Chapter 2

EXTREMALS
OF NONAUTONOMOUS PROBLEMS

In this chapter we show that the turnpike property is a general phe-
nomenon which holds for a large class of nonautonomous variational
problems with nonconvex integrands. We consider the complete met-
ric space of integrands M introduced in Section 1.1 and establish the
existence of a set 7 C M which is a countable intersection of open ev-
erywhere dense sets in M such that for each f € F and each z € R" the
following properties hold:

(i) there exists an (f)-overtaking optimal function Zf : [0,00) — R
satisfying Z/(0) = z;

(ii) the integrand f has the turnpike property with the trajectory
{Zf(t): t €[0,00)} being the turnpike.

Moreover we show that the turnpike property holds for approximate
solutions of variational problems with a generic integrand f and that
the turnpike phenomenon is stable under small pertubations of a generic
integrand f.

2.1. Main results

Let a > 0 be a constant and let ¢ : [0,00) — [0,00) be an increasing
function such that

P(t) — 400 as t — oo.

Denote by | - | the Euclidean norm in R™. We consider the space
of integrands M introduced in Section 1.1. This space consists of all
continuous functions f : [0,00) x R" x R® — R! which satisfy the
following assumptions:



34 TURNPIKE PROPERTIES

A(i) for each (t,7) € [0,00) x R" the function f(¢,z,-): R® — R'is
convex;

A(ii) the function f is bounded on [0,00) x E for any bounded set
EC R"x R"

Aliii)

fts 2 u) = max{p(|z]), P (lu))[u]} —a

for each (¢,z,u) € [0,00) x R" x R™;

A(iv) for each pair of positive numbers M, e there exist I', 0 > 0 such
that if ¢ € [0,00) and if uy,us, 1,12 € R™ satisfy

|x;| < M, |u;|l > T, i=1,2, max{|x; — xa|,|u1 — ua|} <4,
then

|f(t,l‘1,U1) - f(t,$2,U2)| < emax{f(t, xlaul)af(ta x27u2)};

A(v) for each pair of positive numbers M, € there is a positive number
0 such that if ¢ € [0, 00) and if uy, ug, x1,z2 € R" satisfy

|zi|, |wi] < M, i=1,2, max{|z; — z2|, |us —ua|} <9,
then
|f(t,x1,un) — f(t,z2,u9)| < e

We equip the set M with two topologies where one is weaker than
the other. We refer to them as the weak and the strong topologies,
respectively. For the set M we consider the uniformity determined by
the following base:

Es(e) ={(f.9) e M x M :|f(t,z,u) — g(t,z,u)| <€

for each t € [0, 00) and each z,u € R"},

where ¢ > 0. It is not difficult to see that the uniform space M with
this uniformity is metrizable and complete. This uniformity generates
in M the strong topology.

We also equip the set M with the uniformity which is determined by
the following base:

E(N,eA) ={(f,9) e M x M [f(t,z,u) —g(t,z,u)| <€
for each t € [0,00) and each z,u € R" satisfying |z|, |u| < N,

(12 + D(lg(tz,uw)[ +1) 71 e A
for each t € [0,00) and each z,u € R" satisfying |z| < N},
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where N > 0, € > 0, A > 1. This uniformity which was introduced in
Section 1.2, generates in M the weak topology. By Proposition 1.3.2
the space M with this uniformity is complete.

We consider functionals of the form

T>
(T, Ty = [ fa(t), ' (0)d (1.1)
T
where f € M, 0 < Ty} < Ty < +o0 and z : [T1,T2] — R™ is an a.c.
function.
For each f € M, each pair of vectors ¥y, z € R", each T7 > 0 and each
T > T we set

UN Ty, Ty, y, z) = inf{I/ (T}, Ty, ) : = : [T1,Tp] — R" (1.2)
is an a.c. function satisfying z(T1) =y, z(Tz) = z},
Jf(T17T27y) = inf{Uf(T17T27y7u) HIUAS Rn} (13)

It is not difficult to see that U/ (T, Ts,y, 2) is finite for each f € M,
each y,z € R™ and all numbers 77,75 satisfying 0 < T} < T5.

Recall the definition of an overtaking optimal function given in Section
1.1 and the definition of a good function introduced in Section 1.2.

Let f € M. An a.c. function z : [0,00) — R™ is called (f)-overtaking
optimal if for any a.c. function y : [0,00) — R" satisfying y(0) = z(0),

T
lmmmA[ﬂtﬂmf@D—ﬂtmmM@mﬁSO

T—o00

Let f € M. We say that an a.c. function = : [0,00) — R" is an
(f)-good function if for any a.c. function y : [0,00) — R™, the function

T —1/(0,T,y) — I7(0,T,z), T € (0,00)

is bounded from below.

In this chapter we establish the existence of a set F C M which is a
countable intersection of open (in the weak topology) everywhere dense
(in the strong topology) subsets of M such that the following theorems
are valid.

THEOREM 2.1.1 1. For each g € F and each pair of (g)-good functions
v; 1 [0,00) = R™, i =1,2,

lva(t) —v1(t)] — 0 as t — co.

2. For each g € F and each y € R™ there exists a (g)-overtaking
optimal function'Y :[0,00) — R"™ satisfying Y (0) = y.
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3. Letge F,e>0andY :[0,00) — R" be a (g)-overtaking optimal
function. Then there exists a neighborhood U of g in M with the weak
topology such that the following property holds:

IfheU and if v : [0,00) — R"™ is an (h)-good function, then

lu(t) =Y (t)] < e for all large t.

THEOREM 2.1.2 Let g€ F, M,e >0 and let Y : [0,00) — R" be a (g)-
overtaking optimal function. Then there exists a neighborhood U of g in
M with the weak topology and a number T > 0 such that for each h € U
and each (h)-overtaking optimal function v : [0,00) — R™ satisfying
0(0)] < M,

lo(t) =Y ()| <€ forallt € [1,00).

Theorems 2.1.1 and 2.1.2 establish the existence of (g)-overtaking op-
timal functions and describe the asymptotic behavior of (g)-good func-
tions for g € F.

THEOREM 2.1.3 Let g € F, S1,52,6 >0 and let Y : [0,00) — R"™ be a
(g)-overtaking optimal function. Then there exists a neighborhood U of g
i M with the weak topology, a number L > 0 and an integer Q > 1 such
that if h € U, Th € [0,00), To € [Th + LQ,0) and if an a.c. function
v [T1,Ts] — R™ satisfies one of the following relations below:

(a) [o(T})| < Sy, i=1,2, I'"(Ty,To,v) < UM(T1,Ta,v(T1),v(Ts)) + So;

(b) [o(T)| < S1,  IM(Th,T,v) < o™(Th, Ty, 0(T1)) + Sa,
then the following property holds:
There exist sequences of numbers {d;}_,, {b;}i_, C [T1,T5] such that
qSQa b2<dz§bz+L7 i:17"'7q7
[o(t) — Y (t)| <€ for each t € [Ty, To] \ UL [b;, d;].

THEOREM 2.1.4 Let g € F, S,e > 0 and let Y : [0,00) — R™ be a
(g)-overtaking optimal function. Then there exist a neighborhood U of
g in M with the weak topology and numbers §, L > 0 such that for each
h € U, each pair of numbers Th € [0,00), Ty € [T1+2L, 00) and each a.c.
function v : [Th,To] — R™ which satisfies one of the following relations
below:

(a) [v(T})| <8, i=1,2, I"T1,Ty,v) < UMTL, T, 0(T1),v(T3)) + 6;

() [o(Th)] <8, I"(Ty, Ty, 0) < o"(Th, T, 0(T1)) + 6
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the inequality |v(t) — Y (t)| < € is valid for all t € [Ty + L, Ty — LJ.

Theorem 2.1.4 establishes the turnpike property for any g € F.
The results of this chapter have been established in [103].
In the sequel we use the notation

B(z,r)={yeR": ly—z|<r}, x € R", r >0, (1.4)
B(r) = B(0,r), r > 0.

Chapter 2 is organized as follows. In Section 2.2 for a given f € M
and a given neighborhood of f in M with the strong topology we con-
struct an integrand f* which belongs to this neighborhood and estab-
lishes the turnpike property for f*. We also study the structure of ap-
proximate solutions of variational problems with integrands belonging to
a small neighborhood of f* in the weak topology. Theorems 2.1.1-2.1.4
are proved in Section 2.3. In Section 2.4 we discuss analogs of Theorems
2.1.1-2.1.4 for a class of periodic variational problems. In Section 2.5
we show that Theorems 2.1.1-2.1.4 also hold for certain subspaces of M
which consist of smooth integrands. In Section 2.6 we consider an ex-
ample of an integrand which has the turnpike property and an example
of an integrand which does not have the turnpike property.

2.2. Preliminary lemmas

Fix f € M and z, € R". Let € > 0, M > |z,| and let an a.c. function
zi [0,00) — R" be as guaranteed by Theorem 1.2.1. We have that zi
is an (f)-good function, ZI(O) = 2, and for each 71 > 0, T, > T1,

U (11, To, 2L (Th), 2L (Tn) = I (11, T, Z9). (2.1)

First we define functions fM for r > 0 such that fM — f asr — 0%
in the strong topology and such that each fy has the turnpike property.

