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Dual Varieties of Homogeneous Spaces

Here we study dual varieties and discriminants of several special homogeneous
spaces. We start in 8.1 by showing how to use standard results of representa-
tion theory such as the Borel-Weyl-Bott theorem, the BGG homomorphism,
identities with Schur functors, and formulas of the Schubert calculus to find
the codegree of Grassmannians or full and partial flag varieties. We give a
list of formulas for the degree of hyperdeterminants and sketch the proof of a
Theorem of Zak about varieties of codegree 3. In 8.2 we generalize the The-
orem of Matsumura and Monsky about automorphisms of smooth hypersur-
faces to automorphisms of smooth very ample divisors on flag varieties. In 8.3
we study commutative algebras without identities from the “discriminantal”
point of view. As a corollary we prove that the algebra of diagonal matri-
ces does not have quasiderivations. In 8.4 we study anticommutative algebras
(nets of skewsymmetric forms). We show that they have beatiful geometric
properties related to cubic surfaces, Del Pezzo surfaces, representation the-
ory of S5, etc. In 8.5 we show that the discriminant in a simple Lie algebra
defined by analogy with the disciminant of a linear operator is equal to the
discriminant of the minimal orbit, the so-called adjoint variety. Finally, in 8.6
we study related questions about schemes of zeros of irreducible homogeneous
vector bundles. In particular, we address a question of classifying irreducible
homogeneous vector bundles with a trivial line subbundle, find the maximal
dimension of an isotropic subspace of a generic symmetric or skewsymmetric
form, and study properties of the related Moore—Penrose involution.

8.1 Calculations of deg X*

8.1.1 Borel-Weyl-Bott Theorem
If P is an algebraic group then the exact sequence

{e} = Ru(P) = P — P/Ry(P) — {e}



156 8 Dual Varieties of Homogeneous Spaces

always splits, i.e. there exists a reductive subgroup L C P that maps iso-
morphically on P/R,(P). In other words, P is a semi-direct product P =
L X R,(P), called the Levi decomposition. L is called the Levi subgroup. A
subgroup is a Levi subgroup if and only if it is a maximal reductive subgroup
of P. All Levi subgroups are conjugated to each other.

If G is a reductive group, P C G is a parabolic subgroup and L C P is a
Levi subgroup, then we abuse language and call L a Levi subgroup of G.

We choose the maximal torus T' C L, and then T is also a maximal torus
of G. Let B D T be a Borel subgroup such that BN P =BNL. Then BN L
is a Borel subgroup in L. We choose the corresponding systems Ag D Ap of
roots, AE D Az of positive roots, and IIg D Il of simple roots in G and
L. The semigroup 7?2’ of dominant weights of L contains the semigroup 'Pg
of dominant weights of G. For example, if P = B is a Borel subgroup then
L=T and P} = X(T).

We take any A\ € PEL, and let Uy be the corresponding irreducible L-
module. We may consider Uy as P-module with the trivial action of P,. Now
we define the fiber bundle G x p U, as the quotient of G x Uy by the action
of P given by:

p-(9.2) = (gp~",p 2).

Projection onto the first factor induces the map G x p Uy — G/P, which is
an equivariant vector bundle £, on G/P. (“Equivariant” means that G acts
on £, compatibly with the action of G on the base G/P.)

The Borel-Weyl-Bott theorem shows how to calculate cohomology of €.
Let V), be the irreducible G-module with the highest weight A for any A\ € ’Pér .
Let p be the half-sum of positive roots of G. Then (p, ;) = 1 for any simple
root a; € Ilg. The element z € tﬁ is called singular if there exists a root
a € Ag such that (z,a) = 0, i.e. if z belongs to the wall of a Weyl chamber.
If z is not singular then there exists a unique element w € W¢g of the Weyl
group of G such that w - z belongs to the fixed Weyl chamber C*.

Theorem 8.1 ([Bo])

o IfA€ P} then H(G/P,E\) =V and H (G/P,Ey\) =0 fori > 0.
o If A+ p is singular then H'(G/P,&y\) =0 for any i.
o If A+ p is not singular, then, for the unique element w € Wg,

N =w\+p)—pePs.
Then H'")(G/P,E,) =V and H'(G/P,&E\) =0 for i # l(w).

Corollary 8.2

X(Ex) =) (1) dm H'(G/P,E) = [[ (A +p,0)/(p,0).

+
aEAL
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Proof. Indeed, if \ € ’PE , then this is a well-known Weyl formula for the
dimension of Vy; see [OV]. If A is singular then this formula is obvious. Suppose
that A is not singular, and let A = w(\ + p) — p € P for the unique element
w € Wg. Then

X&) = (D)™ dimVa = (=)' T VW +p,0)/(p,0) =

+
a€AL

(=0 IT O+ p),0)/(p,a) = (=)' [ C+pwte)/(p,e) =

acAd, acAd,

I O +p.e)/(p0).

+
a€AL

The corollary is proved. ]

8.1.2 Representation Theory of GL,

We choose the standard maximal torus 7" of diagonal matrices and the Borel
subgroup of upper-triangular matrices. The group of characters X (T) is freely
generated by characters €1, ..., ¢&,, where

€k (diag{zl, e ,:cn}) = 1.

The roots are o;; = €; — €. The root subspace of a;; is CE;;. The simple
roots are €1 — €a,...,6n_1 — . A weight A = >~ \;&; is dominant if and only
if A1 > \o > ... > \,. For example, the highest weight of SYC" is de; and
the corresponding highest weight vector is ef. Similarly, the highest weight of
AC™ is e1+4. . .4¢4 and the corresponding highest weight vector is e A. . . Aeg.

One-dimensional representations of GL,, correspond to characters of GL,,,
i.e. to functions det?, p € Z. The corresponding highest weights are p>_ ¢;.
Therefore any irreducible representation, after tensoring by a suitable char-
acter, has the highest weight A with the property A, > 0. We identify these
dominant weights with the set P,, of all partitions

AL > .2, >0

Let P C P, be the subset of partitions such that Ay < m. For any partition
A € P, we set
|/\| =X +...+ .

For any partition A € P™ we denote by A\! € P the transposed partition
given by
M= max{j|\; >i}.

For any partition A € P, (or just the dominant weight \), we denote by
Sx(C™) the irreducible representation of GL,, with the highest weight .
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We will need the Cauchy formula

FCrecm = P S SH(ECm),
AEP, |A|=d

the decomposition of GL,, x GL,,-modules.
A parabolic subgroup P C GL,, consists of block triangular matrices

A 0 0
Aoy As ;
e 0

and its Levi subgroup L consists of block diagonal matrices with A;; = 0 for
i > j. Here A;; € Mat,,; n; and > n; = n. Dominant weights A for L are given
by sequences A1, ..., A, such that

M2y ey Al = 2 A
By Corollary 8.2, the Euler characteristic x(&y) is given by the formula

Xi—Xj+j—1
xey= [ 1

i
1<i<j<n J

8.1.3 Dual Variety of the Grassmannian

Let X = Gr(ny,C"*"2) be the Grassmannian of n;-dimensional subspaces
in C™ ™2 in the Pliicker embedding X C P(CY), where CN = AmCmtnz,
We are going to calculate degree of the dual variety X*.

Theorem 8.3 ([Las]) Let X = Gr(ny,C™*t"2) C P(A™C"t"2) be the
Grassmannian of ni-dimensional subspaces in C"T"2 in the Plicker embed-
ding. Then

)

(=D (SF1) V(=ML s= AL A =P+, A —p+S)
deg Ax = E ( :
v(,..., ni+n
AEPL2 .S e

where S = ning — |A] or S =ning — |A| — 1, p € Z is arbitrary, and

Vi oodnn) = [ G—1L+7i—19).

1<i<j<ni+nz
Proof. Let £ = Ox(1), and we have dim X = nins. By Theorem 6.13,
deg Ax = x(A™"2([Tx] - 2[£Y] + [Ox])[L]P)

for any p € Z. We have
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AP ([T~ 22Y] 4 Ox]) = Y A(TY) A7 (0] —21Y))

A*([0x] = 2[£Y]) = (=1)*((k + DILY]" = k[L]).

Let S be the tautological vector bundle on X, and let V/S be the quotient
tautological bundle. Then Ty = S ® (V/S)Y and by the Cauchy formula,

AS@V/S)Y) = D SiS) @ Sx((V/S)Y).

XEPRZ, |A|=i
Therefore we have

degAx = 3 (=SS +x(S2(S) @ Sxe (V/S)V)[£l~5),
AePRE,S

where S =mning — |A| or S =ning — |A\| — 1 and p € Z is arbitrary.
By Corollary 8.2,

x(53(8) @ S (V/3) )= =

V(=AL, =X o =AM —p+ S, A —p+S)
V(l,...ﬂ’Ll +TL2)
The theorem is proved. O

If m = 2 then this degree was already calculated in Example 2.13. For
small values of m and n the degree can be found from the following table.

(m,n)|(3,3) (3,4) (3,5) (3,6) (3,7) (3,8) (4,4) (4,5)
d [ 4 7 16 120 640 3608 126 2043

Table 8.1.

8.1.4 Codegree of G/B

Let G be a simple algebraic group of rank r with a Borel subgroup B. The
minimal equivariant projective embedding of G/B corresponds to the line
bundle £,, where

p=wi+...+we

is a half sum of positive roots. We shall follow [CW] here and calculate the
degree of the corresponding discriminant.

Let {f1,...,0n} = A4 be the collection of all positive roots. We consider
the matrix
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M = <<<ﬁpj||ﬁﬁii>>>i,j—l,...,N'

Let P;(M) be the sum of all permanents of s X s submatrices of M. Recall

n
that the permanent of a n x n matrix (a;;) is equal to > [] @i (i)-
oc€Sy, i=1

Theorem 8.4 ([CW])

N

deg Ag/p.c,) = _(s+1)!Py_s(M).
s=0

Proof. Recall that by Theorem 6.2 we have

N

deg A(G/B,Ep) = Z(i +1) /C;/B Cn—i(Tc\://B) 'Cl(ﬁp)i-
i=0

Therefore we need to calculate these integrals. The correspondence A +— L
identifies P ® Q with Pic(G/B) ® Q. Therefore we have a homomorphism of
commutative algebras

c: S*(P®Q)— A*(G/B),

where S*(P ® Q) is the symmetric algebra of P ® Q and A*(G/B) is the
rational Chow ring. It is well-known (see e.g. [BGG]) that this homomorphism
is surjective and its kernel is generated as an ideal by W-invariants of positive
degree (S*(P ® Q))¥, where W is the Weyl group. For example,

c1(Ly) = ¢(p)-

Using an appropriate filtration of the cotangent bundle TC\:/ /B and ‘the splitting
principle’ it is easy to see that

Cn—i(TC\;//B) = C(Xi), Xl = Z H Q.
I'CA4 acl’
|I=n—1

Therefore it suffices to compute ¢(p?X;).
For any root a we define a linear function

Da()) = (A a).

It extends by a Leibniz rule to the differential operator on S*(P®Q). Consider
the differential operator D given by

Ha>0 DO‘

Pl
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D decreases the degree by N, and so in particular we get a linear form
D: SNP®Q) —Q.

One can show (see [CW]) that for any z € SN (P ® Q) we have

D(x) = /G/B c(x).

Now the claim of the theorem follows by an easy calculation. a

8.1.5 A Closed Formula

In most circumstances, known formulas for the degree of the discriminant de-
pend on a certain set of discrete parameters. There are two possibilities for
these parameters. First, we may fix a projective variety and vary its polariza-
tions, see Theorem 6.8. The second possibility is to change a variety and to
fix a polarization (in a certain sense). For example, consider the irreducible
representation of SL,, with the highest weight A\. Then this weight can be
considered as a highest weight of SL,, for any n > ng with respect to the
natural embedding SL,, C SL,4+1 C .... As a result, we obtain a tower of
flag varieties with “the same” polarization. The degree of the corresponding
discriminants will be a function in n. This function can be very complicated,
see e.g. Theorem 8.3.

However, sometimes this function has a closed expression — the Boole
formula (6.4) is a formula of this kind. Another simple example is the for-
mula (2.13) for the degree of the dual variety to Gr(2,n) in the Pliicker em-
bedding. The following theorem is a mixture of these two cases.

Theorem 8.5 ([T1]) Let V be an irreducible SL,-module with the highest
weight (a— 1)1+ @2, where a > 2. Then the variety X* C P(VY) projectively
dual to the projectivization X of the orbit of the highest vector is a hypersurface
of degree
(n? —n)a™ ™t — (n? +n)a" "t —2n(-1)"
(a+1)2

Proof. We have to calculate the degree of A x. We use Kleiman’s formula (6.2)
for the degree of the dual variety. In our case X = G/P, where G = SL,, and
P C G is the parabolic subgroup of matrices

*x 00 ... 0
* x 0 ... 0
¥ % %

- %

(8.1)
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Assume that T" C G is the diagonal torus, B is the Borel subgroup of lower-
triangular matrices, x1, ..., x, are the weights of the tautological representa-
tion, X (T') is the lattice of characters of T', S is the symmetric algebra of X (T')
(over Q), W ~ S, is the Weyl group of G, and Wp ~ S,,_5 is the Weyl group
of P. It is well known (see [BGG]) that the map ¢ : X(T) — Pic(G/B) that
assigns to A the first Chern class of the invertible sheaf £, can be extended
to a surjective homomorphism ¢ : S — A®*(G/B) in the (rational) Chow ring,
and its kernel coincides with S¥'S. The projection o : G/B — G/P induces
an embedding o* : A*(G/P) — A*(G/B). The image coincides with the sub-
algebra of Wp-invariants. Hence A®(G/P) = S"» /S SWr_ We denote the
homomorphism S"? — A®(G/P) by the same letter c.

