2

The Classical Sequence Spaces

We now turn to the classical sequence spaces £, for 1 < p < oo and cy.
The techniques developed in the previous chapter will prove very useful in
this context. These Banach spaces are, in a sense, the simplest of all Banach
spaces and their structure has been well understood for many years. However,
if p # 2, there can still be surprises and there remain intriguing open questions.

To avoid some complicated notation we will write a typical element of £, or
co as & = (£(n))5Z;. Let us note at once that the spaces ¢, and co are equipped
with a canonical monotone Schauder basis (e, )22 ; given by e, (k) = 1ifk=n
and 0 otherwise. It is useful, and now fairly standard, to use cog to denote the
subspace of all sequences of scalars £ = (£(n))%2; such that {(n) = 0 except
for finitely many n.

One feature of the canonical basis of the ¢,-spaces and ¢y that is useful
to know is that (e,)22,is equivalent to the basis (anen)5>; whenever 0 <
inf,, |a,| < sup,, |a,| < co. This property is equivalent to the unconditionality
of the basis, but we will not formally introduce this concept until the next
chapter.

2.1 The isomorphic structure of the £,-spaces and c,

We first ask ourselves a very simple question: are the £,-spaces distinct (i.e.,

mutually nonisomorphic) Banach spaces? This question may seem absurd be-

cause they look different, but recall that L]0, 1] and ¢2 are actually the same

space in two different disguises. We can observe, for instance, that ¢y and ¢4

are nonreflexive while the spaces ¢, for 1 < p < oo are reflexive; further the

dual of ¢y (i.e., ¢1) is separable but the dual of ¢; (i.e., £~ ) is nonseparable.
To help answer our question we need the following lemma;:

Lemma 2.1.1. Let (u,)32,; be a normalized block basic sequence in cy or in
L, for some 1 < p < oo . Then (u,)2%, is isometrically equivalent to the
canonical basis of the space and [uy] is the range of a contractive projection.



30 2 The Classical Sequence Spaces

Proof. Let us treat the case when (u,) is a block basic sequence in ¢, for
1 < p < oo and leave the modifications for the ¢y case to the reader. Let us
suppose that

Tk

Up = Z aje;, keN,

J=rk—1+1
where 0 = 79 < 71 < ry < ... are positive integers and (a;)52, are scalars
such that
T
full? = > ol =1, kEN
j=re_1+1
Then, given any m € N and any scalars by, ...,b,, we have
m m Tk
[t =35 3 beases|
k=1 k=1j=ry_1+1
- “ 1/p
= (>l >l
k=1 Jj=rr—1+1
n 1/p
= (X tr)
k=1

This establishes isometric equivalence.
We shall construct a contractive projection onto [u, |32 ;. Here we suppose
1 < p < oo and leave both cases ¢y and #; to the reader. For each k we select

scalars (b;)7L,, . so that
Tk
dSoqyle=1
Jj=rK—1+1
and
Tk
Z bja; =1
j=rr_1+1
Put
Tk
uy, = Z bje;.
J=rk—1+1
Clearly, (u})5; is biorthogonal to (u,)>2, and ||u}| = ||u,| = 1. Our aim

is to see that the operator

o0
PE) =Y ui@u, £y,
k=1
defines a norm-one projection from £, onto [uy]. We will show that || P¢]| < |||
when & € cgp and then observe that P extends by density to a contractive
projection.
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For each & € ¢,

wi© =] 3 bjfu)\
Jj=rr—1+1
(X (X ko)
J=rk—1+1 Jj=rr_1+1
(X kor)
Jj=rr—1+1

Then, using the isometric equivalence of (u,)52 ; and (e,)5 , we have

1Pl = (3 li©r)”
k=1
(> kow)
k=1j=rr_1+1
~ el i

Remark 2.1.2. Notice that if (u,) is not normalized but satisfies instead an
inequality
O0<a<|uy| <b<oo, meN,

for some constants a, b (in which case (uy,) is said to be seminormalized), then
we can apply the previous lemma to (u,/||u,||) and we obtain that (u,)S2,
is equivalent to (ey)52; (but not isometrically) and [u,] is complemented by

a contractive projection.

Although the preceding lemma was quite simple it already leads to a pow-
erful conclusion:

Proposition 2.1.3. Let (z,)32, be a normalized sequence in £y, for 1 <p <
oo [respectively, co] such that for each j € N we have lim,_, o x,(j) = 0 (for
example suppose (xy,)72 is weakly null). Then there is a subsequence (xy, )72,
which is a basic sequence equivalent to the canonical basis of £, and such that
[n, 152, s complemented in £, [respectively, co].

Proof. Proposition 1.3.10 (using the “gliding hump” technique) yields a sub-
sequence (zp, )52, and a block basic sequence (uy)72, of (e,)5%; such that
(@, )32, is basic, equivalent to (ux)3e, and such that [z,, |72, is comple-
mented whenever [u]?° ; is. By Lemma 2.1.1 we are done.
O
Now let us prove a classical result from the 1930s (Pitt [189]).
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Theorem 2.1.4 (Pitt’s Theorem). Suppose 1 < p < r < oco. If X s
a closed subspace of £, and T : X — £, is a bounded operator then T 1is
compact.

Proof. £, is reflexive, hence X is reflexive and so Bx is weakly compact.
Therefore in order to prove that T is compact it suffices to show that T'| 5, is
weak-to-norm continuous. Since the weak topology of X restricted to By is
metrizable (Lemma 1.4.1 (4¢)) it suffices to see that whenever (x,)52; C Bx
is weakly convergent to some z in Bx then (T'(x,))52; converges in norm to
Tx.