Fix a continuous bounded function ¢ : [0, 00) x R™ — [0, c0) which
satisfies the following assumptions:

B(i) {(t,z) € [0,00) x R": ¢M(t,2) =0} = {(t, Z/ (t)) :

t€[0,00)} U{(t,z) € [0,00) x R": |z| > M + 2},

B(ii) for any ¢ > 0 there is a positive number  such that if ¢ € [0, c0)
and if x1,x9 € R" satisfy |z; — xo| < 7, then

|¢M(t7$1) - ¢M(t7$2)| < 6;
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B(iii) for any positive number 0 there is v > 0 such that if ¢ € [0, 00)
and if x € R" satisfies

|z — Z(t)| > 6 and |z| < M + 1,
then oM (t,2) > 7.
REMARK 2.2.1 Consider a continuous function 6 : R* — [0, 1] for which
0t)=1,te (—oo,M +1], 8(t) =0, t € [M + 2,00),
6(t) >0, te (M+1,M+2).

Let q be a natural number.
Define a bounded continuous function ¢M : [0,00) x R® — R by

oM (t,x) = |x — ZL(4)|90(|z]), te[0,00), z € R". (2.2).
It is easy to verify that the function ¢™ satisfies assumption (B).
Define a function f :[0,00) x R" x R" — R! by
Mt z,u) = ft,z,u) + ed™(t,x), t €[0,00), z,u € R"™. (2.3)
It is easy to verify that fM € M and to prove the following result.

LEMMA 2.2.1 Let M > |z| and V be a neighborhood of f in M with the
strong topology. Then there exists a number ro > 0 such that fM € V
for every number r € (0,7q).

Fix a natural number p. It follows from Theorem 1.2.1 and Theorem
1.2.2 that there exist a number M/ > 0 and a neighborhood W7 of f in
M with the weak topology such that

2], sup{1ZL(8)]: ¢ € [0,00)} < MY (2.4)
and
lim sup |=(t)] < M/ (2.5)
t—o00

for each g € W/ and each (g)-good function x : [0,00) — R"™. There
exist a positive number Mj(f,p) and an open neighborhood Wy(f,p) of
f in M with the weak topology such that

Wo(f,p) € W/, My(f,p) > 2M' +2p+2 (2.6)
and Theorem 1.2.3 holds with

M17M2 = 2Mf+2p+23624_1a S = Mo(fvp)v U= WO(f7p) (27)
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There exists a neighborhood W (f,p) of f in M with the weak topology
and a number M (f,p) such that

W (f,p) C Wo(f,p), M(f,p) >2Mo(f,p) +2 (2.8)
and Theorem 1.2.3 holds with
M17M2 - 2M0(f7p) + 27 c= 4717 S = M(fap)v U= W(fvp) (29)

It follows from Lemma 2.2.1 that there is a positive number r(f, p) such
that
FMUERHL e W (f,p) for each r € (0,7(f,p)). (2.10)

Fix r € (0,7(f,p)) and set
fr=pMunt (2.11)

We study the structure of approximate solutions of variational prob-
lems with integrands belonging to a small neighborhood of f* in the
strong topology. We show that the integrand f* has the turnpike prop-
erty and the function z{ is its turnpike. The next lemma establishes
that each approximate solution defined on an interval [T7, T3] is close

enough to the turnpike Z{ at a certain point of [T, T5] if the integrand
is close enough to f* and 15 — T} is large enough.

LEMMA 2.2.2 Let ¢y € (0,1). Then there exist a neighborhood U of f*
in M with the weak topology and an integer N > 8 such that if g € U,
T >0 and if an a.c. function v : [T,T + N] — R" satisfies

max{|v(T)|, |[v(T + N)|} < 2My(f,p) + 2, (2.12)
(T, T+ N,v) <UYT, T+ N,v(T),v(T + N)) + 2My(f,p) + 2,
then there is an integer ig € [0, N — 6] such that
lw(t) — Z{(t)| < eo, t € [ig + Tyio + T + 6). (2.13)

Proof. It follows from Proposition 1.3.6 that there exist a positive
number Sy and an open neighborhood Uy of f* in M with the weak
topology such that

Uy CW(f,p), [U(T1,T2,y1,y2)| +1 < Sp for each g € U,,,

each T} € [0,00), T € [Ty +471,T1 + 8] (2.14)
and each y1,y2 € B(M(f,p)+1), i =1,2.
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By Theorem 1.2.1 there is a positive number S such that the inequality
(T, Ty, Z]) < (T, T, 0) + S

holds for each T} > 0, T > T} and each a.c. function v : [17,T5] — R"™
which satisfies |v(T7)| < M(f,p) + 1.

(2.4), Proposition 1.3.6 and Assertion 4 of Theorem 1.2.1 imply that
there exists

Sy > sup{|I/ (Ty, Ty, Z{)| -
Ty €[0,00), To € [Ty +471,T1 + 8]} +2M(f,p). (2.15)

By Proposition 1.3.4 there exists § € (0,871) such that for each g € M,
each T1,T5 € [0, 00) satisfying 4=! < T, — T} < 8 and each a.c. function
v: [Th, T3] — R" satisfying

Ig(Tl,TQ,’U) < 28) 4251 + 25, + 2, (216)

the following property holds:
If t1,t9 € [Tl,TQ] and if ‘tl — tg’ < (5, then

lu(t1) — v(te)] < 16 Leq. (2.17)

There exists a number €; € (0,47 1eg) such that Assumption B(iii) holds
with M = M(f,p)+1,0 = 4 e, ¥ = €1. Fix a natural number N > 48
for which

47167 N — 8)derr > 2M(f,p) + 280 + 6a + 4+ S (2.18)

(recall @ in Assumption A(iii)). By Proposition 1.3.6 there exist a num-
ber S3 > 0 and a neighborhood U; of f* in M with the weak topology
such that

Uy C Uy,

\U9(T1, Ty, y1,y2)| +1 < S3 for each g € Uy each T} € [0,00), (2.19)
Ty € [Ty + 471,71 + N + 4] and each y1,y2 € B(M(f,p) +2), i =1,2.

By Propositions 1.3.8 and 1.3.9 there is an open neighborhood U of f*
in M with the weak topology such that &/ C U; and that for each g € U
and each Ty € [0,00), Ty € [T1 +471, T} + N +4] the following properties
hold:

a) if an a.c. function v : [T1, To] — R™ satisfies

min{ I/ (T}, Ty, v), I9(Ty, Ts,v)} < S+ 2M(f,p) + 2,

then |I/7(Ty, Ty, v) — I9(T1, Ty, v)| < 471
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b)
U (1, To,y1,y2) — UY(T1, Toyr, y2)| < 471

for each y1,y2 € B(M(f,p) +2),i=1,2.

Assume that ¢ € U, T € [0,00) and v : [T,T + N] — R™ is an
a.c. function which satisfies (2.12). We show that (2.13) holds with an
integer ig € [0, N — 6].

Let us assume the converse. Then for any integer i € [0, N — 6],

sup{|v(t) — Z{(t)|: t € [i +T,i+T +6]} > ep. (2.20)

By the inequalities (2.12), Theorem 1.2.3 and the choice of W (f,p),
M(f,p) (see (2.8) and (2.9)),

()] < M(f,p), t € [T,T + N]. (2.21)
(2.12), (2.19) and (2.21) imply that
(T, T+ N,v) <UYT, T+ N,v(T),v(T + N)) + 2Mo(f,p) + 2

< 2My(f,p) + Sz + 2. (2.22)
It follows from property (b) and the inequality (2.12) that

[UT(T, T+ N,o(T),v(T + N)) = U(T,T + N,v(T),o(T + N))| <47
(2.23)
Combined with the inequality (2.22) the property (a) implies that

|17 (T, T + N,v) — I9(T,T + N,v)| < 47L. (2.24)
By (2.12), (2.23) and (2.24),
I (T, T+N,v) <U (T, T+N,v(T),vo(T+N))+2My(f, p)+3. (2.25)
There exists an integer j; such that
j1—-2<T<j—1 (2.26)

Fix an integer i € [0, N — 6]. By (2.20) there exists a number ¢; such
that
t; € [i+T,i+T+6], lv(t;) —ZI(ti” > €. (2.27)

The inequality (2.15) implies that
(T +i,T+i+6,2) < S. (2.28)
It follows from (2.12), (2.21) and (2.14) that
(T +i,T+i+6,v)
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SUNT +i,T+i+6,0(T+3),0(T +i+6)+2Mo(fip) +2 (2.29)

By (2.28), (2.29), (2.15), (2.27) and the definition of § (see (2.16), (2.17)),
for each
tE[i+T,i+T+6]ﬂ[ti—5,ti+(5] (2.30)

the inequalitites
lu(t)—v(t)| < 16 e, ]Zf(ti)—Z,{(t)\ < 16" e, \v(t)—Zf(t)] > 3471
are true. By these inequalities, the definition of €1, (2.21) and assump-
tion B(iii),

PMUIPTL(E u(t)) > (2.31)

for each integer i € [0, N — 6] and each number ¢ sastisfying (2.30).
(2.11), (2.3) and (2.21) imply that

. T+N
I (T, T+ N,v) = I/(T,T + N,v) + 7“/ MR+ (¢ y(t))dt.
T

By this equality and (2.31) which is true for each integer i € [0, N — 6]
and each ¢ satisfying (2.30),

(T, T+ N,v) > I/ (T,T 4+ N,v) + r(N6~ — 2)de;. (2.32)

By Corollary 1.3.1 there exists an a.c. function w : [T, T + N] — R" for
which

w(T) =v(T), w(T+N)=v(T+N), wt)=Z(t), t € [j1,j1+N -3,
(2.33)
(T, ji,w) = UM(T, j1,w(T), w(ih)), I (ji+ N =3,T + N,w)
=U"(j1+ N =3,T+ N,w(j + N = 3),w(T + N)).
Combined with the inequality (2.25) the relations (2.33) imply that

(T, T+ N,v) < (T, T + N,w) + 2My(f,p) + 3. (2.34)
By (2.33), (2.21), (2.4) and (2.14),
(T, T+ N,w) < I (ji,j1 + N = 3, 2] ) + 25. (2.35)

It follows from Assumption A(iii), the definition of S; and the inequali-
ties (2.26) and (2.21) that

(T, T+ N,v) > I (j1,j1 + N = 3,v) — 6a
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> —6a+ 17 (ji,j1 + N —3,2)—5,. (2.36)
Combined with (2.32) and (2.35) the inequality (2.36) implies that

(T, T+ N,v) > r(N6~! —2)de; — 6a+ I'(j1,j1 + N —3,2]) - 5,

> I (T,T + N,w) + r(N6~1 — 2)de; — 6a — S; — 2S.
Together with (2.34) this inequality implies that

2Mo(f,p) +3 > r(N6™! —2)de; — 6a — S1 — 2S.