To apply Kleiman’s formula we need ¢ (£) (which is equal to c¢(azy + x2))
and the total Chern class of T/, which is equal to

C(Tg):C (1—1714'172)-1_[ (1—5614—561')-1_[ (l—JCQ—I—:CZ-)

(This can be shown using a filtration of 7/ and the splitting principle.)
Let ag,...,a,—2 be the elementary symmetric polynomials in 3, ..., x,.
Then SW? = Q[z1, 22,01, ..., an_2], and the ideal S} SW> is generated by

1+ 22+ a1, X122 + X101 + To0) + Qg,
T1Ta0 + Troe + Toae + 3, ..., T1T20n—4 + T10p—3 + T2Qp—3 + Qp_2,
T1X20n—3 + T1Qp—2 + T2Qp_2, T1T20n_2.

Hence a; = (—1)%(z} + 2{ 'z + ... + 23) mod SYSWr, and A*(G/P) is
isomorphic to the quotient ring Q[z1, za]/{f1, f2), where f; = 7~ +-a %29+
oo+ zg_l and f, = 7. Note that fq, fo is the Grébner basis of the ideal
(f1, f2) with respect to the ordering x5 > 1 (see [Berg]). Hence the set of
X% is a basis of the quotient algebra, where X = x; mod (fi, f2) and
Y =29 mod (f1,f2),i=1,...,n=1,j=1,...,n—2.

To calculate the degree of the discriminant by Kleiman’s formula, we have
to calculate [, c(X"=ty"=2). Let wy be the longest element in W, and let wy
be the shortest element in woWp with the reduced factorization

/1 2 3.4 ... o\
W=\n n-112 ... n-2)"
m=1,n)(n—-2n—-1)...(12) - (n —1,n)(n —2,n —1)...(23).
Let

Awy = A1) Am—2,n-1) - - - Aq2) An—1,0m) A(n—2,n-1) - - - A(23)

be the corresponding endomorphism of S of degree —(2n — 3), where
Id —s;;)

Ay =

.TEZ'—IJ'
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and s is the reflection that transposes x; and ;. Then

[ ety = g e ey
z
(see [BGG]). It is obvious that

Auy (@713 7%) = Ay, Ay (@) )

A (o oyl (1) (),

where p, = (n—1,n)(n—2,n-1) ... (k, k+1) These factors are both equal to 1,
since they are equal to an L (O1)"and [p, s e1(O(1))" 2, respectively.
We finally see that [, ¢(X"7'Y""2) =1.

It remains to calculate the polynomial

2n—3
> i+ Dean-s—i(aX +Y), (8.2)
i=0
in the ring Q[X, Y] (with the basis X'Y7, i =1,...,n—1,j=1,...,n—2, and
relations X* 14+ X" 2Y +.. . +Y" 1 =0, Y™ =0 and X" = 0, which follow

from the preceding relations), where ¢y is the kth homogeneous component of
the polynomial

n

A-X+V)JJa-X+a) [JA-Y +),
i=3 i=3
in which the ith symmetric function of z3,...,x, must be replaced by
(—1D)Y(X*+ XY 4 ... + Y?). By the previous discussion, the result of this
calculation will be deg(Ax)X" 1y"—2
Note that the polynomial (8.2) is equal to

F'(T)|r=ox+y = (F1FoF3Fy) (T)|r=2x 4v,

where

F1:T7 F2:T_X+Y7

n n—2
Fy =0 - X +a) = 3 (0= X)" 27 (-1) (X 4.+ YY),

1=3 =0

n n—2
==Y +a) =Y (T =Y)" 7 () (X 4.+ YY),

=3 i=0

We have, further,
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X(r-x)~2 = i iy
W(DT‘X) <‘1)X>‘

=0

Y(T - X)"? = —i ivi ) _
v (;(T—X) (—1)Y>—
X (= X)"t = (X)) V(X))

TX-Y) T-X+Y)(X-Y)
We obtain, likewise, that

n—2 } vl _ il
FA(T) = (Z(T L S ) =

T+X-Y)(X-Y) T(X -Y)
We deduce from the latter formula that
(X =) = X"+ (X) (V)

!
F(T) TV X

X-Y)T-Y)"+T(-X)"—(T+X -Y)(-Y)"
T(T+X-Y)(X-Y)
X-Y)NT-X)"+(T-X+Y)(-X)"-T(-Y)"
T(X-Y)

X

(n(T +X-Y)— (T - Y)) (T-Y)" L+ (-Xx)"
(T+X-Y)?
(X =YY T -X)"+(T - X +Y)(=X)" = T(=Y)"
T(X-Y)
X -YV)T-Y)"+T(-X)"—(T+X -Y)(-Y)"
T(T+X-Y)(X-Y) '

Using the elementary formulas

X

a(y = B)+B"(a=7)+"(B-a) T

_ of G~k
@=BB -0 —-a) B

i+j+k=n—2
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a"(y=B)+ 8" (a—7) +7"(B - a) = il on—1—i n—1—i
= 6 (Oé - )7

(a=pB)(v =05

(n(a =) —a)a"" '+ 8" _ Z<

(@ 0F e

S - xm - v«
5 )
(¥ @),

i+j+k=n—2

Putting T'= aX + bY in the latter formula, we obtain

where

165
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{ Z }w - i nif(p + g+ 1)(—1)PTgPys <p -; q> .

p=0 ¢=0

It remains to calculate the degree of the discriminant, that is, the difference
between the coefficients of X" 'Y"~2 and X" 2Y"~! in the expression for
F'(aX + bY). After some transformations we obtain

jz:; ((—1)"n(a -1 (nl_ 1) + Wi> X

i
L

(Wi—l)x

Il
=]

%

n—2 n—3 n—2 n—3
: R “li-1 it !
¢ a,b—1 t a,b—1 t a,b—1 t a,b—1

Where
i '”/n—l—. '”/n—l—' ’
t a—l,b t a—l,b

This is the degree of the discriminant of the irreducible SL,-module with the
highest weight (a — b)p1 + bpa.
Substituting b = 1 in the last formula, we obtain

(n? —n)a" ™t — (n? +n)a""! — 2n(-1)"
(a+1)?

8.1.6 Degree of Hyperdeterminants

Consider the flag variety P¥1 x...xP*r of the group SLy, +1 X ...xSLy, 41. The
projectively dual variety of its ‘minimal’ equivariant projective embedding is
related to a nice theory of hyperdeterminants initiated by Cayley and Schlafli
[Cal, Ca2, Schl].

Let » > 2 be an integer, and let A = (a;,.4.), 0 < i; < k; be an r-
dimensional complex matrix of format (k1 + 1) x ... X (k. + 1). The hy-
perdeterminant of A is defined as follows; cf. Example 3.8. Consider the
product X = P* x ... x P* of several projective spaces embedded in
PFt1)xx(kr+1)=1 yia the Segre embedding. Let X* be the projectively dual
variety. If X* is a hypersurface then it is defined by a corresponding discrimi-
nant Ay, which in this case is called the hyperdeterminant Det. Clearly Det(A)
is a polynomial function in matrix entries of A invariant under the action of
SLg,+1 X ... X SLg,.4+1. If X* is not a hypersurface then we set Det = 1.
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Example 3.8 shows that X* is a hypersurface (and, hence, defines a hyper-
determinant) if and only if 2k; < ki + ...+ k, for j = 1,...,r. If for one
of the j we have an equality 2k; = ki + ... + k, then the format is called
boundary. Let N(k1,...,k-) be the degree of the hyperdeterminant of format
(k1 +1) x ... x (k. 4+ 1). The proof of the following theorem can be found in
[GKZ2] or [GKZ3].

Theorem 8.6
(i) The generating function for N(ki,..., k) is given by
1

Z N(ky,... k)2t 2k = 5
E1yeeoskr >0 (1—2(7:—1)61'(21,...,27«))

=2

where e;(z1,...,2.) is the i-th elementary symmetric polynomial.
(ii) The degree N(ki,...,k.) of the boundary format is given by (assuming
that k1 = ko + ...+ ky)

(kg + ...+ kp +1)!

N(kg-i—...-i—kr,kg,...,kT): oy] o

(iii) The degree of the hyperdeterminant of the cubic format is given by

G+k+1)! o

Nk k k)= > o2k,

13 _ |
o<iTh/2 (43 (k —25)!

(iv) The exponential generating function for the degree N, of the hyperdeter-
minant of format 2 X 2 X ... x 2 (r times) is given by

s —2z

SN =

r>0

8.1.7 Varieties of Small Codegree
Let X be a projective variety. We define the codegree codeg X by
codeg X = deg X ™.

If X* is a hypersurface, then codeg X is also called the class of X. This is a
classical invariant playing an important role in enumerative geometry. If X*
is not a hypersurface and X’ is a generic hyperplane section of X, then by
Theorem 5.3 it is clear that codeg X' = codeg X .

With regard to codegree, the most simple nonsingular projective varieties
are those whose codegree is small. The problem of classification of varieties
of small codegree should be compared with that of classification of varieties
of small degree. Much is known about this last problem. The case of varieties
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of degree two is classical (quadrics). The complete description of varieties
of degree three was given by A. Weil in the anonymous publication [XXX].
Swinnerton-Dyer [Sw] classified all varieties of degree four. In the smooth
case the classification up to degree 8 has been completed in several papers
by Okonek [O1, 02, 03, O4] and Tonescu [I, 11, I2]. Fania and Livorni [Fall,
FaL2] classified varieties of degree 9, 10.

The same question can be asked for the codegree, but this problem is
quite different. For example, in the case of varieties of small degree one can
proceed by induction using the fact that the degree is stable with respect to
passing to hyperplane sections, whereas there is no such inductive procedure
for codegree.

Theorem 8.7 ([Z6]) There exist exactly 10 non-degenerate nonsingular com-
plex projective varieties of codegree three, namely

the self-dual Segre threefold P x P2 C P,
its hyperplane section Fy C P* obtained by blowing up a point in P? by
means of the map defined by the linear system of conics passing through
this point,

e the four Severi varieties, i.e. the Veronese surface va(P?) C P5, the Segre
variety P2 x P2 C P8, the Grassmann variety Gro(C8) C P of lines in
P° and the 16-dimensional variety E C P2° corresponding to the orbit of
highest weight vector for the standard representation of the algebraic group
of type Eg,

e the four varieties obtained by projecting the Severi varieties from generic
points of their ambient linear spaces.

Sketch of the proof. If X* is not a hypersurface, then we can either apply
Weil’s classification theorem to X™* or consider the intersection of X with
a general hyperplane, thus reducing the problem to the case when X* is a
(singular) cubic in (PV)Y. Suppose that X* is a hypersurface, and let ¥ =
X0- Then each point of X' has multiplicity two and, since deg X™* = 3, we
conclude that Sec(X) C X*. Let pr; and pr, denote the projections of the
conormal variety Ix C PV x (PV)Y on X and X*. Let o be a generic point

of X, let P, = pry(pry *(z)), and let
Yy ={H € P, |« is not a non-degenerate quadratic singularity of H N X} .

It is easy to see that X, C X’NP, is either a hyperplane or a quadric in P,. In
the first case one can show that X is a linear subspace in (PV)V from which
it is possible to deduce that X = F}. In the second case Sec(X) = X* and
one can show that X' is nonsingular and, either dim X’ = n and X is a Severi
variety, or dim 2’ = n—1 and X is a nonsingular projection of a Severi variety
from a point. a

The classification of smooth varieties of codegree 4 is still unknown. All

known examples arise from Pyasetskii pairing (2.2). The conjectural list con-
sists of
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The Segre embedding of P! x @, where Q is a quadric hypersurface.

The twisted cubic curve vs(P1).

The Pliicker embedding of the Grassmannian Grs(C9).

The isotropic Grassmannian Grg (CO) of isotropic 3 dimensional subspaces
in the symplectic space C? in its minimal equivariant embedding.

The spinor variety Sg.

27-dimensional variety E C P°° corresponding to the orbit of highest
weight vector for the minimal representation of the algebraic group of
type FEr.

e The Segre embedding of P! x P? (self-dual variety with defect 2), its non-
singular hyperplane section and its non-singular section by two hyper-
planes (which is either P* x Q! or the blow-up of a projective quadratic
cone in its vertex).

8.2 Matsumura—Monsky Theorem

Let D C P™ be a smooth hypersurface of degree d. It was first proved in [MM]
that the group of projective automorphisms preserving D is finite if d > 2.
In fact, it was also proved that the group of biregular automorphisms of D is
finite if d > 2 (except the cases d = 3, n = 2 and d = 4, n = 3). Though this
generalization looks much stronger, actually it is an easy consequence of the
“projective” version and the Bart Theorem [Ba].

More generally, let G/P be a flag variety of a simple Lie group and D C
G/ P be a smooth ample divisor. Let Ly = O(D) be the corresponding ample
line bundle, where A € P is a dominant weight. Then one might expect that
the normalizer Ng(D) of D in G is finite if A is big enough. Indeed, if Ng(D)
(or actually any linear algebraic group of transformations of D) contains a
one-parameter subgroup of automorphisms of D then D is covered by rational
curves. However, if X is big enough then the canonical class Kp is nef by the
adjunction formula and, therefore, D can not be covered by rational curves.
Unfortunately, this transparent approach does not give strong estimates on .
Much better estimates can be obtained generalizing the original proof of the
Matsumura-Monsky theorem.

The problem can be reformulated as follows. Suppose that V) is an irre-
ducible G-module with the highest weight A. Let D C V) be the discriminant
variety (the dual variety to the orbit of the highest weight vector in V).
We will show that if A is big enough then any point @ € V) \ D has a fi-
nite stabilizer G, and the orbit of z is closed, Gz = Gz (therefore z is a
stable point of V) in the sense of Geometric Invariant Theory, see [MFK]).
This result can be compared with the results of [AVE], where all irreducible
modules of simple algebraic groups with infinite stabilizers of generic points
were found (this classification was extended later in [El1] and [El2] to handle
irreducible representations of semisimple groups and any representations of
simple groups).
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If D is not a hypersurface then an easy inspection using Theorem 7.56
shows that the stabilizer of any point is infinite. So from now on we shall
agsume that D is a hypersurface defined by vanishing of the discriminant A.

A dominant weight A is called self-dual if V) is isomorphic to V)’ as a
G-module. Let 73;5 C PT be the subcone of self-dual dominant weights. Let
~ be the highest root.

