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Summary. In this paper we propose two variants of Local Search Method for re-
verse convex problems. The first is based on well-known theorem of H. Tuy as well
as on Linearization Principle. The second variant is due to an idea of J. Rosen. We
demonstrate the practical effectiveness of the proposed methods computationally.
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1 Introduction

The present situation in Continuous Nonconvex Optimization may be viewed
as dominated by methods transferred from other sciences [1]-[3], as Discrete
Optimization (Branch&Bound, cuts methods, outside and inside approxima-
tions, vertex enumeration and so on}), Physics, Chemistry (simulated annealing
methods}, Biology (genetic and ant colony algorithms) etc.

On the other hand the classical method [11] of convex optimization have
been thrown aside because of its inefficiency [1]-[6]. As is well known, the
conspicuous limitation of convex optimization methods applied to nonconvex
problems is their inability of escape a local extremum or even a critical point
depending on a starting point [1]-[3]. So, the classical apparatus shows itself
inoperative for new problems arising from practice.

In such a situation it is desirable to create a global optimization approach
aimed at nonconvex problems — in particular to Reverse Convex Problem
(RCP) — connected on with Convex Optimization Theory and using the
methods of Convex Optimization.

We ventured to propose such an approach [12] and to advance the following
principles of Nonconvex Optimization.

I. The linearization of the basic (generic) nonconvexity of a problem of
interest and consequently a reducing of the problem to a family of (partially)
linearized problems.
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II. The application of convex optimization methods for solving the lin-
earized problems and, as a consequence, within special local search methods.

III. Construction of “good” (pertinent) approximations (resolving sets) of
level surfaces and epigraph boundaries of convex functions.

Obviously, the first and the second are well known. The depth and effec-
tiveness of the third may be observed in [12]-[23}.

Developing these principles we get the solving methodology for nonconvex
problems which can be represented as follows.

1. Exact classification of a problem under study.

2. Application of special (for a given class of problems, for instance, RCP)
local search methods.

3. Applyication of special conceptual global search methods (strategies).

4. Using the experience of similar nonconvex problems solving to construct
pertinent approximations of level surfaces of corresponding convex func-
tions.

5. Application of convex optimization methods for solving linearized prob-
lems and within special local search methods.

This approach lifts Classical Convex Optimization to a higher level, where the
effectiveness and the speed of the methods become of paramount importance
not only for Convex Optimization, but for Nonconvex problems (in particular
for RCP, which is discussed below).

Our computational experience suggests that if you follow the above
methodology you have more chances to reach a global solution of a nonconvex
problem of large size (> 1000 variables) than applying the Branch-and-Bound
or Cutting Plane methods.

In this paper we decided to focus only on the advantages of Principle I —
Linearization applied for Local Search Problem. In order to do this we propose
two variants of Local Search Method. The first is based on a well-known
theorem of H. Tuy [1] as well as on the Linearization Principle. The second
variant is due to an idea of J. Rosen [10], which was only slightly modified
by adding the procedure of free descent on the constraint g = 0. Finally we
demonstrate the practical effectiveness of these methods by a computational
testing and propose to unify two methods.

Before this we recall a few facts from Reverse Convex Theory.

2 Some features of RCP
Let us consider the problem
h(z) | min, z €S, g(x) >0, (P)

where h is a continuous function and the function g is a convex function on
R", SelR™
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Denote the feasible set of the problem (P) by D
D:={xeS|glx)>0}#0. (1)

Further, suppose
hy := inf(h, D) £ inf{h(z) | z € S, g(z) > 0} > —co. (2)

It can be easily seen that the nonconvexity of (P) is generated by the
reverse convex constraints ¢ > 0 defining the complement of convex open set
{z € R | g(x) < 0}. That is why we suppose this constraint to be active at
any solution of (P) (Sol(P)). Otherwise, by solving the relaxed problem

(PW) : h(z) | min, z € S, (3)

{(which is simpler than (P)) one can simultaneously find a solution to (P).
The regularity conditions (when g > 0 is substantial) [1]-[6] may be given
in different ways. For instance,

(G): There is no any solution z* € D (4)
to (P) such that g(z*) > 0.
The latter is equivalent to
(G : Sol(P)n{z e R" | g(x) > 0} =0, (2.4")

where Sol(P) is the solution set of the problem (P)
Sol(P) = Argmin(P).

