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Summary. In this paper we propose two variants of Local Search Method for re- 
verse convex problems. The first is based on well-known theorem of H. Tuy as well 
as on Linearization Principle. The second variant is due to an idea of J. Rosen. We 
demonstrate the practical effectiveness of the proposed methods computationally. 
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1 Introduction 

The present situation in Continuous Nonconvex Optimization may be viewed 
as dominated by methods transferred from other sciences [I]-[3], as Discrete 
Optimization (Branch&Bound, cuts methods, outside and inside approxima- 
tions, vertex enumeration and so on), Physics, Chemistry (simulated annealing 
methods), Biology (genetic and ant colony algorithms) etc. 

On the other hand the classical method [ll] of convex optimization have 
been thrown aside because of its inefficiency [I]-[6]. As is well known, the 
conspicuous limitation of convex optimization methods applied to nonconvex 
problems is their inability of escape a local extremum or even a critical point 
depending on a starting point [I]-[3]. So, the classical apparatus shows itself 
inoperative for new problems arising from practice. 

In such a situation it is desirable to create a global optimization approach 
aimed a t  nonconvex problems - in particular to Reverse Convex Problem 
(RCP) - connected on with Convex Optimization Theory and using the 
methods of Convex Optimization. 

We ventured to propose such an approach [12] and to advance the following 
principles of Nonconvex Optimization. 

I. The linearization of the basic (generic) nonconvexity of a problem of 
interest and consequently a reducing of the problem to a family of (partially) 
linearized problems. 
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11. The application of convex optimization methods for solving the lin- 
earized problems and, as a consequence, within special local search methods. 

111. Construction of "good" (pertinent) approximations (resolving sets) of 
level surfaces and epigraph boundaries of convex functions. 

Obviously, the first and the second are well known. The depth and effec- 
tiveness of the third may be observed in [12]-[23]. 

Developing these principles we get the solving methodology for nonconvex 
problems which can be represented as follows. 

1. Exact classification of a problem under study. 
2. Application of special (for a given class of problems, for instance, RCP) 

local search methods. 
3. Applyication of special conceptual global search methods (strategies). 
4. Using the experience of similar nonconvex problems solving to construct 

pertinent approximations of level surfaces of corresponding convex func- 
tions. 

5. Application of convex optimization methods for solving linearized prob- 
lems and within special local search methods. 

This approach lifts Classical Convex Optimization to a higher level, where the 
effectiveness and the speed of the methods become of paramount importance 
not only for Convex Optimization, but for Nonconvex problems (in particular 
for RCP, which is discussed below). 

Our computational experience suggests that if you follow the above 
methodology you have more chances to reach a global solution of a nonconvex 
problem of large size ( 2  1000 variables) than applying the Branch-and-Bound 
or Cutting Plane methods. 

In this paper we decided to focus only on the advantages of Principle I - 
Linearization applied for Local Search Problem. In order to do this we propose 
two variants of Local Search Method. The first is based on a well-known 
theorem of H. Tuy [I] as well as on the Linearization Principle. The second 
variant is due to an idea of J. Rosen [lo], which was only slightly modified 
by adding the procedure of free descent on the constraint g = 0. Finally we 
demonstrate the practical effectiveness of these methods by a computational 
testing and propose to unify two methods. 

Before this we recall a few facts from Reverse Convex Theory. 

2 Some features of RCP 

Let us consider the problem 

h(x) 3. min, x E S, g(x) 2 0, (PI 

where h is a continuous function and the function g is a convex function on 
lRn, S € lRn. 
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Denote the feasible set of the problem ( P )  by D 

Further, suppose 

It  can be easily seen that the nonconvexity of ( P )  is generated by the 
reverse convex constraints g 2 0 defining the complement of convex open set 
{x E Rn I g(x) < 0). That is why we suppose this constraint to be active a t  
any solution of ( P )  (Sol(P)).  Otherwise, by solving the relaxed problem 

( P W )  : h(x)  j, min, x E S, (3) 

(which is simpler than ( P ) )  one can simultaneously find a solution to  (P ) .  
The regularity conditions (when g 2 0 is substantial) [l]-[6] may be given 

in different ways. For instance, 

(G)  : There is no any solution x* E D 
to ( P )  such that g(x*) > 0. (4) 

The latter is equivalent to 

where Sol(P) is the solution set of the problem ( P )  
Sol(P) = Argmin(P). 

One can express the regularity condition with the help of the optimal value 
function for problem ( P )  and the relaxed problem (PW)-(3) 

One of corollaries of the last condition is the fact that by solving the 
relaxed problem (PW)-(3),  say, with convex h and S it is possible to perform 
a descent to the constraint g = 0 by means, for instance, one of the classical 
methods of convex optimization. As a consequence, one has 

The following result is fundamental in RCP theory. Additionally, this the- 
orem establishes a relation between Problem ( P )  and the problem of convex 
maximization [I]- [4], [12]. 

