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Summary. We describe a distributed or decomposed semidefinite programming
(SDP) method for solving Euclidean metric localization problems that arise from ad
hoc wireless sensor networks. Using the distributed method, we can solve very large
scale semidefinite programs which are intractable for the centralized methods. Our
distributed or decomposed SDP scheme also seems to be applicable to solving other
Euclidean geometry problems where points are locally connected.

1 Introduction

There has been an increase in the use of semidefinite programming (SDP)
for solving wide range of Euclidean distance geometry problems, such as data
compression, metric-space embedding, ball packing, chain folding etc. One
application of the SDP Euclidean distance geometry model lies in ad hoc
wireless sensor networks which are constructed for monitoring environmental
information(temperature, sound levels, light etc) across an entire physical
space. Typical networks of this type consist of a large number of densely
deployed sensor nodes which gather local data and communicate with other
nodes within a small range. The sensor data from these nodes are relevant
only if we know what location they refer to. Therefore knowledge of of each
sensor position becomes imperative. Generally, the use of a GPS system is a
very expensive solution to this requirement.

Indeed, other techniques to estimate node positions are being developed
that rely just on the measurements of distances between neighboring nodes
[BY04, BHE0O, DGP01, GKW02, HB01, HMS01, NNO01, SRL02, SHSO01,
SHS02, SRZ03]. The distance information could be based on criterion like
time of arrival, angle of arrival and received signal strength. Depending on
the accuracy of these measurements and processor, power and memory con-
straints at each of the nodes, there is some degree of error in the distance
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information. Furthermore, it is assumed that we already know the positions
of a few anchor nodes. The problem of finding the positions of all the nodes
given a few anchor nodes and partial distance information between the nodes
is called the position estimation or localization problem.

In particular, the paper [BY04] describes an SDP relaxation based model
for the position estimation problem in sensor networks. The optimization
problem is set up so as to minimize the error in the approximate distances
between the sensors. Observable traces are developed to measure the quality
of the distance data. The basic idea behind the technique is to convert the
non-convex quadratic distance constraints into linear constraints by introduc-
ing relaxations to remove the quadratic term in the formulation. The perfor-
mance of this technique is highly satisfactory compared to other techniques.
Very few anchor nodes are required to accurately estimate the position of all
the unknown sensors in a network. Also the estimation errors are minimal
even when the anchor nodes are not suitably placed within the network. More
importantly, for each sensor the model generates numerical data to measure
the reliability and accuracy of the positions computed from the model, which
can be used to detect erroneous or outlier sensors.

Unfortunately, the existing SDP solvers have very poor scalability. They
can only handle SDP problems with the dimension and the number of con-
straints up to few thousands, where in the SDP sensor localization model
the number of constraints is in the order of O(n?), where n is the number of
sensors. The difficulty is that each iteration of interior-point algorithm SDP
solvers needs to factorize and solve a dense matrix linear system whose dimen-
sion is the number of constraints. While we could solve localization problems
with 50 sensors in few seconds, we have tried to use several off-the-shell codes
to solve localization problems with 200 sensors and often these codes quit
either due to memory shortage or having reached the maximum computation
time.

In this report we describe an iterative distributed SDP computation
scheme to overcome this difficulty. We first partition the anchors into many
clusters according to their physical positions, and assign some sensors into
these clusters if a sensor has a direct connection to one of the anchors. We
then solve semidefinite programs independently at each cluster, and fix those
sensors’ positions which have high accuracy measures according the SDP com-
putation. These positioned sensors become “ghost anchors” and are used to
decide the remaining un-positioned sensors. The distributed scheme then re-
peats.

The distributed scheme is highly scalable and we have solved randomly
generated sensor networks of 4,000 sensors in few minutes for a sequential
implementation (that is, the cluster SDP problems are solved sequentially on
a single processor), while the solution quality remains as good as that of using
the centralized method for solving small networks. We remark that our dis-
tributed or decomposed computation scheme should be applicable to solving
other Euclidean geometry problems where points are locally connected.
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2 The Semidefinite Programming Model

We first present a quadratic programming formulation of the position estima-
tion problem, then introduce its semidefinite programming model.