One can express the regularity condition with the help of the optimal value
function for problem (P) and the relaxed problem (PW)—(3)

V(PW) i= inf{h(z) | 2 € S} < V(P) 2 inf{h(x) | z € S, g(z) > 0}. (5)

One of corollaries of the last condition is the fact that by solving the
relaxed problem (PW)—(3), say, with convex h and S it is possible to perform
a descent to the constraint ¢ = 0 by means, for instance, one of the classical
methods of convex optimization. As a consequence, one has

Sol(P) C {x € R" | g(x) = 0}.

The following result is fundamental in RCP theory. Additionally, this the-
orem establishes a relation between Problem (P) and the problem of convex
maximization [1]-[4], {12].

Theorem 1. (H. Tuy [1, 2]) Let us suppose the assumption (G)—(4) to be
fulfilled, and o point z to be a solution to (P). Then

mmax{g(x) |z €S, hiz) <h(z)} =0. (6)
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If the following assumption takes place

(H1): VyeS: g(y) =0, Je >0, }

Jue SN B(y,e): glu) >0 (7)

then the condition (6) becomes sufficient for z to be a global solution to (P).

According to this result, instead of solving the Problem (P) one can con-
sider the convex maximization problem

(Qp) : g(z) T max, z €8, h(z) <. (8)
If one got that the value of (Qg)
V(@) = mfmx{g(a:) lze S, hiz) <}

with 8 = h(z) is equal to zero, then z € Sol(P).

A theorem of H. Tuy generated a stream of interest in Solution Methods
Theory for RCP leading to reducing Problem (P) to the dual problem (Qg).
Let us note two properties of such a reduction. First, the basic (generic)
nonconvexity of the Problem (P) has not been dissipated. It stays in the goal
function of (Qg)-(8) so that even with convex h and S the problem (8) is
nonconvex. Second, it is not clear how to choose the parameter 3.

Finally, the question is: is it possible to apply convex optimization methods
to solve (8)7 It will be shown below that there exists another way to solve the
Problem (P) [12], i.e. to employ an effective local search process.

3 Local search methods

Let us suppose the function h and the set S to be convex and, besides, the
following regularity condition to be fulfilled (cf. (5))

(Ho) - Fv € S, hv) < he 2V(P), g(v) < 0. 9)

Under this hypothesis we propose a special local search method consisting
of two parts. The first procedure begins at a feasible point y € S, g(y) > 0,
and constructs a point z(y) € S, such that

9(z(y)) = 0, h(z(y)) < h(y).

The second procedure consists in the consecutive solution of the Linearized
problems:

(LQ(w. B) (Vg(u), z) T max,
’ ves, ha) < B } (10)

where the parameters u and 8 will be defined below.
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It can be readily seen, that the linearized problems (LQ(u, 3)) are convex.
So a convex optimization method can be applied to get an approximate global
solution to (10).

Now let us move to a more detailed description of the calculation process.

Procedure 1. [12, 20] Let us consider a point y € S, g(y) > 0. If
g(y) = 0, we set z(y) = y. In the case g(y) > 0, there exists A €]0, 1[ such that
g{zy) = 0, where ) = Av + (1 — Ay, since g(y) > 0 > g{(v) due to (Hp)—(9).

In addition, because of the convexity of h(-) one has

h(za) < Ah(v) + (1 = Nh(y) < A+ (1= Ah(y) < h(y). (11)
That is why we set z(y) = z) and obtain

h(z(y)) < h(y), (12)

which is what we wanted. Usually one calls Procedure 1 “free descent” (that
is, free from the constraint g(z) > 0).