This is contradictory to (2.18). The contradiction we have reached
proves the lemma.

The following auxiliary result shows that an approximate solution of a
variational problem defined on an interval [T7, T»] is close to the turnpike
Z{ at any point of [T1,T>] if it is close enough to the turnpike at the
points 17 and T5.

LEMMA 2.2.3 For each e € (0,1) there is 6 € (0,¢€) such that the follow-
ing property holds:
If Th € [0,00), Ty € [T1 + 1,00) and if an a.c. function v : [T1,Ts] —
R™ satisfies
o(T;) — Z{(T3)| <6, i = 1,2,
If* (T17 T, U) < Uf* (Tlv Ty, U(Tl)v U(T2)) + 57 (237)

then
lu(t) — ZL ()| <e, t € [T1,Th). (2.38)

Proof. Let € € (0,1). It follows from Proposition 1.3.6 that there
exists a positive number Sy such that

\UT(Ty, T, y1,2)|+6 < Sp for each Ty € [0,00), Ty € [T1+471, T1+10]
(2.39)
and each y1,y2 € B(M(f,p)+1), i=1,2.

It follows from (2.4), Proposition 1.3.6 and Assertion 4 of Theorem 1.2.1
that there is a positive number S7 such that

|1/ (Ty, Ty, Z1)| +1 < S for each Ty € [0,00), Ty € [T} + 471, Ty +10]}.

(2.40)
By Proposition 1.3.4 there is g € (0,87!) such that for each g € M,
each pair of numbers T, Ty € [0, 00) satisfying 4=t < T, — T3 < 10 and
each a.c. function v : [T1,T5] — R™ which satisfies

Ig(Tl,Tg, ’U) < 25¢+ 251 + 2, (241)
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the following property holds:
lo(ty) — v(ta)] < 167 1€ (2.42)

for each ty,ty € [T1,T] satisfying |t1 — ta| < do.

There exists a number ¢; € (0,4 !¢) such that Assumption B(iii)
holds with M = M(f,p) +1, § = 47 '¢, v = ;. By Proposition 1.3.7
there exists a number

o€ (O,inf{5o,8_161,8_161507‘}) (2.43)
such that if Ty >0, Ty € [Ty + 471, Ty + 10] and if
Yi,x; € B(M(f,p)+2), i =1,2, max{[y1 — 2|, |21 — 22|} <0, (2.44)

then
U (T, Ta,y1, 1) — UL (T, T, y2, 22), (2.45)

U (T1, To, y1, 1) — U (T, T, 2, 2)| < 27 €180

Assume that T} € [0,00), To € [T1 + 1,00) and an a.c. function
v [Th,Ta] — R™ satisfies (2.37). We show that the inequality (2.38) is
valid.

Let us assume the converse. Then there exists a number ¢; for which

t1 € [T, T, [v(t) — Z{ (t)] > e (2.46)
(2.37), (2.7), Theorem 1.2.3 and (2.4) imply that
()| < Mo(f,p), t € [T1, T3] (2.47)
It is not difficult to see that there exist di,dy € [T1,T5] such that
do—dy =1, t1 € [dy,d2]. (2.48)
It follows from the inequalities (2.37), (2.47) and (2.39) that
I (dy, do,v) < UP (dy, da,v(dy),v(d2)) + 6 < Sp+ 1. (2.49)
The inequality (2.40) implies that
I (dy,do, Z1) < 8. (2.50)
By the choice of §y (see (2.41), (2.42)), (2.50) and (2.49)
[o(t) —v(ty)] <167, |ZL(t) — ZL(t1)] < 167"

for each
t e [d17d2] N [tl - 60at1 + 50]
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Combined with (2.46) this fact implies that
lw(t) — Z{(t)| > 3-47 e, t € [dy,do] N [t1 — b0, t1 + o).

It follows from this inequality, assumption B(iii), the definition of ¢; and
the inequality (2.47) that

HMIPIHL(t 0(t)) > € for each t € [dy,do] N[ty — o, t1 + 6].  (2.51)
We prove that the inequality

U9(Ty, To, v(Th),v(T2)) — UY(Th, To, Z{ (Th), Z{(T2))| < 6 + 32 e16or
(2.52)
is true with g = f, f* Corollary 1.3.1 implies that for g = f, f* there
exist a.c. functions v{ : [T}, %] — R™, i = 1,2 such that
(L) = ZU(Ty), i
I9(S,S+271 v9) = U9(S, S+271,0{(S),v{(S+27Y)), S=T1, T, —27},
W)(T3) = o(Ty), i =1,2, v(t) = Z/ (), t e [T + 271, Tp — 271,
I9(S, S+271 v)) = U9(S, S+271 v§(8),v§(S+27)), S =T, T, —27".

By the definition of ¢ (see (2.43)) and the inequalities (2.53), (2.47),
(2.4) and (2.37),

1,2, v{(t) = v(t), t € [Ty + 271, To — 271], (2.53)

U9(S, 5+27",0§(9),v§(S+271) = U9(S, S+27", Z[ (), Z[ (S +271))]
(2.54)
< 277615073 g = f, f*, S=T11,T — 271,

U9(S, S + 271 0{(S),0{(S +271)) = U(S, S + 27, 0(S),v(S +271))]
(2.55)
<2 "e1dgr, g=f,f" S=T,To—2""

It follows from (2.3), (2.53), the inequalities (2.54) and (2.55) and
Assertion 4 of Theorem 1.2.1 that for g = f, f*,

UY(Ty, Ty, 0(Th), 0(T3)) — U(Th, Ty, Z(Th), Z(T»)) (2.56)
< I9(Ty, Ty, vd) — I9(T1, Ty, Z1)
= 19T, T1 + 275 0)) — I9(Ty, Ty + 271, Z))
+19(Tp — 271 TQ,UQ) I9(Ty — 274 Ty, Z1)
=U9(Ty, Ty + 271, 0§ (Th
~U9(Ty, Ty + 271 Zf(T1

o3 (T1 +271))

)
)7Z>{(T1+2 ))
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+UI(T — 271 T, 0 (T — 271), 05 (T3))
—UY(Ty — 274 Ty, Z{ (T, — 271, Z{ (1))
< 2_661507".
(2.55), (2.37) and (2.53) imply that
Ul (T, Ta,v(Th),v(Ty)) — U (Ty, Ty, Z1(T1), Z1(Ty)) (2.57)

> I (T, Ty, v) — 6 — I/ (T, To, 0l ) = =6 + 17 (T, Ty + 271, v)
—m, T+ 2 Y+ (T =27 Ty ) = (T — 27 Ty 0l )
> 0+ U (T, Ty + 271 o(Th), o(T) +27Y))

—Ul (1, T+ 27 o (), 0l (T 27Y)
+UT (T — 271, Ty, 0(Th — 271, 0(Th))

Uy — 27N Ty 0 (Ty — 271, 0! (T3)) > =6 — 27 5¢160r

It follows from Corollary 1.3.1 that there are a.c. functions v; : [11, T2] —
R™, i = 3,4 such that

v3(Th) = o(Ty), i =1,2, (T}, Ty,v3) = UY (T4, Ty, v(Th), v(T2)),
(2.58)
vi(Ty) = Z{(Ty), i = 1,2, va(t) = ws(t), t € [T1 + 271, Ty — 271,

I7(8,5+27  uy) = U/ (S, 54271, 04(S), v4(S+271)), S =Ty, T, —27 1.
By Theorem 1.2.3, (2.9), (2.58) and (2.47),
lus()| < M(f,p), t € [T1, T3]. (2.59)

By the definition of 0 (see (2.45) and (2.44)), (2.58), (2.37), (2.4) and
(2.59),

U7(S,8+271,03(8),v3(S+271)) = U/ (S, 5+ 27, v4(S), va(S+271))
(
27 Te1dor, S =Ty, Ty — 271
Combined with (2.58) the inequality (2.60) implies that
Ul (1, Ty, v(Th), v(Ty)) — UY(T1, Ta, ZL(Th), Z] (T2))

> (T, Ty, vs) — I (T4, Ts, v4)
= Uf(Tl,Tl + 271,U3(T1),1)3(T1 + 271))
+Uf(T2 - 2_17T2a U3(T2 - 2_1)’ U3(T2))
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~UNT, Ty + 27 ua(Th), va(Th +271))
~UN(Ty — 271, Ty, 04(Ty — 271), 04(T2))
> —27661507’.