We need only show that if (z,,)22, is a weakly null sequence in X then
limy, o0 || Ty || = 0. If this fails, we may suppose the existence of a weakly null
sequence (2,,)22 ; with ||z, || = 1 such that ||Tx,|| > § > 0 for all n. By passing
to a subsequence we may suppose that (z,)52; is a basic sequence equiva-
lent to the canonical ¢,-basis (Proposition 2.1.3). But then, since (Tx,)22
is also weakly null, by passing to a further subsequence we may suppose that
(Tzn /|| Tzn|)5,, and hence (Tx,,)22 ,, is basic and equivalent to the canon-
ical ¢p-basis. Since T" is bounded we have effectively shown that the identity
map ¢ : . — €, is bounded, which is absurd. Or, alternatively, there exist
constants C7 and C5 such that the following inequalities hold simultaneously
for all n:

n n
1
HZ:rkH gC’ln% and HZT&ckH > Conv,
k=1 k=1 P

which contradicts the boundedness of T. Thus the theorem is proved.
O

Remark 2.1.5. (a) Essentially the same proof works with cq replacing £.;
although c¢¢ is nonreflexive, Lemma 1.4.1 can still be used to show that Bx
is at least weakly metrizable, and the weak-to-norm continuity of T'|p, is
enough to show that the image is relatively norm-compact.

(b) We would like to single out the following crucial ingredient in the
proof of Pitt’s theorem. Suppose T : £, — £, is a bounded operator with
1 <p<r<oo. Then whenever (x,) is a weakly null sequence in ¢, we have
|Txy|lp, — 0. In particular | Te,|, — 0. The same is true for any operator
T:co—4p.

Corollary 2.1.6. The spaces of the set {co} U{l, :1 <p < oo} are mutually
nonisomorphic. In fact, if X is an infinite-dimensional subspace of one of the
spaces {co} U{l, : 1 < p < 0}, then it is not isomorphic to a subspace of any
other.

This suggests the following definition:

Definition 2.1.7. Two infinite-dimensional Banach spaces X, Y are said to
be totally incomparable if they have no infinite-dimensional subspaces in com-
mon (up to isomorphism).
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What can be said for bounded operators 1" : £, — £, for p < 77 First,
notice that in this case Pitt’s theorem is not true. Take, for example, the
natural inclusion ¢ : £, < £,.. ¢ is a norm-one operator which is not compact
since the image of the canonical basis of £, is a sequence contained in «+(By,)
with no convergent subsequences.

Definition 2.1.8. A bounded operator T from a Banach space X into a Ba-
nach space Y is strictly singular if there is no infinite-dimensional subspace
E C X such that T|g is an isomorphism onto its range.

Theorem 2.1.9. If p < r, every T : £, — {, 1is strictly singular.

Proof. This is immediate from Corollary 2.1.6.

2.2 Complemented subspaces of £, (1 < p < 00) and ¢

The results of this section are due to Pelczyniski (1960) [169]; they demonstrate
the power of basic sequence techniques.

Proposition 2.2.1. Every infinite-dimensional closed subspace Y of £, (1 <
p < 00) [respectively, co] contains a closed subspace Z such that Z is isomor-
phic to l,, [respectively, co] and complemented in £, [respectively, co].

Proof. Since Y is infinite-dimensional, for every n there is y, € Y, |lyn|l = 1,
such that ej(y,) = 0 for 1 < k < n. If not, for some N € N the projec-
tion Sy (Y02 anen) = Zf:;l anpep, restricted to Y would be injective (since
0 # y € Y would imply Sy(y) # 0) and so Sy|y would be an isomor-
phism onto its image, which is impossible because Y is infinite-dimensional.
By Proposition 2.1.3 the sequence (y,)n>, has a subsequence (yn, )52, which
is basic, equivalent to the canonical basis of the space and such that the
subspace Z = [y, ] is complemented.
O
Since ¢y and ¢; are nonreflexive and every closed subspace of a reflexive
space is reflexive, using Proposition 2.2.1 we obtain:

Proposition 2.2.2. Let Y be an infinite-dimensional closed subspace of either
co or fy. Then 'Y is not reflexive.

Suppose now that Y is itself complemented in ¢, (1 < p < 00) [respectively,
¢o]. Proposition 2.2.1 certainly tells us that ¥ contains a complemented copy
of £, [respectively, ¢o]. Can we say more? Remarkably, Pelczynski discovered
a trick which enables us, by rather “soft” arguments, to do quite a bit better.
This trick is nowadays known as the Pefczynski decomposition technique and
has proved very useful in different contexts.
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The situation is: we have two Banach spaces X and Y so that Y is isomor-
phic to a complemented subspace of X and X is isomorphic to a complemented
subspace of Y. We would like to deduce that X and Y are isomorphic. This
is known (by analogy with a similar result for cardinals) as the Schroeder-
Bernstein problem for Banach spaces. The next theorem gives two criteria
where the Schroeder-Bernstein problem has a positive solution. To this end
we need to introduce the spaces £,(X) for 1 < p < oo and ¢y(X), where X is
a given Banach space.

For 1 < p < oo, the space £,(X) = (X & X @ ...), called the infinite
direct sum of X in the sense of £,, consists of all sequences z = (z(n))n2,
with values in X so that (||z(n)|)52; € ¢,, with the norm

]l = Il () DaZa llp-

Similarly, the infinite direct sum of X in the sense of cy, co(X) =
(X® X @...)e is the space of X-valued sequences z = (x(n))>2; so that
lim,, . [|z(n)|| = 0 under the norm

ol = max_lla(n)]|

Notice that £,(¢,) can be identified with ¢,(N x N) and hence is isometric
to £,. Analogously, co(co) is isometric to co.

Theorem 2.2.3 (The Pelczynski decomposition technique [169]). Let
X and Y be Banach spaces so that X is isomorphic to a complemented sub-
space of Y and Y is isomorphic to a complemented subspace of X. Suppose
further that either:

(a) X~ X?’=X®X andY ~Y?, or

(b) X = co(X) or X = £,(X) for some 1 <p < 0.

Then X is isomorphic to Y.