For simplicity, let the sensor points be placed on a plane. Recall that we
have m known anchor points ar € R?, k = 1,...,m, and n unknown sensor
points z; € R2?, j =1, ...,n. For every pair of two points, we have a Euclidean
distance measure if the two are within a communication distance range R.
Therefore, say for 1,7 € Nj, we are given Euclidean distance data cfij between
unknown sensors ¢ and j, and for k,5 € Ny we know distance czkj between
anchor k and sensor j. Note that for the rest of pairs we have only a lower
bound R for their pair-wise distances. Therefore, the localization problem can
be formulated as an error minimization problem with mixed equalities and
inequalities:

minimize )7 ey, i<y i + 2 ki Ny Ohj

subject to ||z; — z;]|* = (di)? + auj, ¥V i,5 € Ny, 1 < j,
lax — a:]~||2 = (di;)% + ag;, for k,j € Ny,
llz; — ;]| > R?, for the rest i < j,
llar, — ;]| > R?, for the rest k, j,
ai; > 0, ag; = 0.

Let X = [z1 @2 ... z4] be the 2 x n matrix that needs to be determined.
Then
||iE¢ - l‘jl|2 = eiTjXTXeij,
lai — z;1|* = (asse,) T[T X]T[I X)(ai;e;),
where e;; is the vector with 1 at the ith position, —1 at the jth position and

zero everywhere else; and e; is the vector of all zero except —1 at the jth
position. Let ¥ = X7 X. Then the problem can be rewritten as:

minimize Zi,jENl, i<y @ij T Zk,jeNg Ok
subject to 6Z;Y61;j == (dij)z + g, Vi<jée Ny,
I X - .
(ak;ef)” (XT y) (akiej) = (dij)® + g, YV k,j € Na,
/o 1
e;ngeijZRz,Vz<j¢N1, (1)
I X ,
(ak; ;)T <XT Y) (ak;e;) = R*, V k,j ¢ Na,
Y = XTX, Qij > 0, 0] > 0.
Unfortunately, the above problem is not a convex optimization problem. Do-
herty et al. [DGPO01] ignore the non-convex inequality constraints but keep the
convex ones, resulting in a convex second-order cone optimization problem.

A drawback of their technique is that all position estimations will lie in the
convex hull of the known points. Others have essentially used various types of
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nonlinear equation and optimization solvers to solve similar quadratic mod-
els, where final solutions are highly dependent on initial solutions and search
directions.

Our method is to relax problem (1) to a semidefinite program:

minimize 37, oy i<y ®ij T Dk jeN, k)
subject to el Ye; = (dij)? + aij, Vi <j € Ny,
(ar; e5)" (XIT ?ﬁ) (ak;ej) = (dij)? + gy, ¥ k,j € N,
eYey; > R%, Vi<j¢ Ny,
(ak;e;)T <)§T g) (ar;ej) > R%, V k,j ¢ No,
Y= XTX, a;; >0, ag; >0.

(2)

The last matrix inequality is equivalent to (Boyd et al. [BEF94])

I X
(XTY> z 0.

Thus, the problem can be written as a standard SDP problem:

minimize Zi,jEN% i<y Oéij -+ Zk,jeNz QA
subject to (1;0;0) Z(1;0;0) =1
(0;1;0)7Z(0;1;0) =1
(1;1;072(1;150) =2
(05¢55)7Z(0; €35) = (dig)® + ouj, Vi < j € Ny, (3)
(ak; e5)" Z(ans e5) = (dis)? + any, ¥ k,j € Ny,
)

Il

(0;€:;)1Z(0;e;5) > R?, Vi< j¢ Ny,
(ar;e;)" Z(ak;e;) > R, V k,j ¢ No,
ZEO, OlijZO, Qs ZO

The matrix of Z has 2n+4n(n+1)/2 unknown variables. If Ny is sufficiently
large and all distance measures are perfect, then there is an unique optimal
Z solution, with zero objective value, for (3). Moreover, in

2 (45), o

we must have Y = (X)7 X and X equal true positions of the unknown sensors.
That is, the SDP relaxation solves the original problem exactly. More precisely,
we have the following theorem.