Theorem 1. (H. Tuy [ I ,  21) Let us suppose the assumption (G)-(4) to be 
fulfilled, and a point z to be a solution to ( P ) .  Then 
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If the following assumption takes place 

then the condition (6) becomes suficient for z to be a global solution to (P) .  

According to this result, instead of solving the Problem ( P )  one can con- 
sider the convex maximization problem 

If one got that the value of (Qp) 

with ,8 = h(z) is equal to zero, then z E Sol(P). 
A theorem of H. Tuy generated a stream of interest in Solution Methods 

Theory for RCP leading to reducing Problem ( P )  to the dual problem (Qp). 
Let us note two properties of such a reduction. First, the basic (generic) 
nonconvexity of the Problem (P )  has not been dissipated. It  stays in the goal 
function of (Qp)-(8) so that even with convex h and S the problem (8) is 
nonconvex. Second, it is not clear how to choose the parameter P. 

Finally, the question is: is it possible to apply convex optimization methods 
to solve (8)? It  will be shown below that there exists another way to solve the 
Problem ( P )  [12], i.e. to employ an effective local search process. 

3 Local search methods 

Let us suppose the function h and the set S to be convex and, besides, the 
following regularity condition to be fulfilled (cf. (5)) 

Under this hypothesis we propose a special local search method consisting 
of two parts. The first procedure begins a t  a feasible point y E S, g(y) > 0, 
and constructs a point x(y) E S, such that 

The second procedure consists in the consecutive solution of the Linearized 
problems: 

where the parameters u and ,B will be defined below. 
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It  can be readily seen, that the linearized problems (LQ(u, P)) are convex. 
So a convex optimization method can be applied to get an approximate global 
solution to (10). 

Now let us move to a more detailed description of the calculation process. 
Procedure 1. [12, 201 Let us consider a point y E S, g(y) > 0. If 

g(y) = 0, we set x(y) = y. In the case g(y) > 0, there exists X €]O,1[ such that 
g(xx) = 0, where xx = Xv + (1 - X)y, since g(y) > 0 > g(v) due to ( H I ) - ( 9 ) .  

In addition, because of the convexity of h(.) one has 

That is why we set x(y) = xx and obtain 

which is what we wanted. Usually one calls Procedure 1 "free descent" (that 
is, free from the constraint g(x) 2 0). 

Procedure 2. This starts a t  a feasible point 2 E S, g(2) = 0, and 
constructs a sequence {ur) such that ( r  = 0,1,2, . . .) 

where /3 := h(2), u0 := 2. 
The sequence {ur) is constructed as follows. If a point uT, r 2 0 verifying 

(13) is given, then the next point ur+' is constructed as an approximative 
solution to the linearized problem (LQ(ur, P)), so that the following inequality 
holds: 

where the sequence (6,) is such that 

Theorem 2. [I21 Let us suppose that the optimal value of the dual problem: 

is finite for some y > p: 

In addition, the function g(.) is convex and continuously differentiable on an 
open domain L? containing the set 

Then: 
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i) the sequence {uT) generated by Procedure 2 verifies the condition 

lim [sup{(Vg(uT), x - uT) I x E S,  h(x) i PI] = 0. 
r-00 Z. 

(19) 

ii) For every cluster point u, of the sequence {uT) the following conditions 
holds: 

(Vg(u,),x - u,) i 0 Vx E S : h(x) i p,  (20) 

d u * )  L 0. (21) 

iii) If S is closed, then a cluster point u, turns out to be normally critical 
(stationary) to the problem (Qp). 

We now show how to construct the point y(?) with the help of the sequence 
{uT). If we consider numbers E > 0 and r > 0 such that 6, < ~ / 2  and 

then we set y = y ( 5 , ~ )  := ur. It  can 
the condition 

i.e. y turns out to be an &-solution to 
where p = h(?). 

be shown [12] that the point y verifies 

x E S, h(x) < p) < E, (23) 

the linearized problem (LQ(y, P))-(10) 

Let us now unify the procedures 1 and 2 into one method. In what follows, 
we consider a feasible point xo E S, g(xo) L 0, and number sequences (6,) 
and {E,) verifying (15) and the condition: 

Special Local Search Method (SLSM) . 
Step 0. Set s := 0, xS := xo, PS := h(xs). 
Step 1. (Procedure 2) Beginning a t  the point xS, construct a point yS = 

y(xS, c , ) :  
Y" E S, g(yS) > 0, h(yS) < Ps, 

which is E,-solution to linearized problem (LQ(yS,P,)), i.e. 

Step 2. (Stopping criterion) If g(yS) 5 0, STOP. 
Step 3. (Procedure 1) With the help of the point yS construct 
u := x(yS) such that 

Step 4. Set s := s + 1, xS := U, PS := h(u) and loop to Step 1. 