Proof. Let usput X Y @ F and X = Y @ F. If (a) holds then we have
X~Y3®YPE~Y DX,

and by a symmetrical argument ¥ =~ X @Y. Hence Y ~ X.
If X satisfies (b) in particular we have X ~ X2 so as in part (a) we obtain
Y ~ X @Y. On the other hand,

LX) =0, (Y BE)=L(,(Y)® (E).
Hence if X ~ ¢,(X),
XY@ lL(Y)BL(E) Y @l,(X)~Y & X.

The proof is analogous if X ~ ¢o(X).
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O
We are ready to prove a beautiful theorem due to Pelczyniski (1960) [169]
which had a profound influence on the development of Banach space theory.

Theorem 2.2.4. Suppose Y is a complemented infinite-dimensional subspace
of £, where 1 < p < 0o [respectively, co]. Then'Y is isomorphic to ¢, [respec-
tively, co/.

Proof. Proposition 2.2.1 gives an infinite-dimensional subspace Z of Y such
that Z is isomorphic to ¢, [respectively, ¢g] and Z is complemented in ¢, [re-
spectively, ¢o]. Obviously Z is also complemented in Y, therefore ¢, [respec-
tively, co] is (isomorphic to) a complemented subspace in Y. Since £,,(£,) = ¢,
[respectively, co(co) = ¢ol, (b) of Theorem 2.2.3 applies and we are done.
O
At this point let us discuss where this theorem leads. First, the alert reader
may ask whether it is true that every subspace of ¢, is actually complemented.
Certainly this is true when p = 2! This is a special case of:

The complemented subspace problem. If X is a Banach space such
that every closed subspace is complemented, is X isomorphic to a Hilbert
space?

This problem was settled positively by Lindenstrauss and Tzafriri in 1971
[135]. We will later discuss its general solution but, at the moment, let us point
out that it is not so easy to demonstrate the answer even for the £,-spaces
when p # 2. In this chapter we will show that ¢; has an uncomplemented
subspace.

Another way to approach the complemented subspace problem is to
demonstrate that ¢, has a subspace which is not isomorphic to the whole
space. Here we meet another question dating back to Banach:

The homogeneous space problem. Let X be a Banach space which
s isomorphic to every one of its infinite-dimensional closed subspaces. Is X
isomorphic to a Hilbert space?

This problem was finally solved, again positively, by Komorowski and
Tomczak-Jaegermann [115] in 1996 (using an important ingredient by Gowers
[70]).

Oddly enough, the ¢,-spaces for p # 2 are not as regular as one would
expect. In fact, for every p # 2, ¢, contains a subspace without a basis. For
p > 2 this was proved by Davie in 1973 [34]; for general p it was obtained
by Szankowski [211] a few years later. However, the construction of such sub-
spaces is far from easy and will not be covered in this book. Notice that this
provides an example of a separable Banach space without a basis.

One natural idea that comes out of Theorem 2.2.4 is the notion that the
{,-spaces and ¢y are the building blocks from which Banach spaces are con-
structed; by analogy they might play the role of primes in number theory.
This thinking is behind the following definition:
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Definition 2.2.5. A Banach space X is called prime if every complemented
infinite-dimensional subspace of X is isomorphic to X.

Thus the ¢,-spaces and ¢y are prime. Are there other primes? One may
immediately ask about £, and, indeed, this is a (nonseparable) prime space
as was shown by Lindenstrauss in 1967 [129]; we will show this later. The
quest for other prime spaces has proved difficult, some candidates have been
found but in general it is very hard to prove that a particular space is prime.
Eventually another prime space was found by Gowers and Maurey [72] but the
construction is very involved and the space is far from being “natural.” In fact
the Gowers-Maurey prime space has the property that the only complemented
subspaces of infinite dimension are of finite codimension. One can say that this
space is prime only because it has very few complemented subspaces at all!

2.3 The space £,

The space /1 has a special role in Banach space theory. In this section we
develop some of its elementary properties. We start by proving a universal
property of ¢; with respect to separable spaces due to Banach and Mazur [9]
from 1933.

Theorem 2.3.1. If X is a separable Banach space then there exists a contin-
wous operator Q : £y — X from {1 onto X.

Proof. Tt suffices to show that X admits of a continuous operator @ : {1 — X
such that Q{{ € 1 : ||¢]1 < 1} ={z e X : ||z|| < 1}.

Let (z,)52; be a dense sequence in Bx and define @ : {1 — X by Q(§) =
>0, &(n)zy,. Notice that @ is well defined: for every £ = (§(n)) € ¢y the
series Y o7, &(n)xy, is absolutely convergent in X. @ is clearly linear and has
norm one since

@ = || 3 €.

< Dl = lIEm)Il,-

Q(By,) is a dense subset of Bx, hence given x € Bx and 0 < € < 1 there
exists {4 € By, such that ||z — T || < e. Next we find & € By, such that
|11(z — Q&) — Q& < e. If we let & = & we obtain

o — Q& + &)l < €.

Iterating we find a sequence (&,) in By, satisfying [|&,]1 < €*7! and ||z —

Q&+ +&)| <€ Let £ =37 &, Then [[€]l; < (1—€)7! and Q¢ = .
Since 0 < € < 1 is arbitrary, by scaling we deduce that Q{¢ € 41 : ||£]]1 <
1}={zx e X :|z| < 1}.

O
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Corollary 2.3.2. If X is a separable Banach space then X is isometrically
isomorphic to a quotient of ;.

Proof. Let @ : {1 — X be the quotient map in the proof of Theorem 2.3.1.
Then it follows that ¢ /ker @ is isometrically isomorphic to X.
O

Corollary 2.3.3. /1 has an uncomplemented closed subspace.

Proof. Take X a separable Banach space which is not isomorphic to ¢;.
Theorem 2.3.1 yields an operator ) from ¢; onto X whose kernel is a
closed subspace of £1. If ker () were complemented in ¢; then we would have
{1 =ker Q & M for some closed subspace M of ¢; and therefore

X =41 /kerQ ~ M.

