Chapter 2

SCHRODINGER EQUATION

The first quantum mechanical theory, that gave the explanation of
the discrete spectra of atomic emission, was based on the equation
proposed by Schrédinger [2] in 1927. In this chapter we discuss briefly
the basic principles and main concepts of quantum mechanics. We
start with the Schrédinger and Heisenberg equations, then we introduce
the main quantum mechanical operators, and consider the properties
of the wave functions and operators. The problem on the electron
motion in Coulomb field for Schrédinger equation is analyzed in details.
The analysis of the problem on the two oppositely charged particles
interaction enables us to introduce the reduced mass. The concept of
reduced mass plays the crucial role in the theory of atomic spectra.
Finally we consider the problem on the energy spectra of atom placed
in atomic trap and analyze the specific features of interaction of the
trapped atom with electromagnetic wave.

2.1  Schrodinger equation

To remind the basic principles of the quantum mechanics we start
here with the Schrodinger and Heisenberg equations and discuss briefly
the boundary conditions for the states of discrete and continuous energy
spectra for particle moving in attractive potential.

2.1.1  Schriédinger and Heisenberg equations

The first quantum-mechanical equation was proposed by Schrédin-
ger [2] in 1927. The Schrédinger equation is

58 — o), (2.1)
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where Hy is the Hamiltonian
p?

The first term in the Hamilton Hg is the kinetic energy, which depends on
the momentum operator p = —ihV, and the second term is the potential
energy depending on the coordinate operator r. The particle coordinate
r and momentum p operators obey the following commutation relations

[pi, 2] = —ihdij,

where 1 = 1,2, 3.
The solution of equation (2.1) for the case of free particle, i.e.
U(r)=0,is

¥ (r,t) = Z [Cx exp (ikr) + C_y exp (—ikr)] exp (-i%z)’
K

where the energy of particle Fy in the state with the momentum 7k is

h2k?
k — 2_1,;);)‘;
the constants Cyx determine the initial state of the particle and can be
determined from the initial condition

P (r,0) = Z [Ck exp (ikr) 4+ C_x exp (—ikr)].
k

Thus the state of the free particle is described by the superposition
of plain waves, and the particle energy depends quadratically on its
momentum.

The general algorithm of obtaining equation for particle interacting
with the electromagnetic field from free particle equation consists in the
use of the following replacements

L0 L0 : : q
zh& — zha —qp, —thV — —ihV — EA’ (2.3)

where ¢ is the particle charge, ¢ (r,t) and A (r,t) are the scalar and
vector potentials of the electromagnetic field, respectively. By applying
the replacements (2.3) to the Hamiltonian of free particle, we get the
following wave equation for the particle interacting with the electromag-
netic field

ih_aw(é:,t) = [i (p - %A>2 + qso} P (r,t). (24)

2m0



Schradinger equation 15

The eigenfunctions of the equation (2.1) enable us to determine the
quantum mechanical average of the arbitrary functions f (r, p) of oper-
ators r and p. The quantum mechanical average are determined by

J= / 5 (e, 0) £ (e,0) 2 (x, £) V.

The quantum mechanical representation in which the operators are the
function of canonically conjugated operators r and p, while the wave
functions are time-dependent, is called by Schrédinger representation.

Along with the Schrodinger representation the Heisenberg representa-
tion is widely used in quantum mechanics. In Heisenberg representation
the operators are time-dependent. The temporal evolution of the oper-
ators is described by the Heisenberg equation

G L O
i = g L H A+ 5 (2.5)

If the equation (2.5) and Hamiltonian (2.2) are applied to the coor-
dinate operator r then we get the following equation for the particle

velocity

dr 1

—dz—zfﬁ[r,HO]:;rTo-.

It is seen that the relationship between the particle velocity v and
momentum p coincides with that in classical mechanics.

In the similar way, we obtain the expression for the velocity of a
particle interacting with the electromagnetic field

C

v=%[r,H]=%;<p~q ), (2.6)

where we have used the Hamiltonian of the equation (2.4):

H=5—(p- %A)2 + qp. (2.7)

The equation (2.6) shows that the operator p corresponds to the gener-
alized momentum in classical electrodynamics

p=mgv+ %A.
The generalized momentum plays an auxiliary role in classical and

quantum mechanics, but in both cases the observable value is the particle
velocity.
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This book is devoted to the study of energy spectra of the hydrogenlike
atoms, therefore we shall use mainly the Schrodinger representation. The
Heisenberg representation is convenient when we study the evolution of
atom driving by some external electromagnetic wave. Nevertheless the
Heisenberg representation will also widely used here, because it enables
us to study the symmetry properties of different Hamiltonians and to
define the integrals of motion. Indeed according to the equation (2.5)
the operator f(r,p) is integral of motion if it commutes with the
Hamiltonian

£, H]=0.

It is well known that the integrals of motion play an exceptional role in
the classical and quantum mechanics.

2.1.2 Continuity equation, boundary conditions,
and normalization condition

The equation for the bilinear combination of the wave function enable
us to introduce the concept of the charge density and current density of
the matter field. Multiplying both sides of equation (2.4) by complex
conjugated wave function 1* and subtracting from the obtained equation
its complex conjugated we get

4L gl (-t (- 4] )

27TLO

This equation can be written in the form

ap o
T divj=0, (2.8)

where
p(r,t)=qly(r,1),

: q x(_, q . q *
i00) = = {or (—onv - LAYy + [(-inv - 2A) v] ).
The equation (2.8) has the form of the classical continuity equation.
Hence, the function p(r,t) can be associated with the charge density of
a particle, and the function j (r,¢) plays the role of the electric current
density.