By these relations, (2.57) and (2.56) which holds for g = f, f*, the
inequality (2.52) is valid with g = f, f*. Combined with Assertion 4 of
Theorem 1.2.1, (2.3) and (2.37) this implies that

UNTy, To, 0(Th), 0(To)) > UN(T1, Ty, ZI(Th), Z (Ty)) — 6 — 327 e1or
(2.61)
=I1(Ty, Ty, Z]) — 6 — 327 Le16or

> U (T, Ty, 21 (Th), Z{ (1)) — 6 — 327 e dor
> U (Ty, Ty, v(Th), v(T3)) — 2(6 + 32 Le1dor)
> I (Ty, Ty, v) — 6 — 2(6 + 327 Ley 6or).
It follows from (2.3), (2.11), (2.47) and (2.51) that
I (T, Ty, v) > I (Ty, Ty, v) + €180r-
This inequality and (2.61) imply that
UN(Ty, Ty, o(T1), v(Ts)) > I/ (T1, Ta, v) + 1007 — 6 — 2(6 + 327 e 6o7)
> UN(Ty, Ty, v(Th), v(Th)) — 36 4+ 15 - 16~ e dor-

This is contradictory to (2.43). The contradiction we have reached
proves the lemma.

Now we will prove an auxiliary result which generalizes Lemma 2.2.3.
This result shows that the convergence property established in Lemma
2.2.3 for the integrand f* is also valid for all integrands from a small
neighborhood of f*.

LEMMA 2.2.4 For each € € (0,1) there exist an open neighborhood U of
f* in M with the weak topology and § € (0,¢€) such that the following
property holds:

IfgeU, Ty € 0,00), Tr € [T1 + 1,00) and if an a.c. function
v: [T1,Te] — R™ satisfies

0(T3) = ZH(T)| < 6, i=1,2,
Ig(Tl,TQ, U) < Ug(Tl,Tz,v(Tl),U(TQ)) + (5, (2.62)

then
o(t) — ZI(t)] <, t € [Ty, T]. (2.63)
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Proof. Let € € (0,1). It follows from Lemma 2.2.3 that there exists
0 € (0,¢€) such that if T} € [0,00), Ty € [T1+1,00) and if an a.c. function
v: [T1,T] — R™ satisfies

|U(TZ) - Zg(Tz)’ <84, i=1,2,

17 (T, Ty, v) < U (T, Ty, o(T)), v(T3)) + 86, (2.64)

then
lw(t) — ZL ()| <e, t € [T1, T (2.65)

Lemma 2.2.2 implies that there are an integer N > 8 and an open
neighborhood Uy of f* in M with the weak topology such that

MO C W(fap)

and for each g € Uy, each T' > 0 and each a.c. function v : [T,T + N| —

R"™ the following property holds:
If
sup{|v(T)|, [v(T' + N)[} < 2Mo(f,p) + 2, (2.66)
o

(T, T+ N,v) <UYT, T+ N,v(T),v(T + N)) + 2My(f,p) + 2,
then there exists an integer iy € [0, N — 6] such that

lw(t) — Z{ ()| <6, t € [io+ T,io + T + 6]. (2.67)

By Proposition 1.3.6 there exist an open neighborhood U; of f* in M
with the weak topology and a positive number S such that

Uy C Uy, \UI(T1, T2, y1,y2)| +1 < S for each g € Uy, each T € [0, 00),
(2.68)
Ty € [Ty +271, Ty + 8N + 8] and each y1,yo € B(M(f,p) +2), i =1,2.

It follows from Propositions 1.3.8 and 1.3.9 that there exist an open
neighborhood U of f* in M with the weak topology such that & C U; and
that for each g € U, each T} € [0,00) and each Ty € [T} +471, T} +8N +8]
the following properties hold:

a) If an a.c. function v : [T1,T2] — R™ satisfies

min{ I’ (T}, Ty, v), I9(T1, T, v)} < 28 + 2M(f,p) + 4, (2.69)

then
|/ (T, Ty, v) — I9(Ty, Ty, v)| < 4716; (2.70)

b) It Y1, Y2 € B(M(f7p) + 2)’ i = 1,2, then

US (T, To, 1, y2) — U9(Th, Toyyn, y2)| < 4716 (2.71)
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Let g € U, Th € [0,00), Tp € [Th + 1,00) and let an a.c. function
v : [T1,T2] — R™ satisfy (2.62). We show that the inequality (2.63) is
true.

We have two cases: (i) T, — 171 < 6N; (ii) 7o — 71 > 6N. Consider
the case (i). (2.4), (2.62) and (2.68) imply the inequality (2.69). The
inequality (2.70) follows from (2.69) and property a). By property b)
and (2.62),

U (T, To, v(Th), v(Ts)) — U9(Ty, To, v(T}), v(Ty))| < 4716.
Combined with (2.62) and (2.70) this inequality implies that
I (Ty, Ty, v) < I9(T1, T, v)
+47Y5 < UITY, Ty, v(Th),v(T3)) + 6 + 4716

< UT(Ty, Ty, v(Th), v(Ty)) + 3 - 2716.

It follows from this inequality, the inequality (2.62) and the definition of
J (see (2.64), (2.65)) that the inequality (2.63) is true.

Consider the case (ii). By Theorem 1.2.3, the definitions of My(f,p)
and Wy(f,p) (see (2.7)) and the inequality (2.62),

lu(t)] < Mo(f,p)+1, t e [Ty, T>]. (2.72)

It follows from the choice of Uy and N (see (2.66) and (2.67)) and the
inequalities (2.72) and (2.62) that the following property holds:
For each 7 € [Th,T> — N] there exists an integer i, € [0, N — 6] such
that
lo(t) — Z{(t)| < 6, t € [iy +7,ir + 7 +6]. (2.73)

It is easy to see that there exists a finite sequence {¢;}{_, C [T}, T3] such
that

to :Tl, tq:TQ, ti—i—l_ti c [G,N], i:O,...,q—Q, tq—tq_l S [N,QN},
(2.74)
o(t) — ZL(E) <6, i=0,....q. (2.75)

Fix an integer ¢ € {0,...,q — 1}. (2.62), (2.74), (2.75) and (2.68) imply
that

Ig(ti, tit1, ’U) < Ug(ti, tit1, U(ti), ’U(ti+1)) +6<d+ 8. (276)
It follows from (2.76), (2.74), (2.72) and the properties a), b) that
‘If* (tm ii—‘rla ’U) - Ig(tiv ti+17 ’U)‘ S 4_167

U (i, tig1, v(t), v(tiv)) — U9t tigr, v(t:), v(tir))] < 4716,
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If* (tiaii+17v) < Ig(tiati-i-l)v) + 4'715

S U (tistisr, 0(ti), 0(ti41)) +6+8/4 < UL (ti,tig1, 0(ti), v(ti1)) +36/2.

(2.77)
Combined with the choice of ¢ (see (2.64), (2.65)) and (2.75) the in-
equality (2.77) implies that |v(t) — Z{(t)| < € for all t € [t;, t;1]. This
completes the proof of the lemma.

We need the next lemma in order to establish the convergence prop-
erty of Theorem 2.1.3. This lemma follows from Lemmas 2.2.4 and 2.2.2.

LEMMA 2.2.5 For each € € (0,1) there exist an open neighborhood U of
f* in M with the weak topology, a number I, > 8 and an integer q, > 4
such that for each g € U, each Th € [0,00), Ty € [T1 + l+q«, 00) and each
a.c. function v : [T1,Ts] — R™ the following property holds:
If
()] < 2Mo(f,p) +2, t € [T1, T3]

and
(T, Ty,v) < UY(Ty, Tz, v(T1),v(T2)) + p, (2.78)

then there exist sequences of numbers {d;}{_,, {d;}{_, such that
(<, di<d; <d;j+1l.,i=1,...,q, (2.79)
o(t) = ZL ()] < ¢, t € [T1, To] \ UL, [di, di]. (2.80)

Proof. Let € € (0,1). It follows from Lemma 2.2.4 that there exist
0 € (0,¢) and a neighborhood Uy of f* in M with the weak topology
such that the inequality (2.63) is true for each g € Uy, each T} € [0, 00),
Ty € [Th + 1,00) and each a.c. function v : [T1,T] — R™ which satisfies
(2.62).

By Lemma 2.2.2 there exist a neighborhood U of f* in M with the
weak topology and an integer N > 8 such that U C Uy and if g € U,
T > 0 and if an a.c. function v : [T, T + N| — R™ satisfies (2.66) then
there exists an integer ig € [0, N — 6] such that (2.67) is true. Fix an
integer

e >4+ 5*1]) and a number [, > 2N. (2.81)

Assume that g € U, T1 € [0,00), Ty € [T1 +1.qs,00) and v : [T1,T5] —
R" is an a.c. function satisfying (2.78). It follows from the definition of U
and (2.78) that for each 7 € [T, Ty — N] there is an integer i, € [0, N —6]
such that

lu(t) — ZL(t)| < 6 for all t € [iy + 7,ir 4+ T + 6].
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This implies that there exists a sequence of numbers %, ..., tg such that
to=T, tg =Ts, tiv1 —t; € [3,N], i=0,...,G — 1, (2.82)
lw(t;) — Z{(t)| <6, i=1,...,G—1. (2.83)

Set

C={ie{l,....,G—=2}: II(ti,titr,v) > U9(ti, tip1, v(ti), 0(titn)) + 6}
(2.84)
and denote by Card(C) the cardinality of C. By (2.78),

p > I9(T1, T, v) — UY(Ty, To, v(T1),v(T2)) = > [I9(ti tiv1,v)  (2.85)
ieC
—U9(ts, tip1,v(ts), v(tig1))] > 6 Card(C), Card(C) < 6 1p.
Let i € {1,...,G — 2} \ C. It follows from the definition of §, Uy and
(2.84), (2.83), (2.82) that [v(t)— Z{ (t)| < e for all t € [t;, t;11]. Therefore
o(t) — ZL(t)] <,

t e [ti,tprl], iG{l,...,G—Q}\C.

