hand by S and S®; see
appendix C.5. We employ the following definition:

Definition 1.2 (Optimality). An iterative method for the solution of a
linear system is said to be optimal, if its rate of convergence to the eract
solution is independent of the size of the system.

We note that for the algebraic systems considered in this monograph optimal-
ity is ensured if the rate of convergence is independent of the size of the finite
element spaces employed, and therefore of the meshsize h for h approximations
or of the polynomial degree for spectral element approximations.

If we denote the appropriate trace seminorm by | - |1/ p, we will show in
Lemma 4.10 that

[Hiurl} o, = (Haur)TAD (Hiur) < Cilurl; s
and thus

upSPur = Haurlf o, < Calurl})s r < CoCi|Haurl} g, = CoCrufSMup.

Here we have used the relation between the Schur complement and the energy
of the discrete harmonic extension given in Lemma 4.9 and the trace estimate
for (2, given in Lemma 4.10 with a constant C’l. Using similar estimates for
uFSWup, we find
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k(@ gy < Q12

- 0Oy

We note that this bound only depends on having shape regular, quasi-uniform
local meshes, and, in particular, on the shape and the relative size of the sub-
domains. In the special case where 2; and (2; have the same shape and size,
are symmetric with respect to the interface I', and have the same triangula-
tions, then k(S @' (1)) = 1. Generally, the Dirichlet-Neumann method for
two subdomains is optimal since stable extensions can be found: the condition

number satisfies )
k(SPT8) < C,

with C' a constant independent of the dimension of the finite element problem.

1.3.4 The Neumann-Neumann Algorithm

Methods of this type were first considered in [65, 309, 154]; see [163, 226, 227,
9] for some earlier closely related studies.

The basic Neumann-Neumann algorithm can be described as follows: we
start from an initial guess u%. A step of the Neumann-Neumann algorithm
consists in first solving Dirichlet problems on each (2; with data u% on I,
and then a problem on each subdomain, with Neumann data, on I', chosen as
the difference of the normal derivatives of the solutions of the two Dirichlet
problems. The values on I of the solutions of these Neumann problems are
then employed to correct the initial u% and find the new iterate ul.. In terms
of differential operators (see (1.2)), we can write, for n > 0:

—AufTV = f in O,
(D) utt? =g ond\T, p, i=1,2
u?ﬂ/z = up onl,
_ Ayt =g in Q, (1.19)
Pt =0 on O\ T, _
(N’) 87,[},'2"4_1 B %n+1/2 N %n+1/2 T , =12,
311,- - 8”1 8712 ’

u?“ =up — O + 7 ) on T,

with a suitable 6 € (0,0max) - Using our approximation for the normal deriva-
tives, we can derive an iteration for the discrete problem. If we define the

vectors of internal degrees of freedom as v; = uy) and w; = gi), we find
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(D) A2 4 AP g = 719, i=1,2,

A 4D\ prtt 0 : (1.20)
(Ni) (i) 403) el | = , =12,
Arr Arr n; rr
uptt = — 0 + g th,
where the residual rr is defined as
rr = A 5 A - 1)
+ (AP + AT g — £17);

see the third equation in (1.8).
"+1/2 and wt! from (1.20). Problems (D;) give

We next eliminate v, ;

rr = —(gr — Sup), (1.21)

which shows that the difference r of the local fluxes is equal to minus the
residual of the Schur complement system. Using a block factorization of the
local matrices A, problems (N;), then give

gt = SO1pp = —SO-1 (g — Sup),
Therefore, we find
-1 -1
uptt —up = 0(SM T + ) (g - Sup),

which shows that the Neumann-Neumann algorithm is also a preconditioned
Richardson iteration for the Schur complement system, with the precondi-

tioner S ™" + 8@ The preconditioned matrix is
FS= (SO 4@ Hg = (sOT 4 AW 4 5@) (1.22)

the application of which to a vector involves the solution of two Dirichlet
problems and two problems with Neumann data on I. We note that the
operator F' is the same as that in section 1.3.2.

The optimality of this method follows easily from the result on the
Dirichlet-Neumann algorithm by using the spectral mapping theorem; the pre-
conditioned matrix in (1.22) can be written as S~ S + 27 +(S@ ' g(1)-1
where the eigenvalues of S '8 are uniformly bounded from above and
below.

We note that, given positive weights &1 and &} with

& +68 =1,
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the residual 7 on the right hand side of the Neumann problems in (1.20) can
be replaced by 6Irp and 6;’[‘1" for 2, and (2, respectively. Similarly, when
finding the new iterate u’~"' the sum of the two corrections 7' and ny*!

can be replaced by a weighted average:

uptt = wf = 6(SIn + slny ).
This gives rise to the preconditioner

pWsH ™ pM) L p@ g~ pe)

where D' is a diagonal matrix, the diagonal entries of which are equal to (5} .
Scaling matrices D are commonly employed in practice in order to improve
the convergence of Neumann-Neumann algorithms for subdomains with cross
points and, in particular, for problems with large changes in the coefficients;
see Sect. 6.2.

Generalizations of the Dirichlet-Neumann and Neumann-Neumann algo-
rithms are possible, by using more general Robin conditions. This was already
proposed in some early work by Agoshkov and Lebedev [10], Agoshkov [9],
and Lions [321]. We note that the use of more general interface conditions
is often required for some nonsymmetric or indefinite problems. We refer to
Sect. 11.5 for more details and further generalizations of these ideas.

We close this section by introducing an alternative preconditioner for the
Schur complement system (1.12). We note that it can be shown that the
Poincaré-Steklov operator that corresponds to S is a bijection from Hé({ ()
to its dual H&Jl/ 2(I'), and that the application of this operator therefore
essentially involves the loss of one derivative; see A.2. It is therefore natural to
use the inverse of J, the square root of minus an appropriate discrete Laplacian
on I, as a preconditioner. If the mesh is uniform and has the appropriate
number of points, this preconditioner can be implemented using the Fast
Fourier transform; see [61]. This idea appears to originate with Dryja [172]
and it works quite well. But it also has limitations not shared by the methods
just discussed. Thus, in three dimensions, the mesh of the interface I must
have a quite special tensor structure in order to allow use of a two-dimensional
Fast Fourier transform.