But this can only occur if X is isomorphic to #; by Theorem 2.2.4.
O

Definition 2.3.4. A Banach space X has the Schur property (or X is a Schur
space) if weak and norm sequential convergence coincide in X, i.e., a sequence
()52, in X converges to 0 weakly if and only if (z,)52,; converges to 0 in
norm.

Example 2.3.5. Neither of the spaces ¢, for 1 < p < oo nor ¢y have the
Schur property since the canonical basis is weakly null but cannot converge
to 0 in norm.

The next result was discovered in an equivalent form by Schur in 1920
[205].

Theorem 2.3.6. {1 has the Schur property.

Proof. Suppose (x,,) is a weakly null sequence in ¢; that does not converge
to 0 in norm. Using Proposition 2.1.3, (z,,) contains a subsequence which is
basic and equivalent to the canonical basis; this gives a contradiction because
the canonical basis of ¢; is clearly not weakly null.

O

Theorem 2.3.7. Let X be a Banach space with the Schur property. Then a
subset W of X is weakly compact if and only if W is norm compact.

Proof. Suppose W is weakly compact and consider a sequence (x,)5%; in
W. By the Eberlein-Smulian theorem W is weakly sequentially compact, so
(2r)52; has a subsequence (z,, )72, that converges weakly to some € W.
Since X has the Schur property, (zn,)5;>,; converges to = in norm as well.
Therefore W is compact for the norm topology.

O
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Corollary 2.3.8. If X is a reflexive Banach space with the Schur property
then X is finite-dimensional.

Proof. 1If a reflexive Banach space X has the Schur property then its unit ball
is norm-compact by Theorem 2.3.7 and so X is finite-dimensional.
O

Definition 2.3.9. A sequence (z,)52, in a Banach space X is weakly Cauchy
if lim,, 00 x*(xy,) exists for every z* in X*.

Any weakly Cauchy sequence (z,)5°; in a Banach space X is norm-
bounded by the Uniform Boundedness principle. If X is reflexive, by Corol-
lary 1.6.4, (r,,)22, will have a weak cluster point, z, and so (x,)%2; will
converge weakly to z. If X is nonreflexive, however, there may be sequences
which are weakly Cauchy but not weakly convergent.

Definition 2.3.10. A Banach space X is said to be weakly sequentially com-
plete (wsc) if every weakly Cauchy sequence in X converges weakly.

Example 2.3.11. In the space ¢y consider the sequence x,, = e1 + --- + e,
where (e,,) is the unit vector basis. (x,,)52; is obviously weakly Cauchy but
it does not converge weakly in cp. (z,)52; converges weak* in the bidual, £,
to the element (1,1,...,1,...). Thus ¢y is not weakly sequentially complete.

Proposition 2.3.12. Any Banach space with the Schur property (in particu-
lar £1) is weakly sequentially complete.

Proof. Suppose (x,)22 ;is weakly Cauchy. Then for any two strictly increasing
sequences of integers (ng)72 ;, (mg)52; the sequence (2., —n, )72, is weakly
null and so limg e || Tm, — Tn, || = 0. Thus, being norm-Cauchy, (z,)22,is
norm-convergent and hence weak-convergent.

O

2.4 Convergence of series

Definition 2.4.1. Let (x,,)22; be a sequence in a Banach space X. A (formal)
series > ° | &, in X is said to be unconditionally convergent if Y | &r(n)
converges for every permutation 7w of N.

We will see in Chapter 8 that except in finite-dimensional spaces, uncon-
ditional convergence is weaker than absolute convergence, i.e., convergence of

2t -

Lemma 2.4.2. Given a series Y .., T, in a Banach space X, the following
are equivalent:

(a) >0° |z, is unconditionally convergent;
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(b) The series Y po | Tn, converges for every increasing sequence of integers
(e )ozy s
(¢) The series > .- | €y, converges for every choice of signs (€,);

(d) For every € > 0 there exists an m so that if F is any finite subset of

{n+1,n+2,...} then
|5l <
JEF

Proof. We will establish only (a) = (d) and leave the other easier implications
to the reader. Suppose that (d) fails. Then there exists ¢ > 0 so that for every
n we can find a finite subset F,, of {n + 1,...} with

|55
jEF,

JEF,

We will build a permutation 7 of N so that Y, Tr(n) diverges.
Take n; = 1 and let Ay = F),,. Next pick ns = maxA; and let By =
{n1+1,...,n2}\ A1. Now repeat the process taking As = F,,, ng = max A

and By = {na+1,...,n3}\ As. Iterating we generate a sequence (ny)5>, and
a partition {ng + 1,...,nk41} = Ag U Bg. Define 7w so that 7 permutes the
elements of {ng + 1,...,nk41} in such a way that A precedes By. Then the

series Y > | Tx(n) is divergent because the Cauchy condition fails.
O

Definition 2.4.3. A (formal) series > ° | z,, in a Banach space X is weakly
unconditionally Cauchy (WUC) or weakly unconditionally convergent if for
every z* € X* Y | |a*(x,)| < oco.

Proposition 2.4.4. Suppose the series - x,, converges unconditionally to
some x in a Banach space X. Then

(1) Y07 | Tr(n) = @ for every permutation .
(i) >, ca Tn converges unconditionally for every infinite subset A of N.
(iii) Yo" xy is WUC.

Proof. Parts (i) and (i) are immediate. For (ii7), given 2* € X* the scalar
series Zzozl x*(xﬁ(n)) converges for every permutation 7. It is a classical the-
orem of Riemann that for scalar sequences the series Y -, a,, converges un-
conditionally if and only if it converges absolutely, i.e., Y -, |an| < co. Thus
we have > °° | |z*(z,)| < oc.
O
Let us notice that the name “weakly unconditionally convergent” series
can be misleading because such series need not be weakly convergent; we will
therefore use the term weakly unconditionally Cauchy or more usually its
abbreviation (WUC).
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Example 2.4.5. The series Y .-, e, in ¢y, where (e,)22; is the canonical
basis of the space, is WUC but fails to converge weakly (and so it cannot
converge unconditionally). In fact, this is in a certain sense the only coun-
terexample as we shall see.