Procedure 2. This starts at a feasible point Z € S, ¢(Z) = 0, and
constructs a sequence {u"} such that (r =0,1,2,...)

u €S, glu")y >0, h(u") <8, (13)

where 3 := h(z), u°:= 7.

The sequence {u"} is constructed as follows. If a point u”, r > 0 verifying
(13) is given, then the next point u”*! is constructed as an approximative
solution to the linearized problem (LQ(u", 3)), so that the following inequality
holds:

(Vg(u),u" ) + 6, > Sgp{(Vg(ur),@ |z €S, hiz)< B}, (14)

where the sequence {d,} is such that
(e}
6 >0, 7=0,1,2,..., 25T<+oo. (15)
r=1

Theorem 2. [12] Let us suppose that the optimal value of the dual problem:
(Q) g{z) T max, z €S8, h(z) <7, (16)
is finite for some v > [3:

V(Qy) = Slip{g(x) |z €S, hiz) <q} < +oo. (17)

In addition, the function g(-) is convez and conlinuously differentiable on an
open domain §2 containing the set

SuU{z e R"]g(zx) =0}. (18)
Then:
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i) the sequence {u"} generated by Procedure 2 verifies the condition

T,ILIQO[SSPHVQ(UTMU —u") |z €S, hz) <P} =0, (19)

i) For every cluster point u,. of the sequence {u"} the following conditions
holds:
(Vg(us),z —us) <0 Vz e S: hiz) <g, (20)

g(u) > 0. (21)

1) If S is closed, then a cluster point u. turns out to be normally critical
(stationary) to the problem (Qg).

We now show how to construct the point y(&) with the help of the sequence
{u"}. If we consider numbers € > 0 and r > 0 such that J, <&/2 and

(Vg(u™), ™! —u") <e/2, (22)

then we set y = y(Z,¢) := u". It can be shown [12] that the point y verifies
the condition

Slip{Wg(y),x —y) | €8, hz) <P} <¢, (23)

i.e. ¥ turns out to be an e-solution to the linearized problem (LQ(y, 3))—(10)
where 3 = h(Z).

Let us now unify the procedures 1 and 2 into one method. In what follows,
we consider a feasible point zy € S, g(xg) > 0, and number sequences {4, }
and {e,} verifying (15) and the condition:

es>0,8=0,1,2,..., &0 (s— +00).

Special Local Search Method (SLSM).
Step 0. Set s:=0, 2° := zg, B := h(z®).
Step 1. (Procedure 2) Beginning at the point z°, construct a point y® =
y(z®, e4):
y €S, gy®) 20, h(y®) < B,

which is e4-solution to linearized problem (LQ(y*, 8s)), i.e.
(Vo{y®*),z —y°y <e, Yo €5 h(z) < 0.

Step 2. (Stopping criterion) If g(y*) < 0, STOP.
Step 3. (Procedure 1) With the help of the point y*® construct
u = z(y*) such that

u €S, g(u) =0, h(u) < h(ys) < Bs.

Step 4. Set s:=s+ 1, 2°:=u, [s:= h(u)and loop to Step 1.

It is easy to see [12] that SLSM described above
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(a) either is finite with N iterations, g(y") = 0;
(b) or generates two sequences {x°} and {y*} with the properties:

€S, g(a®)=0, y* €S, g(y’) >0, (24)
Bsy1 = h(z*TY) < h(y®) < B, := h(z®). (25)

Besides, the following equalities hold
By := lim G; = lim h(y®). (26)

Theorem 3. Let us consider a convex function h(-) and a convex set S. In
addition, suppose the set Fy = {x € S| h{z) < h{zo)} to be bounded and the
reqularity condition (Hg)—(9) to be fulfilled. Then SLSM:

(a) either (in the finite case) obtains a point y € S, g(y") = 0, that is an
en-solution to linearized problem (LQ(yn,On)) where N is the number of
the stopping iteration,

(b) or (in the gemeral case) in addition to the properties (24)-(26) the se-
quences {x°} and {y*} verify the conditions:

0=9(z*) = lim g(y°), (27)
§—00
2z, = lim 2% = lim y°, (28)
§ 00 ERasde o]

with o point x. € R™, g(x,) =0.