Theorem 8.8 Let V) be an irreducible representation of a simple algebraic
group G with the highest weight A such that D is a hypersurface. Suppose that
(A=, 1) > 0 for any p € 73;. Let x € VA\\D. Then G, is finite and Gz = Gx.
Moreover, Gy is also finite, where [x] is the line spanned by x.

Proof. If G, is finite and G is infinite then [2]\{0} C Gz. Therefore 0 € Gz
and A(x) = A(0) = 0, and hence, € D. The same argument shows that if
z € Vo \ D then Gz C V), \ D. If Gz is not closed then G, is infinite for any
point y € Gz \ Gx. Therefore, in order to prove the theorem, it suffices to
prove that G, is finite for any « € V) \ D.

Suppose that G is infinite. Then G, is infinite and reductive (see e.g. [PV])
for any point y from the closed orbit in Gz. Therefore, it suffices to prove that
if § C G is a one-dimensional torus and Sz = x then z € D.

Without loss of generality we may assume that S C T, where T is the fixed
maximal torus, and t = Lie T is the Cartan subalgebra. Let = ) 5z be
the weight decomposition of z. Let Supp(x) = {m € P |z, # 0} be the support
of x. For any p € P let H,, denote the hyperplane of weights perpendicular
to p. Then there exists u € P such that Supp(zx) C H,. Using the action of
the Weyl group we may assume that p € PT.

For any A € P* let AV be the highest weight of the dual module V'. Then
AV = —wo(A), where wy is the longest element of the Weyl group.

Suppose that (4, A\Y —v) > 0. Then for any positive root « we have (p, \¥ —
a) > 0. Therefore z is perpendicular to [g, v)v], where vyv is the highest weight
vector of VY. It follows that = € D.

Suppose that (u¥, AV — ) > 0. Then for any positive root a we have
(Y, \Y —a) > 0. Therefore wy(z) is perpendicular to [g,vyv]. It follows that
wo(x) € D and hence z € D.

Suppose now that (p, AY —«) <0 and (¥, A\ —v) < 0. Then

(n+p’, N —v) <0.

But g+ pV is a self-dual weight, and hence this contradicts assumptions of
the theorem. ad

Example 8.9 If G = SL,, and A = }_ n,w;, where wy,...,w, are the funda-
mental weights, then the conditions of the theorem are satisfied if and only
if Y~ n; > 2; for example if A = nw; and n > 2. In particular, we recover the
original Matsumura—Monsky Theorem.
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8.3 Discriminants of Commutative Algebras

8.3.1 Commutative Algebras Without Identities

Let V = C". Consider the vector space A = S2VV ® V parametrizing bilinear
commutative multiplications in V. In the sequel we identify points of A with
the corresponding commutative algebras.

Definition 8.10 Let A € A. A non-zero element v € A is called a quadratic
nilpotent if v> = 0. Let D; C A be the subset of all algebras that contain
quadratic nilpotents. A one-dimensional subalgebra U C A is called singular
if there exists linear independent vectors u € U and v € A such that

e
u?=ou, w= 51}, where « € C.

Let Dy C A be the subset of all algebras that contain singular subalgebras.

Then the following theorem holds.
Theorem 8.11 ([T6])

(i) D1 and D2 are irreducible hypersurfaces.
(ii) Let A € A. Then A contains a one-dimensional subalgebra.
(i) Let A€ A\ (D1 UDg). Then A contains exactly 2™ — 1 one-dimensional
subalgebras; all these subalgebras are spanned by idempotents.

Proof. Clearly A can be identified with a set of at most n-dimensional lin-
ear systems of quadrics in V. Namely, any linear function f € V'V defines a
homogeneous quadratic function

v — f(v?).

Then D; corresponds to the set of linear systems of quadrics with zero resul-
tant. This proves that D; is an irreducible hypersurface.

There exists, however, another useful identification. Any algebra A deter-
mines the n-dimensional linear system of affine quadrics in V. Namely, any
linear form f € VV defines an affine quadratic form

v — f(v—10?).

We can embed V into a projective space P as an affine chart. Then this
linear system is naturally identified with a m-dimensional linear system of
quadrics in P. The base points of this linear system that do not lie on the
infinite hyperplane coincide with idempotents of A. Infinite base points are
the projectivizations of lines spanned by quadratic nilpotents. It is easy to see
that quadrics from our linear system intersect transversally at 0. Moreover,
quadrics intersect non-transversally at some point v # 0 if and only if the sub-
algebra spanned by v (if v is finite) or the subalgebra with the projectivization
v (if v is infinite) is singular. Therefore (iii) follows from the Bezout theorem.
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Ds is irreducible since Dy = GL,, ‘D, where D C A is the linear subset
of all algebras that have a fixed singular subalgebra and a fixed line spanned
by the vector v from the definition of a singular subalgebra. It is also quite
easy to check that D, is actually a closed hypersurface.

Since quadrics of our linear system intersect transversally at 0, it follows
that there exist other base points, i.e. there exists at least one 1-dimensional
subalgebra. ad

Algebras that do not belong to discriminant varieties D1 and D- are called
regular. Both hypersurfaces D and D5 can be interpreted as standard discrim-
inants. First, we can enlarge the symmetry group and consider S?(C")Y @ C"
as an SL,, x SL,,-module. Then this module is irreducible and its discriminant
variety (the dual variety of the projectivization of the highest weight vector
orbit) coincides with D;. Now, consider A = S?VV ® V as an SL(V)-module.
Then this module is reducible, A = A + fl, where A is a set of algebras
with zero trace and A is isomorphic to V' as an SL(V)-module. Consider the
discriminant of Ay as a function on A (forgetting other coordinates). Then
the corresponding hypersurface is exactly Ds. If we consider the set of lin-
ear operators Hom(V,V) = VV ® V instead of A, then these constructions
give rise to the determinant and the discriminant of a linear operator (see
Example 2.11, Theorem 8.25).

8.3.2 Quasiderivations

Let g be a Lie algebra with representation
p:g— End(V).

Consider any v € V. A subalgebra

gv ={g9 € g|p(g)v =0}

is called the annihilator of v. The subset

Qav ={g € alp(g)’v =0}

is called the quasi-annihilator of v. Clearly, g, C Qg,. Of course, the quasi-
annihilator is not a linear subspace in general, However, we have the following
version of a Jordan decomposition:

Lemma 8.12 Suppose that p is the differential of the representation of an
algebraic group. Let g € Qg,. Consider the Jordan decomposition in g, g =
gs + gn, where gs is semisimple and gn is nilpotent, and [gs,gn] = 0. Then
Js € @y and g, € Qgy.

The proof is easy.
Now we apply this construction for g = gl,, and p being the natural repre-
sentation in the vector space VY @V ®V that parametrizes algebras (bilinear
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multiplications in V). Let A be any algebra. Then g4 is identified with the
Lie algebra of derivations Der(A). Operators D € Qg4 are called quasideriva-
tions. Of course, it is possible to write down explicit equations that determine
@ Der(A) = Qga in End(A), but this formula is quite useless (see [Vil]). We
shall use a particular case of it that is quite easy to verify:

Lemma 8.13 Let A be an algebra, D € End(A), where D?> = 0. Then D €
Q Der(A) if and only if

D(z)D(y) = D(D(x)y) + D(xD(y)) (8.3)
for any x,y € A .

Example 8.14 It was conjectured in [Vil] that all quasiderivations of the
algebra of matrices Mat,, have the form D(z) = ax+xb, where (a+b)? = [a, ].
Let us give a counterexample. Consider the linear operator D(z) = exe, where
e? =0, e # 0. Then it is easy to check using (8.3) that D is a quasiderivation.
However, D of course can not be written in the form az + xb.

Quasiderivations can be used to define naive deformations. Namely, sup-
pose that A is any algebra with the multiplication u-v and D is its quasideriva-
tion. Consider the algebra Ap with the same underlying vector space but with
the new multiplication

uxv=u-Dw)+ D(u) -v— D(u-v).

Then, if A satisfies a polynomial identity, Ap satisfies this identity as well.
More generally, let p : g — End(V') be the differential of a representation of
an algebraic group G, and let v € V and D € Qg,. Suppose that H C V
is a closed conical G-equivariant hypersurface and v € H. Then p(D)v also
belongs to H. Indeed, since H is equivariant, exp(Ap(D))v belongs to H for
any A € C. Since D is a quasiderivation, exp(Ap(D))v = v+ Ap(D)v. Since H
is conical, v/A + p(D)v belongs to H. Since H is closed, p(D)v also belongs
to H.

Now suppose that A is a regular commutative algebra. Then we claim that
Q@ Der(A) = 0.

Theorem 8.15 ([T6]) Let A € A and A ¢ D1 UDy. Then Q Der(A) = 0.

Proof. By Lemma 8.12 it suffices to check that A has no semisimple deriva-
tions and no nilpotent quasiderivations. Suppose that Der(A) contains a non-
zero semisimple element. Then the group Aut(A) contains a one-dimensional
algebraic torus 7. Let t be its Lie algebra, H € t, and H # 0. We way assume
that the spectrum of H in A is integer-valued. Let A,, C A be a weight space
of weight n. Then A = @A, is a Z-grading. Let v € A be a homogeneous
element of a maximal positive (or minimal negative) degree. Then v? = 0,
and hence A € D;.
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Suppose now that FE is a non-zero nilpotent quasiderivation. We can embed
E in an sly-triple (F, H, E) C End(A). Let

A=6EmgRy

be an slp-module decomposition, where Ry is an irreducible (d+1)-dimensional
module. Consider also the weight decomposition

A=pA" and A=pA"
with respect to H. Let
Jt= A" 4 AT A2

To avoid the abuse of notations, denote by a € A the point corresponding to
the algebra A. Let Supp « be the support of « (i.e. all n € Z such that a,, # 0,
where o = Y ay, a, € A"). Since E%2a = 0, the vector E« is a linear com-
bination of highest weight vectors, and therefore Supp o C {—1,0,1,2,...}.
This is equivalent to J*J™ C J"**™~1 In particular, if v € A is a weight
vector of the weight n then v? = 0 since n > 1. Since A is regular, it follows
that
A=moRy@miR =A@ A" @ AL,

Since A! = J!', A! is a subalgebra in A. By Theorem 8.11 (ii), A! has a
one-dimensional subalgebra U spanned by an idempotent u (since A has no
quadratic nilpotents). Let v € A~! be the unique vector such that Ev = u.
Since E? = 0, we can apply formula (8.3) with = y = v. We get E(v)? =
2E(E(v)v), and hence u = 2E(uv). Therefore uv — v € J°. Notice that the
operator of left multiplication by v preserves JV. Since this operator has an
eigenvector in A/J° with eigenvector 1/2, it has such an eigenvector in A.
Therefore U is a singular subalgebra in A. a

The following Corollary was proved in [An| using other methods.
Corollary 8.16 ([An]) Let A be an n-dimensional semisimple commutative

algebra, i.e. a direct sum of n copies of C, i.e. the algebra of diagonal n x n
matrices. Then A has no nonzero quasiderivations.

Proof. It is sufficient to check that A & D, U Ds. Clearly, A has no nilpo-
tents. Suppose that U C A is a one-dimensional subalgebra spanned by an
idempotent e € U. Since the spectrum of the operator of left multiplication
by e consists of 0 and 1, it follows that U is not singular. O

8.4 Discriminants of Anticommutative Algebras

8.4.1 Generic Anticommutative Algebras

If the set of certain objects is parametrized by an algebraic variety X then
we can speak about generic objects. Namely, we say that a generic object
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satisfies some property if there exists a dense Zariski-open subset Xy C X
such that objects parametrized by points of X share this property. Sometimes
it is possible to find a discriminant-type closed subvariety ¥ C X and to
study properties of ‘regular’ objects parametrized by points from X \ Y. For
example, instead of studying generic hypersurfaces it is beneficial to study
smooth hypersurfaces. In this section we implement this program for quite
non-geometric objects, namely anticommutative algebras.

Let V = C". We fix an integer k, 1 < k < n — 1. Let A, = A*VV ®
V' be the vector space of k-linear anticommutative maps from V to V. We
identify points of A, ; with the corresponding algebras, that is, we assume
that A € A, is the space V equipped with the structure of a k-argument
anticommutative algebra. Subalgebras in generic algebras with £ = 2 were
studied in [T2]. The following theorem is a generalization of these results.

Theorem 8.17 ([T1]) Let A € A, be a generic algebra. Then

(i) Every m-dimensional subspace is a subalgebra if m < k.
(ii) A contains no m-dimensional subalgebras with k+1 < m < n.
(iii) The set of k-dimensional subalgebras is a smooth irreducible (k—1)(n—k)-
dimensional subvariety in the Grassmannian Gr(k, A).
(iv) There are finitely many (k+1)-dimensional subalgebras, and their number

1S
()\1 + k)'()\g + k- 1)‘ R )‘k-l-l!
R T A i
k1> > > g1 >0 i 2 BN
n—k—1>XA12>...2A4+12>0
H1SAL e 1 S A1
2

1
(i —J+ A — ) ij=1,....k+1

)

where |\l =M+ ...+ A1, gl =1+ o+ peg1, 1/N =04 N <O0.
(v) A contains a (k + 1)-dimensional subalgebra.
(vi) If k = n — 2, then the number of (k + 1)-dimensional subalgebras is equal
to
3.

Proof. The GL,-module A, , is a sum of two irreducible submodules:
Ape = A0 o ® A . (8.4)

Here Amk is isomorphic to A*~1VV: we assign to every (k — 1)-form w the
algebra with multiplication

[vla o avk] = Z(_l)iilw(vlv s 7’01'7 s ,’Uk)’l)i.
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Note that every subspace of this algebra is a subalgebra. Hence the lattice
of subalgebras of A € A, coincides with the lattice of subalgebras of AY,
where A — A is the GL,,-equivariant projector on the first summand in (8.4).
Algebras in A?l)  Will be called zero trace algebras, since A € A% i if and only
if the (k — 1)-form Tr[vy,...,vx—1, ] is equal to zero. Hence the theorem will
be proved once we have proved it for generic algebras in AY .

