Preface

The mathematical study of the Bose gas goes back to the first quarter of the
twentieth century, with the invention of quantum mechanics. The name refers to
the Indian physicist S.N. Bose who realized in 1924 that the statistics governing
photons (essentially invented by Max Planck in 1900) is determined (using modern
terminology) by restricting the physical Hilbert space to be the symmetric tensor
product of single photon states. Shortly afterwards, Einstein applied this idea
to massive particles, such as a gas of atoms, and discovered the phenomenon
that we now call Bose-Einstein condensation. At that time this was viewed as a
mathematical curiosity with little experimental interest, however.

The peculiar properties of liquid Helium (first liquefied by Kammerlingh
Onnes in 1908) were eventually viewed as an experimental realization of Bose-
Einstein statistics applied to Helium atoms. The unresolved mathematical prob-
lem was that the atoms in liquid Helium are far from the kind of non-interacting
particles envisaged in Einstein’s theory, and the question that needed to be re-
solved was whether Bose-Einstein condensation really takes place in a strongly
interacting system — or even in a weakly interacting system.

That question is still with us, three quarters of a century later!

The first systematic and semi-rigorous mathematical treatment of the prob-
lem was due to Bogoliubov in 1947, but that theory, while intuitively appealing
and undoubtedly correct in many aspects, has major gaps and some flaws. The
1950’s and 1960’s brought a renewed flurry of interest in the question, but while
theoretical intuition benefited hugely from this activity the mathematical structure
did not significantly improve.

The subject was largely quiescent until the 1990’s when experiments on low
density (and, therefore, weakly interacting instead of strongly interacting, as in
the case of liquid Helium) gases showed for the first time an unambiguous man-
ifestation of Bose-Einstein condensation. This created an explosion of activity in
the physics community as can be seen from the web site
http://bec0l.phy.georgiasouthern.edu/bec.html/bibliography.html,
which contains a bibliography of several thousand papers related to BEC written
in the last 10 years.

At more or less the same time some progress was made in obtaining rigorous
mathematical proofs of some of the properties proposed in the 50’s and 60’s. A
general proof of Bose-Einstein condensation for interacting gases still eludes us,
but we are now in a much stronger position to attack this problem rigorously.
These notes, which are an extension of our 2004 Oberwolfach course, summarize
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some rigorous results that have been obtained by us in the past decade. Most of
them are about the ground state energy in various models and dimensions, but we
do have a few results about the occurrence (and non-occurrence) of condensation.

This pedagogical summary has several antecedents. It has grown organically
as new results emerged. The first one was [LY3], followed by [LSeY3], [Se2], [L7],
[LSeY4], [LSSY], and [LSSY2]. Apart from this stream, there was another peda-
gogical survey going back to the 60’s [L3] that dealt with Bogoliubov theory and
other things. Some of that material is reproduced in Appendices A and B.

There is, of course, a large body of rigorous work by other people on var-
ious aspects of BEC that was not covered in the Oberwolfach course and is
not mentioned in these notes. The subject can be approached from many an-
gles and our aim was not to give a complete overview of the subject but to fo-
cus on themes where we have been able to make some contributions. The recent
Physics Reports article [ZB] on the Bogoliubov model is a good source of refer-
ences to some other approaches and results. There exist also several reviews, e.g.,
[DGPS, ISW, Leg, C, Yu| and even monographs [PS, PiSt2] on the fascinating
physics of the Bose gas and its condensation.
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