It is easy to  see [12] that SLSM described above 
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(a) either is finite with N iterations, g ( y N )  = 0;  
(b)  or generates two sequences { x S }  and { y S )  with the properties: 

p,+, := h(xS+') < h(ys) < P, := h(xS) .  (25) 

Besides, the following equalities hold 

Theorem 3. Let us consider a convex function h(.)  and a convex set S .  In 
addition, suppose the set Fo = { x  E S I h(x)  5 h(xo) )  to be bounded and the 
regularity condition (Ho)-(9) to be fulfilled. Then SLSM: 

(a) either (in the finite case) obtains a point y N  E S ,  g ( y N )  = 0, that is an 
EN-solution to linearized problem (LQ(yN,  ,ON)) where N is the number of 
the stopping iteration; 

(b) or (in the general case) in addition to the properties (24)-(26) the se- 
quences { x S )  and { y s )  verify the conditions: 

0 = g(xS)  = lim g(yS),  
S+OO 

(27) 

x* = lim xS = lim yS,  
5'03 s-00 

with a point x,  E Rn, g(x,) = 0. 

Furthermore, the point x* is a solution to the linearized problem (LQ(x,, P,)): 

and a normal stationary point with respect to the dual problem (Q(P,)). 

Remark. I f  one changes the stopping criterion of  SLSM g ( y s )  5 0 to the 
simultaneous fulfilment of  the three inequalities below 

where T is a given tolerance, then it is easy to see that SLSM turns out to be 
finite. Besides, it yields the point yN with the properties 

which is suitable for a local search. 
Note also that SLSM yields an approximate stationary point to the dual 

problem ( Q p )  (for some P ) ,  but not for Problem ( P ) ,  what completely corre- 
sponds to the duality Theorem 1 of H, Tuy [I]. 
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Further, in addition to SLSM we consider a variant of a well-known method 
proposed by Rosen J.B. in 1966 [lo]. This method consists in a consecutive 
solution of linearized problems of type different from (LQ(u, P) ) :  

(PLR,) : 

where ur E S is a given point. The next point ur+' is defined as an exact 
solution to (32). 

In [9, 101, the convergence of the method was investigated. We proposed 
[12] a modification of Rosen method (MRM) which consists of two procedures. 

The first procedure is an approximate solution of problem (PLRr)-(32) 
which is obviously convex, if h(.) and S are convex. Then it becomes possible 
to apply a suitable convex optimization method to find a global (approximate) 
solution of (32). 

The second procedure coincides with Procedure 1 of free descent on the 
constraint g = 0 (see description of SLSM). We were able to prove convergence 
of the proposed method [12]. 

In the following section we shall show the extent of the effectiveness of the 
local search theory proposed so far. 

4 Computational testing 

In this paragraph we present the results of computational solving by two local 
search methods presented above of a series of RCP of the following type: 

with the function g of two forms: 

Here Q is an n x n symmetric (Q = QT) positive definite (Q > 0) matrix, 
with d E Rn, y E IR. 

The result of computational experiments are presented in Table 1. Some 
comments on the particularities of the computational implementation are in 
order. 

Note that the Linearized problems (LQ)-(10) and (PLRr)-(32) are in 
fact Linear Programming (LP) problems and have been solved by one of the 
standard methods of LP [ l l ] .  
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name 
jmllx5hl 

jm30xlOhl 

jmllxl5hl 

jmlOx20hl 

srl5xl0 

sr20x15 

sr25x15 

sr30x15 

sr25x18 

sr30x18 

sr25x20 

sr10x40 

SLSM MRM 

Table 1. Computational results. 

In Table 1 we use the following notation: name is the test problem name, 
which expresses the size (m x n) of the problem and the type of the function g, 
so that "jm . . . hl" notes the problems with the function gl(.) while "sr . . ." 
marks the problems with the function gz(.)). Further, ho stands for the goal 
function value a t  an initial point. For each method (SLSM or MRM) the goal 
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function value a t  obtained critical points have been denoted by hf. Besides, 
P L  means the number of solved linearized problems, and T(10) is the solving 
time for 10 problems (since the solving time for one problem has turned out 
to be too small). 

It  can be easily seen from the Table 1 that SLSM and MRM have found 
the same T-critical points in almost all test problems. At the same time the 
number of solved linearized problems is smaller for MRM in some cases (cf. 
problems sr25 x 15, sr25 x 18, sr25 x 20). On the other hand, in some of the 
test problems SLSM found critical points which are better than the for MRM 
(cf. problems 51-25 x 15 and 51-30 x 15). 

In summary, MRM works faster but SLSM sometimes finds a better critical 
point. Therefore according the results of computational experiments it would 
be practical, in order to solve similar problems, to apply a combination of 
SLSM and MRM. For instance, from the beginning MRM can be applied to 
get a critical point, and afterwards that point is improved on by SLSM. 

5 Conclusion 

In this paper, after presenting the principles and the methodology of Noncon- 
vex Optimization: 

we discussed some features of RCP; 
further, we proposed two Local Search Methods for RCP and gave a con- 
vergence theorem for one of them; 

0 finally, we presented a computational testing of the Special Local Search 
Method (SLSM) and Modified Rosen Method (MRM) on a series of special 
RCPs. 

The analysis of computational testing results led the author to propose a 
combination of SLSM and MRM. 
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