In Proposition 2.4.7 we shall prove that WUC series are in a very natural
correspondence with bounded operators on ¢g. Let us first see a lemma.

Lemma 2.4.6. Let Y ., z,, be a formal series in a Banach space X. Then
the following are equivalent:

(i) Y00 @y is WUC.
(ii) There exists C' > 0 such that for all (£(n)) € coo we have

n=1
141) There exists C' > 0 such that
(i1i)

|5

nel

< Cmax|g(n)].

<’

for any finite subset F' of N and all €, = £1.

Proof. (i) = (ii). Put
S ={ X €z e X+ €= (¢lm) € con, el < 1),

The WUC property implies that S is weakly bounded, therefore it is norm-
bounded by the Uniform Boundedness principle.

Obviously, (¢7) implies (i23). For (iii) = (i), given z* € X* let €, =
sgn x*(x,). Then for each integer N we have

N N

and therefore the series >~ | |2*(z,,)| converges.

< Cll7||

a

Proposition 2.4.7. Let > 7, z,, be a series in a Banach space X. Then
oo L@ is WUC if and only if there is a bounded operator T : ¢co — X with
Te, = xy.

Proof. It °>° | x, is WUC then the operator T' : coo — X defined by
TE =307 &(n)xy, is bounded for the co-norm by Lemma 2.4.6. By density
T extends to a bounded operator T : cg — X.
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For the converse, let T': ¢cg — X be a bounded operator with Te,, = z,
for all n. For each x* € X* we have

Do laT(@a)l =) e (Ten)l = Y 177 (2") (en)],

which is finite since Y 7, e, is WUC.
O

Proposition 2.4.8. Let Y 2 x, be a WUC series in a Banach space X.
Then Y% | xn converges unconditionally in X if and only if the operator
T :cy — X such that Te,, = x, is compact.

Proof. Suppose Y ., z,, is unconditionally convergent. We will show that
lim, o |7 — TSy|| = 0, where (S5,)52, are the partial sum projections as-
sociated to the canonical basis (e,) of c¢g. Thus, being a uniform limit of
finite-rank operators, 1" will be compact.

Given € > 0 we use Lemma 2.4.2 to find n = n(e) so that if F is a finite
subset of {n +1,n+2,...} then ||}, pz;| < €/2. For every 2* € X* with

lz*]] <1 we have
> z(z;) <
{4eF : z*(x;)20}

Dl (@)] < e
JjeEF
Hence if £ € coo with ||€]lcc < 1 it follows that |2*(T — TS )¢ < e form >n
and all * € X*. By density we conclude that |T — TS| < e
Assume, conversely, that T is compact. Let us consider

)

N

therefore

T ey =loo — X C X™.

The restriction of T** to B, is weak*-to-norm continuous because on a
norm compact set the weak® topology agrees with the norm topology. Since
> one 1 €n(n) converges weak® in (o, for every permutation m, 7 x, also
converges unconditionally in X.
O
Note that the above argument also implies the following stability prop-
erty of unconditionally convergent series with respect to the multiplication by
bounded sequences. The proof is left as an exercise.

Proposition 2.4.9. A series .- | x, in a Banach space X is uncondition-
ally convergent if and only if > 7 | tya, converges (unconditionally) for all
(tn) € loo.

The next theorem and its consequences are essentially due to Bessaga
and Pelczynski in their 1958 paper [12] and represent some of the earliest
applications of the basic sequence methods.
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Theorem 2.4.10. Suppose T : ¢g — X is a bounded operator. Then the
following conditions on T are equivalent:

(i) T is compact,
(i) T is weakly compact,
(it3) T is strictly singular.

Proof. (i) = (i) is obvious. For (ii) = (i4i), let us suppose that T fails to be
strictly singular. Then there exists an infinite-dimensional subspace Y of ¢g
such that T'|y is an isomorphism onto its range. If T' is weakly compact this
forces Y to be reflexive, contradicting Proposition 2.2.2.

We now consider (7i7) = (¢). Assume that T fails to be compact. Then, by
Proposition 2.4.8, Y°>° | Te,, does not converge unconditionally so, by Lemma
2.4.2, there exists € > 0 and a sequence of disjoint finite subsets of inte-
gers ([,)n2y so that || Y5, Tegl| > € for every n. Let x, = 3y cp Tey.
(zn)peq is weakly null in X since D, ey, is weakly null in ¢p. Using Propo-
sition 1.3.10 we can, by passing to a subsequence of (z,,)%2 ;, assume it is basic
in X with basis constant K, say. Then for £ = (£(n))52; € coo,

Hianm - HT(ifW > o) | < ITlmax ).

kEF,
On the other hand,

max [€(n)| < 2K 3 ¢z,
n=1

Thus (z,)52; is equivalent to the canonical basis of ¢y and therefore to
(X ker, €x)nz1- We conclude that 7' cannot be strictly singular.
O
From now on, whenever we say that a Banach space X contains a copy
of a Banach space Y we mean that X contains a closed subspace E which is
isomorphic to Y. Using Theorem 2.4.10 we obtain a very nice characterization
of spaces that contain a copy of cg.

Theorem 2.4.11. In order that every WUC series in a Banach space X be
unconditionally convergent it is necessary and sufficient that X contains no

copy of co.

Proof. Suppose that X contains no copy of ¢y and that Y, x, is a WUC
series in X. By Proposition 2.4.7 there exists a bounded operator T : ¢g — X
such that Te,, = x, for all n. T must be strictly singular since every infinite-
dimensional subspace of ¢y contains a copy of ¢y (Proposition 2.2.1) so T is
compact by Theorem 2.4.10. Hence the series Y~ | x,, converges uncondition-
ally by Proposition 2.4.8. The converse follows trivially from Example 2.4.5.