1.3.5 A Dirichlet-Dirichlet Algorithm or a FETI Method

We now consider a method dual to the Neumann-Neumann algorithm. We
start from an initial guess A} of the flux on I'; cf. Sect. 1.3.2. We first solve
two Neumann problems on (2; with data A% on I', and then a problem on
each subdomain, with Dirichlet data, on I', chosen as the difference of the
trace of the solutions of the two Neumann problems on I'. The values on I'
of the normal derivatives of the solutions of these Dirichlet problems are then
employed to correct the initial A% and find the new iterate Al.. We recall
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that A\p is an approximation of the normal derivative in the direction n;. In
order to simplify the notation, we will drop the subscript I" for the normal
derivatives and set

XU= AR, A==

In terms of differential operators (see (1.2)), we can write, for n > 0:

—Au?+1/2 =f in O,
UT-H_I/Z =0 on 691 F, .
(N3) B, /2 \ i=1,2,
3 . = A7 onl,
[z
A¢Z_H+1 =0 in O, (1.23)
(Di) ¢?+1 =0 on 6Qi\r7 , 1=1,2,
P+ = Wt 2 on T
6¢1 n+1 6’¢2 n+1
An+1 An (== vy2 r
(6711 + 6”2 ) nL

with a suitable § € (0,0max) - Using our approximation of the normal deriva-
tives, we can derive an iteration for the discrete problem. If we define the
vectors of internal degrees of freedom by v; = u?) and w; = y), we find

NG n+1/2 i
o (440 (50) < (1) vone
Arr Arr A i+ A7

(D) AQwrtt 4 A)rr =0, i=1,2, (1.24)

X = AT gt g,

where the residual rp is defined by

 nt1/2 n+1/2
T=m — Y2

and the fluxes "' by
nptt = AR + AT

cf. Equation (1.7).
We proceed as in the previous section and eliminate U"+1/ 2, 7"+1/ 2, and
wt! from (1.24). Using a block factorization of the local matrices A(’) , prob-
lems (N;) give
rr = —(dp - F)\n),

which shows that the difference 7 of the local solutions is equal to the negative
of the residual of the system (1.15). Problems (D;) then provide
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gt = §@pp = — SO (4 — FA™),
Therefore, we find
AL A = 9(SWM 4+ S@)(dp — FA™),

which shows that this Dirichlet-Dirichlet algorithm is also a preconditioned
Richardson iteration for the system (1.15), with the preconditioner S() + (),
The preconditioned matrix is

SF =880 +5@7) = (S0 4 @y sOT £ @7 (1.25)

the application of which to a vector involves the solution of two Neumann
problems and two problems with Dirichlet data on I We have called the
method presented here the Dirichlet-Dirichlet algorithm in analogy to the
dual Neumann-Neumann one of the previous section. We remark however
that, in the domain decomposition literature, the term Dirichlet-Dirichlet is
often used for the Richardson or conjugate gradient method applied to the
unpreconditioned Schur complement system (1.12), since the application of
S involves the solution of a Dirichlet problem on each subdomain. We also
note that the preconditioned operator SF' is the same as that of the FETI
algorithm with the original Dirichlet preconditioner; cf. Equation (6.36) in
Sect. 6.3.1 for the case of two subdomains. In the following, we will refer to
the method of this section as the preconditioned FETI method. FETI methods
will be presented and analyzed systematically in Chap. 6.

We recall that the preconditioned operator for the Neumann-Neumann al-
gorithm is F'S. It is a trivial matter to prove that the operators SF and F'S
have the same eigenvalues and thus the same condition number. The condi-
tion numbers of the Neumann-Neumann and Dirichlet-Dirichlet methods, and
indeed the entire spectra, are the same for the case of two subdomains.

As for Neumann-Neumann algorithms, we can also employ weights. With
61 and 6} the weights introduced in Sect. 1.3.4, the residual 7 in the Dirich-
let problems in (1.24) is often replaced by 6;7']“ and 6Irp for 2; and (2,
respectively. Similarly, when finding the new iterate A»*! the sum of the two

corrections 7] and 757" can be replaced by an average:

A= A — 0(od ! + ol ).
This gives rise to the preconditioner
D@ s p® 4 pMg pl),

see in particular Sect. 6.3.2 and 6.3.3, for more details, and in particular for-
mulas (6.37) and (6.51). Suitable scaling matrices are commonly employed in
practice in order to improve the convergence of FETT algorithms for partitions
into subdomains with cross points or for problems with large changes in the
coefficients; see Sect. 6.3.
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We note that, by proceeding as in Sect. 1.3.3, we can also design a
Neumann-Dirichlet algorithm by starting the iteration with an initial guess of
the Neumann data; see, e.g., [63, 301]. We would then solve a Neumann prob-
lem on one subdomain and use the trace of this solution as Dirichlet data for
the problem on the other subdomain, etc. The corresponding preconditioned
operator is

SAF =52 (g@-1 4 g1y =14 g@g)-1

the condition number of which can be immediately bounded using a bound
for the Dirichlet-Neumann algorithm in Sect. 1.3.3.

Finally, we mention that ideas similar to those in this and the previous sub-
section were already proposed in some early work by Glowinski and Wheeler
[226, 227] for mixed approximations of elliptic problems.

1.3.6 The Case of Many Subdomains

The methods just introduced can be generalized to the case of more than two
subdomains. Generalizations of the Neumann-Neumann and FETI methods
have become widely used. Here we only give a brief introduction and refer to
Chap. 6 for a much more complete description and analysis.

