2 Closure Operators and
Lattices

The collection of all varieties of a given type forms a complete
lattice. These lattices play an important role in Universal Algebra
and in applications, but their study is difficult. Thus we look for
new approaches or tools to use in their study. A useful method is
to try to study some smaller parts of the large and complex lattice.
Such smaller parts should have the same algebraic structure, so we
are interested in the study of complete sublattices of a complete
lattice.

2.1 Closure Operators and Kernel Op-
erators

In the previous chapter we have seen two examples of operators
with closure properties. The generation of subalgebras of a given
algebra A from subsets X of the carrier set A of the algebra A
defines an operator

( Ja: P(A) = P(A)

on the power set of A, which is extensive, monotone and idempo-
tent. The generation of congruence relations by a binary relation
defines an operator

{ Voona: P(A?) — P(A4A?)
which also has these three properties. We define:

Definition 2.1.1 Let A be a set. A mapping C' : P(4A) — P(A)
is called a closure operator on A, if for all subsets X, Y C A the
following properties are satisfied:

(i) X C C(X) (extensivity),

i) X CY =CX)CCY) (monotonicity),
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(i) C(X) = C(C(X)) (idempotency).

Subsets of A of the form C(X) are called closed (with respect to
the operator C') and C'(X) is said to be the closed set generated by
X.

An operator K : P(A) — P(A) is said to be a kernel operator on A,
if it is monotone and idempotent and if instead of (i) the condition

(i) X D K(X) (intensivity)

is satisfied.

Closure and kernel operators are closely related to complete lattices.
Indeed, if C': P(A) — P(A) is a closure operator, then the set

Lo:={X|XCAand C(X)=X} (1)
is a complete lattice with respect to the operations
AN LoxLo— Lo
defined by
(X, V)= XAY:=XNY (2)

for arbitrary sets X, Y € L¢ since XNY € Lo whenever XY € Lo
and
AVA EC X EC — EC

defined by
(X, Y)— XVY =C(XUY). (3)
Actually, A X; and V X for arbitrary families (X;);es of ele-
jeg jed

ments from Lo belong to Lo. Therefore, every closure operator C
on A defines a subset of P(A) which is a complete lattice. Con-
versely, if £ C P(A) is a complete lattice, then by

CoY)=({HeL|HDY} (4)

for every Y C A a closure operator C : P(A) — P(A) is defined.
The closed sets with respect to C are exactly the elements of L.
There is a one-to-one correspondence between complete lattices in
P(A) and closure operators on A. Altogether we have the following
well-known theorem.
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Theorem 2.1.2 Let L be a complete lattice in P(A). Let C be a
closure operator on the set A. Then Lo defined by (1) is a complete
lattice where the operations are defined by (2) and (3) and C;, de-
fined by (4) is a closure operator on A. Moreover, the closed sets
with respect to Cp are exactly the elements of L and the elements
of L¢ are exactly the closed sets of C. Both equations

C’go =C and [’C[: =L
are satisfied.

There is a similar connection between kernel operators on A and
complete lattices in P(A). In this case instead of (4) we have to
define

Kp(Y):=\{HeL|HCYY} (4)

The image C,(Y') is defined as the infimum (with respect to C) of
all elements in £ containing Y and K (Y) is the supremum of all
elements from £ which are contained in Y. The partially ordered
set (P(A); Q) itself is a complete lattice with respect to intersection
and union of arbitrary families of subsets of A. But as the examples
Sub(A) and Con(A) show, the complete lattices Lo are in general
not complete sublattices of (P(A);C) since the join operation is
not the set-theoretical union. In the next section we want to give
a condition which characterizes complete sublattices of a complete
lattice.

2.2 Complete Sublattices of a Com-
plete Lattice

In this section we will describe a method to produce complete sub-
lattices of a given complete lattice. We will do so by consideration
of the fixed points of a certain kind of closure operators defined on
the complete lattice.

In 2.1 we showed that the fixed points of a closure operator
C:P(A) — P(A) on the power set lattice form a complete lattice
in P(A) and that conversely every complete lattice in P(A) defines
a closure operator on A. This can be generalized to arbitrary com-
plete lattices £ instead of P(A). For any complete lattice £ and
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any closure operator ¢ : £ — L, we get the complete lattice
Sy 1= Fiz(p) ={T | o(T) =T}

of all fixed points of ¢; and for any complete lattice S C L we have
the closure operator ¢s defined by

L
es(T)=N{T"eS|T<T'}for T L.