We choose a basis {e1,...,e,} in V, identify GL,, with the group of ma-
trices, consider the standard diagonal maximal torus 7', and take for B and
B_ the subgroups of upper- and lower-triangular matrices. We fix an m > k.
Consider the parabolic subgroup of matrices

A 0
r=(15)
where B is an m X m matrix and A is an (n — m) x (n — m) matrix. Then
G/ P coincides with Gr(m, V). Consider the vector bundle

L=A8"oV/S

on G/P, where S is the tautological bundle and V/S is the factor-tautological
bundle. Then the assumptions of Theorem 8.27 are fulfilled since £ = L,
where A is the highest weight of A%, - Therefore

AD = H(Gr(m, V), A*8Y @ V/S).
Let A € AY ., and let s4 be the corresponding global section. Then the scheme
of zeros (ng )red coincides with the variety of m-dimensional subalgebras of A.

Let us return to the theorem. Statement (i) is obvious. (ii) follows from
Theorem 8.27 (i). Theorem 8.27 (ii) implies that if every k-argument anti-
commutative algebra A contains a k-dimensional subalgebra, then the vari-
ety of k-dimensional subalgebras of a generic algebra is a smooth unmixed
(k—1)(n — k)-dimensional subvariety in Gr(k, A). We claim that any (k —1)-
dimensional subspace U can be included in a k-dimensional subalgebra. The
multiplication in the algebra defines a linear map from V/U to V/U. Let
v+ U be a non-zero eigenvector. It is obvious that Cv @ U is a k-dimensional
subalgebra.

We have only to prove that the variety of k-dimensional subalgebras is
irreducible. Assume that a section s of the bundle £ = A*SY ® V/S over
Gr(k, V) corresponding to A has transversal intersection with the zero section.
Then the Koszul complex

0— AR S5 ALY 5 LY 50— Oy — 0

is exact by Theorem 5.17.
Note that APLY is isomorphic to the bundle SPA*S @ AP(V/S)V. This is
a homogeneous bundle over G/P of the form £,,, where
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p=—-€1—...—€pteéntfy1+...+en

and e; are the weights of the diagonal torus in the tautological representation.
Note that the weight u + p (where p is the half-sum of the positive roots) is
singular (belongs to the wall of the Weyl chamber) for any p, 1 < p < n—k. By
the Borel-Weyl-Bott Theorem 8.1, H*(Gr(k, V), APLY) =0for 1 <p < n—k.
Hence H%(Z(s), Oz(s)) = H°(Gr(k,V),0) = C, as was to be shown.

We postpone the proof of (v) till the end of this section and consider (iv)
and (vi), that is, we shall calculate the highest Chern class of the bundle
ARSY @ V/S over Gr(k + 1,V).

We use the standard notation, facts, and formulae from the Schubert cal-
culus (cf. [Ful]. The letters A and p always denote Young diagrams in the
rectangle with k + 1 rows and n — k — 1 columns. It is well known that such
diagrams parametrize the basis of the Chow ring of Gr(k 4+ 1,V). The cycle
corresponding to A is denoted by oy, where oy € AP(Gr(k + 1,V)). (We
grade the Chow ring by the codimension, |A\| = A1 + ... + Agy1, where \; is
the length of the ith row of A\.) We need the total Chern class of the bundles
S and V/S:

C(S) =1—04 +o11—...+ (—l)kJrlo'l
c(VIS)=14014+02+ ...+ 0pn—k-1.

We begin by calculating the total Chern class of S ® V/S. The standard
formula for the total Chern class of the tensor products of two bundles implies
that

(S®V/S) =Y druAn(c(8)Ax (c(V/S)), (8.5)

nCA

' <)\1- +hk+1- z>
d)\,u = .
i +k+1—j
N=n-k—1=X41,n—k—1—=Xg,....,n —k—1—X1), and [ is
the diagram obtained from p by transposition. We shall use the fact that
Ap(c(S)) = Au(s(S)), where s(E) is the Segre class of E. Another fact is
that Ay (c(V/S)) = ox and Ax(s(S)) = (—1)*oy (since s(S) =1 -0y + 0o +
..+ (=1)" %o, _k_1). Therefore (8.5) can be written as

where

; Ax(e) = [ex+i—ils
1<i,j<k+1

c(S®V/S) = Z d)x,u IMIO'#O'A/ (8.6)
pHCA

To calculate the highest Chern class of £ = A*SY ® V/S, we use the formula
L = NSV ®© (S ® V/S). The total Chern class of the first factor is equal
to c(A¥T1SV) = 1+ o1. The total Chern class of the second is given by (8.6).
Hence the highest Chern class of £ is
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A —
Ctop(£) = 3 dau ()P, (8.7)
pHCA

The last result of the Schubert calculus that we need is the exact formula for
the degree of a product of two cycles. In our case this can be written as

1
(i —J+Aj — i) ij=1,....n

UMUNUPHM =deg(o,on) = (|A] — |u])!

, (88)

where 1/N! = 0 if N < 0. The formula in part (iv) of the theorem can be
obtained from (8.7) and (8.8) by a slight modification of the determinant in
the formula for dy,,.

It remains to verify the formula in part (vi). Let & = n — 2. Then the
formula in (iv) can be written as

Y - )i(k+1)!k!...(kz—j+2)!(k—j)!-.-0!

D (T I(E o~ det®d, (89)

0<i<j<k+1
where

X
A= %
*

0
Y
*

No o

X is an ¢ X ¢ matrix, Y is a (j — ¢) X (j — ¢) matrix, and the format of Z is a
(k+1—j) x (k+1—j) matrix. X and Z are lower-triangular matrices with
1s on the diagonal and Y is given by

1 1 0 0 0
1/2! 1 1 0 0
1/3! 1/2! 1 1 0

1 0

Y = 1/4! 1/3! 1/2!

VG0 YG—i-1 1G—i-2 1/G-3) - 1

It is easy to verify that detY = 1/(j — ¢)!, which enables us to rewrite (8.9)
as

At k=i A+ (k=)
Z-;(_l) (k—i)!...(k—j—i-lj)! /(G —19)!

—1 . X k+2 _ (_1)k+2 n__ (_1\n
Z(—l)i<k+1 )—Z(—l)%kﬂz_w ()P _2n - ()

= j—i 3 3

i

as was to be shown.

It remains to prove part (v) of the theorem. We have to prove that every
A € A, i has a (k + 1)-dimensional subalgebra. We fix a basis {e1,...,e,}
in V and consider the subspace U = (e,_g,...,epn). Let M C A, 1 be the
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subspace that consists of the algebras for which U is a (k + 1)-dimensional
subalgebra. We claim that A,, , = GL,, -M. It is sufficient to prove that the
differential of the canonical morphism ¢ : GL,, xM — A, i is surjective at a
point (e, A). Consider the algebra A € M in which [ep—g,...,&;,...,en] = €;
for all n — k < ¢ < n and the other products are zero. We claim that d¢ is
surjective at (e, A). Consider the map 7 : A, — Ap /M. It is sufficient to
verify that o dd(e, 4)(gln,0) = Anx/M ~ A¥UY @ V/U. But this is obvious,
since multiplication in dd(e ay(Eji,0) forn—k <i<n,1 <j<n—k—1(Ej
is the matrix identity) is given by [en—k,...,é;,...,e,] = €; with the other
products equal to zero. This completes the proof of the theorem. a

8.4.2 Regular Algebras

It is an essential drawback of Theorem 8.17 that we cannot use it to study
the structure of subalgebras of any particular algebra. To correct this, we
introduce an explicit class of ‘regular’ algebras instead of the implicit class
of generic algebras. The natural way to remove degeneracies is to consider
discriminants.

Let (A ,)* be the GL,-module dual to A9 ,, and let Sp C (A) ,)* be
the closure of the orbit of the highest vector. Let PSp C P(A ,)* be its
projectivization, let PD C ]P’A?L . be the subvariety projectively dual to the
subvariety PSp, and let D C A?Lk be the cone over it. We call D the D-
discriminant subvariety. Algebras A € D are called D-singular, and algebras
A & D are called D-reqular.

Theorem 8.18 ([T1])

(i) D is a hypersurface.
(ii) If A is D-regular then k-dimensional subalgebras of A form a smooth
irreducible (k — 1)(n — k)-dimensional variety.
(i) Let k =n — 2. Then the degree of D is equal to

(3n? — 5n)2" — dn(—1)"
18.

(8.10)

It follows that D-singularity of A is equivalent to vanishing of the SL,-
invariant polynomial D called the D-discriminant.

Proof. The fact that D is a hypersurface follows immediately from the re-
sults of Section 7.4. (ii) can be deduced from the corresponding assertion of
Theorem 8.17 by an easy calculation with differentials. Namely, let A be a D-
regular algebra. We use the arguments in the proof of Theorem 8.27 (ii) and
Theorem 8.17 (iii). According to these calculations, it is sufficient to verify
that, if U is a k-dimensional subalgebra of A, then the map

Y ogl, — AUV @ A/U,
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Y(g)(vr Ao Avg) = glvr, -, ok] — [gur, . vk — oo — 1,09, .., guk] + U

is surjective. Assume the opposite. Then there is a hyperplane H O U such
that the image of v lies in A¥UY ® H/U. Consider a non-zero algebra A in
Sp C (Ag,,k)* such that [UL, VY, ....VV] =0, [VVY,...,VV] C H*, where
U+ and H* are the annihilators of U and H in (A?Lyk)*, and square brackets

denote multiplication in the algebra. A is defined by these conditions uniquely
up to a scalar. Then A annihilates [gl,,, A], which is equivalent to the fact that
A annihilates [gl,, [1], that is, the tangent space to Sp at A. This means that
A lies in D, i.e. A is a D-singular algebra.

Finally, (iii) follows from Theorem 8.5. O

We will also define the E-discriminant and E-regularity but only for (n—2)-
argument n-dimensional anticommutative algebras. Let A = A%)n_Q. Consider
the projection 7 : Gr(n —1,V) x PA — PA on the second summand and
the incidence subvariety Z C Gr(n — 1,V) x PA that consists of pairs S C
PA, where S is a subalgebra in A. Let @ = 7|z. By Theorem 8.17, we have
7(Z) = A. Let € C Z be the set of critical points of 7, let PE = 7(€) be the
set of critical values of 7, and let £ C A be the cone over PE. Then £ is called
the E-discriminant subvariety. The algebras A € £ are said to be E-singular.
The algebras A ¢ £ are said to be E-regular.

Theorem 8.19 ([T1])

(i) & is an irreducible hypersurface.
(ii) Let A be an E-regular algebra. Then A has precisely

3

(n — 1)-dimensional subalgebras.
(iii) The map 7 : € — PE is birational.

Hence the FE-singularity of A is determined by the vanishing of the
S Ly-invariant polynomial that defines £. This polynomial is called the E-
discriminant. (iil) can be formulated as follows: a generic E-singular algebra
has precisely one “critical” (n — 1)-dimensional subalgebra.

Proof. The proof of (ii) is similar to the proof of Theorem 8.17 (iv). We claim
that (i) follows from (iii). We choose a basis {f1,..., fn} in V¥ dual to the
basis {e1,...,e,} in V. Let U € Gr(n — 1,V) be the hyperplane f; = 0. It is
clear that £ = GL,, -My, where My = EN(U, P.A). Moreover, M = ZN(U, PA)
is the linear subspace of the algebras for which U is an (n — 1)-dimensional

0 >, and let

subalgebra. Let P be the parabolic subgroup of matrices <:1 B

0 )O( , where Bisan (n —1) x (n —1)
matrix and X is an 1 x (n — 1) matrix. Every algebra A € M defines a linear

u be the Lie algebra of matrices <O
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map u — A" UV ®@V/U. Since A € M, if and only if this map is degenerate,
we have codimy; My = 1. It is obvious that My is irreducible, since My is the
spreading of the subspace

M} = {A € My |the algebra E;2A has a subalgebra U}

by the group P. Hence & is an irreducible divisor in Z, and (i) follows from
(ii).

We prove (iii). We say that an (n — 1)-dimensional subalgebra U’ of A € £
is critical if (U’,A) lies in €. In this case there is an (n — 2)-dimensional
subspace W’ C U’ such that, if V.= U’ @ Ce and v € gl, is a non-zero
linear operator such that v(V) C Ce and v(W') = 0, then U’ is a subalgebra
of vA. To prove (iii) it suffices to prove that in generic algebras in M} the
subalgebra U is the unique critical subalgebra. Let N C Mg be the subvariety
of all algebras that have another critical subalgebra.

Note that M{ is normalized by the parabolic subgroup

* 00 ... 0
* x 0 ... 0
Q=|* » * ...

Then N is the spreading of the subvarieties Vo and N3 by the group @, where
A € N; if and only if the hyperplane f; = 0 is a critical subalgebra. In turn,
N, is the spreading of the vector spaces Ng and N3, and N3 is the spreading
of the subspaces Ni, N, and Nj, where N/ C N; is the subspace of all
algebras such that the (n —2)-dimensional subspace W’ (mentioned above) is
given by f; = f; = 0. Let Q] C @ be the subgroup that normalizes the flag
fi € {fi, f;)- It is easy to verify that

codimg Q% =1, codimg Q% =n—1, codimg Qzl,) =n-—1,

codimg Q% =n, codimg Qé =2n—3.

On the other hand,
codim g1 Ny =n,

: 3 _ cods 1 s 2 o 4 _
codimys1 Ny = codimy1 Ny = codimy N3 = codimyn Ny = 2n — 2.

Hence codimM& QNl-j > 1 in all cases, which completes the proof. a

8.4.3 Regular 4-dimensional Anticommutative Algebras

An (n — 2)-argument n-dimensional anticommutative algebra is called reg-
wlar if it is both D-regular and E-regular. In this subsection we consider
2-argument 4-dimensional algebras. The corresponding generic algebras were
studied in [T2].
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Theorem 8.20 ([T1]) Let A be a 4-dimensional regular anticommutative al-
gebra. Then

(i) A has precisely five 3-dimensional subalgebras. The set of these subalgebras
is a generic configuration of five hyperplanes. In particular, A has a pen-
tahedral normal form, that is, it can be reduced by a transformation that
belongs to GL4 to an algebra such that the set of its five subalgebras is a
Sylvester pentahedron 1 =0, o =0, 3 =0, x4 = 0, x1+z2+z3+24 = 0.