The Dirichlet-Neumann method can also be generalized, under certain re-
strictions on the partition into subdomains. This method is less widely used
than Neumann-Neumann and FETI methods since its performance can de-
teriorate if the coefficients of the differential equations differ greatly between
the subdomains. However, some important ideas underlying much more recent
and popular methods, such as the dual-primal FETT algorithms, can be traced
back to early work on this family of methods; see Sect. 6.4. In addition, our
presentation will show the importance of the cross points of the partition. A
cross point is a point common to the boundaries of three or more subregions.
If there are no cross points, we essentially have partitioned the region (2 into
strips; that case is in many ways similar to the two subdomain case. We note
that while we assume that the original region {2 has only one connected com-
ponent, it is quite natural to consider cases where two subregions (2; have
several or many components.

Here we will only consider two-dimensional problems. Before proceeding,
we need to define some more general operators. We consider problem (1.1)
and suppose that (2 is partitioned into a family of nonoverlapping subdomains
{12;, 1 <i < N} with

2=J0; 2002;=0 i#j

(2

If I; = 002; \ 812, the interface I is defined as

F:Un
i
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We note that I" and the I'; are open. A coupled problem as in (1.2) can be
found with transmission conditions imposed along each edge 0(2; N 012;.
The linear system (1.4) can now be written as

Arr Arr ur fr
= , 1.26
(AI‘I Arr ) \ur fr (1.26)
where we have partitioned the degrees of freedom into those interior to the
subdomains and those on I'. The stiffness matrix and the right hand side
are obtained by subassembling the corresponding components relative to the
subdomains; see (1.6).

The unknowns in the interior of the subdomains uj can again be eliminated
by block Gaussian elimination and the resulting linear system is

(Aél Aép) (Z;) - (;;) - (1.27)

As before the Schur complement S and the vector gr can be found by sub-
assembling local contributions; see Chap. 4 for further details. In order to do
so, we first define a family of restriction operators. Given a vector of degrees
of freedom u on the interface, we define the restriction R;ur as the vector of
degrees of freedom of up on I;. Here R; is a rectangular matrix of zeros and
ones. If for each subdomain the degrees of freedom are partitioned into those
internal to {2; and those on I}, as in (1.6), we have

N
S=> RISYR;,
=1 (1.28)
i 0 4L LG
gr =Y R{(F7 — AR AR 1)
i=1
where the local Schur complements are defined as in (1.11) and RY is the
transpose of R;.

Neumann-Neumann Methods

By examining the preconditioned Neumann-Neumann operator for two sub-
domains (1.22), we can easily find a generalization to the case of many sub-
domains. We define

N
N—1
SynS =Y RISOR;s. (1.29)
i=1
We note that the application of this operator to a vector involves the solution,

on each subdomain (2;, of a Dirichlet problem and a problem with Neumann
boundary conditions on 92; N I. We also note that for subdomains that do

not touch 812, S is singular and S " in (1.29) should be understood as a
pseudo-inverse or the inverse of a regularized problem.
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We note that the Neumann-Neumann algorithm can also be defined at the
continuous level using (1.19), with ¢ = 1,2,..., N, and Neumann conditions
for the problem N; given on each edge I';; = 012;N0{2;. The new iterate u’}“,
at a node of the interface, is then built from corrections from all subdomains
with that node on their boundaries.

The condition number of the Neumann-Neumann method satisfies a log-
arithmic bound. If h is the diameter of the finite elements and H that of a
typical subdomain, we have

c H\’
K(SynS) < jie (1 + log E) : (1.30)

The method is not therefore scalable according to the following definition:

Definition 1.3 (Scalability). A domain decomposition iterative method for
the solution of a linear system is said to be scalable, if its rate of convergence
does not deteriorate when the number of subdomains grows. This typically
means that convergence does not deteriorates when H, the typical subdomain
size, becomes small.

The dependence on H~2 in (1.30) is typical of domain decomposition pre-
conditioned methods without a coarse solver. Since the Green function for
elliptic problems does not in general have a compact support, a residual on
the linear system of modestly low frequency will result in an error which can-
not be neglected in any part of the region. Therefore an iterative method for
the solution of the resulting linear system in which information is only ex-
changed between neighboring subregions must necessarily, for certain initial
errors, require a number of steps which is at least equal to the diameter of the
dual graph corresponding to the subdomain partition. Here, the dual graph is
constructed by introducing a vertex for each subregion and an edge between
two subregions that share a part of their boundaries. The diameter of the
graph is the maximum distance between pairs of vertices, where the distance
is defined as the length of the shortest path between the vertices. In case the
diameter of the original domain is one, the diameter of the graph is typically
O(H1'). Using an argument of contradiction and the upper bound for the
error of the conjugate gradient iteration in Lemma C.10, we see that the con-
dition number of a domain decomposition preconditioned operator must grow
at least as H—2. We note that for the same reason, the condition number
of the stiffness matrix resulting from the finite element approximation of an
elliptic problem must grow at least as h~2; see Theorem B.32.

Going back to the bound in (1.30), if the partition does not have cross
points, we have ¢ = 0 and we have to interpret H as the width of the strips.
Otherwise, ¢ = 3. A quadratic growth, ¢ = 2, is obtained if suitable scaling
matrices are incorporated into the preconditioner; see Sect. 6.2 for further
details. We note that the Neumann-Neumann method with many subdomains
is not in general optimal according to Definition 1.2, since its condition number
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may depend on the meshsize h. The condition number bound does not however
involve h alone but only the ratio H/h, which gives a measure of the number of
unknowns associated with one subdomain. In addition, the condition number
increases slowly (logarithmically) with H/h. In such a case, the method is
said to be quasi-optimal.

We finally note that the preconditioned operator S;,}VS has the typical
form of a Schwarz operator; these operators will be discussed in detail in
Chap. 2.2. We have

N
SxxS=3"P, P =RISOT'R;s.
i=1
Each P; is associated with a subdomain (or, in other words, to a subspace)
and is a projection-like operator; see Sect. 2.2 for further details.

Dirichlet-Neumann Methods

We now assume that there is a red-black partition of the subdomains into
two sets R and B, such that the intersection between the boundaries of two
subregions in the same class is either empty or a vertex; see Fig. 1.2.

B Red [ ] Black
Fig. 1.2. Red-black coloring of the subdomains.