(Here < denotes the partial order of L, /ﬁ\ is the infimum and \ﬁ/ the
supremum with respect to <.) Moreover, for any complete lattice
S in £ and any closure operator ¢, we have S, = S and s, = ©.
The set S, is also called a closure system.

There is also a dual 1-1 correspondence between kernel operators
and complete lattices in L. For a kernel operator ¢ : £ — £ and a
complete lattice £, we set

S, = «ETGE\zp(T):T};
Us(T) =\V{T"eS|T'<T) for T € L.

Then we have Fiz(y) = S, and t)s,= ¥, for any complete lattice
S and any kernel operator ¢» on L. These results date back to A.
Tarski ([97]).

Theorem 2.2.1 Let L be a complete lattice.

(i) If v is a closure operator on L which satisfies

c c
e(\MAT 17 € b)) =\{e(D)) |5 € J} (%)
for every index set J, then the set of all fized points under p,
Se={T e L]o(T)=T},

is a complete sublattice of L and o(L) ={o(T) | T € L} =
S,.

(ii) Conversely, if S is a complete sublattice of L, then the func-
tion ps which is defined by

c
es(T) = N{T"eS|T <T'}, for T € L,

is a closure operator on L with ps(L) = S, and s satisfies
condition (x). Moreover, S, = S and ps, = .
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(iii) If ¢ is a kernel operator on L which satisfies

c c
PN 15 €Th) = NI 15 € J} (4)
for every index set J, then the set of all fixed points under 1,
Sy=AT e L|¢(T) =T},
is a complete sublattice of L and (L) = Sy.

(iv) Conversely, if S is a complete sublattice of L then the function
s which is defined by

c
Ys(T):=\[{T"eS|T'<T} for T € L,

is a kernel operator on L with ¥s(L) =S, and 1) satisfies the
condition (xx). Moreover, Sys = S and Vs, = .

Proof: (i) Let ¢ be a closure operator on £ which satisfies the
condition (x). We have to prove that the set of all fixed points
under ¢ is a complete sublattice of £, that is, that for any index

set J, both
L L
MNTeS,1jeJteS, and \[{Tj€S,|jeJ}eES,.

It is clear that go(/L\{TJ €S, jed}) > /L\{Tj €S, |je J}. For
each j € J we have T; = (1) > go(/L\{T] €S,| 7€ J}), and
from this we obtain /L\{Tj €S, |jed}t > go(/L\{Tj €S, |jed}).
Altogether this gives equality, and /ﬁ\{TJ €S, |jeJ}es,.

c
The fact that ¢ satisfies the join condition (*) gives V{I; € S, |
j € J} € S,. Thus we have a sublattice of L. Clearly, S, C ¢(L).
Since ¢ is idempotent, ¢(7T') is in S, for all T' € L. This shows that

o(L) = S,

(ii) It is easy to see that @g is a closure operator. We need only show
that this closure operator satisfies condition () and that ps(L) =
S. We prove the latter fact first. Since S is a complete sublattice of
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L, we have ¢s(L) C S. For the opposite inclusion, we see that for
any T € §

0s(T) :f\{T'es IT<T}=T.

Thus S C ps(L), and altogether we have S = ¢s(L). Since for each
j € J we have T; < ps(T}) and ¢s(T;) € S, the set

c
Ves(T3) 15 € J}
is an upper bound of the set {T} | j € J}. Therefore
L

VAT 1jeJ} < \/{903 )|je T}

The right hand side is an element of S. By application of ¢ps on
both sides we get

es(VM{T; | jeJ}) < \/{903 ) jeJ}.

c
Since V{1j | j € J} > T}, we have (,03(\/{T | j € J}) > ps(T5) for

all 7 € J. Thus also gpg(\/{Tj |jeJ}h) > V{@g( 1;) | j € J}, giving
the required equality.

(iii) and (iv) can be proved similar to (i) and (ii).