(ii) A has neither one- nor two-dimensional ideals.

(iii) The set of two-dimensional subalgebras of A is a Del Pezzo surface of
degree 5 (a blowing up of P? at four generic points).

(iv) A has precisely 10 fans, that is, flags Vi C Vs of 1-dimensional and 3-
dimensional subspaces such that every intermediate subspace U, Vi C U C
V3, is a two-dimensional subalgebra.

Proof. We begin with (i). We have to prove that, if A is a 4-dimensional
regular anticommutative algebra with zero trace, then the set of its three-
dimensional subalgebras Si,S2,...,S55 is a generic configuration of hyper-
planes, that is, the intersection of any three of them is one-dimensional and
the intersection of any four of them is zero-dimensional. Indeed, assume, for
example, that U = S1N.S2N S5 is two-dimensional. Let v € U and v # 0. Then
[v,-] induces a linear operator on A/U since U is a subalgebra. S1/U, S2/U,
and S3/U are one-dimensional eigenspaces. Since dim A/U = 2, the operator
is a dilation. Since this is true for any v € U, any three-dimensional subspace
that contains U is a three-dimensional subalgebra, which contradicts the fact
that there are precisely five such subalgebras.

Now assume that U = 51 NS N S3N S, is one-dimensional, and let v € U,
v # 0. Then the operator [v, -] induces an operator on A/U. This operator has
four two-dimensional eigenspaces S1/U, ..., S4/U of which any three have zero
intersection. Hence this operator is a dilation. Let W D U be an arbitrary two-
dimensional subspace, and let w € W be a vector that is not proportional to v.
Then the operator [w, -] induces a linear operator on A/W. Let z be a non-zero
eigenvector. Then (v, w, z) is a three-dimensional subalgebra. Therefore every
vector can be included in a three-dimensional subalgebra, which contradicts
the fact that there are only five such subalgebras.

This argument also shows that A has no one-dimensional ideals. Since
every three-dimensional subspace that contains a two-dimensional ideal is a
subalgebra, there are no two-dimensional ideals, which completes the proof of
(ii).

To prove (iii), we consider the subvariety X of two-dimensional subalgebras
in A. Then X C Gr(2,4). Consider the Pliicker embedding Gr(2,4) C P° =
P(A2C%). First we claim that the embedding X C P5 is non-degenerate, that
is, the image is contained in no hyperplane. Let Sy, S2, S3,.S4 be four three-
dimensional subalgebras. Since it is a generic configuration, we can choose a
basis {e1, €2, €3, e4} in A such that S; = {(e1,...,é;,...,e4q). Since the intersec-
tion of three-dimensional subalgebras is a two-dimensional subalgebra, A has
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six subalgebras (e;, e;), i # j. The set of corresponding bivectors e; A e; is a
basis in A2C*. Therefore they can lie in no hyperplane. Simple calculation with
Koszul complexes (cf. Theorem 5.17) shows that H?(X, Ox(1))" = A2C*,

To prove that X is a Del Pezzo surface of degree five, we have only to
verify that Ox (1) coincides with the anticanonical sheaf (see [Ma]). Since
Y = Gr(2,4) is a quadric in P5, we have

Wy = Oy(2 -5 - 1) = Oy(—4)

The set X is a non-singular subvariety of codimension 2 in Y. Therefore
wx = wy ® A2Nx/y, where N/y is the normal sheaf. Further, X is the
scheme of zeros of a regular section of the vector bundle £ = A2SY @ V/S,
and hence N,y = L|y and A*Nx/y = Ox(3), since ¢ (L) = 3H. We obtain
that wy = Ox(—4) ® Ox(3) = Ox(—1), as was to be shown.

It remains to prove (iv). Since X is a del Pezzo surface of degree five, it
contains ten straight lines. Since the embedding X C P(A?C*) is anticanon-
ical, these straight lines are ordinary straight lines in P(A2C*) that lie in
Gr(2,4). It remains to establish a bijection between these straight lines and
fans. If b € A2C*, then b belongs to the cone over Gr(2,4) if and only if
bAD=0.If by and by belong to this cone, then the straight line that joins
them belongs to this cone if and only if b; A be = 0, which coincides with the
fan condition. O

8.4.4 Dodecahedral Section

Let us start with some definitions. Let X be an irreducible G-variety (a variety
with an action of algebraic group G), S C X be an irreducible subvariety.
Then S is called a section of X if G-S = X. The section S is called a
relative section if the following condition holds: there exists a dense Zariski-
open subset U C S such that if x € U and gz € S then g € H, where
H = Ng(S)={g9 € G|gS C S} is the normalizer of S in G (see [PV]). In this
case for any invariant function f € C(X)Y the restriction f|s is well-defined
and the map

(C(X)G_}(C(S)Hv f’_’f|57

is an isomorphism. Any relative section defines a G-equivariant rational map
Y : X — G/H: if g~'x € S then x — gH. Conversely, any G-equivariant
rational map ¢ : X — G/H with irreducible fibers defines the relative section

G T(cH).

We are going to apply Theorem 8.20 and construct a relative section in the
SLs-module Ay (the module of 4-dimensional anticommutative algebras with
zero trace). The action of SLy on ‘Sylvester pentahedrons’ is transitive with
finite stabilizer H (which is the central extension of the permutation group
S5). In the sequel the Sylvester pentahedron will always mean the standard
configuration formed by the hyperplanes
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xlzo, 172:0, 173:0, 564207 JC1+CC2+$3+CC4:O.

Let S C Ag be a linear subspace formed by all algebras such that the hy-
perplanes of Sylvester pentahedron are their subalgebras. Then Theorem 8.20
implies that S is a 5-dimensional linear relative section of SLs-module Ag.
It is easy to see that the multiplication in algebras from S is given by
formulas
[ei,e5] = aijei + bije; (1<i<j<4),

where a;; and b;; satisfy a certain set of linear conditions. Consider 6 algebras
Ay, ..., Ag with the following structure constants:

Ay As As Ay As Ag
aio 0 1 —1 1 0 -1
bi2 1 0 1 —1 -1 0
ais 1 1 -1 0 -1 0
bis 0 -1 0 1 1 —1
ailq 1 0 1 -1 —1
b1 -1 1 -1 0 0 1
as3 -1 -1 0 1 0 1
bos 1 0 -1 0 1 -1
ao4 0 -1 -1 0 1 1
boy -1 1 0 1 -1 0
asq -1 1 1 -1 0 0
bs4 0 0 -1 1 -1 1

Table 8.2.

Then it is easy to see that A; € S for any i. Moreover, the algebras A;
satisfy the unique linear relation A; + ...+ Ag = 0. It follows that any A € S
can be written uniquely in the form oy A1 +. ..+ agAg, where a; +. ..+ ag = 0.
The coordinates «; are called dodecahedral coordinates and S is called the
dodecahedral section (this name will be clear later).

The stabilizer of the standard Sylvester pentahedron in PGL4 is isomor-
phic to S5 represented by permutations of its hyperplanes. The group S5 is
generated by the transposition (12) and the cycle (12345). The preimages of
these elements in GL4 are given by matrices

01 00 -1 -1 -1 -1
o — 10 00 ;o 1 0O 0 O
0 010 0 1 0 O
0 0 01 0 0 1 0

The preimage of S5 in SLy4 is the group H of 480 elements. The representation
of H in S induces the projective representation of Sy in P*. We have the
following
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Proposition 8.21 This projective representation is the projectivization of the
5-dimensional irreducible representation of Ss (either of two possible).

Proof. Recall certain ‘folklore’ facts about the representation theory of Ss. It
is well-known that S5 admits exactly two embeddings in Sg up to conjugacy.
One is standard via permutations of the first five elements of the six-element
set permuted by Sg. The other one can be obtained from the first by taking
the composition with the unique (up to conjugacy) outer involution of Sg.
S5 has exactly two irreducible 5-dimensional representations, which have the
same projectivizations. One of these representations has the following model.
One takes the tautological 5-dimensional irreducible representation of Sg and
considers its composition with the non-standard embedding S5 C Sg.

Now let us return to our projective representation. The action of o and 7
on algebras A; is given by the formulas

O'A1 —A2 TAl Al
O'AQ —Al TAQ Ag
UA3 _ —A4 TA3 _ A2
UA4 B —Ag and TA4 B A3 ' (811)
O'A5 —Ag TA5 A4
UAG —A5 TA6 A5

Therefore S5 permutes the lines spanned by the A;. Moreover, the induced em-
bedding is clearly non-standard: transposition in S5 maps to the composition
of 3 independent transpositions in Sg. It is clear that that the corresponding
projective representation of S5 is isomorphic to the projectivization of the
5-dimensional irreducible representation in the model described above. a

Remark 8.22 The section S is called dodecahedral for the following reason.
Though the surjection H — S5 does not split, the alternating group As can
be embedded in H. The induced representation of As in S has the following
description. A5 can be realised as a group of rotations of the dodecahedron.
Let {I,...,Is} be the set of pairs of opposite faces of the dodecahedron.
Consider the vector space of functions

6
foAl,.. Isy—C, D f(Im) =o.
=1

Then this vector space is an As-module. It is easy to see that this module is
isomorphic to S via the identification A; — f;, where

filli) =5, fill})=-1, j#i.
The following proposition follows from the discussion above

Theorem 8.23 The restriction of invariants induces an isomorphism of in-
variant fields



186 8 Dual Varieties of Homogeneous Spaces

(C(.Ao)GL4 ~ C(C5)C*><S5,

where C* acts on C® by homotheties and S5 acts via any of two 5-dimensional
wrreducible representations.

Remark 8.24 The Sylvester pentahedron also naturally arises in the theory
of cubic surfaces. The SLs-module of cubic forms S?(C*)V admits the relative
section (the so-called Sylvester section, or Sylvester normal form). Namely, a
generic cubic form in a suitable system of homogeneous coordinates 1, ..., x5,
1+ ...+ x5 = 0, can be written as a sum of 5 cubes z$ + ... + z3. The
Sylvester pentahedron can be recovered from a generic cubic form f in a very
interesting way: its 10 vertices coincide with 10 singular points of a quartic
surface det Hes(f). The Sylvester section has the same normalizer H as our
dodecahedral section. It can be proved [Bek] that in this case the restriction
of invariants induces an isomorphism

C(SB(C4)V)GL4 ~ (C((C5)(C* ><S5,

where C* acts via homotheties and Ss via permutations of coordinates
(i.e. via the reducible 5-dimensional representation). Other applications of the
Sylvester pentahedron to moduli varieties can be found in [Bar].

These results were used in [T2] in order to prove that the field of invariant
functions of the 5-dimensional irreducible representation of S is rational (is
isomorphic to the field of invariant functions of a vector space). From this
result it is easy to deduce that in fact the field of invariant functions of any
representation of Sy is rational (see [T5]).

8.5 Adjoint Varieties

For the adjoint representation of SL,, = SL(V) there is a natural notion of
the discriminant defined as follows. For any operator A € sl(V) let

P = det(tId —A)

be the characteristic polynomial. This is a polynomial in one variable ¢ and its
coeflicients are homogeneous forms in the matrix entries of A. The discrim-
inant D(A) = D(P4) of this polynomial is a homogeneous form on sl{(V') of
degree n? —n. Clearly D(A) # 0 if and only if all eigenvalues of A are distinct,
in other words, if A is a regular semisimple operator.

This discriminant can be defined for other simple Lie algebras as well.
Before doing this, notice that D(A) can be also defined as follows. Consider
the characteristic polynomial

n?—1
Q4 = det(tId —ad(A)) = Y #'D;(A)
=0
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of the adjoint operator ad(A) = [A,-]. If A,..., A, are the eigenvalues of A
(counted with multiplicities) then the set of eigenvalues of ad(A) consists of
n — 1 zeros and n(n — 1) differences A\; — A, 4,5 = 1,...,n, ¢ # j. Therefore
Do(A) = ... = D,—2(A) = 0 and D,_1(A) coincides with D(A) up to a
non-zero scalar.

Suppose now that g is a simple Lie algebra of rank r. For any x € g let

dim g

Qq = det(tId —ad(z)) = Y #'D;(x)
=0

be the characteristic polynomial of the adjoint operator ad(z) = [z,-]. Then
D(z) = D,(z) is called the discriminant of x. Clearly, D is a homogeneous
Ad-invariant polynomial on g of degree n — r. Since the dimension of the
centralizer g, of any element x € g is greater or equal to r, it follows that
Dy = ... = D,_1 = 0, and therefore D(x) = 0 if and only if ad(z) has the
eigenvalue 0 with multiplicity > r. We claim that actually D(x) # 0 if and only
if z is regular semisimple (recall that x is called regular if dim g, = r). Indeed,
if z is semisimple then ad(z) is a semisimple operator, and therefore D(z) = 0
if and only if the dimension of the centralizer g, is greater than r, i.e. x is
not regular. If x is not semisimple then we take the Jordan decomposition
x = x5 + X, where x, is semisimple, x,, is nilpotent, and [z, z,] = 0. Then
xs is automatically not regular, therefore since Q, = Q. we have D(x) =
D(z5) = 0 (of course, this last equality also follows from the Ad-invariance
of D and the fact that the Ad-orbit of x contains the Ad-orbit of z, in its
closure).

To study D(x) further, we can use the Chevalley restriction theorem
(see [PV]) C[g]® = C[", where t C g is any Cartan subalgebra and W
is the Weyl group. Let A C tV be the root system, |A| = n —r. Let z € t.
Then D(x) = 0 if and only if x is not regular if and only if a(z) = 0 for some
a € A. Since deg D = n — r and D|; is W-invariant, it easily follows that

D|£: H .

