
Preface

In these notes we apply modern methods of classical mechanics to the
study of physical systems with symmetries, including, exact or approximate
S1 = SO(2) (continuous) symmetries and discrete symmetries. In all cases the
existence of a symmetry has profound implications for the dynamical behavior
of such systems and for their basic qualitative properties. We are particularly
interested in the following qualitative properties

� The existence and stability of relative equilibria, i.e. orbits of the system
that are also group orbits of the S1 action.

� The behavior of periodic orbits near equilibria when the latter change
stability, in particular, the Hamiltonian Hopf bifurcation.

� The topological properties of the foliation of the phase space by invariant
tori in the case of completely integrable systems, in particular, monodromy.

Moreover, we are interested in how these basic qualitative features change
as the parameters of these systems change, for example, we are interested in
the bifurcations of periodic orbits or in the bifurcations of the topology of the
integrable foliation of the phase space. I use the term ‘metamorphosis’ in order
to describe the ensemble of all such qualitative bifurcations that happen at
certain values of the parameters and which affect the global qualitative picture
of the dynamics1.

We study four systems: the triply degenerate vibrational mode of tetra-
hedral molecules, the hydrogen atom in crossed electric and magnetic fields,
a ‘spherical pendulum’ model of floppy molecules like LiCN and finally the
1: − 2 resonance which can serve as a local approximation of the dynamics
near a resonant equilibrium.

As we go through these systems one by one, we see a number of important
qualitative phenomena unfolding. In the triply degenerate vibrational mode
of tetrahedral molecules we use the action of the tetrahedral group in order to
1 The first word I thought of in order to describe this notion was the Russian

‘perestroika’. I chose ‘metamorphosis’ after reading the preface of [10].
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find the relative equilibria of the system and then we combine this study with
Morse theory in the spirit of Smale [115, 116]. One of the families of relative
equilibria in this system goes through a linear Hamiltonian Hopf bifurcation
that is degenerate at the approximation used.

Hamiltonian Hopf bifurcations are studied in detail in the next two sys-
tems: the hydrogen atom in crossed fields and the family of spherical pendula.
The main difference between the two systems with regards to the Hamilto-
nian Hopf bifurcation is that in the hydrogen atom the frequencies of the
equilibrium that goes through the bifurcation collide on the imaginary axis
and then move to the complex plane. On the other hand, in the family of
spherical pendula we have a discrete (time-reversal) symmetry that forces the
two frequencies of the equilibrium to be identical. In these two systems we
study also the relation between the Hamiltonian Hopf bifurcations and the
appearance of monodromy in the integrable foliation.

Ordinary monodromy can not be defined in the 1: − 2 resonance. A gen-
eralized notion of monodromy, which can be defined in the 1: − 2 resonance,
was introduced in [99]. We describe this generalization, called fractional mon-
odromy, in terms of period lattices and we sketch a proof.
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2 Parts of chapters 2 and 3 have appeared before in the papers [46] and [44] respec-
tively.
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