We can then decompose the Schur complement as
S=Y R{SYR;+> R[SYR,
i€R icB
and define the preconditioner essentially in terms of Neumann problems on
the subdomains in the set R

—1
Sph = (Z R;.-FSU)R,-) :

iE€ER
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In the particular case where there are no cross points, the matrix Spy is block-
diagonal, since the intersection between the boundaries of two red regions is
empty and there is therefore no coupling between degrees of freedom on two
subdomain boundaries in the same class. In particular, for 7,5 € R, we then

have ”
pr _ JOi#7,
ety = {I i=J
and thus 1
Spy = RISY TR, (1.31)
i€ER

The preconditioned Dirichlet-Neumann operator becomes

SpLS=1I+ (Z RTS® _IR,-> (Z RTS8 Ri> , (1.32)

i€ER i€B

and its application involves the solution of a Dirichlet problem on the subdo-
mains in the set B and a Neumann problem on those in the set R. As for the
case of two subdomains, bounds for the condition number of the Dirichlet-
Neumann operator rely on finding stable finite element extensions. A uniform
bound, with ¢ = 0, can be derived for the case of strips while in the general
case, discussed below in this section, we have a logarithmic bound (1.30) as
for the Neumann-Neumann algorithm. We note however, that in the strip case
the algorithm is not scalable and that the bound will contain a factor 1/H?
where H is the width of a typical strip of the decomposition; cf. the discussion
on the lack of scalability earlier in this subsection.

If there are cross points, then formula (1.31) is no longer valid. Indeed,
the inversion of Spy requires the solution of a global problem, which instead
of creating a problem turns out to be a blessing since it provides a natural
coarse solve, which makes the algorithm scalable, i.e., convergent at a rate
independent of the number of subdomains if the subdomains all have good
aspect ratios. In particular, we have to solve a Neumann problem on the union
of the subdomains of the set R, i.e., on the set glued together at the cross

points and given by
U 2;

i€R
see the shaded region in Fig. 1.2. This can be done in two stages. All the
degrees of freedom of the subdomains of the set R except for those at cross
points (drawn as small squares in Fig. 1.2) are first eliminated in parallel across
the subdomains by a step of block Gaussian elimination. All the submatrices
involved at this stage are invertible. The resulting Schur complement, which
involves only the nodal values at the cross points (drawn as larger squares in
Figure 1.2), is sparse since it can be shown that nonzero off-diagonal elements
only exist for the pairs of cross points which belong to the boundary of the
same subregion. This final step of the elimination typically will involve degrees
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of freedom from all parts the region (2. This mechanism helps explain that
bounds can be derived for the condition number of this preconditioned matrix
which are independent of the number of subregions. We remark that a similar
procedure is employed in FETI-DP methods; see section 6.4. The resulting
preconditioned operator is

SpiS =I+Spk (Z R?S“’Ri) :

i€B

and its application to a vector requires the solution of Dirichlet problems on
the black subdomains, and of the special Neumann problem, just introduced,
on the union of the red subdomains, which involves the low-dimensional coarse
problem already discussed. The condition number satisfies

H\2

k(SpnS) < C (1 + log ﬁ) ;
see [176, 465]. We note that the technical tools needed in deriving such bounds
are developed in Chap. 4.

Methods Involving the Normal Derivative

The expression given in (1.7) of the functional representing the normal deriva-
tive A9 on 82; remains valid for the case of many subdomains and in partic-
ular when the partition has cross points. We recall that the coupled system
(1.8) is obtained from the original system (1.4) by introducing the additional
unknowns A . A coupled system for the case of many subdomains can eas-
ily be found. This involves the equality of the trace functions qu) at all the
nodes on the interface I'. For the normal derivatives A9, conditions similar to
that of the third equation of (1.8) are a consequence of the fact that the stiff-
ness matrix A is obtained by subassembling contributions from neighboring
subdomains. For every node zj on I' the corresponding condition becomes

J

where the sum is taken over all the subdomains that share the node xzj.
We note that, if z; is a cross point, the sum is taken over more than two
subdomains and it appears to be difficult to give a functional meaning to this
condition. In addition, when trying to generalize Equation (1.15) to the case of
many subdomains, some of local Neumann problems are not uniquely solvable
and therefore the corresponding local Schur complements not invertible, if the
subdomain boundaries do not all intersect 912.

The generalization of what we have called the Dirichlet-Dirichlet algo-
rithm will be carried out systematically in Chap. 6, where we introduce the
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important FETI family of methods. These methods provide preconditioned
operators which act on suitable approximations of the normal derivative A,
on the interface I". There, following the development of FETI methods, we will
proceed in a purely algebraic way and approximations of the normal deriva-
tive will be given by vectors of Lagrange multipliers of suitable constrained
systems. As we will show, in Chap. 6, there are more than one way to define
an approximation of the normal derivative A\r when the partition has cross
points and the definition will depend on the particular form of the equality
constraints chosen for the interface values ugf) across I'.

We finally recall that the issue of singular, local Neumann problems was
already addressed in [226, 227] for mixed approximations of elliptic problems.

1.4 The Schwarz Alternating Method

The earliest domain decomposition method known to the authors is the alter-
nating method of H.A. Schwarz, [416], published in 1870. Schwarz used the
algorithm to establish the existence of harmonic functions with prescribed
boundary values on regions with nonsmooth boundaries. The regions were
constructed recursively by forming unions of pairs of regions starting with
regions for which existence could be established by some more elementary
means. At the core of Schwarz’s work is a proof that this iterative method
converges in the maximum norm at a geometric rate.

For more than two subregions, we can in fact define a step of the algo-
rithm by recursion: i) solve on the first subregion; ii) solve on the union of all
other subregions, approximately, by recursively invoking a step of the same
algorithm.

As pointed out by Pierre-Louis Lions [319], the convergence of this algo-
rithm can be established by two different methods, namely, by a maximum
principle and by using Hilbert spaces. The Hilbert space method is the most
appropriate here since much of our work relies on the classical calculus of
variation and finite elements.

We finally note that between the work of Schwarz, [416], and Lions, [319],
there was some quite significant work, in particular by Sobolev [425] and
Babusgka [29]; see also [319] for additional references.