The Weyl group acts transitively on the set of roots of the same length.
Therefore D, and hence D, is irreducible if and only if all roots in A have
the same length, i.e. A is of type A, D, or E. If Ais of type B, C, F, or G, we
have A = A;UA4;, where Ay is the set of short roots and 4; is the set of long
roots. Then we have D = D; D, where D; and D, are irreducible polynomials

and
Dl|t: H a, D5|t: H .

acl; a€A,

In the A — D — FE case we also set D; = D to simplify notations.
We are going to show that D; is also the discriminant in our usual sense.
The adjoint representation Ad : G — GL(g) is irreducible. In A — D — E case
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let O = O; be the Ad-orbit of any root vector. In B—C—F—G caselet O; C g
(resp. Os C g) be the Ad-orbit of any long root vector (resp. any short root
vector). Then O is the orbit of the highest weight vector. Its projectivization
is called the adjoint variety. Both orbits O; and Oy are conical. Let X; = P(O;)
and X, =P(O;).

Theorem 8.25 D; is the discriminant of X;. D is the discriminant of Xs.

Proof. We identify g and g¥ via the Killing form. Let a € A be any root,
and e, € g the corresponding root vector. Since [g, e4]* = ge,., we have

(PAA(G) - ea)) = P(AA(G) - 5...).
Let
ta ={zet|a(z) =0}, to=ts+ea.

Then, clearly, t, € g, . Moreover, if a is long then Dy, = Dil, = 0. If «
is short then Dg|; = Dsl, = 0. Therefore, in order to prove the theorem, it
suffices to check that

dim Ad(G) - t, = n — 1. (8.12)

Clearly, for generic z € t, we have
dim Ad(G) - t, = dim G + dim t,, — dim Tran(z, t,), (8.13)

where
Tran(z, t,) = {g € G| Ad(g)z € t.}.

Let £ =y +eq € ta, where y € t, is such that 3(y) # 0 for any 3 € A\ {£a}.
Suppose that Ad(g)z € t,. Since [eq, ta] = 0, it easily follows that Ad(g)y € tq
and Ad(g)es = 4. Under our assumptions on y this means that

Tran(z, to) = (Ng(ta))e. ,

where N¢(t,) is the normalizer of ¢, in G. Therefore, in order to prove (8.12)
using (8.13), it suffices to check that

dim(gy, e, =1, (8.14)

where g is the centralizer of ¢, in g. Now g, is a Levi subalgebra equal to
t+ Cey + Ce_. Therefore (g, )e, = ta + Ce, and (8.14) follows. O

Remark 8.26 In A-D-E cases one can prove by inspection the following in-
teresting formula:

2dim g = rank g(dim O + 4).
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8.6 Homogeneous Vector Bundles

8.6.1 Zeros of Generic Global Sections

Both resultants and discriminants are related to the following general con-
struction. Suppose that X is a smooth projective variety and F is a vector
bundle on X generated by global sections. Let Z(s) denote the scheme of zeros
of any global section s € H°(X, E). One might expect that for generic s the
scheme Z(s) is a smooth variety of codimension dim E. Then we can define
the degeneration variety D C H°(X, E) parametrizing all global sections s
such that Z(s) is not smooth of expected codimension. For example, if E is a
very ample line bundle then D is a cone over the dual variety. If F is a very
ample vector bundle and dim E = dim X + 1 then D is the resultant variety.
If F is a very ample vector bundle and dim F = dim X then the correspond-
ing homogeneous polynomial can be called Bézoutian. Indeed, if X =P™ and
E=0(d1)®...®0O(d,) then D parametrizes sets of homogeneous forms of
degrees di, ..., d, such that the Bézout theorem is not applicable.

In general, in order to make the theory consistent, it is necessary to impose
very strong conditions like ampleness on the vector bundle E. These conditions
are not always satisfied even in the case of homogeneous vector bundles on flag
varieties. Even the question whether or not a generic zero scheme is non-empty
can be quite difficult.

Assume that G is a connected reductive group, T is a fixed maximal torus,
B is a fixed Borel subgroup, T C B C G, B_ is the opposite Borel subgroup,
P is a parabolic subgroup containing B_, X(T') is the lattice of characters of
T, and A € X(T) is the dominant weight. Consider the homogeneous vector
bundle £, = G xp Uy over G/P, where Uy is the irreducible P-module with
highest weight A. By the Borel-Weyl-Bott Theorem 8.1, Vi = H°(G/P, L))
is an irreducible G-module with highest weight .

Theorem 8.27 Let s € V) be a generic global section. Then

(i) If dim Uy > dim G/ P, the scheme of zeros Zs is empty.

(ii) If dim Uy < dim G/ P, either Zs is empty or s intersects the zero section
of Ly transversally and Zs is a smooth unmized subvariety of expected
codimension dim U).

(i) If dim Uy = dim G/ P, the geometric number of points in Zs is equal to
the top Chern class of L.

Proof. (i) is obvious and follows by an easy dimension count. (ii) and (iii)
follow from the fact that £ is generated by global sections. Let us recall this
argument here. Let dim Uy < dim G/P, and assume that every global section
has a zero. We have to prove that a generic global section s intersects the zero
section of Ly transversally. This will imply, in particular, that Z, is a smooth
unmixed subvariety of codimension dim Uy. For simplicity we suppress the
index A. Consider the incidence variety
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ZCGIPxV, Z={(z,s)|x€(Zs)red}-

Since G/P is homogeneous and Z is invariant, it follows that Z is obtained
by spreading the fiber Z, = {s € V| s(eP) = 0} by the group G. Since U is
irreducible, we have dim Z, = dim V' —dim U. Hence Z is a smooth irreducible
subvariety of dimension dim V + dimG/P — dim U.

Let m : Z — V be the restriction to Z of the projection of G/P x V
on the second summand. By assumption, 7 is a surjection. By Sard’s lemma
for algebraic varieties (see [Muml]), the differential dm(, ) is surjective for a
generic point s € V and any point (z,s) in 7~ 's. We claim that s has the
transversal intersection with the zero section. Indeed, Z can be regarded as
a subbundle of the trivial bundle G/P x V. Then £ = (G/P x V)/Z and
the zero section of £ is identified with Z mod Z. The section s is identified
with (G/P x {s}) mod Z. Hence, it is sufficient to prove that G/P x {s} is
transversal to Z, which is equivalent to the following claim: dr(, ) is surjective
for all (z,s) € Z. Now statement (iii) of the theorem follows from the standard
intersection theory (see [Ful]). O

Example 8.28 It should be noted that Theorem 8.27 cannot be strengthened
to the point where the non-emptiness and the irreducibility of the scheme of
zeros in Theorem 8.27 could be established apriori, as the following example
shows. Consider the vector bundle S2SY on Gr(k,2n), where S is the tauto-
logical bundle. The dimension of a fiber does not exceed the dimension of the

n—

3
quadratic form in C2") has a zero (that is, a k-dimensional isotropic subspace)

only if £ < n. For k = n the scheme of zeros is a reducible variety of dimension
n(n—1)

Grassmannian if k < , but a generic section (that is, a non-degenerate

with two irreducible components (spinor varieties) that correspond
to two families of maximal isotropic subspaces on an even-dimensional quadric.

Consider the P-submodule
My = {s € H°(G/P,Ly)|s(P) =0}

in V. It is easy to see that M) can be characterized as the unique maximal
proper P-submodule of V. Clearly V)\/M, ~ Uy as P-modules. Consider the
map

U:GxMy—Vy, ¥(g,v)=gv.

Then generic global sections of £ have zeros iff ¥ is dominant iff the differential
of ¥ at a generic point is surjective. We write g and p for Lie algebras of G
and P, respectively. The natural “orbital” map g x V), — V) defines the
P-equivariant map v : g/p X My — Uy. Then ¥ is dominant iff (-, z) is
surjective at a generic point x € M. Let Zy = ¥~ 1(0),ea C g/p x My be
the incidence variety. Then the following proposition follows from an easy
dimension count:
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Proposition 8.29 Suppose that
dim Zy = dim g/p + dim M), — dim U).
Then generic global sections of Ly have zeros.

Denote by 7 the restriction on Z) of the projection of g/p x M) to the first
factor. The variety Z could be rather complicated. Say, it is not irreducible in
general. We shall use the fact that fibers 7 —1(z) are linear spaces. So consider
the function Iy (z) = dim7~!(z), = € g/p.

Conjecture 8.30 There exists an algebraic stratification g/p = .Iill X; such
i=

that for any A the function lx(x) is constant along each X;:
Z)\(I):l;, T € X;.
If such stratification exists then

dim Z, = max(dim X; +13). (8.15)

If P acts on g/p with a finite number of orbits then we can take these
orbits as X; (since v is P-equivariant). Unfortunately, this class of parabolic
subgroups is very small. The dual P-module (g/p)V is isomorphic to the rep-
resentation of P on the unipotent radical p,, of p, and hence by the Pyasetskii
Theorem 2.4 the action P : g/p has a finite number of orbits iff the action
P : p, satisfies this property. Such actions were studied in [PR], and the
complete classification for classical groups was obtained in [HRo]. But even in
these cases the problem of the complete description of the orbital decompo-
sition seems very messy. In the next section we shall introduce another class
of parabolic subgroups that satisfy the Conjecture 8.30.

The most wonderful class of parabolic subgroups is the class of parabolic
subgroups P with abelian unipotent radical (aura) p,,; see Section 2.3.2. Let
P~ be an opposite parabolic subgroup, let L = P N P~ be a Levi subgroup
with Lie algebra [, and let p, be a unipotent radical of p~. Then p,, is abelian
iff the decomposition g = p,, € [ ® p,, is a Z-grading: g = g_1 D go D 9¢1.
Notice that g/p is isomorphic to p; as a L-module. It is well-known that the
action of L on p,, has a finite number of orbits in this case. Take the orbital

decomposition p,, = ‘L_TJl L f;, for whose detailed description see Theorem 2.10.
Then (8.15) takes the form

dim Z) = rnlax(dim Lfi; +1x(fi))- (8.16)

It remains to calculate Ix(f;). If f; = 0 then I(f;) = dim M. In the opposite
case we can include f; in a slo-triple (f;, hi, e;). Evidently we can assume that
h; €1, e; € p,,. These h; were also written down explicitly in Theorem 2.10.
We shall use the following easy lemma from the sly-theory:
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Lemma 8.31 Let V be a finite-dimensional sla-module, with sly = (f, h,e).
Let b = (h,e). Suppose that M C V is a b-submodule such that eV C M.
Then

dim Coker(M € VLV — V/M) = dim(V/M)",
where (V/M)" = {v € V/M | hv = 0}.
Applying this Lemma to the representation of sly in V) we get

Ix(fi) =dimKery(f;, ) = dim My — dim Uy + dim Coker ¢(f;, ) =
dim My — dim Uy + dim U3

Notice that this formula remains valid for f; = 0 if we assume that h; = 0 in
this case. Joining this formula with (8.16) and applying Lemma 8.31 we get
the following result.

Theorem 8.32 ([T3]) Suppose that for any i
dim U} < codimg, Lf;.

Then generic global sections of the bundle Ly have zeros.

8.6.2 Isotropic Subspaces of Forms

All ingredients of the formula in Theorem 8.32 can be easily computed in many
particular cases. We will apply Theorem 8.32 for the proof of the following

Theorem 8.33 ([T3]) Let w € SV, resp. w € AV, be a generic sym-
metric or skew-symmetric form. Then V contains a k-dimensional isotropic
subspace of w if and only if

(d+k—1)
k

k
n > +k, resp. n > (I;L) + k, (8.17)

with the following exceptions: V' contains a k-dimensional isotropic subspace
if and only if

o n>2k forwe S*VY orwe A2VV.
o k<n-—2forwe A" 2VV, n is even.
k<4 forwe VY, n="1.

Remark 8.34 The variety of 4-dimensional isotropic subspaces of a generic
skew-symmetric 3-form in C” is a smooth 8-dimensional Fano variety. More-
over, this variety is a compactification of the unique symmetric space of the
simple algebraic group Gs.
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Proof. We choose a basis {e1,...,e,} in V and identify GL,, with the group
of non-singular matrices. Let T';, B, B~ be the subgroups of diagonal, upper-
and lower-triangular matrices. We fix an integer k. Consider the parabolic

subgroup
A 0
(1 3)

where B is a k x k matrix. Then G/P is the Grassmannian Gr(k, V). Consider
the vector bundle £ = S¢S (resp. £ = A%SY, but only in the case k > d) on
G/ P, where S is the tautological bundle. Then £ = L, where X is the highest
weight of the GL,-module SV (resp. A9V"). Let w € SV (resp. w €
A%VY), and let s,, be the corresponding global section. It is easy to see that
(Zs,, )rea coincides with the variety of k-dimensional isotropic subspaces of w.
Notice that the inequalities (8.17) are equivalent to the condition dim Uy <
dim G/P. In the sequel we suppose that these inequalities hold.
We take

fi= El,n + E27n_1 + ...+ Ei,n-i—l—ia 1=0,...,r= min(k’,n — ]{7)

The unipotent radical p.;, can be identified with matrices of the shape k x (n—
k), and then the orbit Lf; is identified with the variety of matrices of rank .
Therefore
codimg,, Lf; = (k —i)(n — k —1).
We have
hi= (Enn—E11) + (En—in—1— Ea2) + ... + (Enti—in+1—i — Fii),

and hence
d+k—-—1-—1
dim U = < TR

d

dim U = <k B Z) if Vi = A9V,

> if Vy = SvV;

Applying Theorem 8.32 we get
Proposition 8.35
(i) Suppose that for any i =0,...,r we have

(‘”k;i_l) < (k—i)(n—k—1).

Then a generic form w € SV has a k-dimensional isotropic subspace.
(ii) Suppose that for any i =0,...,r we have

<k;> < (k—i)n—k—i).

Then a generic form w € AV has a k-dimensional isotropic subspace.

It remains to clarify when the conditions of Proposition 8.35 follow from
formulas (8.17).
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A. Symmetric Case.

Clearly if i = k then the conditions of Proposition 8.35 are satisfied. Therefore
it suffices to find out when the inequality

d+k7i71)

nz(id.

bt
T + K+

follows from the inequality

(4

k

ast=1,...,min(k—1,n—k). If d = 1 then Theorem 8.33 is obvious. If d = 2
it reduces to a well-known result about isotropic subspaces of quadratic form.
So assume that d > 3. We use the following lemma that can be easily verified
by induction:

+k

d+a—1 d4+a—2
Lemma 8.36 Letd > 3 and o > 2. Then ( < ) > ("4 )+1.

a—1

It follows from Lemma 8.36 that

d+k—1 d+k—2
nziﬁ%l+kziﬁ%l+k+12
(d+k—3) (d-‘rk—l—(k}—l))
d 2 1k+2>...> d +k+k—1.