O
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Remark 2.4.12. This theorem of Bessaga and Pelczynski is a prototype for
exclusion theorems which say that if we can exclude a certain subspace from
a Banach space then it will have a particular property. It had considerable
influence in suggesting that such theorems might be true. In Chapter 10 we will
see a similar and much more difficult result for Banach spaces not containing
£y (due to Rosenthal [197]) which when combined with the Bessaga-Pelczyriski
theorem gives a very elegant pair of bookends in Banach space theory. It is
also worth noting that the hypothesis that a Banach space fails to contain cg
becomes ubiquitous in the theory precisely because of Theorem 2.4.11.

We have seen that a series Y - | x,, in a Banach space X converges uncon-
ditionally in norm if and only if each subseries >~ | @, does. In particular
every subseries of an unconditionally convergent series is weakly convergent.
The Orlicz-Pettis theorem establishes that the converse is true as well. First
we see an auxiliary result.

Lemma 2.4.13. Let mg be the set of all sequences of scalars assuming only
finitely many different values. Then myg is dense in £ .

Proof. Let a = (a,)22; be a sequence of scalars with ||al|c < 1. For any € > 0

pick N € N such that &+ < e. Then the sequence b = (b,)32; € mg given by

i+l
N )

bn:(sgnan)i if <lan| < ji=1,....N

J
N

=

satisfies [la — blloc < & < €.
O

Theorem 2.4.14 (The Orlicz-Pettis Theorem). Suppose Y .| =, is a
series in a Banach space X for which every subseries Y, | xn, converges
weakly. Then Ziozl T, converges unconditionally in norm.

Proof. The hypothesis easily yields that > 7, z,, is a WUC series so, by
Proposition 2.4.7, there exists a bounded operator T : ¢g — X with Te,, =z,
for all n. We will show that T is actually compact.

Let us look at T** : £, — X**. For every A C N let us denote by x4 =
(xa(k))p2, the element of £y, such that x4(k) =1 if k£ € A and 0 otherwise.
By hypothesis }_ . 4 2, converges weakly in X and it follows that T**(xa) €
X. The linear span of all such x4 consists of the space of scalar sequences
taking only finitely many different values, mg, which by Lemma 2.4.13 is
dense in f,. Hence T** maps ¢, into X. This means that T is a weakly
compact operator. Now Theorem 2.4.10 implies that 7" is a compact operator
and Proposition 2.4.8 completes the proof.

O

Now, as a corollary, we can give a reciprocal of Proposition 2.4.4 (7).

Corollary 2.4.15. If a Banach space X is weakly sequentially complete then
every WUC series in X is unconditionally convergent.
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Proof. If >°°° | x, is WUC then Y -, z*(z,) is absolutely convergent for
every z* € X*, which is equivalent to saying that >~ z*(z,, ) converges for
each subseries Y.~ | @, and each 2* € X*. Hence Y~ | ay, is weakly Cauchy
and therefore weakly convergent by hypothesis. We deduce that >~ z,
converges unconditionally in norm by the Orlicz-Pettis theorem.
O
The Orlicz-Pettis theorem predates basic sequence techniques. It was first
proved by Orlicz in 1929 [162] and referenced in Banach’s book [8]. He at-
tributes the result to Orlicz in the special case when X is weakly sequentially
complete so that every WUC series has the property of the theorem. However,
it seems that Orlicz did know the more general statement. Independently, Pet-
tis published a proof in 1938 [178]. Pettis was interested in such a result as
a by-product of the study of vector measures. If 3 is a o-algebra of sets and
@ X — X is a map such that for every z* € X* the set function z* o p is
a (countably additive) measure then the Orlicz-Pettis theorem implies that u
is countably additive in the norm topology. Thus weakly countably additive
set functions are norm countably additive.
This is an attractive theorem and as a result it has been proved, reproved,
and generalized many times since then. It is not clear that there is much left
to say on this subject! We will suggest some generalizations in the Problems.

2.5 Complementability of cq

Let us discuss the following extension problem. Suppose that X and Y are
Banach spaces and that F is a subspace of X. Let T': E — Y be a bounded
operator. Can we extend T to a bounded operator T': X — Y? If we consider
the special case when Y = E and T is the identity map on F, we are asking
simply if F is the range of a projection on X, i.e., if E is complemented in X.

The Hahn-Banach theorem asserts that if ¥ has dimension one then such
an extension is possible with preservation of norm. However, in general such
an extension is not possible and we have discussed the fact that there are
noncomplemented subspaces in almost all Banach spaces. For instance we have
seen that /1, must have an uncomplemented subspace, but the construction of
this subspace as the kernel of a certain quotient map means that it is rather
difficult to see exactly what it is. In this section we will study a very natural
example. Let us formalize the notion of an injective Banach space.

Definition 2.5.1. A Banach space Y is called injective if whenever X is a
Banach space, E is a closed subspace of X, and T : E — Y is a bounded
operator then there is a bounded linear operator T : X — Y which is an
extension of T. Y is called isometrically injective if T can be additionally
chosen to have ||T|| = ||T|.

We will defer our discussion of injective spaces to later and restrict our-
selves to one almost trivial observation:



2.5 Complementability of co 45

Proposition 2.5.2. The space {o is an isometrically injective space. Hence,
if a Banach space X has a subspace E isomorphic to £, then E is necessarily
complemented in X.

Proof. Suppose FE is a subspace of X and T : ' — £, is bounded. Then Te =
(eX(e))22, for some sequence (e)2° ; in E*; clearly ||T|| = sup,, ||eX||. By the
Hahn-Banach theorem we choose extensions z € X* with ||| = |leX|| for
each n. By letting T = (2% (x))°%, we are done.
O
¢o is a subspace of ¢, (its bidual) and it is easy to see that ¢y will be
injective if and only if it is complemented in /... Must a Banach space be
complemented in its bidual? Certainly this is true for any space which is
the dual of another space since for any Banach space X the space X* is
always complemented in its bidual, X***. To see this consider the natural
embedding j : X — X**. Then j* : X** — X* is a norm-one operator.
Denote by J the canonical injection of X* into X***. We claim that j*J is
the identity Ix~ on X™*. Indeed, suppose z* € X* and that z € X. Then
(x,7*J(x*)) = (jx, Jx*) = (x,z*). Thus j* is a norm-one projection of X***
onto X*. If X is isomorphic (but not necessarily isometric) to a dual space
we leave for the reader the details to check that X will still be complemented
in its bidual. So we may also ask if ¢q is isomorphic to a dual space.