1.4.1 Description of the Method

The classical Schwarz method, for two subregions, can be described as follows:
Consider the Poisson problem (1.1) on a bounded Lipschitz region {2 with zero
Dirichlet boundary conditions. There are two fractional steps corresponding
to two overlapping subregions, (2] and (2} of the original region 2 = 2] |J 2%;
see Fig. 1.3. Given an initial guess u°, which vanishes on 92, the iterate u™t!
is determined from the previous iterate u™ in two sequential steps in which
the approximate solution on the two subregions is updated:
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— Ayt = f in Qf,
w2 =y on 89,
w2 = yn in Qy =05\ 9,
2 (1.33)
— Ayt = f in O,
untt = yntl/2 on 09,
untl = ont1/2 inQ; =0\ Q.

Thus, the Dirichlet data for these problems are obtained from the original
data given on 02 N 842, and the values from the previous fractional step on
the remaining part I'; = 02} \ 012 of the subdomain boundaries. We note that
this algorithm also can be viewed as a mapping of values on I (or I3) onto
values on the same set; see Sect. 1.6.1.

2

Fig. 1.3. Overlapping partition for the Schwarz alternating method with two sub-
domains

1.4.2 The Schwarz Alternating Method as a Richardson
Method

In order to show that the algorithm is indeed a Richardson iteration, we

rewrite it in variational form. For the original problem, we use the space
H} () and the bilinear form

a(u,v) = / Vu - Vv dz, (1.34)
2

which defines the H!({2)—seminorm; see appendix A.1. We also introduce a
finite element triangulation 7, of maximum diameter h, such that the local
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boundaries 012] do not cut through any element in 7. The mesh 7 thus defines
two local meshes 7; on (2}, i = 1,2. We next define the spaces of continuous,
piecewise linear finite elements on 7, 71, and 7Tz, which vanish on 812, 92,
and 012}, respectively, and denote them by V', V;, and V2. We note that there
are two natural extension operators

RI': v, — vV, i=1,2,

which take local functions on the (2} with zero boundary values and extend
them by zero to the rest of (2 to give global functions in V. We note that the
restriction operators R; : V —» V; take global functions on {2 and give local
functions in V; that vanish on 02} and are equal to the original ones at the
nodes inside 2. We also need the two local bilinear forms

a;(u,v) = Vu-Vovdz, wu,v€eV,.
fo)

We can now write the Schwarz method in terms of two orthogonal projec-
tions P;, ¢ = 1,2. For i = 1,2, the projections are

P, = RIP;,
where P, : V — V;, are defined by
a;i(Pu,v;) = a(u, RTv;), wv; €V;.

Indeed, if we consider a finite element discretization of the first problem in
(1.33), we see that u™+'/2 — ™ vanishes in 2, = 2\ 2] and, when restricted
to 27, belongs to V3. With u the exact finite element solution, this function
satisfies, for v; € V7,

a1 (Ry (u"+1/2 —u"),v) = /fvl dr — ap(u™, Rfvl) =a(u—u", RTUl),
2]

and thus ~
Ry (u™t/2 —y™) = Py (u —u™).

Since (u™+!/2 —u™) vanishes in £\ 2}, we obtain
w2 —ym = RT Ry (w2 — ™) = Py (u — u™).
The error u™+'/2 — y is then given by
w2 — = (I — P)(u" — u).

Proceeding in a similar way for the finite element discretization of the second
problem in (1.33), we find
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ut —u = (I — P) (w2 —u) = (I — P)(I — P)(u" —u),

which shows that the error propagation operator of this multiplicative Schwarz
method is
(I— PQ)(I — Pl) = ] — (Pl + P — P2P1).

Therefore, the algorithm can be viewed as a simple iterative method for solving
Pmuu = (Pl +P2—P2P1)U=g.

With an appropriate right-hand side g, v € V will be the solution of the
original finite element problem. We note that the error propagation opera-
tor is not symmetric. However, after the first step, the error will belong to
range(I — Py) and the operator P, is symmetric on that subspace. The
algorithm immediately extends to three and more subspaces; in these more
general cases symmetry cannot be recovered in this way.

1.5 Block Jacobi Preconditioners

An important variant of the Schwarz methods is the additive Schwarz method.
We first consider a very simple example, namely a two-block Jacobi method,
and try to understand how well it works and how it can be improved. This
will give a first example of an additive method.

We will work with the matrix form (1.4) of our finite element problem.
The stiffness matrix A is positive definite, symmetric, which are properties
inherited by any conforming finite element method, from the bilinear form
a(-,-) in (1.34); see appendix B for additional details. Here, and in the fol-
lowing, we exploit the one-to-one correspondence between the finite element
space V' and the corresponding space of degrees of freedom consisting of the
nodal values of a function and use the same notation for finite element spaces
and spaces of degrees of freedom, and functions and corresponding vectors of
degrees of freedom.

We consider the block-Jacobi/conjugate gradient method: the stiffness ma-
trix A is preconditioned by a matrix A", where A; is the a direct sum of
two diagonal blocks of A. Each block corresponds to a set of degrees of free-
dom, which define a subspace V;. We write the space V' as a direct sum of the
subspaces V;, i1 =1, 2,

V =RIVi @ R} Vs,

where RI are the natural extension operators
RF:v;i —V, i=12,

which take the sets of local degrees of freedom of V; and extend them by zero
to the remaining degrees of freedom in 2 to give global vectors of nodal values
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in V. If the block of A related to V; is denoted by A;, the preconditioner A;l
can be written as

-1
1 [(A7to 00Y (40
AJ_(00+0A2_1 ={0 a,) - (1.35)

The matrix A is obtained from A by removing the coupling between the two

subspaces V1 and Va. We expect that the weaker the coupling, the better the

preconditioner.
We now write Ay in a more compact form. Let the restriction operators

R,:V—V;, i1=12,

be the adjoints of R with respect to the Euclidean scalar product; R; takes
a vector of global degrees of freedom and extracts the degrees of freedom
associated with V;. We immediately see that

A; = R AR, i=1,2,

and that
A7'=RTAT'R, + RYAS'R,. (1.36)

The choice of the subspaces is a key issue and so is the choice of basis of V,
in particular in the spectral element case. In order to improve the convergence,
we can use subspaces that do not form a direct sum of V, e.g., by choosing the
subspaces V7 and V; defined in the previous section, consisting of degrees of
freedom associated with the interior of two overlapping subdomains (2] and
(2. The preconditioner A7" can still be written as in (1.36).