Integrating the equation (2.8) over the whole space we get

* (q/]w (r,t)lde> . / §(r,t)ds. (2.9)

S(r—o0)
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If the particle is in the bound state of some potential well then the
current density should be equal to zero at infinity. As a result we obtain
the following boundary condition at infinity

The equation (2.9) together with the boundary condition (2.10) gener-
ates the following normalization condition for the wave function

/w (r,t)]?dV = 1. (2.11)

It is seen that the condition (2.11) means that the charge associated
with the particle is always equal to the elementary charge ¢ = =£|e|.

The equations (2.1) and (2.4) are the second order differential equation
with respect of the space variables. Therefore to define unambiguously
the radial wave function we need additionally in the second boundary
condition. It is assumed usually that the wave function should be finite
everywhere. For example, if we consider the particle motion in the
Coulomb field it is assumed that the wave function should be finite at
r=0.

For the particle interacting with the attracting static electric and mag-
netic fields, the equation (2.4) together with the boundary conditions at
r — oo and r = 0 generates the eigenvalue problem

Enin (1) = | o (b~ 4A )+ U @) ua 1) (2.12)
nln 20 p ) . .
The eigenfunctions uy, (r) corresponding to the different eigenvalues Ey,
are orthogonal

/u:‘l (r)um (r)dV = dpm.

Usually, the particles, producing the external (with respect to consid-
ered particle) fields, are located in the finite spatial volume, therefore
the potentials of electromagnetic field, produced by them, tend to zero
with the increase of distance: A(r)|,_,, — 0, ¢(r)],,, — 0. Asa
result, the potential energy of a particle, interacting with the external
fields, is equal to zero at r — oco. Hence, the energy of the bound states
of particle is negative, E, < 0.

If F, > 0 it means that the kinetic energy of a particle at r —
— 00 is non-zero, hence the particle can make an infinite motion. The
spectrum of the positive energy eigenvalues is continuous. As far as
A1), — 0, ©(r)],_ o — 0 the solutions of the equation (2.12) have
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the following asymptotic form at r — oo

Y(r)=C m (0,),

where k = \/2moE/h, and Y}, are the spherical harmonics.

The normalization condition for the wave functions of the continuous
spectrum is also determined by the equation (2.9). The general form of
solution is

sin (k:: +6)Yl

¥ (r) = By (1) Yim (0, ) -

The spherical harmonics are normalized by the condition

471‘ }/lm (9 (p) le’m' (9 (p) dQ = §ll’5mm’

In accordance with the definition (2.8), the charge of the spherical

layer (r,r 4 dr) is
dg=q (/ |4 (r)]> 2 dQ) dr.

It is assumed that the unite charge should pass through the spherical
surface of the infinite radius in the unit time. Hence

%o [woria) & - o

. - hk
jr,t)dS=quv= CIEO-
S(r—o0)

or

As a result the normalization condition is

/ R (7) RS (r) r2 dr = 26 (k — &)

where Rgl)o) (r) is the asymptotic form of the positive energy solutions
of equation (2.12).

2.1.3 Gauge transformation

The equation (2.4) is gauge invariant. Indeed, if simultaneously with
the gauge transformation of vector and scalar potentials

A (r,8) = Afr,6) + Vx(r,0),
lax t)

7 (r8) = o lr,) - 2200,
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we make the following transformation of the wave function

' (r,t) =9 (r,t)exp [-Zh—qéx (r,t)] . (2.13)
then the Schrodinger equation (2.4)

i = H(A,0)y

becomes o
. / / !
zhﬁ—:H(A,w)w.
It is seen that the Schrodinger equation does not change its form.
The gauge transformation of the wave function (2.13) does not change
the quantum mechanical average of the operators f (r) which depend on

the coordinate operator only. At the same time, the quantum mechanical
average of the generalized momentum operator p is changed

[vrwwav = [v (p+2vx)vav # [vpuav.

This is not unexpected, because the generalized momentum operator
does not correspond to the observable value. As we have mentioned
above the observable value is particle velocity. For the quantum me-
chanical average of the particle velocity operator, v =p — %A, we have

/ vy = — / v (p—2a)yav =
= %/W (p+ %Vx— %A— -Z-Vx>¢dV = /WW/)dV

It can be easily shown also that any degrees of the velocity operator are
gauge invariant too.
Hence, the quantum mechanical averages of the arbitrary functions

of the coordinate and velocity operators, f (r, p— %A), are the gauge
invariant values.

2.2  Quantum mechanical operators

In previous section we have introduced the coordinate, momentum,
and Hamiltonian operators. The exceptional role in atomic spectroscopy
plays the parity operator and angular momentum operator. Here we dis-
cuss shortly the properties of these two additional quantum mechanical
operators. As we have already mentioned above the Hamiltonian is the
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basic operator in quantum mechanical theory. Its quantum mechanical
average is the energy of a system. The energy of an isolated system
of particles should not vary when we make the transformations of the
reference frame. The quantum mechanical operators are closely related
with the operators of the orthogonal transformations of the reference
frame.

2.2.1 Momentum operator

The energy of an isolated system of particles is invariant with respect
to the spatial translation, i.e. when the coordinates of all particles
in the system are changed in the following way: r, — rq + ér. We
can consider the infinitesimally small translation dr, because any finite
translation is a sum of the infinitesimally small translations. If we apply
this transformation to the wave function v (r1,re,...) it becomes

P (r1 +(5r,r2+5r,...):w(rl,rg,...)+5rzvaw(r1,r2,...)
a

or

Y (ry +6r,ro +6r,...) = (1+5rzva>w(r1,r2,...).