As we will see next, ¢g is not complemented in /,. This was proved essen-
tially by Phillips [180] in 1940 although first formally observed by Sobczyk
[208] the following year. Phillips in fact proved the result for the subspace ¢ of
convergent sequences. The proof we give is due to Whitley [220] and requires
a simple lemma:

Lemma 2.5.3. Fvery countably infinite set S has an uncountable family of
infinite subsets {A;}icz such that any two members of the family have finite
intersection.

Proof. The proof is very simple but rather difficult to spot! Without loss of
generality we can identify S with the set of the rational numbers Q. For each
irrational number 6, take a sequence of rational numbers (g,,)5%; converging
to 6. Then the sets of the form Ay = {(¢,)32; : ¢ — 0} verify the lemma.
O
If A is any subset of N we denote by ¢, (A) the subspace of ¢, given by

loo(A) = {€ = (E(k))7Z1 € loo 1 E(k) = 0if k & A}

Theorem 2.5.4. Let T : {oo — Lo be a bounded operator such that TE¢ = 0
for all &€ € cg. Then there is an infinite subset A of N so that T¢ = 0 for every

€€l (A).

Proof. We use the family (A;);cz of infinite subsets of N given by Lemma 2.5.3.
Suppose that for every such set we can find &; € £ (A;) with T¢; # 0. We can
assume by normalization that ||&;||cc = 1 for every i € Z. There must exist
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n € N so that the set Z,, = {i € Z: &;(n) # 0} is uncountable. Similarly, there
exists k € N so that the set Z,, x = {i : |&(n)| > k~'} is also uncountable.
For each i € Z,, , choose «; with |o;| = 1 and o;€;(n) = |&(n)).

Let F be a finite subset of Z,, ;. Consider y = ZZ—GF «;&;. Since the inter-
section of the supports of any two distinct &; is finite we can write y = u + v
where ||u]looc <1 and v has finite support. Thus

”TyHoo = ||Tu||oo < HTH7

and so
en(Ty) = |&(n)| < |T].
ieF
It follows that if |F| = m we have mk=! < ||T, i.e., m < k||T||. Since this
holds for every finite subset of Z,, ; we have shown that 7, , is in fact finite,
which is a contradiction.
O

Theorem 2.5.5 (Phillips-Sobczyk, 1940-1). There is no bounded projec-
tion from l onto cgp.

Proof. If P is such a projection we can apply Theorem 2.5.4 to T =1 — P,
with I the identity operator on f,, and then it is clear that P& = ¢ for all
€ € loo(A) for some infinite set A, which gives a contradiction.

O

Corollary 2.5.6. ¢y is not isomorphic to a dual space.

Proof. If ¢y were isomorphic to a dual space then, by the comments that follow
the proof of Proposition 2.5.2, ¢y should be complemented in ¢§*, which would
lead to contradiction with Theorem 2.5.5.

O

Several comments are in order here. Theorem 2.5.4 proves more than is
needed for Phillips-Sobczyk’s theorem. It shows that there is no bounded,
one-to-one operator from the quotient space o, /co into £oo; in other words
the points of ¢, /¢y cannot be separated by countably many bounded linear
functionals. (Of course, if F is a complemented subspace of a Banach space
X, then X/E must be isomorphic to a subspace of X which is complementary
to E.)

Now we are also in position to note that cy is not an injective space.
Actually there are no separable injective spaces, but we will see this later,
when we discuss the structure of /o, in more detail. For the moment let us
notice the dual statement of Theorem 2.3.1.

Theorem 2.5.7. If X is a separable Banach space then X embeds isometri-
cally into L.
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Proof. Let (x,)22, be a dense sequence in X. For each integer n pick z €
X* so that ||z%]] = 1 and z(x,) = ||@n]|. The sequence (z})32, C X* s
norming in X. Therefore the operator T' : X — (., defined for each z in X
by T'(z) = (z}(x))52; provides the desired embedding.
O

Thus X separable can only be injective if it is isomorphic to a comple-
mented subspace of {,. Therefore classifying the complemented subspaces of
£+ becomes important; we will see in Chapter 5 the (already mentioned) the-
orem of Lindenstrauss [129] that £, is a prime space and this will answer our
question.

In the meantime we turn to Sobczyk’s main result in his 1941 paper, which
gives some partial answers to these questions. The proof we present here is
due to Veech [219].

Theorem 2.5.8 (Sobczyk, 1941). Let X be a separable Banach space. If
E is a closed subspace of X and T : E — cq is a bounded operator then there
exists an operator T : X — ¢q such that T|g =T and |T|| < 2|T||.

Proof. Without loss of generality we can assume that ||T'|| = 1. It is immediate
to realize that the operator T must be of the form

Tm_(fn( ))n 1 rek

for some (f}) C E*. Moreover ||| < 1 for all n and (f}) converges to 0
in the weak™ topology of E*. By the Hahn-Banach theorem, for each n € N
there exists ¢! € X*, ||pk|| <1, such that ¢ |p = f;.

X separable implies that (Bx«,w*) is metrizable (Lemma 1.4.1). Let p be
the metric on Bx~ that induces the weak® topology on Bx«. We claim that
lim,, o p(%, Bx~ N E+) = 0. If this is not the case, there would be some

€ > 0 and a subsequence (¢}, ) of (¢}) such that p(¢}, , Bx+ N E+) > € for
every k. Let (), ) be a subsequence of (¢}, ) such that ¢y, o, ©*. Then
©* € B+ N By- since for each e € E we have

prle) =limgy, (e) =lim f, (e) =0.
Hence

(P, ¢") 2 € forall j. (2.1)
On the other hand

lim p(gpnk ,Bx-NEY) =p(¢*,Bx-NEY) =0 (2.2)

j—o0
since the function p( - , Bx+ N E1) is weak* continuous on By-. Clearly we
cannot have (2.1) and (2.2) at the same time, so our claim holds.