-2 k—(k—1)

B. Skew-symmetric Case.

Clearly if i > k — d then the conditions of Proposition 8.35 are satisfied.
Therefore it suffices to check when the inequality

("2)
n> ki
follows from the inequality
(2)
> 4k
n > A +

ast=1,...,min(k—d,n—k). If d = 1 then Theorem 8.33 is obvious, if d = 2
it reduces to a well-known result about isotropic subspaces of a 2-form. So
assume that d > 3. We use a following Lemma that can be easily verified by
induction:

o a—1
Lemma 8.37 Let3<d<a-—2. ThenQ> (d)—l-l.

a — a—1
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It follows from Lemma 8.37 that

(a)

(*2)
n>- 4tk>-9d/ k41>

k k—1
(k—2) (k—(k—S—d))
S d /) N 4 J _3_
k_2+k+2z...zk_(k_g_d)+k+(k 3—d).

It remains to consider 3 cases: i = k—d—2,1=k—d—-1,1 =k —d as
1<n—k.
Let e = k—d—2,n > 2k—d— 2. We want to deduce the inequality

d+2 k
n > (dj’rQ)+2k—d—2:2k—%—2fromn2 (;Z)—i—k. It suffices to

check (Z) > k(k—% —2). Since d > 3 and k —d =i+ 2 > 3 we have
(8) > (5) 2 Kk —3) > k(k — 5 —2).
Let i = k—d—1,n > 2k —d— 1. We want to deduce the inequality

(d+1) (d+1)
n> -y +2k—-d-1=2k—-dfromn > 355 +2k—d—-1=2k—d

It suffices to check (Z) > k(k—d). Sinced >3and k—d=i+12> 2 we
have (¥) > (¥) > k(k —3) > k(k —d) as k —d > 3. If k —d = 2 then
(k) = (2D > 9(4 4 2) > k(k — d). )

Let i = k —d, n > 2k — d. We need to deduce the inequality n > (%l) +
2k —d =2k —d+ —}l from n > %) + k. All exceptions are defined by the
following system of equalities and inequalities:

n=2k—d, <Z> <k(k—d), k—d>1.

There exist only two possibilities: either k =d+1,n=d+2ord =3,k =5,
n=".

In the first case we need to clarify whether a generic form w € A" ~2VV
has a (n — 1)-dimensional isotropic subspace or not. This holds iff a generic
2-form in V'V has a non-zero kernel. It is well-known that this is true only for
odd n.

To complete the proof it remains to find out whether a generic form w €
A3(CT)V has a 5-dimensional isotropic subspace. In suitable coordinates this

isotropic subspace will coincide with the linear span (eq,...,es5). Therefore
w = > ok Nz A xp, where oy, = 0 as k < 5. Consider the
1<i<j<k<7

one-parameter subgroup
H(t) = diag(t?, t*,t*, 12,2, 7°,t7°)
in SL7. Clearly, }iH(l) H(t)w = 0. Therefore w belongs to the null-cone of the

action SLy7 : A3(C")VY. It follows that any non-constant homogeneous invariant
of this action vanishes at w. But it is known that this action has non-constant
invariants (see [PV]), for example, the discriminant is well-defined in this case.
Therefore generic forms do not admit 5-dimensional isotropic subspaces. 0O
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Remark 8.38 A 3-form in the 7-dimensional vector space has a 5-dimensional
isotropic subspace if and only if its discriminant is equal to zero.

8.6.3 Moore—Penrose Inverse and Applications

The nice notion of a generalized inverse of an arbitrary matrix (possibly singu-
lar or even non-square) has been discovered independently by Moore [Mo] and
Penrose [Pe]. The following definition belongs to Penrose (Moore’s definition
is different but equivalent):

Definition 8.39 A matrix AT is called an a MP-inverse of a matrix A if
AATA=A, ATAAT =AT,
and AAT, AT A are Hermitian matrices.

It is quite surprising, but the MP-inverse always exists and is unique.
Since the definition is symmetric with respect to A and A™ it follows that
(AT)T = A. If A is a non-singular square matrix then AT coincides with an
ordinary inverse matrix A~!. The theory of MP-inverses and their numerous
modifications becomes now a separate subfield of Linear Algebra [CM] with
various applications. Here we show that this notion quite naturally arises in
the theory of shortly graded simple Lie algebras, and we give applications. To
explain this connection let us first give another definition of the MP-inverse.

Let A € Mat,, ,,,(C). Then it is easy to see that a matrix AT € Mat,y, ,(C)
is an MP-inverse of A if and only if there exist Hermitian matrices

By € Mat,, »,(C) and By € Mat,, ,(C)

such that the following matrices form an slo-triple in s, 4, (C):

(0 A4 (B 0 (0 0
e=(o o) #=(% 5) r=(a 0)

By an slo-triple (e, h, f) in a Lie algebra g we mean a collection of (possibly
zero) vectors such that

e, f1=h, [h,e]=2e, [h,f]=-2f.

In other words, an sls-triple is a homomorphic image of canonical generators
of sly with respect to some homomorphism of Lie algebras sla — g.

This definition admits an immediate generalization. Suppose that g is a
simple complex Lie algebra, and G is a corresponding simple simply-connected
Lie group. Suppose further that P is a parabolic subgroup of G with abelian
unipotent radical (with aura). Then g admits a short grading

g=9-1Dgo Do
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with only three nonzero parts. Here p = go @ g1 is a Lie algebra of P and
exp g1 is the abelian unipotent radical of P. Let £y be a compact real form
of go. In this section we shall permanently consider compact real forms of
reductive subalgebras of simple Lie algebras. These subalgebras will always
be Lie algebras of algebraic reductive subgroups of a corresponding simple
complex algebraic group. Their compact real forms will always be understood
as Lie algebras of compact real forms of corresponding algebraic groups. For
example, a Lie algebra of an algebraic torus has a unique compact real form.

Suppose now that e € g1. It is well-known that there exists a homogeneous
slo-triple (e, h, f) such that h € go and f € g_;.

Definition 8.40 An element f € g_; is called an MP-inverse of e € g; if
there exists a homogeneous slo-triple (e, h, f) with h € if.

MP-inverses of elements f € g_; are defined in the same way. It is clear
that if f is an MP-inverse of e then e is an MP-inverse of f.

Example 8.41 Suppose that G = SL,, 4+, and P C G is a maximal parabolic
subgroup of block triangular matrices of the form

<Bg1 ; > , where B; € Mat, ,, A € Mat,, ,, Bas € Maty, m, -
2

The graded components of the correspondent grading consist of matrices of
the following form:

(0 0 (B 0 (0 A
g-1= A 0) go = 0 32 ) g1 = 0 0 5

where A’ € Maty, n, B1 € Maty, n, Ba € Maty, m, and A € Mat,, ,,,. One can
take €y to be the real Lie algebra of block diagonal skew-Hermitian matrices
with zero trace. Then i€, is a vector space of block diagonal Hermitian matrices
with zero trace. Therefore in this case we return to a previous definition of a
Moore—-Penrose inverse.

Theorem 8.42 ([T4]) For any e € g1 there exists a unique Moore—Penrose
inverse f € g_1.

The proof is similar to the proof of Theorem 8.44 below.

It obviously follows that for any non-zero f € g_; there exists a unique
MP-inverse e € g1. So taking an MP-inverse is a well-defined involutive oper-
ation. In general, it is not equivariant with respect to a Levi subgroup L C P
with Lie algebra go, but only with respect to its maximal compact subgroup
Ky C L.

Let us give an intrinsic description of the Moore-Penrose inverse in all
cases arising from short gradings of classical simple Lie algebras. Exceptional
cases may be found in [T4].
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Linear Maps.

This is, of course, the classical Moore-Penrose inverse. Let us recall its in-
trinsic description. Suppose that C™ and C™ are vector spaces equipped with
standard Hermitian scalar products. The Moore-Penrose inverse of a linear
map F': C* — C™ is a linear map F™ : C™ — C" defined as follows. Let
Ker F ¢ C™ and Im F C C™ be a kernel and an image of F. Let Ker™ F ¢ C"
and Im* F C C™ be their orthogonal complements with respect to the Her-
mitian scalar products. Then F' defines via restriction a bijective linear map
F : Ker' F — ImF. Then F* : C™ — C" is the unique linear map such
that F*|;,0 » = 0 and Ft|py, p = F~ 1. This MP-inverse corresponds to short
gradings of sl .

Symmetric and Skew-symmetric Bilinear Forms.

Let V= C™ be a vector space equipped with a standard Hermitian scalar
product. The Moore-Penrose inverse of a symmetric (resp. skew-symmetric)
bilinear form w on V is a symmetric (resp. skew-symmetric) bilinear form w™
on VV defined as follows. Let Ker w C V be the kernel of w. Then w induces
a non-degenerate bilinear form @ on V/Ker w. Let Ann(Ker w) C V'V be an
annihilator of Ker w. Then Ann(Ker w) is canonically isomorphic to the dual
of V/ Ker w. Therefore the form @1 on Ann(Ker w) is well-defined. The form
wT is defined as the unique form whose its restriction on Ann(Ker w) coin-
cides with @~! and whose kernel is Ann(Ker w)*, the orthogonal complement
with respect to a standard Hermitian scalar product on V'V. This MP-inverse
corresponds to the short grading of sp,,, o (resp. 502,42).

Vectors in a Vector Space With the Scalar Product.

Suppose that V' = C™ is a vector space with the standard bilinear scalar
product (-,-). The Moore-Penrose inverse vV of a vector v € V is again a
vector in V' defined as follows:

2v
(v,v)

vV = ]

m, if (v,0) =0,v#£0
0, if v =0.

if (v,v) £0

This MP-inverse corresponds to the short grading of s0,,42.

It is quite natural to ask whether it is possible to extend the notion of
the Moore-Penrose inverse from parabolic subgroups with aura to arbitrary
parabolic subgroups. It is also interesting to consider the “non-graded” situ-
ation. Let us start with this situation. Suppose that G is a simple connected
simply-connected Lie group with Lie algebra g. We fix a compact real form
tCg.
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Definition 8.43 A nilpotent orbit O C g is called a Moore—Penrose orbit if
for any e € O there exists an sly-triple (e, b, f) such that h € it.

It turns out that it is quite easy to find all Moore-Penrose orbits. Recall
that the height ht(O) of a nilpotent orbit O = Ad(G)e is equal to the maximal
integer k such that ad(e)* # 0. Clearly ht(O) > 2.

Theorem 8.44 O is a Moore—Penrose orbit if and only if ht(O) = 2. In this
case for any e € O there exists a unique sly-triple (e, h, f) such that h € it.

Proof. Let x+ — T denotes a complex conjugation in g with respect to the
compact form €. Therefore x = T iff x € ¢ and v = —T iff x € i¢. Let B(z,y) =
Tr ad(x) ad(y) be the Killing form of g. Finally, let H(x,y) = —B(x,7) be a
positive-definite Hermitian form on g.

Lemma 8.45 We fix a nilpotent element e € g. Suppose that (e, h, f) is an
slo-triple in g such that h € it. Then for any other sla-triple (e, h’, f') we
have H(h,h) < H(h',}h'). In particular, if there exists an sly-triple (e, h, f)
with h € it then the sly-triple with this property is unique.

Proof. Recall that if (e, h, f) is an sly-triple then h is called a characteristic
of e. Consider the subset H C g consisting of all possible characteristics of e.
It is well-known that H is an affine subspace in g such that the corresponding
linear subspace is precisely the unipotent radical 35 (e) of the centralizer 34(e)
in g of the element e. Since H(h',h’) is a strongly convex function on H,
there exists a unique element ho € H such that H(ho, ho) < H(h',h') for any
h' € H, h' # hg. We need to show that hg = h. It is clear that an element
ho € H minimizes H(h,h) on H iff H(ho,3%(e)) = 0 iff B(ho,3%(e)) = 0. If
h € H Nt then h = —h and we have

3(5753(6)) = _B(h7ﬁg(e)) = _B([e7f]733(e)) = B(f7 [6733(6)]) =0.

Therefore h = hy. a
Suppose that (e, h, f) is an sly-triple in g. Consider the grading g = @ gx
k

such that = € g iff [h,z] = kxz. Let ny. = @ gr and n_ = & gi. It is well
k>0 k<0

known that 35(e) C ny.

Lemma 8.46 Suppose that 35(e) = ny. Then O = Ad(G)e is a Moore-
Penrose orbit.

Proof. We need to prove that for any element e’ € O there exists an sly-triple
(e/,h', f') such that h' € i€, where € is a fized compact real form of g. Clearly
it is sufficient to prove that for an arbitrary compact real form ¢ there exists
an slo-triple (e, h, f) with h € €. According to the proof of Lemma 8.45 we
should choose h to be a unique characteristic such that B(h, 3g(e)) = 0, where
x — T denotes a complex conjugation in g with respect to the compact form
. It remains to prove that h € ¢¢. Since B is a non-degenerate ad-invariant
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scalar product on g and 35 (e) = ny, it follows that h € p, where p = go ©ny.
Let [ be some “standard” compact real form of g such that i € il and ny = n,
where © — Z denotes a complex conjugation in g with respect to the compact
form [. Let P C G be a parabolic subgroup of G with the Lie algebra p, and
let H C P be its Levi subgroup with the Lie algebra gg. Since all compact real
forms of a semisimple complex Lie algebra are conjugated by elements of any
fixed Borel subgroup it follows that there exists g € P such that Ad(g)t = [.
Therefore

—_~

Ad(g)h = Ad(g)h C Ad(g)(p) = p.
We can express ¢ as a product uz, where u € exp(ny) and Ad(z)h = h. Then
Ad(g)h = Ad(u)h. If u is not the identity element of G then Ad(u)h = h + &,

where ¢ € ny and € # 0. Therefore Ad(u)h = —h + £. But € € n_ and hence

Ad(u)h ¢ p: a contradiction. Therefore w is trivial and since Ad(z)h = h we
finally get

h=h=—h.