Thus the operator
T=1+6r) V,
[

is the operator the infinitesimally small spatial translation. Since the
energy of isolated system does not change under spatial translation, it
means

THy = HTY.

(;VG)H—H(;VG) =0.

As we have already mentioned, if operator commutes with the Hamil-
tonian, then the physical variable corresponding to this operator is
conservative. In classical mechanics the physical variable, which is
conservative due to the homogeneity of space, is the momentum. Hence
the operator YV, is proportional to the momentum operator. The

Hence

a
coefficient of proportionality can be found if, for example, we calculate
the quantum mechanical average of operator p = —ihAV for free particle
describing by plane wave 1y (r) = Cexp (ikr)

/ VPP dV = fik / A
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Thus, the operator
p = —ihV

is the quantum mechanical momentum operator.

2.2.2  Space inversion and parity operator

The space inversion transformation consists in the replacement r —
- —r. The operator P generating this transformation is called by the

parity operator
Py () = % ().

Let us apply the parity operator to the Hamiltonian (2.7). The gen-
eralized momentum p and vector potential A are both polar vectors,
therefore at the space inversion transformation we have Pp = —p and
PA = —A. Hence the kinetic energy remains invariable at the space
inversion. If the potential energy is invariant with respect to the space
inversion U (r) = U (—r), i.e. if the external potential is centrosymmet-
ric, then the parity operator P commutes with the Hamiltonian (2.7)

[P, H] = 0.

The commuting operators have the common set of eigenfunctions.
The eigenvalues of the parity operator can be found in the following way.
On the one hand

Py (r) = Ppy (r) = p*¢ ().
On the other hand
P2 (r) = Py (—r) = ¢ (r).

Hence

pi2 = £1.
As a result the wave functions of the particle, moving in the cen-
trosymmetrical potential ¢ (r) = ¢ (—r), either remain invariable or

change the sign under the space inversion. The state in which the wave
function does not change its sign is called by the even state, if the wave
function changes its sign under the space inversion transformation then
the corresponding state is called by the odd state.

Thus the invariance of the Hamiltonian with respect to the space
inversion transformation manifests the parity conservation law: if an
isolated ensemble of particles has a definite parity, then the parity
remains invariable in the process of ensemble evolution.

The wave functions of the even states are the scalar functions, the
wave functions of the odd states are the pseudoscalar functions.
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2.2.3  Three-dimensional rotations and angular momentum
operator

The rotation of an isolated ensemble of particles, as a whole, around an
arbitrary axis does not change the relative positions of particles, hence,
the state of the whole system should remain invariable. Let us consider
infinitesimally small rotation d¢ around the z axis. Under this rotation
the particle coordinates are transformed in the following way

o =x+0py, y=y-dpz, 2=z
The transformation of wave function is

gt N _aﬂ__ _3_1[).__
@b(lab:Z)'“d’(iE»y,z)"Ffs‘Pyax 6(1032(93.]_

Hence the operator of infinitesimally small rotation around the z axis is
0 9
R, (6p) =1+ b¢ <y% - xa—y) .

Under the rotation around the arbitrary axis d¢ the rotation operator
becomes

R(0¢) = 1 —idgl,
where the angular momentum operator 7l is defined as
hl = [rp] = —ik[rV]. (2.14)
The components of the angular momentum operator

hly = yp. — 2Py, hly =2py —TPp;, N, = TPy — YDz

obey the following commutation relations

[laa lﬁ] = ieaﬁ'yl'ya (2.15)

where «, 5,7 = z,y, 2 and eqgy is the completely antisymmetric tensor
of the third order. The elements of this tensor are equal to zero if
any two of its three indexes coincide. The non-zero elements of this
tensor correspond to the three different indexes. It is usually assumed
that ezy, = 1 and any other elements obtained by permutation of these
indexes are equal to minus unity, if the number of permutations is odd,
and unity, if the number of permutations is even.
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The commutation relations for the angular momentum operator and
operators of coordinate and generalized momentum are

la, 78] =1€apyrys o, pgl = t€agyPy- (2.16)
The operator of the angular momentum square
P=2+02+12
commutes with each of the component of operator 1. Indeed
[12,1a] =1 lg, la] + {8, la] g = —ieaplgly + i€ayplylg = 0. (2.17)

In the spherical set of coordinates the angular momentum square oper-

ator is

o | L & 10 /(:,0

I = [sin208(p2+sin989 smeae . (2.18)
It is seen that the operator (2.18) coincides with the angular part of the
Laplace operator, written in the spherical coordinates

10 7] 1

As far as operators 12 and I, commute then they have the common
set of eigenfunctions. With the help of commutation relations (2.15) it
can be easily shown that the common eigenfunctions obey the equations

Py (1) =11+ D (v), L (v) = mabym, (r), (2.20)

where [ is non-negative integer, [ = 0,1,2,..., and the z-projection of
angular momentum takes the values m = —I, -l +1,...,[. The solutions
of the equations (2.20) are the spherical harmonics

mim| o4+ 1 (I —|m|)!
Yim (9,(;0) :(_—1) 2 Zl dn §l+1m:;! l|ml

(cos @) exp (tmep) ,

(2.21)
where P/™ (cos ) is the associated Legendre polynomial.