It is easy to see that
[Ty, To) \ U{[ti, tix1] : i€ {1,...,G—=2}\ C}
C W{[tistip1]: i€ CU{0,G —1}}
and by (2.82), (2.81), (2.85),
tivi —t; < N<l, i=0,...,G—1, Card(CU{0,G —1}) < q..
This completes the proof of the lemma.

LEMMA 2.2.6 Let e € (0,1). Then there exist a neighborhood U of f*
in M with the weak topology, a number I, > 8, an integer q, > 4 such
that for each g € U, each Ty € [0,00), Ty € [Th + liqx,00) and each a.c.
function v : [Ty, To] — R™ which satisfies one of the following relations
below:

()lo(Ty)| < 2M7 4+ 2p+2, i = 1,2,

Ig(T17T27U) < Ug(TlaTQaU(Tl)av(TQ)) + p;
(ii)lv(Th)| < 2M7 +2p+2, I9(T1, Tz, v) < o9(T1, To, v(T4)) + p,

there are sequences of numbers {d;}I_,, {d;}}_, for which (2.79) and
(2.80) hold.
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Lemma 2.2.6, which is an extension of Lemma 2.2.5, now follows from
Lemma 2.2.5, Theorem 1.2.3 and the definition of Wy (f, p), Mo(f,p) (see
(2.6), (2.7)).

The next auxiliary result which follows from Lemmas 2.2.4 and 2.2.2
will be used in order to establish the convergence property of Theorems
2.1.1 and 2.1.2.

LEMMA 2.2.7 Lete € (0,1). Then there exist a neighborhood U of f* in
M with the weak topology such that, for each g € U and each (g)-good
function v : [0,00) — R™, the inequality |v(t) — Zf(t)] < € is valid for all
sufficiently large t.

Proof. It follows from Lemma 2.2.4 that there exist a number § €
(0,€) and a neighborhood Uy of f* in M with the weak topology such
that the inequality (2.63) is true for each g € Uy, each T} € [0,00),
Ty € [T1 + 1,00) and each a.c. function v : [T1,T2] — R™ which satisfies
(2.62).

It follows from Lemma 2.2.2 that there exist a neighborhood U of f*
in M with the weak topology and an integer N > 8 such that

and that the following property holds:
If geU, T >0 and if an a.c. function v : [T, T + N] — R"™ satisfies
(2.12), then there is an integer iy € [0, N — 6] such that

lw(t) — ZI ()| <6, t € [io+ T,ig + T + 6]. (2.86)

Assume that g € Y and v : [0,00) — R" is a (g)-good function. By the
definition of W/ (see (2.5)),

lu(t)| < MY for all large t. (2.87)
Since v is a (g)-good function there exists Ty > 0 such that
Ig(tl,tg,’u) < Ug(tl,tg,v(tl),’v(tg))+5 (288)

for each t; > Ty, to > t;. We may assume that |v(t)] < M7 for all
te [To, OO)

Let T' > Tp. It follows from the definition of ¢, N and (2.88) which
holds with t; = T, to = T+ N that there exists an integer ip € [0, N — 6]
such that

lw(t) — Z{ ()| <6, t € [ig + T,ir + T +6].

Therefore there exists a sequence {7;}°, C (T, 00) such that
Tia—Ty€[6,N], i=0,1,..., |[v(T}) — Z[(T})| <6, i =1,2,....
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It follows from these relations, (2.88) which holds with t; = T, t2 = Tj41
and the definition of Uy, ¢ that

lo(t) — Z{(t)| <€ te [T}, Tiy], i =1,2,....

The lemma is proved.

The next lemma plays a crucial role in the proof of Theorem 2.1.4.
Its proof is based on Lemmas 2.2.4 and 2.2.2.

LEMMA 2.2.8 Lete € (0,1). Then there exist a neighborhood U of f* in
M with the weak topology, § € (0,€) and A > 1 such that the following
property holds:

For each g € U, each Th € [0,00), Ty € [T1 + 2A,00) and each a.c.
function v : [Ty, To] — R™ which satisfies

lo(t)] < Mo(f,p), t € [T, T3],

Ig(T17T27 U) < Ug(TbTQ:’U(Tl)?U(TQ)) + 57 (289)
there exist 11 € [Th,Th + A] and o € [Ty — A, T] such that

lu(t) — Z{(t)] <€, t € [r1, 7] (2.90)
Moreover if [v(Ty) — ZI(TY)| < 68, then 7 = Ty.

Proof. By Lemma 2.2.4 there exist 6 € (0,¢€) and a neighborhood U
of f* in M with the weak topology such that for each g € Uy, each
Ty € [0,00), To € [T1 + 1,00) and each a.c. function v : [Th,T2] — R"
which satisfies (2.62), relation (2.63) holds.

By Lemma 2.2.2 there exist a neighborhood U of f* in M with the
weak topology and an integer N > 8 such that & C Uy and for each
g € U, each T > 0 and each a.c. function v : [T, T + N| — R"™ which
satisfies (2.12), there is an integer ig € [0, N — 6] for which (2.86) holds.
Set

A =2N. (2.91)

Assume that g € U, T} € [0,00), Ts € [T} + 2A,00) and v : [T1,T2] —
R™ is an a.c. function satisfying (2.89). It follows from the definition
of U,N and (2.89) that for each T' € [T},T> — N] there is an integer
ig € [0, N — 6] for which (2.86) holds. Therefore there exists a sequence
of numbers {t;}%, C [T}, T3] such that

to=Ti, tiy1 —t; €[6,N], 1=0,...,G—1, Ty —tg < N, (2.92)

lw(t)) — ZL ()| <6, i=1,...,G. (2.93)
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It follows from the definition of §, Up, (2.89), (2.93), (2.92) that
lo(t) — ZI ()] <e, t € [ti, tis1] (2.94)

foralli=1,...,G—1and if |v(Ty) — Z{(T1)| < 6, then (2.94) holds for
1=0,...,G — 1. This completes the proof of the lemma.

The following lemma is an extension of Lemma 2.2.8.

LEMMA 2.2.9 Let e € (0,1). Then there exist a neighborhood U of f*
in M with the weak topology, 6 € (0,¢), A > 1 such that for each
g €U, each T1 € [0,00), Ty € [T1 + 2A,00) and each a.c. function
v: [Ty, To] — R™ the following properties hold:

(i) If o(T})| < 2M7 +2+2p, i =1,2

and
(11, To,v) < UY(T1, T2, v(T1),v(12)) + 6,
then (2.90) holds with T € [T1,T1 + A] and 7o € [Ty — A, T3]. Moreover
if [o(Ty) — 25 (1)) < 6, then 7 = Ty.
(i) If [o(Th)| < 2M7 +2 + 2p, I9(T1, T,v) < o9(T1, Ty, v(Th)) + 6,
then (2.90) holds with 1 € [T1,Th + A] and 12 € [Ta — A, Ts]. Moreover
if [o(Ty) — ZH ()| < 6, then 7y = Ty.

Lemma 2.2.9 now follows from Lemma 2.2.8, Theorem 1.2.3 and the
definition of Wy (f,p), Mo(f,p) (see (2.6), (2.7)).

LEMMA 2.2.10 Let € € (0,1). Then there exist a neighborhood U of
f*in M with the weak topology, A > 1 such that for each g € U and
each (g)-overtaking optimal function v : [0,00) — R™ satisfying |v(0)| <
MY + 2+ 2p the relation |v(t) — ZI ()| < € holds for all t € [A,o0).

Lemma 2.2.10 follows from the definition of W/, M/ (see (2.5)) and
Lemma 2.2.9.

2.3. Proofs of Theorems 2.1.1-2.1.4

Construction of the set F. Fix z, € R™ and an integer p > 1. For each
f € M we define a function Z/ : [0,00) — R™, numbers M7, My(f,p),
M(f,p), a function pMP)+1 3 number r(f,p) > 0 and neighborhoods
W7, Wo(f,p), W(f,p) of fin M with the weak topology as in Section
2.2 (see (2.3)-(2.10)). Set

By = {fMUPF . fe M, e (0,7(f,p)}. (3.1)
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Clearly for each f € M and each r € (0,7(f,p)) Lemmas 2.2.2-2.2.10

hold with f* = fTM(f’p)H. By Lemma 2.2.1 E), is everywhere dense in
M with the strong topology.
For each f € M, each r € (0,7(f,p)) and each integer k > 1 there

exist an open neighborhood V'(f, p,r, k) of er(f’p)H in M with the weak
topology, an integer q(f,p,r, k) > 4, numbers

3(f,p,r k) € (0,(4k) ™), U(f,p,r k) = 8, A(f,por,k) > 1

such that:
(i) Lemma 2.2.6 holds with

fr= MEPT e = (4k)~L U = V(f,p,r k),

q* = q<f7p7ru k)v l* = l<f7p7 Tu k)7
(ii) Lemma 2.2.7 holds with

fr= UD€ = (k) U=V (fp,rk);
(iii) Lemmas 2.2.9 and 2.2.10 hold with
o= UL U=V (fpr k), e = (4k) 7
d=46(f,p,r k), A=A(f,p,r k).
We define
Fp =2 U{V(fip, k) feM, re(0,r(f,p)},  (32)
F =21 Fp. (3.3)

Clearly F is a countable intersection of open (in the weak topology)
everywhere dense (in the strong topology) subsets of M.