In order to establish a connection with the Schwarz alternating method of
Sect. 1.4, we will show that the preconditioned additive operator

Pya=A7'A
can also be written using two projections,
Pi:=RIA7'RA :V —V, i=12.

In Lemma 2.1, we will show that the P; are the same as those of Sect. 1.4.
We immediately see that
Pyy=P + Ps.

Since this operator is the sum of two projections, which are orthogonal in the
inner product (1.34), we obtain an upper bound of 2 for the largest eigenvalue.
If there are N subspaces, we similarly obtain a bound of N. However, this
bound can be often be improved by using a coloring technique; see section
2.5.1.

Before concluding this section, we return to the case of two subspaces that
form a direct sum decomposition of V', and show how in this simple case the
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smallest eigenvalue of the block-Jacobi preconditioned system P,; is related
to the representation properties of the subspace decomposition. This will be
generalized to more general decompositions in section 2.3; see Assumption 2.2
and Lemma 2.5.

Since we now consider a direct sum of two subspaces, there is a unique
decomposition u = RTuy + RTus, for every u € V, with

u;y = Rlu, Ugs = RQU.

The corresponding block-Jacobi preconditioner is given by (1.35). Let Co be
a positive constant such that, for every u € V,

uTAlul + ugAqu < 03 uT Au.

We note that C3 measures the stability of the splitting and that we use the
scalar product induced by the original matrix A. Since we work with a direct
sum, we can write

uTA(P)u = " (RT AT Ry + R} A Ry) ™ lu
=uT(RTAIR; + RTAyRy)u
=ul Ajug +ul Asus,
which, combined with the stability property of the splitting, gives

T -1
u" A(P; u 9
sup ———2— < C
ue‘e uTAu -
and thus a lower bound for the smallest eigenvalue of P,4. Thus the condition
number is bounded from above by 2/C3.
We conclude this section with some remarks on the two methods presented
so far.

Remark 1.4.

1. The additive and multiplicative algorithms can be generalized to the case
of more than two subspaces in a straightforward way. An additional com-
ponent, associated with a coarse space Vg, can also be added to any of
the algorithms. The latter is often necessary for good convergence, in
particular, to make the convergence rate independent of the number of
subproblems; cf. discussion in subsection 1.3.6 and appendix C.5.

2. Additive and multiplicative algorithms can be determined by the same
decomposition into subspaces but they are different. They correspond to
different preconditioned operators, P,q and P,,,, determined by different
polynomial functions of the projections {P;}.

3. More generally, instead of the local solvers {A4;'} in the definition of the
preconditioners, we can employ modified operators {A; '}, correspond-
ing, for instance, to inexact solvers. We also note that we might consider
replacing the sum of the values of Piu and Pou at the nodes of an over-
lapping subdomain by a convex combination of the two values.
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4. For two subspaces and exact solvers, Bjgrstad and Mandel [58] have shown
that the eigenvalues of the additive operator P; + P, can be expressed by
those of the multiplicative operator P, + P, — P, P, and vice versa.

1.6 Some Results on Schwarz Alternating Methods

In this final section, we give two results on the convergence of the Schwarz
alternating method. They represent early efforts to prove the convergence of
Schwarz overlapping methods before the Schwarz theory of the next chapter
was fully developed. While we believe that these results are of interest, this
section can also be bypassed since it is not necessary for the understanding of
the main part of this monograph.

1.6.1 Analysis for the Case of Two Subdomains

In Chap. 2, we will develop a systematic framework to estimate the rate of
convergence of the Schwarz alternating method and many other algorithms,
and we will also devote Chap. 3 to the description and analysis of a number
of algorithms based on overlapping subdomains. Here, we will show, following
Bjgrstad and Widlund [62], that a, perhaps surprising, connection can be made
to the algorithms discussed and analyzed in Sect. 1.3. In this subsection, we
will consider the case of two subregions; see Fig. 1.3.

Examining Schwarz’s method (1.33), we see that we can view it as a map-
ping from It = 021 \ 042 onto itself; once the correct value of ur, has been
found, the iteration has converged. This observation is equally valid for the
finite element approximation. We note that the values of the iterates on I3}
change only in the second fractional step of the algorithm.

We also see that as soon as the first full step of the algorithm has been
completed, the error in (1.33) will be harmonic in the three regions (2, (2,
and 23 = 2] N Q). Similarly, in the finite element case, we see that the
residuals vanish at all nodes inside these three regions after the first step of
the algorithm has been completed. We can therefore confine our discussion to
the case for which the right hand sides differ from zero only on the interfaces
I7 and I5. In fact, after the first fractional step the residual will also vanish
at all mesh points on I, and we see that the error e"t1/2 will satisfy the
linear system of equations

0
Aen+1/2 — 0
n+1/2
T
where A is the global stiffness matrix on {2 and we have partitioned the degrees
of freedom into subvectors representing nodal values in the interior of 2], the
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interior to (25, and on the interface I'y. Using a block factorization of A (cf
equation (1.12)), we find

(S + Sier = v, (1.37)
Here, Sl(qll) + 51("21) is the Schur complement of A with respect to I, obtained
by subassembling the local Schur complements for 2] and (2. We can express
the same observation by saying that the restriction of the stiffness matrix for
the entire region to the space with vanishing residuals on these two subregions
can be expressed in terms of the sum of these two Schur complements.