Recall that E+ is weak* closed, hence Bx-NE+ is weak* compact. There-
fore for each n we can pick v} € Bx- N E+ such that
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p(eh,vn) = plen, Bx+ N ET).
Let ¥ = % — v’ and define the operator T on X by T(z) = (2% (z)). Notice
that T'(x) € co because z* ~— 0. Moreover, for each z € X we have

*

1T ()| = sup |z, ()| = sup(ly, () — ;s (2)1) < sup(lloy [+ [lop ) lel] < 2 ]

so || T < 2.
O

Corollary 2.5.9. If E is a closed subspace of a separable Banach space X
and E is isomorphic to cg, then there is a projection P from X onto E.

Proof. Suppose that T : E — ¢ is an isomorphism and let T : X — ¢q be
the extension of T given by the preceding theorem. Then P = T 1T is a
projection from X onto E. (Note that since ||T| < 2||T), if E is isometric to
o then || P|| < 2.)

O

Remark 2.5.10. It follows that if a separable Banach space X contains a
copy of ¢o then X is not injective.

We finish this chapter by observing that in light of Theorem 2.5.8 it is
natural to define a Banach space Y to be separably injective if whenever X
is a separable Banach space, F is a closed subspace of X and T': E — Y is
a bounded operator then 7' can be extended to an operator T:X Y. It
was for a long time conjectured that cg is the only separable and separably
injective space. This was solved by Zippin in 1977 [225], who showed that,
indeed, cg is, up to isomorphism, the only separable space which is separably
injective.

We also note that the constant 2 in Theorem 2.5.8 is the best possible (see
Problem 2.7).

Problems

2.1. Let T : X — Y be an operator between the Banach spaces X, Y.

(a) Show that if T is strictly singular then in every infinite-dimensional sub-
space F of X there is a normalized basic sequence (z,,) with [|Tz,| < 27| zy]|
for all n.

(b) Deduce that T is strictly singular if and only if every infinite-dimensional
closed subspace E contains a further infinite-dimensional closed subspace F
so that the restriction of T to F' is compact.

2.2. Show that the sum of two strictly singular operators is strictly singular.
Show also that if T}, : X — Y are strictly singular and ||T,, — T'|| — 0 then T
is strictly singular.
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2.3. Show that the set of all strictly singular operators on a Banach space
X forms a closed two-sided ideal in the algebra £(X) of all bounded linear
operators from X to X.

2.4. Show that if 1 < p < co and T': £, — £, is not compact then there is
a complemented subspace £ of ¢, so that T’ is an isomorphism of E onto a
complemented subspace T'(E). Deduce that the Banach algebra £(¢,) contains
exactly one proper closed two-sided ideal (the ideal of compact operators).
Note that every strictly singular operator is compact in these spaces.

2.5. Show that L({, @ ¢,) for p # r contains at least two nontrivial closed
two-sided ideals.

2.6. Suppose X is a Banach space whose dual is separable. Suppose that 2%
is a series in X* which has the property that every subseries )z}, converges
weak*. Show that >  x,, converges in norm. [Hint: Every z** € X** is the
limit of a weak® converging sequence from X.]

2.7. Let ¢ be the subspace of ¢, of converging sequences. Show that for any
bounded projection P of ¢ onto ¢y we have || P|| > 2. This proves that 2 is the
best possible constant in Sobczyk’s theorem (Theorem 2.5.8).

2.8. In this exercise we will focus on the special properties of /1 as a target
space for operators and show its projectivity.

(a) Suppose T : X — ¢ is an operator from a Banach space X onto ¢;. Show
that then X contains a complemented subspace isomorphic to /1.

(b) Prove that if Y is a separable infinite-dimensional Banach space with the
property that whenever T': X — Y is a bounded surjective operator then Y
is isomorphic to a complemented subspace of X, then Y is isomorphic to ¢;.

2.9. Let X be a Banach space.

(a) Show that for any z** € X** and any finite-dimensional subspace E of
X* there exists x € X such that

el < (L + e,

and
¥ (x) = ™ (x"), x* € E.

(b) Use part (a) to deduce the following result of Bessaga and Petczynski ([12]):
If X* contains a subspace isomorphic to ¢y then X contains a complemented
subspace isomorphic to £1, and hence X* contains a subspace isomorphic to
lo. In particular, no separable dual space can contain an isomorphic copy of
¢o. [This may also be used in Problem 2.6.]
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2.10. For an arbitrary set I" we define ¢o(T") as the space of functions £ : T' — R
such that for each € > 0 the set { : [£(y)| > €} is finite. When normed by
l€]] = max,er [£(7)], the space co(I') becomes a Banach space.

(a) Show that ¢o(I')* can be identified with ¢, (T") the space of functions 7 :
I' = R such that 7 € co(I') and |9 = >_ cp In(v)| < oco.

(b) Show that ¢1(T")* = {5 (T).

(c) Show, using the methods of Lemma 2.5.3 and Theorem 2.5.4, that ¢y(R)
is isomorphic to a subspace of £, /cg.

2.11. Let I" be an infinite set and let PT" denote its power set PI' = {A: A C
T'}.

(a) Show that ¢;(PT') is isometric to a subspace of £ (T"). [Hint: For each
v € T' define ¢, € {o(PT) by ¢, =1 when v € A and —1 when v ¢ A.]

(b) Show that if 1 (T") is a quotient of a subspace of X then ¢, (I") embeds into
X (compare with Problem 2.8).

(c) Deduce that if £1(I") embeds into X then ¢;(PI') embeds into X*.
(d) Deduce that ¢;* contains an isometric copy of ¢1(PR).
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