Proof of Theorem 2.1.1. We prove Assertion 1. Assume that g € F
and v; : [0,00) — R™, i = 1,2 are (g)-good functions. Let ¢ > 0. Fix
an integer k > 4e~!. There exist f € M and r € (0,7(f,1)) such that
g € V(f,1,r k). By condition (ii) and Lemma 2.2.7,

lug(t) — v (t)| < (2k)™! < € for all large t.
Since € is an arbitrary positive number we conclude that
|va(t) —vi(t)] — 0 as t — oo.

Assertion 1 is proved.
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We prove Assertion 2. Let g € F and let y € R". By Theorem 1.2.1
there exists a (g)-good function Y : [0,00) — R™ such that Y(0) = y

and
0, 7,Y)=U90,T,Y(0),Y(T)) (3.4)

for each T' > 0. We show that Y is a (g)-overtaking optimal function.
Let us assume the converse. Then there exists a number € > 0 and
an a.c. function Z : [0,00) — R™ such that Z(0) =y and

limsup[l9(0,7,Y) — I9(0,T, Z)] > e. (3.5)

T—o0
There exists a sequence of positive numbers {7;}5°, such that
T, — 400 as i — o0,
90,7, Y) — 1900, T}, Z) > ¢, i = 1,2, ... (3.6)
By Theorem 1.2.1, Z is a bounded (g)-good function. Therefore
Y(t)—-Z(t) - 0ast— oo. (3.7)

The functions Y and Z are (f)-good and bounded. Therefore we can
choose a number

S >sup{|Z(t),Y(t)|: t €[0,00)}. (3.8)

It follows from Proposition 1.3.7 that there exists § > 0 such that the
following property holds:
If Ty € [0,00), Ty € [Ty + 471, T1 + 4] and if y1, 4o, 21, 22 € R" satisfy

lyil, |zi] < S, i=1,2, [y1 — yal, |21 — 22| <6,

then
\U(Ty, To,y1, 21) — U9(T1, T, y2, 20| < 87 e (3.9)

Since |Y(t) — Z(t)| — 0 as t — oo there exists 7 > 0 such that
|Z(t) =Y (t)] <2716, t € [1,00). (3.10)

Fix a natural number j such that T} > 7. There exists an a.c. function
X :[0,00) — R"™ such that

X(t)=2Z(t),t€[0,T;], X(t) =Y (t), t € [Tj +1,00), (3.11)
I9(T5. T + 1, X) = UN(T,. T + 1, X(T3), X(T; 4+ 1)).
It follows from (3.11), (3.4), (3.8), (3.10) and the definition of ¢ that
X(0) =Y(0), X(T; +1) =Y(T; +1),
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[19(T5, Ty + 1, X) = I9(T5, Ty + 1, Y)| = [U9(T5, T; + 1, X (1), X (T + 1))
~UI(T3, Ty 4+ LY (T), Y (T; + 1)) <87,
Together with (3.11) and (3.6) these relations imply that
0, T; +1,Y) = UY0,T; + 1,Y(0), Y(T; + 1))
> 1900, 7;+ 1,Y) = I9(0,T; + 1, X ) =
1900, T3, Y)—19(0, T}, Z) + I9(T;, Tj+1,Y) = I9(T}, Tj+1,X) > e—8 e
This is contradictory to (3.4). The obtained contradiction proves Asser-

tion 2.

We prove Assertion 3. Let g € F, e > 0and Y : [0,00) — R" be a

(g)-overtaking optimal function. Fix an integer k& > 4e~!. There exist

feM,re(0,r(f,1)) such that g € V(f, 1,7, k).

Assume that h € V(f,1,r,k) and v : [0,00) — R" is an (h)-good
function. It follows from condition (ii) and Lemma 2.2.7 that |v(¢) —
Y (t)| < (2k)~! for all large ¢. Assertion 3 is proved.

Proof of Theorem 2.1.2. Let g € F, M,e >0 and let Y : [0,00) — R"
be a (g)-overtaking function. Fix integers

p>2M +2[Y(0)| +2, k> 4e L. (3.12)

There exists f € M and r € (0,r(f,p)) such that g € V(f,p,r, k). By
condition (ii) and Lemma 2.2.7 there exists a number 79 > 0 such that

Y(t) — 21 (8)] < (4k), ¢ € [ro,00). (3.13)
Set

=1+ A(f,p,r, k) + 1. (3.14)
Assume that h € V(f,p,r, k) and v : [0,00) — R" is an (h)-overtaking
optimal function such that |v(0)| < M. By condition (iii), Lemma 2.2.10

and (3.12),

l(t) — ZL(t)] < (4k)7Y, t € [A(f,p, 7, k), ).

Together with (3.13), (3.14) and (3.12) this implies that |v(t) =Y (¢)| < €

for all t € [1,00). The theorem is proved. -

Proof of Theorem 2.1.3. Let g € F, S1,S52,¢ >0and Y :[0,00) — R"
be a (g)-overtaking optimal function. By Theorem 1.2.1, Y is a (g)-good
function and sup{|Y (t)| : ¢t € [0,00)} < co. Fix integers

p> 28] +28 + 1+sup{|Y(t)]: t €[0,00)}, k> 8 L. (3.15)
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There exist f € M and r € (0,7(f,p)) such that g € V(f,p, 7, k). By
condition (ii) and Lemma 2.2.7 there exists a number 79 > 0 such that

Y (t) — ZI(t)| < (4k)7L, t € [rg, 00). (3.16)
Set
U=VvI(,p,rk), L=m+I1fprk), Q=q(f,p,rk)+1. (3.17)

Assume that h € U, T1 € [0,00), To € [T1 + L@, ) and an a.c.
function v : [T1,Tz] — R™ satisfies one of the conditions (a), (b) of the
theorem. By condition (i) and Lemma 2.2.6 there are numbers {d;}7_,,

{d;}__, such that
q < Q(fvpvr)k)a dz < JZ < di—i_l(fvpa’r)k)? 1= 17”‘7‘]7
lo(t) = ZL ()] < (4k)71, t € [T1, To] \ UL, [di, di).
By these relations and (3.15), (3.16),
[o(t) = Y(t)] <€, t € [T1, )\ ([0,70] UL, [di, di]).
This completes the proof of the theorem.

Proof of Theorem 2.1.4. Let g € F, S,e >0 and let Y : [0,00) — R"
be a (g)-overtaking optimal function. By Theorem 1.2.1, Y is a (g)-good
function and sup{|Y ()| : t € [0,00)} < oo. Fix integers

p>2S+14sup{|Y(t)|:t€[0,00)}, k> 8L (3.18)

There exist f € M and r € (0,r(f,p)) such that g € V(f,p,r, k). By
condition (ii) and Lemma 2.2.7 there exists a number 7y such that (3.16)
holds. Set

Z/{ = V(f7p),r7 k)? L = TO + A(f7p7/r7 k)? 5 = 6(f7p7/r7 k)' (3‘19)

Assume that h € U, T1 € [0,00), T> € [11 + 2L,00) and an a.c.
function v : [T1, T3] — R™ satisfies one of the conditions (a), (b) of the
theorem. It follows from condition (iii) and Lemma 2.2.9 that

|U(t) - Zj(t” < (4]{3)_17 le [Tl + A(f,p,?", k)7T2 - A(fypa Ty k)]

By this relation, (3.16), (3.18) and (3.19), |v(t) — Y (t)] < e for all t €
[Ty + L, T> — L]. The theorem is proved.
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2.4. Periodic variational problems

Let a > 0, Z = {0,£1,£2,...} and let ¥ : [0,00) — [0,00) be an
increasing function such that 1 (t) — +oo as t — oo. Denote by MP the
set of continuous functions f : [0,00) x R" x R" — R! which satisfy the
following assumptions:

A () f(t,x +q,u) = f(t,z,u) for each t € [0,00), z,u € R", ¢ € Z",;

A (ii) for each (t,x) € [0,00) x R" the function f(t,z,:) : R" — R!
is convex;

A (iii) the function f is bounded on [0,00) x R™ x E for any bounded
set £ C R™;

A (iv) f(t,z,u) > Y(Ju|)|u| — a for each (t,z,u) € [0,00) x R™ x R";

A (v) for each € > 0 there exist positive numbers I',§ such that if
t € [0,00) and if uy,ug, x1, 29 € R™ are such that

;] > T, i=1,2, max{|z1 — 21],|u1 —u|} <34,
then

|f(t,x1,u1) — f(t,x0,u2)| < emax{f(t,x1,u1), f(t,x2,u2)};

A (vi) for each M, e > 0 there exists a positive number ¢ such that if
t € [0,00) and if uy, ug, x1,z2 € R" satisfy

lui| < M, i=1,2, max{|z1 — x2|, |u1 —u2|} <9,
then
|f(t, @1, u1) = f(t,22,u2)| <e.