Theorem 1. Let all distance measures di; and dy; be perfect. Then, the min-
imal value of (3) is zero. Moreover, let N1 and Ny be the set of all unknown
sensors and anchors, the number of anchors equal 3, and the left-hand matrix
of linear equations of (8) has full rank. Then we must have
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¥ = (X)TX

in the optimal solution Z of (3), i.e., Z has rank 2, and X represents the true
positions of all unknown sensors.

Proof. Let X* be the true position matrix of the n unknown points, and

7 _ I X*
- (X*>T (X*)TX* .
Then Z* is a feasible solution for (3) with all c;; = 0 and aj, = 0. But the
objective value of (3) is greater than or equal to zero, so the minimal value of
(3) must be zero.

If Ny and N, contain all unknown sensors and anchors, that is, we have
perfect distance relations between all sets of points, we have

[Ni|=n(n—1)/2 and |N3|=3n

which give 3n + n(n — 1)/2 of linear equations in (3). This number equals
2n + n(n + 1)/2, the total number of variable in matrix Z. Furthermore,
if the left-hand constraint matrix of these linear equations is full rank, Z
would be uniquely determined and it must be Z*, so that X = X* and
V=(X"X*=XTX. 0O

As discussed in [BY04], the condition to have a full rank constraint matrix
is that the three anchors are not on a same line.

Generally, for imperfect information cases, we have ¥ — X7 X > 0 This
inequality constitutes error analyses of the position estimation. For example,

Trace(Y — XTX) :Z —11Z;11?),
j=1

the total trace of the difference matrix, measures the efficiency and quality of
distance data d;; and dy;. In particular, individual trace

Yij — 112, (5)

helps us to evaluate the position estimation, Z;, for sensor j. The smaller the
trace, the higher accuracy of the estimation.

3 A Distributed SDP Method

A round of the distributed computation method is straightforward and intu-
itive:

1. Partition the anchors into a number of clusters according to their geo-
graphical positions. In our implementation, we partition the entire sensor
area into a number of equal-sized squares and those anchors in a same
square form a regional cluster.
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Fig. 1. First round position estimations for the 2,000 sensor network, noisy-
factor=0, radio-range=.06, and the number of clusters=49.

2. Each (unpositioned) sensor sees if it has a direct connection to an anchor
(within the communication range to an anchor). If it does, it becomes an
unknown sensor point in the cluster to which the anchor belongs. Note
that a sensor may be assigned into multiple clusters and some sensors are
not assigned into any cluster.

3. For each cluster of anchors and unknown sensors, formulate the error
minimization problem for that cluster, and solve the resulting SDP model
if the number of anchors is more than 2. Typically, each cluster has less
than 100 sensors and the model can be solved efficiently.

4. After solving each SDP model, check the individual trace (5) for each un-
known sensor in the model. If it is below a predetermined small tolerance,
label the sensor as positioned and its estimation Z; becomes an “ anchor”.
If a sensor is assigned in multiple clusters, we choose the Z; that has the
smallest individual trace. This is done so as to choose the best estima-
tion of the particular sensor from the estimations provided by solving the
different clusters.

5. Consider positioned sensors as anchors and return to Step 1 to start the
next round of estimation.
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Fig. 2. Second round position estimations for the 2,000 sensor network, noisy-
factor=0, radio-range=.06, and the number of clusters=49.