The error on I will only be partially eliminated in the second fractional
step, since we are solving a problem on the subregion (2} rather than on all
of 2. With vanishing residuals in 2] and (2», we can write the correction in
the second fractional step as

0
Ap(up™ — gty = 0
n+1/2
Tr
where A, is the stiffness matrix of 25 and we have partitioned the degrees of
freedom of (2} into those interior to (2, those interior to {23, and those of the
interface I'1. Using a block factorization of A, we find

ufy! = = (SR SR T (1:38)

here 5’}121) + 51(“?;) is the Schur complement of As with respect to I, obtained
by subassembling the local Schur complements for (2, and (23. We note that
51(121) in (1.38) is the same as in (1.37).

Since e;i;Ll/ 2 = e, a simple computation allows us to find the error
propagation operator, regarded as a mapping from I to itself:

et = (1- (S + sEN (S + 51)) ey (1.39)

It is easy to show that S 1") > S , (an inequality in terms of quadratic
forms), since the minimal extension from I to the interior of (23 necessar-
ily has a larger energy than its counterpart for the larger region (2]. Thus,
the space of possible extensions is larger in the latter case; see Lemma 4.9.
Therefore, the error propagation operator has only positive eigenvalues. The
convergence is uniform since we can also show, by arguments quite similar to
those for the Neumann-Dirichlet and Neumann-Neumann methods, that the
eigenvalues of

(S +SED () + 58 (1.40)

are bounded uniformly away from zero.
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1.6.2 The Case of More than Two Subdomains

We will now show that the convergence rate of the Schwarz alternating method
for three and more subdomains can be estimated in terms of the convergence
rates of certain problems on two subdomains; this result was first given in
[464]. We note that results of a somewhat different nature for the same problem
can be based on the abstract theory of Chap. 2 and the results of Chap. 3. In
particular, several methods with coarse spaces will be introduced and analyzed
in the latter chapter.

We will consider the case of three and more subregions and a symmetric
variant of the algorithm. Exact solvers are employed and the operators P; are
thus projections. For the case of three subdomains, as in Fig. 1.4, the error
propagation operator is given by

(I-P)I-P)I-PF)I-P)I-P); (1.41)
see Sect. 1.4.2.

Fig. 1.4. Three overlapping subdomains.

This represents an algorithm where we solve Dirichlet problems in (21, 2},
and 2}, in that order, prior to returning to solve on the second and first
subdomains. Since P; is a projection, we can also write this operator as Ej Es,
where the transpose x is understood in the sense of the bilinear form a(-, -),
and B3 = (I — P3)(I — Py)(I — P1). This algorithm can clearly be generalized
to the case of k > 3 subdomains and we will derive a bound for the condition
number of the symmetric multiplicative Schwarz operator
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I— E,:Ek where Ey=(I—P)...(I — P) (1.42)

in terms of the condition numbers of problems on pairs of subdomains for
which our analysis of subsection 1.6.1 can be used. Since the P; are orthogo-
nal projections, the maximum eigenvalue of I — EfE} is 1, and the smallest
eigenvalue of this operator equals 1/k, where k is its condition number. It is
now easy to show that ||Ex|l, < (1 —1/k)'/?, with || - ||, the norm induced
by the scalar product a(-,-). Thus, our bound for the condition number of
I — E; E}, given in Theorem 1.6, will immediately translate into an estimate
of the rate of convergence of the multiplicative Schwarz method.

Before we formulate and prove the main result of this subsection, we will
examine the recursive structure of the algorithm in some detail. We first solve a
problem in (2] resulting in a zero residual in that subregion. For the final, (2k—
1)th, fractional step, we return to the linear system for the same subregion 2].
The second through (2k — 2)th fractional steps provide an updated solution in
2\ 2. In the final fractional step, we only need the original right hand side and
the new values on 92] obtained in the intermediate steps. All the values in 2
are overwritten and do not enter the computation in the final fractional step
in any other way. Similarly, the third through (2k — 3)th step can be viewed
as solely providing updated values in the set 2\ (2] U £2%) including new
Dirichlet data on part of 82,. We can therefore view the Schwarz algorithm
in terms of two regions, (2] and 25 U...U {2, where we obtain approximative
values in 2\ (2] by a recursive call of one step of the symmetric, multiplicative
Schwarz algorithm using the subregions (2 and 23 U ... U (2, etc.

We will now give a matrix representation of the process. Given a region
¥ = @] UW), and associating the subvectors 1, 2, and z3 with the degrees
of freedom of ¥}, Wy := ¥ \ @] = ¥} \ ¥], and 0¥} \ O¥, respectively, we can
write the coefficient matrix for the region ¥ as

Ain 0 A
A == 0 A22 A23 ; (143)
AT, AL Ass

cf. (1.5). We can make the substitutions W] = (2}, ¥5 = (2; , U...U 2, and
thus ¥ = (2, U...U (2}) \ 2/, for 1 < i < k — 1, as suggested by our
discussion of the recursive formulation of the algorithm.

We now consider the first step of an exact block Cholesky factorization of
the matrix (1.43) and obtain

I 00\ (A O 0 I0AG Az
A= 0 I0 0 Axp A 0I 0 . (144)
AT AT 0T 0 AL AP +50 ) \oo I

As in Sect. 1.2, we write the matrix Azz as a sum of Ag13) and é(?, which rep-
resent the contributions from integrals over ¥{ and ¥» = ¥ \ ¥], respectively.
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As before, the Schur complement S = A — AT, A1 A5 is an intermediate
matrix in a block Gaussian elimination of the matrix

A Ass

(it ) 4
which represents the contribution from ¥{ to the stiffness matrix of the entire
problem. We note that solving a linear system of equations with the Schur
complement S() as the coefficient matrix gives the same result as solving a
system with the matrix (1.45), after extending the right hand side by zero, and
then discarding the components of the solution corresponding to the subvector
z1. This can easily be seen by considering a block factorization of the matrix
(1.45).