It can be easily shown that the Hamiltonian (2.2) for the case of
particle motion in the spherically symmetric potential ¢ (r) = ¢ (r)
commutes with the angular momentum operator. Indeed the equation
for the angular momentum operator in spherical coordinates is

T 0Sin6op Y80

(2.22)
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It is seen from (2.22) that the angular momentum operator commutes
with U (r). On the other hand, as it follows from the equations (2.17)-
(2.19) the operator 1 commutes with the Laplace operator. Thus when
we deal with the eigenvalue problem on particle motion in the spherically
symmetric potential ¢ (r), we can always express the eigenfunctions in
terms of the spherical harmonics (2.21).

It is evident that the angular momentum operator is invariant with
respect of space inversion transformation, because both coordinate and
generalized momentum operators change sign under the space inversion.
Hence the eigenfunctions of the problem on the particle motion in the
spherically symmetric potential have to have the definite parity. The
parity of the different states are determined by the parity the spherical
harmonics (2.21). By applying the parity operator to the spherical
harmonics we get

PYjm (8,) = Yira (1 = 0,0+ 1) = (=1)' Vi (6, ) ,
i.e. the parity of state is defined by
P =(-1). (2.23)

The angular momentum operator in the cylindrical set of coordinates

is
.z 0 . 0 a .0
1-—- ep (l;a—(p) +e(p {—’L (Z'a—p — p'é‘;)} + (7% (—25‘;> . (224)

It is evident from this equation, that the angular momentum projection
operator [, commutes with the Hamiltonian (2.7) when U = U (p, 2)
and A = e, A (p, 2). In this case, as it follows from the equations (2.20)
and (2.21), the angular part of the wave function is given by exp (imp).
Hence the parity of eigenstates for the problem of particle motion in the
external fields of cylindric symmetry is defined by

P = (-1)™. (2.25)

2.3 Particle motion in the Coulomb field

Let us consider the problem on a particle motion in the attracting
Coulomb field. In this case the potential energy of a particle is

2
and the equation (2.12) became

2 2 2
[_5% (5@; + %% - :,7) - Zfi Ve (r) = EYp (r). (2.27)
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We have shown above, that the Hamiltonian of the equation (2.27)
commutes with the operators of parity, angular momentum square,
and projection of angular momentum. Therefore the wave function
can be expressed in terms of the eigenfunctions of the parity, angular
momentum, and projection of angular momentum operators. However,
as we have seen, the parity of states in the spherically symmetric external
field is unambiguously determined by the angular momentum, therefore
to define the particle state we can use the following quantum numbers:
energy F, angular momentum /, and projection of angular momentum m.

2.3.1 Discrete spectrum

As we have discussed above for the bound states of electron in the
Coulomb field the boundary conditions require that the wave function
should be finite at 7 = 0 and turn to zero at r — oo

V5 (1)), 00 = 0. (2.28)

The analysis, given in the previous section, has shown that in the
case of particle motion in the spherically symmetric potential the wave
function can be taken in the form

Ve (r) = R(r)Yim (0,9).

By substituting the latter equation into the equation (2.27) we get the
following equation for the radial part of the wave function

d 2d I(I+1) 2meZe*l  2mgE B
(WJVFE_ S Amie L BV R =0, (229)

Taking into account that the bound states are the states of the negative
energy, it is convenient to introduce the following notation

2m0|E|

The general solution of the equation (2.29) is

R(r) = [ClF (L+1— 7,20 +2,267) +
+ Co(26r) 2TV F (=1 =, -2, er)}rl exp (—«r), (2.30)
where F'(a, b, z) is the confluent hypergeometric function, v = Z/(kag).
Here ap is the Bohr radius
ap = 2. (2.31)

mope
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The asymptotic form of the confluent hypergeometric function F (a, b, 2)
at 2 =101is
F(a,b,|2| = 0) — 1.

Hence we should assume that Cy = 0, because the second term in
the right-hand-side of the equation (2.30) does not obey the boundary
condition at 7 = 0. The asymptotic form of confluent hypergeometric
function F (a,b,z) at z — oo is
T(b)exp(ira) _, , T( )
Flabz) = ————~ "z 4+ =
(02 = =5 —a) @’
It is seen that the second term in this equation infinitely increases when
r — 00. However, this term vanishes when the argument a of the
confluent hypergeometric function F'(a,b,z) is a non-positive integer.
Thus the solution (2.30) satisfies the boundary conditions when Cy =0
and

“bexp(z)+....

l+1—v=-n,;, (2.32)

where n, is the non-negative integer.
The latter equation yields the following equation for the energy spec-
trum of bound states
g2p2 2.4
B, = o _Zem (2.33)

QmOaBn 2h*n?

where
n=n,+0+1=1,2,3,...

Notice, that the energy spectrum (2.33), resulted from the solution of
the quantum mechanical problem on the electron motion in the Coulomb
field, coincides with the spectrum that was obtained with the help
application of the Bohr—Sommerfeld quantization rules to the classical
equations. The quantum number n, is called by the radial quantum
number. We shall see later that the radial quantum number determines
the number of nodes of the radial wave function R (r). The quantum
number [ is usually called by the azimuthal quantum number. The
quantum number n is called by the principle quantum number.

Before the quantum mechanics was completely worked out, the spec-
troscopic notations were developed to describe the different hydrogen-
like energy levels in an atom. Basically, the notation consisted of a
number (representing the value of n) followed by a letter (representing
the value of [). The letters originally described the characteristics of
the spectral lines, like “sharp”, “principal”, etc. The correspondence
between the values of [ and letters is given in Tab. 2.1.
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Table 2.1. Spectroscopic notation

l = 0 1 2 3 4 5
letter — ] P d f g h

It can be easily shown that the ground state of the hydrogenlike atom
is always the s state. Indeed, the substitution R (r) = f (r) /r transforms
the equation (2.29) to the form

(d2 L 2B

Lol D ) fi) =0

It is seen that the last equation coincides with the Schrédinger equation
for particle moving in the one-dimensional potential well of the form

B2 1(1+1)
2mg  r?