Now we shall try to reverse this argument.

Lemma 8.47 Suppose that O = Ad(G)e is a Moore—Penrose orbit. Then
3g(e) =ng.

Proof. We choose a standard compact real form [ as in the proof of
Lemma 8.46. Clearly, 34 (e) is a graded subalgebraof ny = @& gi. Suppose, on
k>0

the contrary, that 33(6) #n,. Let £ € gp, p > 0, be a homogeneous element
that does not belong to 3(e). Let u = exp(§) and ¢’ = Ad(u)e. We claim that
all characteristics of ¢/ do not belong to il. Indeed, all characteristics of e’
have the form Ad(u)h+ Ad(u)x, where x € 34(e). Suppose that for some = we
have Ad(u)h+ Ad(u)z € il. Since h € il, ny = ng, and Ad(u)(h+2z)—h € ny

it follows that Ad(u)(h+z) = h. In ny modulo & g we obtain the equation
k>p

[§,h] + x = 0, but [h, ] = p¢ and therefore { € 34(e). This is the required
contradiction. ad

Now we can finish the proof of Theorem 8.44. Combining previous lemmas
we see that O is a Moore-Penrose orbit if and only if 35 (e) = ny. It follows
from the slp-theory that dim 3¢ (e) = dim gy + dim ga. Therefore 35 (e) = ny if
and only if g, = 0 for p > 2. Clearly, this is precisely equivalent to ht(O) = 2.
In this case for any e € O there exists a unique sls-triple (e, h, f) such that
h € it by Lemma 8.45. 0O

Now let us turn to the graded situation. Suppose that g is a Z-graded
simple Lie algebra with g = @ gi. Let P C G be a parabolic subgroup with
kEZ

Lie algebrap = @ gi. Let L C P be a Levi subgroup with Lie algebra go. We
k>0

choose a compact real form £ of go. Suppose now that e € gy. It is well-known
that there exists a homogeneous sly-triple (e, h, f) with h € gg and f € g_p.
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Definition 8.48 Take any k£ > 0 and any L-orbit O C gj. Then O is called
a Moore-Penrose orbit if for any e € O there exists a homogeneous sls-triple
(e, h, f) such that h € ity. In this case f is called an MP-inverse of e. A
grading is called a Moore—Penrose grading in degree k > 0 if all L-orbits in
gr are Moore-Penrose. A grading is called a Moore—Penrose grading if it is a
Moore—Penrose grading in any positive degree. A parabolic subgroup P C G
is called a Moore—Penrose parabolic subgroup if there exists a Moore—Penrose
grading g = k®Z gr such that p = k@ogk is a Lie algebra of P.
€

One should be careful comparing graded and non-graded situations: if
O C gi is a Moore-Penrose L-orbit then Ad(G)O C g is not necessarily a
Moore-Penrose G-orbit. Let us give a criterion for an L-orbit to be Moore—
Penrose. Suppose that O = Ad(L)e C gi. Take any homogeneous sls-triple
(e, h, f). Then h defines a grading go = GGBZ g, such that ad(h)[gn = n - Id.

Theorem 8.49 ([T4]) O is a Moore—Penrose orbit if and only if ad(e)gy = 0
for any n > 0. In this case for any ¢’ € O there exists a unique homogeneous
slo-triple (€', 1/, ') such that h' € i¥.

The proof is similar to the proof of Theorem 8.44.

Example 8.50 Suppose that G is a simple group of type G3. We fix a root
decomposition. There are two simple roots oy and as such that «ay is short
and a9 is long. There are 3 proper parabolic subgroups: the Borel subgroup
B and two maximal parabolic subgroups P; and P» such that a root vector
of a; belongs to a Levi subgroup of P;. Then the following is an easy appli-
cation of Theorem 8.49. B is a Moore—Penrose parabolic subgroup (actually
Borel subgroups in all simple groups are Moore—Penrose parabolic subgroups
with respect to any grading). P; is not Moore—Penrose, but it is a Moore—
Penrose parabolic subgroup in degree 2 (with respect to the natural grading
of height 2). Py is a Moore—Penrose parabolic subgroup.

Example 8.51 Suppose that G = SL,. We fix positive integers di,...,dg
such that n = d;+. . .4+dx. We consider the parabolic subgroup P(d1,...,d;) C
SL,, that consists of all upper-triangular block matrices with sizes of blocks
equal to di,...,d,. We take a standard grading. Then g; is identified with
the linear space of all tuples of linear maps {f1,..., fx},

ch Lok L ek,

g1 is identified with the linear space of all tuples of linear maps {g1, ..., g},
ch Lt &, Bk
and Levi subgroup L(dy,...,d}) is just the group
(A1,...,Ag) € GLg, x ... x GLg4, such that det(Ay)-... det(4;) = 1.
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L(dy,...,dy) acts on these spaces of linear maps in an obvious way. The most
important among L-orbits are varieties of complexes. To define them, let us
fix in addition non-negative integers my, ..., mg—1 such that m;_1 + m; <d;
(we set mg = my, = 0), and consider the subvariety of all tuples {f1 ..., fx—1}
as above such that rk f; = m; and f;_1 o f; = 0 for any ¢. These tuples form a
single L-orbit O called a variety of complexes. For any tuple {f1,..., fk—1} €
O consider the tuple {f;",..., f;" |} € g1, where f;" is a classical “matrix”
Moore-Penrose inverse of f;. It is easy to see that this new tuple is again
a complex and, moreover, this complex is a Moore—Penrose inverse (in our
latest meaning of this word) of an original complex. In particular, orbits of
complexes are Moore—Penrose orbits.

At first glance only few parabolic subgroups are Moore—Penrose. But this
is scarcely true. For example, we have the following theorem:

Theorem 8.52 ([T4]) Any parabolic subgroup in SL,, is Moore—Penrose.

To explain our interest in Moore—Penrose parabolic subgroups let us recall
Conjecture 8.30 from the previous section. Suppose once again that G is a
simple connected simply-connected Lie group, P is its parabolic subgroup, and
p C g are their Lie algebras. We take any irreducible G-module V. There exists
a unique proper P-submodule My of V. We have the inclusion i : My — V,
the projection w : V' — V/My and the map Ry : g — End(V) defining the
representation. Therefore we have a linear map Ry : g — Hom(My, V/My),
namely Ry (z) = 7o Ry (z) oi. Clearly p C Ker Ry. Finally, we have a linear
map Py : g/p — Hom(My,V/My). The Conjecture 8.30 states that there

exists an algebraic stratification g/p = ﬁl X, such that for any V' the function
i=

rk ¥y is constant along each X;.
The following theorem shows the connection of this problem with the
Moore—Penrose inverse.

Theorem 8.53 ([T4]) Suppose that a grading ¢ = @ gr is a Moore—
kEZ

Penrose grading in all positive degrees except at most one. Then the Con-
jecture 8.30 is true for the corresponding parabolic subgroup P.

Proof. Suppose that G is a connected reductive group with a Lie algebra
g. For any elements z1,...,2, € g let (x1,...,2,)q1y denote the minimal
algebraic Lie subalgebra of g that contains z1,...,x, (algebraic subalgebras
are the Lie algebras of algebraic subgroups). By a theorem of Richardson [Ril]
(x1,...,%r)alg is reductive if and only if an orbit of the r-tuple (z1,...,z,)
in g" is closed with respect to the diagonal action of G. Suppose now that
hi,...,h, are semi-simple elements of g. Consider the closed subvariety 0=
(Ad(G)hy,...,Ad(G)h,) C g". For any closed G-orbit O C O let us denote
by G(O) the conjugacy class of the reductive subalgebra (z1,...,2;)qyy for
(1,...,2r) € O.
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Lemma 8.54 There are only finitely many conjugacy classes G(O).

Proof. We shall use induction on dim g. Suppose that the claim of the Lemma
is true for all reductive groups H with dim H < dim G. Let 3 C g be the center
of g, and g’ C g be its commutant. Consider two canonical homomorphisms

g-"g and g-o;.

We take any closed G-orbit @ ¢ O. Let (z1,...,z,) € O, y; = n(x;) for i =
1,...,7. Then (y1,...,Yr)alg = T({Z1,...,%r)alg) and is therefore reductive.
Let us consider two cases.

Suppose first that (y1,...,Yr)ag = ¢. Then ¢’ is a commutor subgroup
of (z1,...,%r)aig and, therefore, (x1,...,2r)ag = (7' (h1),...., 7' (h)) P ¢ In
this case we get one conjugacy class.

Suppose next that (y1,...,Yr)aig 7 ¢'. Then (y1,...,Yr)ag IS contained
in some maximal reductive Lie subalgebra of g’. It is well-known (and not
difficult to prove) that in a semisimple Lie algebra there are only finitely many
conjugacy classes of maximal reductive subalgebras. Let b’ be one of them, f =
3®h’ C g. Let H be a corresponding reductive subgroup of G. It is sufficient to
prove that, for any closed G-orbit O of O that meets h", there are only finitely
many possibilities for G(O). Tt easily follows from Richardson’s Lemma [Ri]
that for any ¢ the intersection Ad(G)h; N b is a union of finitely many closed
H-orbits, say Ad(H)h}, ..., Ad(H)h;*. It remains to prove that if, for some r-
tuple (x1,...,2,) € Ad(H)h¥ x ... Ad(H)h*r, the corresponding subalgebra
(®1,...,%r)alg is reductive then there are only finitely many possibilities for its
conjugacy class. But this is precisely the claim of the lemma for the group H,
which is true by the induction hypothesis. ad

Suppose that € is a compact real form of g.

Lemma 8.55 If an r-tuple (x1,...,x,) belongs to (i€)", then its G-orbit is
closed in g".

Proof. Indeed, let B be a non-degenerate ad-invariant scalar product on g,
which is negative-definite on ¢. Let H(x) = —B(T,z) be a positive-definite
E-invariant Hermitian quadratic form on g, where the complex conjugation is
taken with respect to €. Let H" be a corresponding Hermitian quadratic form
on g". More precisely, H" (x1,...,2,) = H(xz1) + ...+ H(z,). By a Kempf-
Ness criterion [PV], in order to prove that the G-orbit of (z1, ..., x,) is closed,
it is sufficient to prove that the real function H"(-) has a critical point on this
orbit. Let us show that (z1,...,,) is this critical point. Indeed, for any g € g

—B(T1,lg,21]) — ... — B(ZTr, g, x+]) = B(x1, g, 21]) + - .. + B(xy, [g,x,]) = 0.

a

Now let G be a simple simply-connected Lie group, and let g be its Lie
algebra with a Z-grading g = @ gi. Let r be a maximal integer such that
kEZ
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gr # 0. We denote the non-positive part of the grading @ g by p. Let P C G
k<0

be a parabolic subgroup with the Lie algebra p. We shall identify g/p with
@ gk. Let L C G be a connected reductive subgroup with Lie algebra gg. Let
E>0

V be an irreducible G-module. If we choose a Cartan subalgebra t C go then

the grading of g originates from some Z-grading on tV. Therefore there exists

a Z-grading V = @ Vi such that g;V; C V;1;. Let R be a maximal integer
kEZ

such that Vi # 0. It is easy to see that My = @ Vi (notice that Vg is an
k<R

irreducible L-module).

Now we can finish the proof of Theorem 8.53. It is sufficient to prove that
there exists a finite set of points {z1,...,xy} C g/p such that for any x € g/p
and for any V we have rk ¥y (z) = rk Wy (z;) for some i. Recall that L has
finitely many orbits on each gg; see Theorem 2.6. We pick some L-orbit O; in
each g;. Then it is sufficient to find a finite set of points as above only for points
x € g/pofaformaz=ux+...+x,, where z; € O;. For any orbit O; let H;
denote the set of all possible homogeneous characteristics of all elements from
O;. Clearly H; is a closed Ad(L)-orbit. Let O=Hy x...xH, C g(- Then
by Lemma 8.54 the set of conjugacy classes of subgroups G(O) for closed
L-orbits © in O is finite. Let us show that for any r-tuple (z1,...,2,) €
O; X ... x O, there exists an r-tuple (hi,...,h,) € O such that h; is a
homogeneous characteristic of x; and an L-orbit Ad(L)(hy, ..., h,) is closed.
Indeed, after simultaneous conjugation of elements x; by some element g € L
we may suppose that any z; has a homogeneous characteristic h; € ity (in
all degrees except at most one, no conjugation is needed because of Moore—
Penrose property; for one degree this is obvious). Then by Lemma 8.55 an
orbit Ad(L)(hq,...,h,) is closed. Since all functions rk ¥y are L-invariant,
we may restrict ourselves to the points = >, z; € g/p such that x; € O;,
any x; has a homogeneous characteristic h; € ity, and a conjugacy class of
(h1, ...y hr)ag is fixed. We claim that any function rk ¥y is constant along
the set of these points. Moreover, we shall prove that

rk ¥y (z) = dim Vi — dim Vet (8.18)

Indeed,
rk Uy (z) = dimz Im (ad(z;)|vi_, ) -

Clearly Vg is ad(h;)-invariant and is killed by ad(e;), therefore from the sls-
theory we find that Vg = @& VL, where ad(h;)|y; = k - 1d. Moreover,
k>0 ,

Im (ad(z;)|v,_,) = kE>Bo 1%

Let H be a contravariant Hermitian form on Vi with respect to the compact
form €y of go. Since h; € ity and H is a contravariant form we find that
@& VE = (V1. Therefore

k>0
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+ L
J hi,..shr)a
Zlm (a‘d(wi”VRfi) = (ﬂiV}gl) = (V}% 1 ) lg)
i

The formula (8.18) follows. O

For example, combining Theorem 8.53 and Theorem 8.52 we get the fol-
lowing corollary:

Corollary 8.56 Conjecture 8.30 is true for any parabolic subgroup in SL,,.

Though the conditions of Theorem 8.53 are not always satisfied, it seems
that one can prove Conjecture 8.30 for any simple group using the same ideas.
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