Note that the solution of the SDP problem in each cluster can be carried
out at the cluster level so that the computation is highly distributive. The only
information that needs to be passed among the neighboring clusters is which
of the unknown sensors become positioned after a round of SDP solutions.

In solving the SDP model for each cluster, even if the number of sen-
sors is below 100, the total number of constraints could be in the range of
thousands. However, many of those "bounding away” constraints, i.e., the
constraints between two remote points, are inactive or redundant at the op-
timal solution. Therefore, we adapt an iterative active constraint generation
method. First, we solve the problem including only partial equality constraints
and completely ignoring the bounding-away inequality constraints to obtain
a solution. Secondly we verify the equality and inequality constraints and add
those violated at the current solution into the model, and then resolve it with
a “warm-start” solution. We can repeat this process until all of the constraints
are satisfied. Typically, only about O{n-+m) constraints are active at the final
solution so that the total number of constraints in the model can be controlled
at O(n +m).
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Fig. 3. Third and final round position estimations for the 2,000 sensor network,
noisy-factor=0, radio-range=.06, and the number of clusters=49.

Two SDP codes are used in our method, the primal-dual homogeneous and
self-dual interior-point algorithm SeDuMi of [Stu01] and the dual interior-
point algorithm DSDP2.0 of [BYZ03]. Typically, DSDP2.0 is 2 to 3 times
faster than SeDuMi, but SeDuMi is often more accurate and robust. DSDP
is faster due to the fact that the sparse data structure of the problem is more
suitable for DSDP.

4 Computational Results

Simulations were performed on networks of 2,000 to 4,000 sensor points
which are randomly generated in a square region of [-.5 .5] x [—.5 .5] using
rand(2,n) — .5 in MATLAB. The distance between two points is calculated
as follows: If the distance is less than a given radiorange between [0, 1], a
random error was added to it

dij = di; - (1 4+ randn(1) - noisy factor),
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Fig. 4. First round position estimations for the 2,000 sensor network, noisy-
factor==0.05, radio-range=.06, and the number of clusters=49.

where noisy factor is a given number between [0, 1]. If the distance is beyond
the given radiorange, no distance information is known to the algorithm
except that it is greater than radiorange. We generally select the first 10%
of the points as anchors, that is, anchors are also uniformly distributed in the
same random manner. The tolerance for labeling a sensor as positioned is set
at 0.01 - (1 + noisyfactor) - radiorange.

Also the original true and the estimated sensor positions are plotted. The
blue points refer to the positions of the anchors, green points to the true loca-
tions of the unknown sensors and red points to their estimated positions from
the computation. The error offset between the true and estimated positions
for an individual sensor is depicted by a solid blue line in each figure.

The first simulation is carried out for solving a network localization with
2, 000 sensors, where the iterative distributed SDP method terminates in three
rounds, see Figures 1, 2 and 3. When a sensor is not positioned, its estima-
tion is typically at the origin. In this simulation, the entire sensor region is
partitioned into 7 x 7 equal-sized squares, that is, 49 clusters, and the radio
range is set at .06. The total solution time for the three round computation
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Fig. 5. Sixth round position estimations for the 2,000 sensor network, noisy-
factor=0.05, radio-range=.06, and the number of clusters=49,

on a single Pentium 1.2 GHz and 500 MB PC, excluding the computation of
d;;, is about two minutes.

As can be seen from the Figures 1, 2 and 3, it is usually the outlying
sensors at the boundary or the sensors which do not have many anchors within
the radio range that are not estimated in the initial stages of the method.
Gradually, as the number of well estimated sensors or ’ghost’ anchors grows,
more and more of these points are estimated.

The second simulation is for solving the same network of 2,000 sensors
and 49 clusters, but the distance d;; is perturbed by a random noise either
plus or minus, that is,

dij = dij - (1 + randn(1) % 0.05),

where randn(l) is a standard normal random number. The iterative dis-
tributed SDP method terminates in thirteen rounds, see Figures 4, 5 and
6 for rounds 1, 6 and 13.