Ueg (r) =U (ry+

The second term in the right-hand-side of this equation is the energy of
centrifugal motion. This energy is definitely positive at { > 0. Hence, the
energy of fundamental states at [ > 0 is always higher than the energy
of the s state. It can also be stated that the energy of the fundamental
state for a given ! increases with the increase of [.

In the case when a is a non-positive integer, the confluent hypergeo-
metric functions F (a,b, z) can be expressed in terms of the Laguerre
polynomials: F(—n,b+1,z) = (D(b+ 1)n!/T(b+ 1+ n))L%b)(z). Hence
the radial wave function R (r) can be rewritten in the following equiva-
lent form

R (r) = Crtexp (—rnr) LZTY (260r), (2.34)
where k, = 1/nap. By using the normalization condition

00

/R?Ll(r) r2dr =1,

0

we get the following equation for the normalized wave function

Ry (r) = \/(2’{712)2?;13)7 bt (Qf-anr)lexp (—Knr) lez_lj'_l)l (26p1) =

2 | ZB—1-1) (225 Zr \ ;@) (227
=5 ___asB(n+l)! <naB> exp ~rin Ly nan (2.35)
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The explicit form of the wave functions for a number of states in
hydrogen atom is given below:

1 1s—state (n=1,1=0)

2 2s —state (n = 2,1 =0)

1 r T
Ry (7“) = Egexl) <_§71—1;> (1 - E) ;

3 2p—state (n=2,1=1)

1 T T
Rop (r) = \ 6a3 P <—"2—ag) %ag

4 3s - state (n = 3,1 = 0)

2 r T 2 T 2
foo (1) = Loy O (‘3‘3) (1”2%+§ (E) >;

5 3p-state (n=3,1=1)

2 2 T r r
Rap(r) = 51/ 305 &P (“3—> (2 B 3—> 3an’
6 3d - state (n = 3,1 = 2)

2 2 T T 2
R3d (T) = § _15a]33 exp (—%> <%) .

The graphs of the corresponding functions is shown in Fig. 2.1. By
taking into account the definition of the principle quantum number n:

n=n,+1+1, (2.36)

we can see that the number of zeros of the wave function is really
determined by the radial quantum number n,. The wave functions of
the s states are maxima at r = 0, the wave functions of states with [ > 0
turn into zero at this point.

We have mentioned above that the product R%(r) 2, proportional to
the probability for particle to be inside the spherical layer (r,r + dr),
is called by the charge density. The charge density distribution for the
above states is shown in Fig. 2.2. It is seen that the maximum of charge
density moves away from the center with the increase of the principle
quantum number n.
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2.3.2 Continuous spectrum

The continuous spectrum of the positive energy eigenvalues is
stretched from zero up to infinity. Each energy eigenvalue is infinitely
degenerated with respect to the angular momentum [, which runs all
integers from zero up to infinity, and its projection m, taking all possible
values, |m| <1, at given [.

The general solution is given by the equation (2.30), where we should
again assume the coefficient C5 equal to zero in order to satisfy the
boundary condition at r = 0:

Ry (1) = Cri(2kr)! exp (—ikr) F (l +1 + 2l +2 z2kr> (2.37)

where

k= \/ngE

h
The asymptotical form of the solution (2.37) at infinity is

T2l +2)exp (—%) sin (kr + <kZ ) In2kr — %l + 51)
Ry (r) = Ci 2 2B

ir(z+1+—lz> hr
kap
(2.38)

where § = arg' (1 + 1 — iZ/(kag)). By normalizing the wave function
in accordance with the procedure discussed in subsection 2.1.2, we get
the following equation for the normalization coefficient Cy:

Lo 2
_ 8rkZ/a
COr = \/1 —exp(— 27rZI;(kaB) F(Ql +2) I:_[ 8%+ (kaB)

2.3.3 Matrix elements of transitions

The rate of the radiative transitions between the atomic states de-
pends on the magnitude of the matrix elements of transitions

(nilima| r [nolomy) = /w:uhml (r) *¥nytym, dV. (2.39)

It is convenient to make the following transformation of the radius
vector r:

r =e;rsinfexp (ip) + e_rsinfexp (—ip) + e,r cosb,

where ex = (e; Fiey)/2. In this case the right-hand-side of the
equation (2.39) transforms into the product of integrals over the radial
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and angular variables. The integrals over the angular variables give us
the selection rules for the dipole allowed transitions. They are

(hi—mi+) L +my+1
(llmllcosﬁllzmg)—z\/l (211_}_1;52111_1_31) )512’11+15m2,m1,

. (g -ma+1)(la+ma+1)
<l1m1| cost [l2m2> - Z\/ (212 T+ 1) (212 T+ 3) 5ll,l2+15m1,m2,
(2.40)
(lum1| sin @ exp (i) |lama) =
(11 —m1+1)(l1 —m1+2)
2L +1) (2 +3) Oz f1-+10ma,mi -1,
(lym;]| sin @ exp (i) |lama) =
_ i\ﬁz +ma+ 1) {lz +ma +2)

(21, +1) (205 + 3) Bt o 10my mat1-

The matrix elements for the component (re-) can be easily obtained
from the last two equations in (2.40) with the help of the equality

(lymy| sin@ exp (—ip) |lama) = (lama]sin @ exp (i) [lim1)* .