Furthermore, the point x* is a solution to the linearized problem (LQ(xy, Bx)):
and a normal stationary point with respect to the dual problem (Q(f.)).

Remark. If one changes the stopping criterion of SLSM ¢(y®) < 0 to the
simultaneous fulfilment of the three inequalities below

g(ys) <7, g <7, ﬁs—l - ﬁs <, (30)

where 7 is a given tolerance, then it is easy to see that SLSM turns out to be
finite. Besides, it yields the point ¥ with the properties

g(y™) <7, h(y™) < Bw, (31)
(Vgly™),z —y™) <7 Vz € S, hiz) < By,

which is suitable for a local search.

Note also that SLSM yields an approximate stationary point to the dual
problem (Qg) (for some f3), but not for Problem (P), what completely corre-
sponds to the duality Theorem 1 of H. Tuy [1].
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Further, in addition to SLSM we consider a variant of a well-known method
proposed by Rosen J.B. in 1966 [10]. This method consists in a consecutive
solution of linearized problems of type different from (LQ(u, 3)):

(PLR,) :

h(z) | min, z € 8§, } (32)

(Vg(u),z —u") + g(u") 20,

where u” € S is a given point. The next point u"t! is defined as an exact
solution to (32).

In [9, 10], the convergence of the method was investigated. We proposed
[12] a modification of Rosen method (MRM) which consists of two procedures.

The first procedure is an approximate solution of problem (PLR,)—(32)
which is obviously convex, if A{-) and S are convex. Then it becomes possible
to apply a suitable convex optimization method to find a global (approximate)
solution of (32).

The second procedure coincides with Procedure 1 of free descent on the
constraint g = 0 (see description of SLSM). We were able to prove convergence
of the proposed method [12].

In the following section we shall show the extent of the effectiveness of the
local search theory proposed so far.

4 Computational testing

In this paragraph we present the results of computational solving by two local
search methods presented above of a series of RCP of the following type:

(¢, ) | min,
xESé{mGR"[Axgb,xZO}, (33)
g9(z) > 0,

with the function g of two forms:

n(@) 2 e ? - (da) -, (34)

A
g?(x) = (LE, QI> - <d’ JJ) e (35)
Here Q is an n x n symmetric (Q = QT) positive definite (Q > 0) matrix,
with d € R", v € R.

The result of computational experiments are presented in Table 1. Some
comments on the particularities of the computational implementation are in
order.