We equip the set MP with the uniformity which is determined by the
following base:

E(N,e,A) = {(f,9) € MV x MP - [f(t, x,u) — g(t,2,u)| < e

for each t € [0,00) and each x,u € R" satisfying |u| < N,
(1t 2, u)| + D) (lg(t,z,u)| + 1)~ e AN
for each ¢t € [0,00) and each z,u € R"},

where N > 0,e¢>0, A > 1.
We can show that the uniform space MP? is metrizable and complete.
Consider functionals of the form

F(T, D) = [ 0,200,/ 0
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where f € MP, 0 < Ty} < Ty < +o0 and z : [T1,T5] — R" is an a.c.
function.

For f € MP, y,z € R™ and numbers 17, T5 satisfying 0 < T} < Ty we
define U/ (Ty, Tz, y,2) and of (T1, T, y) by (1.2) and (1.3) and set

Uf(T17T27yaz) = inf{Uf(TlaT27y7Z + m) Pme ZTL}

It is easy to see that —oo < U/ (Ty, T, y,2) < +oo for each f € MP,
each y, z € R™ and each pair of numbers 17,75 satisfying 0 < T; < T5.
For f € MP we use the notions of an (f)-good function and an (f)-
overtaking optimal function.
The methods used in the proofs of Theorems 1.2.1-1.2.3 and Theorems
2.1.1-2.1.4 are applicable to the space MP. The following results are
valid.

THEOREM 2.4.1 For each h € MP and each z € R" there exists an
(h)-good function Z" . [0,00) — R™ satisfying Z"(0) = z such that:
1.
UNTy, Ty, 29 (), 2/ (1)) = I/ (T, Ts, Z7)

for each f € M, each z € R™ and each Ty > 0, Ty > T1.
2. For each f € MP, each z € R"™ and each a.c. functiony : [0,00) —
R™ either

70,7, y) — I7(0,T, ") — 400 as T — oo

or

sup{|1/(0,T,y) — (0.1, )| : Te (0,00} <00 (41)
and if (4.1) is valid, then
sup{|y(t1) — y(t2)| : t1 € [0,00), t2 € [t1,t1 + 1]} < 0.

3. For each f € MP there exist a neighborhood U of f in MP and a
number QQ > 0 such that

sup{]Zg(tl) — Zg(tg)‘ € [0,00), to € [tl,tl + 1]} <Q

for each g € U and each z € R™.
4. For each f € MP there exist a neighborhood U of f in MP and a
number Q) > 0 such that

(T, T5,2%) < IY(Th,Tr,y) + Q

for g € U, each z € R™, each T1 > 0, To > T1 and each a.c. function
y: 11, Ts] — R".
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THEOREM 2.4.2 For each f € MP there exist a neighborhood U of f in
MP and M > 0 such that if g € U and if x : [0,00) — R"™ is a (g)-good
function, then

limsup(sup{|z(t1) — z(t2)] :

T—o0

t1 € [T, OO), to € [t1,t1 + 1]}) < M.

We can show that there exists a set F C MP which is a countable
intersection of open everywhere dense sets in MP such that the following
theorems are valid.

THEOREM 2.4.3 1. For each g € F and each pair of (g)-good functions
v; 1 [0,00) = R™, i =1,2,

|va(t) —vi(t) —m| — 0 ast — oo

with m € Z".

2. For each g € F and each y € R™ there exists a (g)-overtaking
optimal function'Y :[0,00) — R"™ such that Y (0) = y.

3. Letge F,e>0andY :[0,00) — R"™ be a (g)-overtaking optimal
function. Then there exists a neighborhood U of g in MP such that the
following property holds:

Ifh €U and if v : [0,00) — R™ is an (h)-good function, then there is
m € Z" such that

[v(t) = Y (t) —m| < € for all large t.

THEOREM 2.4.4 Let g € F, € > 0 and let Y : [0,00) — R" be a (9)-
overtaking optimal function. Then there exists a neighborhood U of g in
MP and a number T > 0 such that the following property holds:

Ifh e U and if v : [0,00) — R™ is an (h)-overtaking optimal function,
then there exists m € Z"™ such that

[v(t) =Y (t) —m| <€ t€r,00).

THEOREM 2.4.5 Let g € F, S,e >0 and let Y : [0,00) — R" be a (g)-
overtaking optimal function. Then there exists a neighborhood U of g in
MP a number L > 0 and an integer Q@ > 1 such that for each h € U
and each pair of numbers Ty € [0,00), Ty € [T} + LQ, 0) the following
property holds:

If an a.c. function v : [T1,Ts] — R™ salisfies

Ih(T17T2aU) < ﬁh(T17T2aU(T1)7U(T2)) + S’
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then there exist sequences of numbers
{di}i_y, {bi}, C (11, T3]

such that

and that for each interval
J C [Ty, To] \ Ui [bi, di]
there is m € Z"™ for which
lv(t) =Y (t)—m|<e teJ.

THEOREM 2.4.6 Let g € F, € > 0 and let Y : [0,00) — R" be a (g)-
overtaking optimal function. Then there exists a neighborhood U of g in
MP and numbers §, L > 0 such that for each h € U, each pair of numbers
T; € [0,00), Tz € [T1 + 2L, 00) and each a.c. function v : [T1,T2] — R"™
which satisfies I"(Ty, Ty, v) < UMTy, To,v(T1),v(T3)) + & the following
property holds:

There exists m € Z™ such that

lv(t) =Y (t)—m| <e te|[Th+ L, T — L.

2.5.  Spaces of smooth integrands

Consider the complete metric space M defined in Section 2.1. For
any function g : R x R" x R" — R! denote by L(g) the restriction of g
to [0,00) x R?" and for an integer k > 1 denote by C(k, M) the space
of all integrands f = f(t,r,u) € CK(R**1) such that £(f) € M.

Let k > 1 be an integer. For p = (p1,...,p2ns1) € {0,...,k}?" ! and
f € CH(R™ 1) we set

2n+1
pl =" pi, DPf = 0Pl fjonf . oyhi
=1

For the set C'(k, M) we consider the uniformity which is determined
by the following base:

E(N,e,\) = {(f,9) € Clk, M) x C(k, M) :

[DPf(t, z,u) — DPg(t, z,u)| < €
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for each (t,x,u) € R* ! satistying |t|,|z|, [u] < N
and each p € {0,...k}*"*! such that |p| <k,
|f(t,x,u) — g(t, z,u)| < e for each t € [0, 00)
and each z,u € R" for which |z|, |u| < N,
(|f(t, z,u)| + 1)(Jg(t, z,u)| + 1)~ € [\71, A] for each t € [0, 00)
and each x,u € R" such that |z| < N},

where N > 0,¢>0, A > 1.

Clearly the uniform space C(k, M) is Hausdorff and has a countable
base. Therefore C(k, M) is metrizable. It is easy to verify that the
uniform space C(k, M) is complete and the operator £ : C(k, M) — M
is continuous. Denote by M the space of all functions f € C(k, M)
which satisfy the following conditions:

feCHR™Y), af/ou; € CFR™ ) fori=1,...,n; (5.1)

the matrix (82f/6ui8uj)(t, x,u), i,j =1,...,n is positive definite
(5.2)
for all (t,z,u) € R**1;
there exist a number ¢y > 1 and monotone increasing functions ¢; :
[0,00) — [0,00), i = 0,1,2 such that

po(t)t™! — 400 as t — +o0,
f(t,z,u) > ¢olcolul) — d1(|z|), t € R, z,u € R™; (5.3)
sup{|0f /0xi(t, z, u)|, |0f/Oui(t, z,u)[} < ga(|z])(L + do([ul)), (5.4)
teR, z,ueR" i=1,...,n.

Denote by M}, the closure of My, in C(k, M). We consider the topo-
logical subspace M, C C(k, M) with the relative topology. In order
to show that the conclusions of Theorems 2.1.1-2.1.4 also hold for a
Gs-subset of the space M, we need the following result.

ProroSITION 2.5.1 Let k > 1 be an integer, a number cg > 1, ¢; :

[0,00) — [0,00), i = 0,1,2 be monotone increasing functions and let an
integrand f : R?"*1 — R satisfy (5.1)-(5.4). Assume that Ty € [0, 00),
Ty > Ty and an a.c. function w : [Ty, Ts] — R™ satisfies

IN(Ty, Ty, w) = UN(Ty, Ty, w(Th), w(Th)) < co. (5.5)
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Then w € C¥1([Th, To); R™) and

(d/dt)(Df /Oui(t, w(t), w'(t)) = (Of [Oxi(t, w(t), w'(t)) (5.6)
for each i € {1,...,n} and each t € [T1,T5].

Denote by < x,y > the scalar product of z,y € R™. In the proof of
Proposition 2.5.1 we need the following simple result.

LEMMA 2.5.1 Let n > 1 be an integer, —oo < 11 < Ty < +00 and let
f € LY([Th, Tz); R™) have the following property:

Ts
| < #0190 > at =0
T
for every function g € L ([Th,Tz]; R™) such that f%;? g(t)dt = 0.
Then there exists d € R™ such that f(t) = d for almost all t € [Ty, T5].
Proof of Proposition 2.5.1. Put
v =w(Th), y=w(T3).