Thus the selection rules for the dipole allowed transitions are:
a) linear polarized wave

Al=1—lp =211, Am=m —mg=0;
b) circular polarized wave
Alzll—lgzil, Amzml—-mzzztl.

In the last case the signs plus and minus correspond to the right and left
circular polarized waves, respectively.
The radial matrix elements are

aB 2l1+l2+2 \/(nl - ll - 1 TLg - lg - 1)'

(nllll?‘]?hl?) 11+2 12+2 n1+l1 n2+12)!

o0
li+1243 1 1 (2+1) (22 ;@L+1) [22)
X /x 1+i2 exp li—l' <;L_1_ + E)] Ln11—l1—1 (n_1> Ln22—l2——1 <n—2 dz
0
(2.41)

Particularly, for the transition 1S — nP we get

(n+ 1) 16n°(n — 1)*~°
Z n=2)! (n+1)""

(nP|7[18) = (2.42)
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Table 2.2. Radial matrix elements of transitions 1.5 — nP

n 2 3 4 5 6 7 8
é (nP|r|1S) 1.29027 0.51669 0.30458 0.2087 0.15514 0.12142 0.0985
n 9 10 11 12 13 14 15
o (nP|r|1S) 0.08205 0.06975 0.06026 0.05276 0.0467 0.04173 0.03758
n 16 17 18 19 20 21 22

EZ—(nP|r|1S) 0.03408 0.03109 0.02852 0.02628 0.02432 0.02259 0.02106
B

Table 2.2 shows the numerical values of the matrix elements 1.5 — nP
when n is varied in the range 2 < n < 22.

The equation (2.42) enables us to find the asymptotic form of the
matrix elements from the ground state to the high-lying quasiclassical
nP states. In the case when n > 1 we get from the equation (2.42) the
following result

_ag [(n+D)16n3(n—1)""2 C
(nP|r[18) = Z\ (n-2) (n+1)""3 w1 pd2 (2.43)

Thus, for these transitions, the oscillator force decreases with the in-
crease of the principle quantum number as 1/n3. In Fig. 2.3 the matrix

Figure 2.3. The magnitude of the matrix elements of nP — 18§ transitions in
hydrogen as a function of the principle quantum number n. The solid curve is the
exact function (2.42), the dashed curve is approximation (2.43). The dashed curve is
shifted down for convenience
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elements calculated on the basis of equations (2.42) and (2.43) are shown
in comparison. For the illustration purposes we assume the coefficient C
equal to C = 2, but at C' = 2.2 the two curves in Fig. 2.3 coincide almost
completely in the region n > 7. There is some discrepancy in the region
n < 7. But by comparing the equations (2.42) and (2.43) we can see
that according to equation (2.42) in the region n < 7 the decrease is
more fast, therefore in this region the higher powers of 1/n should be
included in asymptotic equation (2.43).

2.4 Hydrogen atom

The hydrogenlike atom consists of the electron and nucleus. The
atomic nucleus has the finite mass, therefore the nucleus of the hydrogen
atom is also involved into the motion. Hence, the energy spectrum must
depend on the nucleus mass. If the ratio of electron mass to nucleus
mass (in the hydrogen atom this is the ratio of electron mass to proton
mass me/mp ~ 5 - 10‘4) is taken as a smallness parameter, then the
energy spectrum of electron in the Coulomb field gives us only the zero
order approximation for the hydrogen atom spectrum. The total energy
of atom is the sum of the electron energy and nucleus energy. Similar
the total momentum, and total angular momentum of atom are the
sums of them for electron and nucleus. In the processes of absorption
or emission of photons by an atom, the conservation laws hold for whole
isolated system, therefore the motion of electron in the process of photon
absorption or emission is always accompanied by the motion of nucleus.
Therefore if we would like to increase the accuracy of calculated energy
spectra for hydrogenlike atom we should take into account the motion
of the atomic nucleus.

The account for the finite nucleus mass provides the simplest hydrogen
atom model. The further development of this model will be given in
the next chapters. Here, we start with the study of the influence of
the finiteness of the nucleus mass on the energy spectra of hydrogenlike
atoms.

2.4.1 Hamiltonian of two-particle problem

The Hamiltonian of system consisting of two charged particles with
the Coulomb interaction is

2 2
_ P, P,
Hy = e + e + It — 1o’ (2.44)

where ¢, and ¢, are the charges of particles. It is seen that the Hamil-
tonian (2.44) does not commute with momentum operators for each
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individual particle, but it commutes with the total momentum operator

P = pa + po- (2.45)
Indeed
. d 0 1
[P, Ho] = —ihgags (a—ra + 51;) = 0.

It means that the variation in the electron momentum of free atom
is always accompanied by the variation in the nucleus momentum.
However, the coordinate of the atomic center of mass does not vary,
because the total momentum is an integral of motion. Therefore it is
convenient to introduce the center-of-mass coordinate, R, and relative
position coordinate, r:

Mglq + MpTp

r=rg—r R=
a bs Mg + 1

(2.46)

Similar to the momentum operators, the operators of angular momen-
tum of each individual particle do not commute with the Hamiltonian
(2.44), but the total angular momentum operator

hL = hl, + Rly = [rapa] + [rbpb] (2'47)

commutes with the Hamiltonian (2.44). By taking into account that the
angular momentum operators 1, and 1, commute with each other and
both of them commute with the Laplace operators A, we get for the
total angular momentum operator