As already shown in subsection 1.6.1, the multiplicative Schwarz algorithm
for two subregions can be interpreted in terms of the solution of a linear system
with a modified factored matrix obtained by replacing the Schur complement
S| which corresponds to the region ¥, by S®), which is the Schur com-
plement corresponding to W3 = ¥ N ¥). The matrix, which represents the
preconditioner for the symmetric two-region Schwarz algorithm, is then of the
form,

R I 00 All 0 0 I0 A1_11A13
A= 0 I0 0 Az Ass oI 0 . (1.46)
AL AT 0T 0 AL A +5® ) \oo I

We remark that the second and third factors of the matrix A in (1.46) can be
modified to obtain a nonsymmetric factorization

I 00 Io 0 A11 0 Az
0 I0 0Ax A 0I1o0]. (1.47)
ALAR 01) \0 4L AQ + 56 00 I

The three fractional steps, which correspond to the symmetric variant of the
Schwarz method for the case of two subregions, are given directly by the three
factors of the matrix (1.47).

We have now set the stage for using standard techniques to estimate the
condition number of the two subregion Schwarz method in terms of a gener-
alized Rayleigh quotient involving the two matrices (1.44) and (1.46). Since
these matrices have the same first and third factors, we might as well consider
the generalized Rayleigh quotient

v\ (A 0 0 1

Y2 0 Ay Ass Y2

Y3 0 AL AD) +50 ) \ys (148
g\ (A 0 0 Y1 '
Y2 0 Ay Ass Y2

Y3 0 AL AD +53 ) \ys



32 1 Introduction

As noted in Sect. 1.6.1, it is easy to show, by elementary variational argu-
ments, that S® > §(1)_ Therefore the upper bound of the Rayleigh quotient
is 1 and this bound is attained for yo = 0, y3 = 0. The lower right two-by-two
principal minors determine the lower bound on the spectrum of the relevant
generalized eigenvalue problem. The relevant bound can then be obtained
from the reduced generalized Rayleigh quotient

g\ [Azr A Y2

Y3 AL AQ) + 50 )\ ys
() (i arse) ()

ys AL AL + 50 ) \ s

It is important to note that the matrix of the denominator of formula (1.49)
is the Schur complement obtained by eliminating the variables of ¥5 = ¥ N¥,
from the stiffness matrix corresponding to all of ¥j. It is equally important
to note that the changes in the matrix (1.46) when we go from a symmetric
multiplicative Schwarz method on the two subregions (2] and (2} U {2} to one
on three subregions (21, 2}, and (2% are confined to the same lower right two-
by-two principal minor since from our discussion of the recursive nature of the
algorithm, we have learned that the exact solution on the subregion 25 U (24
should be replaced by a symmetric multiplicative Schwarz step, with three
fractional steps. In both cases, we will solve a problem with zero residuals
in ¥{ and discard the part of the solution which corresponds to the nodes in
that region; the resulting matrices are thus Schur complements obtained by
eliminating the variables in the subregion of 2, U (2§ that overlaps (2]. In the
case of three subdomains, the relevant generalized Rayleigh quotient is of the

form r
Y2 Ago Az Y2
ys AL AD) + 5 )\ ys

<y2>T /:122 {123 <y2> ’
Y3 AL AQ | \ys

where the elements of the matrix of the denominator is the Schur complement
for the three-subdomain case discussed above; we will not need any detailed
knowledge on the elements of this matrix.

This generalized Rayleigh quotient can be written as the product of the
Rayleigh quotient in formula (1.49) and

Y2 g Az Ass Y2
Y3 AL AR 1+ 50 ) \ ys
(yz)T z‘:lzz {123 (y2)
Y3 AT, AZ ) \ys

The minimal and maximal values of the generalized Rayleigh quotient (1.49)
can be estimated as in subsection 1.6.1. We also note that the minimal and

(1.49)

(1.50)

(1.51)
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maximal values of the generalized Rayleigh quotient (1.50) can be bounded
from below by the product of the minimal values of those of (1.49) and
(1.51) and that an upper bound can be obtained similarly. Using the fol-
lowing lemma, we can estimate the extremal values of (1.51) by those for the
two-subregion symmetric multiplicative Schwarz method on the subregions
2} and (2, i.e., again by using the result of subsection 1.6.1.

Lemma 1.5 Let two symmetric, positive definite matrices A and A be given
with the same block structure,

A].]. A12 1 All AIZ
A= A=K
(Afz A22)’ (Asz A22)’

cA< A< CA.

and assume that

Then, their Schur complements, defined by
S = Aoy — Ap" A1y T Aps
and o o
S = A22 — A?QA;11A12,
satisfy ~
cS<S<CS.

Proof. We write the matrix A as a sum of two positive semi-definite ma-

trices,
A Aqn 00
A= _
(A}; AT Ay 1A12) + (0 s)

and decompose A in the same way. We note that the first of these matrices is
semi-definite: this can be seen easily by carrying out a block Cholesky elimi-
nation, which results in a zero Schur complement. Rewriting the assumption
of the lemma, using this decomposition, it follows that

T Tra A T
T 1 11 12 1 T
cxy” Sxo < c <<$z> (ATQ A12TA11_1A12> (@) + x5 Sa:g)

T ~ ~
1 A Arz 1 TG
< A1z .
< (w) (Aﬂ A%’QA;fAu) (m) oS

If we now select o

T = —A1_11A12$2,
then the first of the quadratic forms of the right hand side vanishes and we
obtain one of the inequalities. The other follows in exactly the same way. O

We have now completed all that is required for a proof of the following
theorem for the case of three subdomains.
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Theorem 1.6 The condition number of the symmetric Schwarz operator sat-
isfies,

k(027,025 ..., 02,) < k(027,250 U k(2, 25U...UR) ... 6(2_q, 2})-

(1.52)
Here the expression on the left is the condition number of the operator I —
E}Ey. The first factor on the right hand side is the condition number of the
symmetric multiplicative Schwarz operator for the pair of subregions (2] and
25U N5U... U2, etc.

No new ideas are required for the proof of the general case. Thus, we find for
the case of four subdomains, by a minor modification of the arguments above
and by using the notation of the theorem, that

w02, 82, 825, 824) < w021, 05 U 05 U (2) (825, 23, 124).

We can then use the result for three subdomains to replace the final fac-
tor of this estimate by a product of two factors that each only involve two
subdomains.
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