It is expected that the noisy cases will take more iterations since the
number of 'ghost’ anchors added at each iteration will be lower due to higher
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Fig. 6. Thirteenth and final round position estimations for the 2, 000 sensor network,
noisy-factor=0.05, radio-range=.06, and the number of clusters=49.
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Fig. 7. Diamond: the offset distance between estimated and true positions, Square:
the square root of individual trace (5) for the 2,000 sensor network.
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Fig. 8. First round position estimations in the 4, 000 sensor network, noisy-factor=0,
radio-range=.035, and the number of clusters=100.

errors in estimation. The final rounds mainly refine position estimations for a
small number of sensors and each round runs in a few seconds.

Note that the estimation from the distributed method possesses good qual-
ity and there is no propagation of noisy errors. One sensor on the very up-
right corner is unconnected to the network in this noisy data so that it is
un-positioned at the final solution. Its individual trace also indicates this fact
in the simulation, see Figure 7 for the correlation between individual error
offset (blue diamond) and the square-root of trace (red square) for a few sen-
sors whose trace is higher than 0.01 - (1 + noisyfactor) - radiorange after the
final round.

The third simulation solves a network localization with 4,000 sensors,
where the iterative distributed SDP method terminates in five rounds, see
Figures 8, 9, and 10 for rounds 1, 3 and 5. In this simulation, the entire sensor
region is partitioned into 10 x 10 equal-sized squares, that is, 100 clusters, and
the radio range is set at .035. The total solution time for the five round compu-
tation on the single Pentium 1.2 GHz and 500 MB PC, excluding computing
cfij, is about four minutes.
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Fig. 9. Third round position estimations in the 4,000 sensor network, noisy-
factor=0, radio-range=.035, and the number of clusters=100.

It is interesting to note that the erroneous points are concentrated within
particular regions. This clearly indicates that the clustering approach pre-
vents the propagation of errors to other clusters. Again, see Figure 11 for the
correlation between individual error offset (blue diamond) and the square-
root of trace (red square) for a few sensors whose trace is higher than
0.008 - (1 + noisy factor) - radiorange after the final round of the third simu-
lation.

5 Work in Progress

The current clustering approach assumes that the anchor nodes are more or
less uniformly distributed over the entire space. So by dividing the entire space
into smaller sized square clusters, the number of anchors in each cluster is also
more or less the same.

However this may or may not be the case in a real scenario. A better
approach would be to create clusters more intelligently based on local con-
nectivity information. Keeping this in mind, we try and find for each sensor
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Fig. 10. Fifth and final round position estimations in the 4,000 sensor network,
noisy-factor=0, radio-range=.035, and the number of clusters=100.
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Fig. 11. Diamond: the offset distance between estimated and true positions, Square:
the square root of individual trace (5) for the 4,000 sensor network.



Ad Hoc Wireless Sensor Network Localization 83

its immediate neighborhood, that is, points within radio range of it. It can
be said that such points are within one hop of each other. Higher degrees of
connectivity between different points can also be evaluated by calculating the
minimum number of hops between the 2 points. Using the hop information,
we propose to construct clusters which are not necessarily of any particular
geometric configuration but are defined by its connectivity with neighborhood
points. Such clusters would yield much more efficient SDP models and faster
and more accurate estimations.

6 Concluding Remarks

The distributed SDP approach solves with great accuracy and speed very large
estimation problems which would otherwise be extremely time consuming in
a centralized approach. Also due to smaller independent clusters, the noise or
error propagation is quite limited as opposed to centralized algorithms.

In fact, the trace error (5) provides us with a very reliable measure of how
accurate the estimation is and is used to discard estimations which may be
very inaccurate as well as determining good estimations which may be used
in future estimations.

This distributed algorithm is particularly relevant in the ad hoc net-
work scenario where so much emphasis is given to decentralized computation
schemes.
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