. 0 0 1
[La HO] = —1aGp (!:raa—ra] + [%55}) ————[I'a o] =0

Thus the total angular momentum operator L is the integral of motion,
while the angular momenta of the individual particles are not conserved.
If the transformations (2.46) are applied to the equation (2.47) we get

hL = (rp] + [RP], (2.48)
where
. 0 _ my _ Mg . 0 _
b= ""Zhla - Mg + mbpa Mg +mbpb, b= —lha_R’ ~ Pe + pu-
(2.49)

Thus the total angular momentum L is the sum of the angular momen-
tum of center of mass and angular momentum of the relative motion of
particles.
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2.4.2 Reduced electron mass

If the transformations (2.46) and (2.49) are applied to the Hamilto-
nian (2.44), we get

_ 2 Gadb 2
HO - “zmTAr + _’r— - _2(ma T mb) AR, (2'50)
where m, is the reduced electron mass, defined as
MMy
My = e (2.51)

If an atom is placed into the atomic trap, the potential of which
possesses the central symmetry, then the total angular momentum of
atom L is still the integral of motion. Indeed, if the potential energy
of a trap depends only on the magnitude of the radius vector R, i.e.
Utrap =U (R), we get

[L, U (R)] = =i ([raVa] + [ Va]) U (R) =

_ | MaTa + 0wy 10U
- 2[ mg + my R]R@R_

. 10U
—i[RR] 55 = 0.

The Hamiltonian for an atom, placed in the atomic trap, is

h2

H:HO—{—U(R)::__EQ_A _|..ga_qb__—__
2m,. T T 2(ma+mb)

Ar+U(R). (2.52)
Thus we can see that the Hamiltonian (2.52) is the sum of two terms.
One of them depends on the relative position coordinate, r, another term
depends on the center-of-mass coordinate, R. It is seen that the angular
momentum operator of the relative motion of particles [rp] and angular
momentum operator of center of mass [RP] commutes separately with
the Hamiltonian (2.52). Hence, both angular momenta are the integrals
of motion. In this case the two-particle wave function t (re,rp) is
factorized, i.e. it becomes a product of the wave functions depending on
the coordinates r and R in separate

¥ (ra, ) = f(r) g (R).
The wave functions f (r) and g (R) obey the following equations

( - %Ar + q‘:,qb)f (r)=EWf(r), (2.53a)
(“ M}E;T,,)AR + U(R))g(R) =E@g(R). (2.53b)
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It is seen that the Hamiltonian of the equation (2.53a) will completely
coincide with the Hamiltonian for the problem of electron motion in
Coulomb field, if we substitute the electron mass in equation (2.29)
by the reduced mass defined by the equation (2.51). Hence without
any additional analysis, we can easily write the equation for the energy
spectrum of the hydrogenlike atom, when ¢, = —|e| and g, = Z |e]

Z2et momy,
2K n® my, +me’

EY = - (2.54)

where me is the electron mass, and m,, is the nucleus mass.

2.4.3 Atom in trap

In the case of the free atom (U(R) = 0) the solutions of the equa-
tion (2.53b) are the plain waves ¥ (R) = Ckexp (KR). To find the
wave function ¢ (R) in the case of trapped atom, we need in the profile
of the potential well of atomic trap. In the vicinity of its bottom, the
potential energy of the atomic trap can be approximated by the parabolic
potential well:

U(R)=U(0)+aR?

By accounting the spherical symmetry of the problem, the wave function
of the equation (2.53b) can be taken in the following form

g (R) = g (R) Yim (Or, ¢R)

where the radial wave function g (R) obeys the following equation

d? 24 OME  I(l+1 M2
i’+—ﬁ+< e (R2 )_(T) R2>gz=0, (2.55)

dR?  RdR
M =mg+my, QF=2a/M.

The solutions of the equation (2.55) are again the confluent hypergeo-
metric functions. By taking into account the boundary conditions that

were discussed in the previous section, for eigenfunctions of the equation
(2.53b) we get

2ﬂ1+3/2 !
Engrlm (R) =4 m+711—};2)[}/lm ((9}{, (PR) X

2
x Rlexp (- ?%)Lgfgl/% (BRY), (2.56)
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where § = MQ/h, and ng is the non-negative integer. The spectrum of
the energy eigenvalues is defined by

By =1 (2np + 1+ g) . (2.57)

Similarly to the electron motion in the Coulomb field, the spectrum
(2.57) is degenerated with respect to the combination of the quantum
numbers ng and [. In this case, the combination is the sum of doubled
radial quantum number and orbital quantum number, p = 2ng + 1.

2.4.4  Interaction of trapped atom with electromagnetic

field
Let us consider the interaction of the trapped atom with the elec-
tromagnetic field. For the hydrogenlike atom, we have ¢, = — |e| and

@ = Z le|, and the Hamiltonian of the problem can be written in the
form

=5 (pe— A ()" + (pb——A<rb>)2+U<r>+U<R>:
2mr % ( a) T —A (rb)> p+U(r)+
+ (A (ra) — ZA(rp) )P+ U (R) +

2(ma +mb) M
G5 A2 a4 A2
+ ‘2-0—2 <m—aA (!‘a) + }—n—;A (I'b)> . (258)

The characteristic spatial width of the potential well of atomic trap is
significantly greater than the Bohr radius, i.e. v/Bag < 1, and we can
use the following expansions

A(ra) =A(R) + @ (V) A (R) +
(2.59)
A () =A(R) - ( VIAR)+.