In proving Proposition 2.5.1 we follow [64, Theorem 1.10.1]. For t €
[Ty, T5] we set B(t) = (t,w(t),w'(t)). Analogously to the proof of Theo-
rem 1.10.1 of [64] we can show that if an a.c. function h : [Ty, T5] — R"
satisfies

h<T1> = h(Tg) =0, n e LOO([Tl,TQ]; Rn), (57)

then

S 0f Jom (B hi(t) + 3. 0f fous( BOK,(H) € LT, T),  (5.5)
=1

=1
IS5 /0mBOIN) + 305 /o BRI =0. (59
1 4=1 1=1
It follows from (5.3)-(5.5) that the function

t = |0f/0xi(B(t))| + [0f/Oui(B(1))], t € [T1, T2

belongs to the space L'(T1,Ty) fori=1,...,n.
Consider a function g € L*(T1,T5); R™) such that

T>
g(t)dt = 0 (5.10)
T1
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and put
t
h(t) = / g(r)dr, t € [Ty, Ts),

T

El(t) = /Ttl(af/al’l)(B(T))dT, t e [Tl,TQ], 1= 1,...,77,.

Clearly h satisfies (5.7). Thus (5.9) and (5.8) are true. The Fubini

theorem implies that for i = 1,...,n,
Ts T
| @10z B0 = [ (r) (BT ~ Bir))dr.
Ty T1

Combined with (5.9) this equality implies that
T, n
| (S 08 /0ui(B®) + ETy) - E®lgi(t)dt =0,
1oi=1

We have shown that this equality holds for every g € L>([T1,T»]; R™
satisfying (5.10). Therefore Lemma 2.5.1 implies that there is d
(di,...,dn) € R" such that

for each i € {1,...,n} and almost all ¢ € [T}, T3].
Define a mapping G : R' x R” x R"* — R' x R" x R" by

Glt,r,u) = (t,2, (0 [Oui(t, 7, w))y).
Assume that (¢%, 2%, u*) € R?"*1 i =1,2 and
G(t', ' ul) = G(t2, 22, u?).

Clearly t! = 2 2! = 2?. We show that u; = up. For A € [0,1] we
denote by A()A) the matrix

(0% f JOu;0uy) (t, 2t ut + ANw? — b)), 4,5 =1,...,n.
Fori=1,...,n we have

0 = 0f/0u;(th, xt,u?) — Of JOu;(t, xt, ub)
= /1(d/d)\)(8f/8ui(t1,:v1,u1 + AMu? — ul))dr
0

1
= / < (0*f JOu;0uy) (', ot ut 4+ A(u? — ul))?zl,m —up > dA.
0
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This implies that
1
| AW @z —wnjax =0,
0
1

/ < A()\)(UQ — ul),uQ —u1 >dix=0.
0
By the definition of A(A) and (5.2) ug = u;. Therefore the mapping G
is injective.
By the inverse function theorem and the conditions of the proposition,

G(R?*1) is an open subset of R?"*1  there exists G~!: G(R*"!) —
R*1 ¢ O and

Gy =[G-G Y] yeGER™M. (5.12)

We show that
G(R*Y) = R* L, (5.13)

Let (t,z,U), (t',2°,u’) € R?"*1 i=1,2,...,
Gt z' u') — (t,z,U) as i — oo. (5.14)
It is sufficient to prove that (t,z,U) € G(R**1). Clearly
(t',2") — (t,z) as i — oo. (5.15)

We show that the sequence {u;}$°; is bounded. Let us assume the
converse. By (5.14) and (5.15) there exists a number M > 0 such that

|Gt 2" u?)|, ) 2| < Masi=1,2,.... (5.16)
There exist My > 0 such that

|f(7_aya0)|7 ‘(af/auj)(TvyaOM < Mo, ] = 17-- -5 1, ‘T| < Ma |y’ <M.
(5.17)
We may assume that
|u;| — 00 as i — oc. (5.18)

It follows from (5.2) and (5.16)-(5.18) that for any integer i > 1
F(#',2,0) > f(t',2" u') = < (Of /0uy(¢', 2, )=y, u" >, (5.19)
f(t, 2t ub) < My + M|u'|, lim sup 2 ut) |ut| < M.

1— 00

On the other hand by (5.16), (5.18) and (5.3) for any integer ¢ > 1

F(t 2t ') > go(colu’l) — ¢1(M),
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limsup f (), 2%, u?)/|u’| > limsup ¢o(co|u’])/|u’| = +oc.
1—00 1—00

This is contradictory to (5.19). The obtained contradiction proves the
boundedness of {u;}:2;. We may assume that u; — v € R" as i — oo.
Together with (5.14), (5.15) this implies that

(t,z,U) = lim G(t,2%,u") = G(t, z,u) € G(R).

71— 00

Therefore (5.13) holds. By (5.11) for almost all ¢ € [T, T3],
(t,w(t),w'(t)) = G~H(t, w(t), (di — Ei(T2) — Ei(t)iy). (5.20)

It is now easy to see that the last relation holds for all ¢ € [T7, T3] and
w € C*([TyTy); R™). (5.9) implies that for each h € CY([T},Ty]; R™)
satisfying (5.7),

>/ " hi(0)[0/0m(B(1)) — (d/de)(Df /0us( B()dt = 0.
=1 1

This implies (5.6) for each ¢ € [T1, T3] and each i € {1,...,n}. By (5.12)
G~! € CF. Together with (5.20) this implies that w € C*¥T1([T1, Tp]; R™).
This completes the proof of the proposition.

THEOREM 2.5.1 Let k > 1 be an integer. Then there exists a Ggs-set
F C M which is a countable intersection of open (in the weak topology)
everywhere dense (in the strong topology) sets in M and for which the
conclusions of Theorems 2.1.1.-2.1.4 hold and a set Fi, C My, which is
a countable intersection of open everywhere dense sets in My, such that
L(Fy) C F.

Proof. Fix z, € R™. For each f € M let zi [0,00) — R™ be as
guaranteed by Theorem 1.2.1. For each M > 0 there exists a function
YpM € C*°(R') such that

wM(t) =1 te [_M_ 1L, M+ 1}7 wM(t) =0, ’t’ > M +2,
wh(t) € (0,1),
te (=M —2—M—1)U(M+1,M+2).
For f € M and M > |z,| we define ¢ : [0,00) x R" — R! as follows:

¢M(t7 .CC) = ’x - Zf(t)lsz(“TD? te [0700)7 z € R"

By Remark 2.2.1 the function ¢ satisfies Assumption B.
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For each f € M and each integer p > 1 we define numbers M7,
MO(fap)7 M(fap)ﬂ T(fa p) > 0 and neighborhoods Wfa WO(f>p)7 W(f7p)
of f in M as in Section 2.2 (see (2.3)-(2.10)). Consider the set E, C M
defined by (3.1), (2.3). For each f € M, each pair of integers p,q > 1
and each r € (0,7(f,p)) we define an open neighborhood V (f,p,r,q) of

f,fw(f’p)ﬂ in M as in Section 2.3 and define a set F by (5.2), (5.3). In
Section 2.5, Theorems 2.2.1-2.2.4 were established for the set F.
Let g € My, p > 1 be an integer and r € (0,7(L(g),p)). By Theorem

1.2.1 and Proposition 2.5.1, Z59 € C*+1, There exists Y9 : R! — R" €

C*+1 such that

YI(t) = Z59(1) for t € [0, 00),

(dEHLY 9 Jdtk ) (1) = (dF LY 9 /diR 1) (0) for t € (—00,0).
We define a function gf : R***! — R! as follows:
gtz u) = g(t,x,u) + 7l = YI()*95 (),
te R, z,ue R"

where S = M(L(g),p) + 1.
It is easy to verify that g¢ € My,

g —gasr—0in C(k,M),

L(g?) € E, for g € My, p>1and r € (0,7(L(g),p)). For each integer
p > 1 we set

Gp={gl: g My, 7€ (0,7(L(g),p)}

For each g € My, each pair of integers p, ¢ > 1 and each

r € (0,7(L(9),p))

we set B
U(g,p,m,q) = L7H(V(L(9),p,m 0) N M.
Evidently U(g,p,r,q) is an open neighborhood of gP in Mj. We define
Frp = Ngz1 U{U(9,p,7,q) : g € My, 7 € (0,7(L(9),p))},
fk - m;ozlfkp.

Clearly Fy is a countable intersection of open everywhere dense sets in
My, and L(Fj,) C F. This completes the proof of the theorem.
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2.6. Examples

Let n > 1. Fix a positive constant a and set ¥(t) = t, t € [0,00).
Consider a complete metric space M of integrands f : [0,00) x R! x
R! — R! defined in Section 2.1 and a Gg-subset F C M constructed
in Section 2.3. Define by Fy the set of all integrands g € M for which
the conclusions of Theorems 2.1.1-2.1.4 are valid. Clearly the set F is
everywhere dense in M and F C Fy.

Example 6.1. Consider an integrand f(t,z,u) = 2% +u?, t,z,u € R'.
It is easy to see that f € M. Applying the methods used in the proofs
of Theorems 2.1.1-2.1.4 we can show that f € Fy.

Example 6.2. Fix a number ¢ > 0 and consider an integrand

g(t,z,u) = qz?(x — 1)? +u?, t,z,u € R

It is easy to see that g € M if a is large enough. Clearly the function
v1(t) =0, vo(t) = 1, t € [0,00) are (g)-overtaking optimal. Assertion 1
of Theorem 2.1.1 implies that g & Fy. It is easy to verify that f, g € My
for any integer k > 1.
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