The equations are also easy to realize. m

2.3 Galois Connections and Complete
Lattices

In chapter T we considered the Galois connection (Id, Mod) be-
tween identities and model classes. We generalize this example and
consider Galois connections as pairs of mappings with special prop-
erties between the power sets of two sets.

Definition 2.3.1 A Galois connection between the sets A and B
is a pair (p, ¢) of mappings between the power sets P(A) and P(B),

p:P(A) — P(B) and ¢ : P(B) — P(A),
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such that for all T, 17" C A and all S, S’ C B the following condi-
tions are satisfied:

() TCT = u(T)2>wuwT) and SCIS =) D)
(ii) T C ou(T) and S C ue(S).

Galois connections are also related to closure operators, as the fol-
lowing proposition shows.

Theorem 2.3.2 Let the pair (p,t) with
p:P(A) — P(B) and v : P(B) — P(A)
be a Galois connection between the sets A and B. Then:

(i) pep = p and v = 1
(ii) tp and peo are closure operators on A and B respectively;

(iii) The sets closed under vu are precisely the sets of the form
1(S), for some S C B; the sets closed under uv are precisely
the sets of the form u(T), for some T C A.

Proof: (i) Let T C A. By the second Galois connection property,
we have T C (7). By the first property, applying i to this, gives
w(T) 2 puep(T). But we also have pu(T) C pe(u(T)), by the second
Galois connection property applied to the set p(7T). This gives us
pep(T) = p(T). The second claim can be proved similarly.

(ii) The extensivity of tp and pe follows from the second Galois
connection property. From the first property we see that

TCT = u(T) 2 u(T) = uuT) S (T,

since u(T") and p(7T") are subsets of B; and in the analogous way
we get from S C S the inclusion pe(S) C pe(S"). Applying u to
the equation ¢ue = ¢ from (i) gives us the idempotency of e, and
similarly for ¢pu.

(iii) This is straightforward to verify. |

Galois connections are “ induced ” by relations. A relation between
the sets A and B is simply a subset of A X B. Any relation R
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between A and B induces a Galois connection, as follows. We can
define the mappings

pr: P(A) — P(B), tg: P(B) — P(A),
by
pr(l): = {yeB |VzeT ((z,y) € R)},
tr(S): = {z€A |VyeS ((z,y) € R)}.

We verify that the pair (ug,tg) is a Galois connection. Indeed,
if T'C T and if y € pugp(1”), that is, if for all z € 17" we have
(x,y) € R, then also for all x € T we have (z,y) € R and this
means, y € pg(T). This shows that pr(7") C pug(T). Similarly
one proves the second condition from Definition 2.3.1 (i). Consider
erpr(T) = {x € A |Vy € pp(T)((z,y) € R)}

={zecA|Vwe{zeB|VreT((x,2) € R)}((z,y) € R)}.
It is easy to see that T' C tgrugr(T) and S C ugir(S).

If conversely (u, ¢) is a Galois connection between A and B then we
construct the relation

R(}L7L) = U {T X ,u(T)} - AxB
TCA

and the Galois connection (ug, ., tr,, ) defined by

MR(M,L) (T) = {y €B | Vo € T((ZE?y) € R(}L7L))}

and

It turns out that (ug,, ,.tr,, ) = (#,t). Therefore, there is a one-
to-one correspondence between relations between A and B and Ga-
lois connections between A and B.

We need also the following well-known proposition (see e.g. [37],
exercise 2.4.2):

Lemma 2.3.3 Let R C A X B be a relation between the sets A and
B and let (u, 1) be the Galois connection between A and B induced
by R. Then for any families {1I; C A|je J} and {S; C B|j €
J}, the following equalities hold:

a) n(U T;) = N w(T),
jedJ jedJ

b) (U Sj) = N «S).

jedJ jed
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2.4 Galois Closed Subrelations

In section 2.2 we developed a method to produce complete sublat-
tices of a given complete lattice. If R C A x B is a relation between
two sets A and B and if (p,¢) is the Galois connection induced by
R, then the fixed points of the closure operators e and tp form two
complete lattices which are dually isomorphic. Now we consider a
subrelation R’ of the initial relation R, from which we obtain a new
Galois connection and two new complete lattices. We describe a
property of the subrelation R’ which is sufficient to guarantee that
the new complete lattices will be complete sublattices of the orig-
inal lattices. This property is called the Galois closed subrelation
property. Moreover, we show that any complete sublattices of our
original lattices arise in this way.