The leading term of both expansions is
A (rop) = A(R),
Hence, the Hamiltonian (2.58) takes the form

=2 +U( )4 1l (ma +%)A(R)p+

2

+U(R)+ el (1—Z)A(R)P+% (miJ% A2(R).
’ (2.60)
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The last term in (2.60) is usually omitted, because its mean value over
the period of optical oscillations does not depend on the coordinate.
Therefore, for the hydrogen atom (when Z = 1), we get

h? le
S A4+ U(r)+

H=-— ’A(R)p—%ARJrU(R). (2.61)

mye
By comparing the equations (2.60) and (2.61) we can see that in hydro-
gen atom, in contrast to the hydrogenlike ions, the transitions between
the trap levels without change in the intra-atomic electron state are
prohibited. However it should be noted that the energy distance between
the states of atom in the atomic trap A2 is usually much smaller than
the energy distance between the different electron states in atom 7 <
& B, — Ep,. Therefore, if the frequency of electromagnetic wave is
close to the frequency of the intra-atomic electron transitions wpy, =
= (En — Ep) /h = w and at the same time < w, then the probability
of the above mentioned transitions is very low for ions too.

As already mentioned, the angular momenta #l; = [rp] and #ly =
= [RP] are both the integrals of motion. As a result the wave function
of the trapped atom can be written as the following product

?f) (ra,, Ty, t) = fml1m1 (I‘) gnglzmz (R) €xXp I:_Z El -7: E2 t] )
where the values of E; 9 are defined by the equations (2.54) and (2.57),
respectively:

Z%e4m 3
F=————+———" - E :hQ<2n +1 +—).
YT TR b+ 1) 2 2Tty
The probability amplitude for the transition between the trapped
hydrogen atom states of energy E = Ej + Eg and E' = E| + E} is
defined, in the frame of the first order approximation, by the following
equation
lel

OE'E (t) = pro— <n’1l'1m'1| P ]nlllml) X

t
X /<n’2l’2m’2| A (R, t) [nalama) exp [iE—;—Et’] dt'. (2.62)
0

It is convenient to express the matrix elements of the momentum oper-
ator in terms of the matrix elements of the coordinate operator. The
commutator of the Hamiltonian (2.53a) and operator r is
ih

p-
r

m

[Hot,x] = —
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Hence
<’rLlll,17TLl1| Hglr - I‘H01 |n1l1m1) = (Ell - El) <n'1 Ilmlll r |n1l1m1> =

_ _ﬂ T
= T <n111m1}P|n111m1>-

Now, we can use the matrix elements of the coordinate operator, that
were calculated in the previous section.
Let atom interact with the plain wave

A (R,t) = Apsin (wt — kR).

To calculate the matrix elements (nblimf| A (R)|naloms) we shall use
the following expansion of plain wave onto the spherical harmonics

o0

exp(ikZ) =Z (20 + 1) Py (cos8) ji(kr),

1=0

where j; () is the spherical Bessel functions. We have assumed that the
wave vector k of incident wave is directed along the z axis of the given
reference frame. Thus, the required matrix elements are

(n5lymy| Py (cos 8) ji(kr) [nalama) =
= /lemg (8,¢) P, (cos8) Yiym, (6, ¢) sin 6 df dpx
x / Rt exp (—BR?) L, (l2+1/ 2 (6R?) L=+ (BR?) ji(kR)R? dR
(2.63)
The first integral in (2.63) results in the following selection rules
=lo+1, mh=ma.

To calculate the second integral in (2.63) we can use the following
formula

/ma_l exp (—pz?)J,(cz) dz =
0

¢ T{a+v)/2) a+v e
p(a+u)/2 2U+IF(I/+1)F 2 Ut 1a 4_P )

where F(a,b, 2) is the confluent hypergeometric function.
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As an example for the matrix elements of the transition between the
initial state ng = 0, la = 0, m2 = 0 and final state ny = n, 15 =1, my =0

we get

(nl0) exp(ik Z)|000) =

_m 1\ nl(n+1+1/2)! k2 g2\ 2

n (_Um ) 2
xn;)(n_m)s(z+m+1/2)!L££L+1/z (E)' (2.64)

In particular

1{000] exp(ik Z)|000)|? = exp (-k—2> ,

20
1(010] exp(ik Z)|000)|* = ’;—;exp (-%) ,
L2 " (2.65)
[(100] exp(ik Z)|000)|* = 5 <§ﬁ> exp (—55> :

|(110] exp(ik2) 000)” = - <%>3exp (_i> .

The interpretation of the obtained equations becomes more obvious,
if we substitute the parameter 3 in the last equations by its explicit
expression: \

k2 __ (hk)* 1 _E

5 = oM RO - R (2.66)
Let atom be initially in the ground trap state. In the process of
photon absorption the atom should accept the recoil momentum hk and,
hence, the recoil energy E = h%k%/(2M). Thus we can see from the
equations (2.65) that the probability of atom transition from the ground
to excited trap state, in the process of photon absorption, depends on
the ratio of the recoil energy to the energy difference between the trap
states.

Notice that the process of the emission or absorption of photons by
the trapped atom is similar to the process of emission or absorption of
gamma photons by nuclei in crystals (Mossbauer effect). In the latter
case the probability of the recoilless emission depends on the ratio of the
recoil energy to the phonon energy.

The time integration in the equation (2.62) results in the energy
conservation law

Ej 4+ Ey = E1 + Ea + hw.
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Thus the equations (2.62)-(2.64) determine completely the selection
rules and the probabilities of the radiative transitions for the trapped
hydrogen atom. In contrast to hydrogen atom, the hydrogenlike ions
(Z > 1) can make the transitions between the atomic trap levels without
change in the intra-atomic electron state. This type of transitions is
described by the two last terms of the Hamiltonian (2.60).
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