Note that the Linearized problems (LQ)—(10) and (PLR,)~(32) are in
fact Linear Programming (LP) problems and have been solved by one of the
standard methods of LP [11].
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SLSM MRM
name ho hy|PL| T(10) hy|PL|T(10)
jmilixbhl [ 13,78| -12,000000f 2 |00.00| -12,000000| 3 |00.00
6,00 -11,733224} 2 | 00.00 | -11,733224| 2 |00.00
388,001 -11,725533| 4 | 00.00 | -11,725533| 3 }00.00
jm30x10h1| 21,54] -25,998666| 4 | 00.00 | -25,998666| 2 |00.00
-3,00f -25,998666| 4 | 00.00 | -25,998666| 2 {00.00
-19,00{ -26,000000{ 1 | 00.00{ -26,000000| 2 {00.00
jm11x15h1| 802,45 -502,000000( 17 | 00.23 | -502,000000| 3 {00.05
-18,00] -498,348422| 17| 00.23 | -498,348422| 3 {00.05
90,79 -502,000000| 16 | 00.19 | -502,000000| 4 |00.05
jm10x20h1(1156,52| -723,996423| 8 | 00.07 | -723,996423| 3 [00.00
23,00| -723,996423| 8 | 00.07 | -723,996423| 3 |00.00
-701,00| -724,000000| 7 | 00.06 | -724,000000| 2 |00.00
sr15x10 17,03| -117,309715| 29 | 00.22 | -117,309716| 5 [00.05
-29,78| -109,218649| 9 | 00.11 | -109,218649| 4 |00.00
-5,61| -116,691999| 23 | 00.16 | -116,692001| 5 |00.06
sr20x15 22,86 -156,013872| 72| 01.26 | -156,013874} 6 |00.17
-25,41| -146,763729| 19 | 00.38 | -146,763729| 6 |00.16
-69,45] -146,632051| 8 | 00.16 | -146,632052} 3 |00.11
sr25x15 35,31 -87,911422{16 | 00.33 | -37,833231} 5 |00.11
3,93| -62,031119|176{03.90 | -62,031121} 8 |00.16
-10,43| -51,415461|52]01.37| -51,415462| 5 [00.17
sr30x15 40,24 -13,725476|44 | 01.31 | -13,725477|11 |00.33
4,96] -12,712342131100.93 | -12,712343| 5 [00.22
-24,47 -10,876227 2 {00.00 | -10,335201] 9 |00.55
sr25x18 40,63] -30,511466(184|07.96 | -30,511469| 8 |00.39
-10,31] -27,049467} 59 | 02.14 | -27,049468| 5 100.22
8,02| -7,707654| 35 | 01.16 -7,707655| 5 |00.22
sr30x18 37,24) -101,765161] 16 | 00.88 | -101,765161| 5 [00.28
-21,32| -102,354811| 17 | 01.10 | -102,354811| 5 (00.22
-25,72| -122,043711|102| 09.62 | -122,043711| 6 [00.25
sT25x20 84,75| -262,645181| 95 | 07.19 | -262,645181| 6 |00.39
-16,31| -276,171787|429{ 29.17 | -276,171789| 8 [00.60
-126,16| -240,721359| 18 | 01.16 | -240,721361| 4 |00.28
sr10x40 |6197,17|-11644,52285| 25 | 05.50 |-11644,52285] 4 |00.77
-5,23|-11634,37336| 24 | 06.87 |-11634,37336| 7 [00.88
1736,43]-11634,37336| 24 | 06.87 |-11634,37336| 8 [00.88

Table 1. Computational results.

In Table 1 we use the following notation: name is the test problem name,
which expresses the size (m xn) of the problem and the type of the function g,
so that “jm...h1" notes the problems with the function g;(-) while “sr...”
marks the problems with the function gs(+)). Further, hg stands for the goal
function value at an initial point. For each method (SLSM or MRM) the goal
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function value at obtained critical points have been denoted by hy. Besides,
PL means the number of solved linearized problems, and 7'(10) is the solving
time for 10 problems (since the solving time for one problem has turned out
to be too small).

It can be easily seen from the Table 1 that SLSM and MRM have found
the same 7-critical points in almost all test problems. At the same time the
number of solved linearized problems is smaller for MRM in some cases (cf.
problems sr25 x 15, sr25 x 18, sr25 x 20). On the other hand, in some of the
test problems SLSM found critical points which are better than the for MRM
(cf. problems sr25 x 15 and sr30 x 15).

In summary, MRM works faster but SLSM sometimes finds a better critical
point. Therefore according the results of computational experiments it would
be practical, in order to solve similar problems, to apply a combination of
SLSM and MRM. For instance, from the beginning MRM can be applied to
get a critical point, and afterwards that point is improved on by SLSM.

5 Conclusion

In this paper, after presenting the principles and the methodology of Noncon-
vex Optimization:

¢ we discussed some features of RCP;
further, we proposed two Local Search Methods for RCP and gave a con-
vergence theorem for one of them;

¢ finally, we presented a computational testing of the Special Local Search
Method (SLSM) and Modified Rosen Method (MRM) on a series of special
RCPs.

The analysis of computational testing results led the author to propose a
combination of SLSM and MRM.
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