Definition 2.4.1 Let R and R’ be relations between sets A and
B, and let (u,¢) and (4, ¢') be the Galois connections between A
and B induced by R and R/, respectively. The relation R’ is called
a Galois closed subrelation of R if:

1) RCR and

AV CAVSCB (W(T)=Sand/(S)=T=uT)=29
and «(S) =T).

The following equivalent characterizations of Galois closed subrela-
tions can easily be derived (see e.g. [45], [4])

Proposition 2.4.2 Let R’ C R be relations between sets A and B.
Then the following are equivalent:

(i) R is a Galois closed subrelation of R;

(ii) For any T C A, if Jp/(T) = T then pw(T) = p/(T), and for
any S C B, if (f/(S) = S then 1(S) = /(S);

(iii) For all T C A and for all S C B the equations J/p/'(T') =
L (T) and p't'(S) = pi'(S) are satisfied.

Proof: (i) = (ii) Define S to be the set /(7). Then from J/1/(T') =
T, ie /(S) =T and p/(T") = S by the definition of a Galois closed
subrelation we obtain u(7T") = S and «(S) = T, i.e. (1) = /(1)
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and ¢(S) = /(S). The claim for subsets S of B can be proved sim-
ilarly.

(ii) = (iii) From p'/'p/(T) = p/(T) and /p/d'(S) = /(S) (Propo-
sition 2.3.2) using (ii) we obtain p/(S) = p'/(S) and o/(T) =
().
(iii) = (1) If w/(T) = S and J/(S) =T, then there follows:

p(s)y = p(T), JW(T) = J(S) and

pl(S) = w(T), o (T) = [S).
Then by condition (iii) we get

w(T)=p(T)=5 and «(S)=/(S)="T.

This shows that R is a Galois closed subrelation of R. [ ]
Let ‘H,, and H,, be the complete lattices induced by the Galois
connection (yu,t). We show that any Galois closed subrelation R’
of the relation R yields a lattice of closed subsets of A which is a
complete sublattice of the corresponding lattice H,, for R. Con-
versely, we also show that any complete sublattice of the lattice

H,,, occurs as the lattice of closed sets induced from some Galois
closed subrelation of R. Dual results of course hold for the set B.

Theorem 2.4.3 Let R C AX B be a relation between sets A and B,
with induced Galois connection (i, ). Let H,, be the corresponding
lattice of closed subsets of A.

(i) If R C A x B is a Galois closed subrelation of R, then the
class Up = Hyw 1s a complete sublattice of H, .

(i) IfU is a complete sublattice of H,,, then the relation
Ry = {T'xuT)|TeU}
is a Galois closed subrelation of R.

(iii) For any Galois closed subrelation R of R and any complete
sublattice U of 'H,,, we have

Ur, =U and Ry, =R
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Proof: (i) We begin by verifying that any subset of A which is
closed under the operator ¢/ is also closed under tp, so that the
lattice H,, is at least a subset of H, . Indeed, it T" € 'H,, so that
/1 (T) =T, then by Proposition 2.4.2, we have

op(T) = 0 (T) = Lp(T) =T

and therefore, H,,, € H,,. Since by 2.1 the infimum in a com-

plete lattice which is included in the power set lattice of a set is

the set-theoretical intersection we have A{T;|je J} = NT; =
jed

Ly
A {7} | j € J} and this means, H,, is closed under the infimum
ol

operation of H,,.

Now we consider the join. By repeated use of Lemma 2.3.3 and
Proposition 2.4.2, we see that V {17, | j € J} = /(U 1j) =
jeJ

w(UT5) = o N () = o N (D)) = U T5) = VTG |
jedJ jed jedJ jedJ Hop

j € J} and therefore H,,, is closed under the supremum operation
of H,,.

(ii) Now let U be any complete sublattice of H,,. We consider the
relation

R =\J (T x u(T) | T €},

which we will prove is a Galois closed subrelation of R. First, for
each non-empty T € U we have u(T) = {s € B |Vt € T((t,s) €
R)}, so that T x u(T) C R. Therefore Ry C R. To show that the
second condition of the definition of a Galois closed subrelation is
met, we let (1/,¢') be the Galois connection between sets A and B
induced by Ry, and assume that p/(T) = .S and /(S) = T for some
T C Aand S C B. Our goal is to prove that

pw(T)y=295 and «(S)="T.
Let 7" € U. By definition we have
W(T)={se B|VteT((ts) € Ry)}.

This means that p/(T) is the greatest subset of B with 7" x p/(T") C
Ry Now from the definition of Ry we have T x u(T) C Ry.
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Therefore, (1) C 1/(T). The opposite inclusion also holds since
Ry C R. Altogether we have p/(T) = p(T). If (/(T) = S, then
o(S) =y (1) =u(T) =T since T' e Y CH,,.

(ili) Now we must show that for any complete sublattice U of H,,,
and any Galois closed subrelation R’ of R, we have Ug, = U and
Ry, = R'. We know that Up, = Hy,, the lattice of subsets of
A closed under the closure operator ¢/;// induced from the relation
Ry This means that T € Ug,, iff J/y/(T) = T. Let T € U. Then as
before we have

LT = dwl(T) = uu(T) =T
and this shows T' € ‘Hy,» Therefore Y C Ug,,. Now let T' € Up,, and
let S be the set ¢/(T). Then we have J/(S) = T, and since Ry, is a
Galois closed subrelation of R we conclude that
pw(T)y=295 and (S)=T.
If T=0then T € U, and for T # ) for each t € T we define
Dy:=({T"eU|teT and S C u(T")}.
We can show that T'= U D;. But now T'= ¢ pu(T) = cu(U Dy) =
ter

teT

U{D; |t € T'} € U. This shows the other direction Ug,, C U.

Let R’ be a Galois closed subrelation of R, and set

Up = LM/:{TCA’L/ T)=T},

RUR’ = U{T X ,u | T e Z/{R/}

We will show that Ry, = R'. First, if (¢,s) € R then s € p/({t}).
Setting S := p/({t}), we have s € S and //(S) = /1 ({t}). Now tak-
ing T := Jp/({t}), we have /p/(T) =T, s0 T € Up:, /(T) = S and
/(S) = T. Therefore p(T) = S and ¢(S) =T. Since t € J/1/({t}) =
T and s € S = u(T), we get (t,s) € T x p(T") and T € Ug. Hence
(t,s) € Ry,,, and we have shown that R’ C Ry,

To show the opposite inclusion, let T € Ugs, and let S = u(T).
Then we can prove

W(T)=w(T)=5 and J/(S)=uS)=1p(T)=T.

Therefore T x p(T) € R, and Ry, C R'. Altogether, we have
Ry, = R'. This completes the proof of (iii), and of our theorem. m
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2.5 Conjugate Pairs of Additive Clo-
sure Operators

In section 1 we saw that any closure operator v defined on a set A
gives us a complete lattice, the lattice H, of all v-closed subsets of
A. In this lattice, the meet operation is the operation of intersection.
The join operation however is not usually just the union; we have

VB={HeH, |H2UB}

for every B C H,. One situation when we do have the join operation
equal to union is the following.

Definition 2.5.1 A closure operator v defined on a set A is said
to be completely additive if v(T) = U v(a) for all T C A. (Here
aceT

we write v(a) for v({a}).)

We can show easily that when + is an additive closure operator,
the least upper bound operation on the lattice H, agrees with B
(see D. Dikranjan and E. Giuli, [41] or M. Reichel, [91]). Indeed,
we always have JB C v(UB) because of the extensivity of . Con-
versely, if a € U B then a € B for some set B € B, and since B € 'H,,

we have v(a) CUBand vy(UB)= U ~a) < U UB=UB.

aclJB aclJB

This means that [UB is v-closed and VB = UB. In other words,
when ~ is an completely additive closure operator on A, the corre-
sponding closure system forms a complete sublattice of the lattice
(P(A);N.U) of all subsets of A. Now we study a situation where
we have two completely additive closure operators which are closely
connected. These results can be found also in [36] and in [19], re-
spectively.

Definition 2.5.2 Let v, be a closure operator defined on the set
A and let 7, be a closure operator defined on the set B. Let R C
A x B be a relation between A and B. Then ~; and v, are called
conjugate with respect to R if for all t € A and all s € B we have
m(t) x {s} C Riff {t} x a(s) C R.

When the two operators are completely additive, we can extend
this definition given in terms of individual elements to sets of el-
ements. Thus when (v1,72) is a pair of additive closure operators,
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v1 on A and 5 on B, and they are conjugate with respect to a
relation R C A x B, then for all X C A and all Y C B we have
X X %(Y)C Rif and only if 3(X) x Y C R.

Examples of conjugate pairs of additive closure operators will be
given in the next chapter. In this section we develop the general
theory of such operators. We assume that we have two sets A and
B, and that R is a relation between A and B. This relation induces
a Galois connection (u, ¢) between A and B, for which the two maps
pe and cpe are closure operators. Moreover, the pair (ue,cp) is al-
ways conjugate with respect to the original relation R. But ¢ and
tit need not be completely additive in general.

Definition 2.5.3 Let v := (v,72) be a conjugate pair of com-
pletely additive closure operators, with respect to a relation R C
A x B. Let R, be the following relation between A and B:

R,:={(t,s) € Ax B|~n(t) x{s} C R}.

Now we have two relations and Galois connections between A and
B. The relation R induces a Galois connection (u,¢) between A
and B and the new relation R, induces a second Galois connection,
which we shall denote by (14, t+). The following theorem gives some
properties relating the two Galois connections.

Theorem 2.5.4 Let v = (v1,7) be a conjugate pair of completely
additive closure operators with respect to R C A x B. Then for all
T C A and S C B, the following properties hold:

Y2 /M(T)) = NV(T);
(iv) 71 (e(py(T))) = e (T)),
(V) 1910 (5)) = p(e(72(5))); and dually,



2.5 Conjugate Pairs of Additive Closure Operators 43
(ii") ¢4(5) € u(9),
(iii’) 1(4(5)) = 14(5),
(1) 72ty (5))) = p(e4(5)),
(V) (i (T)) = e(pu((T)))-

Proof: We will prove only (i)-(v), the proofs of the other proposi-
tions are dual.

(i) By definition,
i(T) = {beB|VaeT ((a.b) € R,)}
= {beB|VaeT (nla)x{b} CR)}
= {beB|Vaen(T) ((a,b) e R)} = p(n(T))
(i) Since 71 is a closure operator, we have T C ~(T); and thus,
since p reverses inclusions, u(T) 2 pu(y1(7T)). Using (i) we obtain

py(T) C pu(T).

(iii) Extensivity of ~o implies py(T) € Y2(py(T)). Now let S C
po(T). Then for all s € S and for all t € T', (t,s) € R,, and
by definition of R, we get {t} x v(s) € R. Idempotency of 7,
gives {t} X y2(72(s)) € R and thus vo(s) C p,(7') for all s € S.

By additivity of 7o we get 12(S) = U 72(s) € 1y(T); and taking
sES

S = u,(T) we obtain yo(p(T')) C p(T). Altogether we have the
equality 11, (1) = y2(p1,(1)).

V2
t
<

The next theorem gives for sets 7' C A which are closed under ¢z,
i.e. with «(p(T)) = T four equivalent characterizations.

Theorem 2.5.5 (Main Theorem for Conjugate Pairs of Additive
Closure Operators) Let R be a relation between sets A and B, with
corresponding Galois connection (u,1). Let v = (71,72) be a conju-

gate pair of completely additive closure operators with respect to the
relation R. Then for all sets T C A with (u(T")) = T the following
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propositions (1) - (iv) are equivalent; and dually, for all sets S C B
with u(1(S)) = S, propositions (i°) - (iv’) are equivalent:

(i) T = t,(u,(T7),

(T) =T,

w(T) = pT),

o(1(1)) = p(T); and dually,
() S = py(14(5)),

(it") 72(S) =

(iii") +(S) = ¢,(5),

(iv) n(e(5)) = u(S).

Proof: We prove the equivalence of (i), (ii), (iii) and (iv); the equiv-
alence of the four dual statements can be proved dually.

) T
i)
iy
v) 7
)
)
)
) v

(i) = (ii) We always have T" C v,(7'), since 7, is a closure operator.
Since wp is a closure operator we also have v (1) C tu(y(T)) =
to(14(T)) = T, by Theorem 2.5.4 (v).

(ii) = (iii) We have p(T') = p(11(T")) = p(T") by (ii) and Theorem
2.5.4 (i).

(ili) = (iv) We have v (1(1")) = 1 (14 (1")) = po (1), using Theorem
2.5.4 (ii).

(iv) = (i) Since the ¢y pi,-closed sets are exactly the sets of the form
t,(S), we have to find a set S C B with 1" = ¢,(5). But we have
by (1(T)) = t(v2(p(T))) = «(u(T)) = T, by Theorem 2.5.4 (i’) and
our assumption that 7' is ¢p-closed. ]

Before using this Main Theorem to produce our complete sublat-
tices, we need the following additional properties.

Theorem 2.5.6 Let R be a relation between sets A and B, with
Galois connection (p,t). Let v = (v1,72) be a conjugate pair of
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completely additive closure operators with respect to R. Then for
all sets T'C A and S C B, the following properties hold:

& Uul(T) = {1y (T));

& nw(T))) = (uT));

& p(US) = 1y (14(5));
(5))) = ().

Proof: We prove only (i’) and (ii’); the others are dual.

& ya(ple

(i) Suppose that 15(S) C p(e(S)). Since e is a closure operator
we have u(u(S)) = p(e(u(e(5)))) 2 p(1(12(5))) = 1y(14(5)), by our
assumption and by Theorem 2.5.4 (v). Also S C ,(S), and hence
we have 1(¢(5)) € p(e(%2(5))) = py(14(5)), again by Theorem 2.5.4
(v). For the converse we have 72( ) € u(e(2(9))) = py(ey(S)) =
w(e(S)), using the extensivity of pe, Theorem 2.5.4 (v) and our as-
sumption.

(ii") Let 32(S) € p(e(5)). Then S € 4,(S) implies y2(u(e(S))) S
Y2 ((e(12(5))))- We also have yo(u(e(12(5)))) = 72(u(t1(S))) by
Theorem 2.5.4 (1), and 72(p(e(2(S)))) = w(e4(S)) by Theorem
2.5.4 (iv'). In addition, p(,(5)) = pu(e(12(5))) € p(d(p(c(S)))) =
w(e(S)). Altogether we obtain o (u(¢(S))) C u(e(S)). The opposite
inclusion is always true, since =5 is a closure operator. Conversely,
5 C p(e(S)) implies 12(5) C y2(p(e(5))) = p(e(S5)), by the exten-

sivity of pe, the monotonicity of v and our assumption. [

Now we are ready to produce our complete sublattices. We know
that from the original relation R and Galois connection (i,t) we
have two (dually isomorphic) complete lattices of closed sets, the
lattices H,, and H,,. We also get two complete lattices of closed sets
from the new Galois connection (fi, t,) induced by R,. Our result
is that each new complete lattice is in fact a complete sublattice of
the corresponding original complete lattice.

Theorem 2.5.7 Let R be a relation between A and B, with induced
Galois connection (u, ). Let v = (v1,72) be a conjugate pair of
completely additive closure operators with respect to R. Then the
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lattice H,.., of sets closed under pi, is a complete sublattice of
the lattice H,,, and dually the lattice H, ,,, is a complete sublattice
of the lattice H,,.

Proof: As a closure system H,,_, is a complete lattice, and we have
to prove that it is a complete sublattice of the complete lattice H,,.
We begin by showing that it is a subset. Let S € H, , , so that
1 1,(8)) = S. Then u(1(8)) = u(u{ja, (1 (S)) = p(e((1(1(5)))))
= p(t(%(S))) = py(t4(S)) = S by Theorem 2.5.4 (v), and thus
S € H,,. This shows H,,, C H,,. Since every S in H,, , satisfies
w(e(S)) =S, we can apply Theorem 2.5.5, to get

S E€H,,,, <= 5= (14(9)) &= 5 =7(5) <= S c H,,.

As we remarked after Definition 2.5.1, the fact that 75 is an additive
closure operator means that the corresponding closure system is a
complete sublattice of the lattice (P(B);N,U) of all subsets of B;
that is, on our lattice H,, . the meet operation agrees with ordinary
set-intersection and the join agrees with union. We already know
that the meet operation in H,, also agrees with intersection, so we
only need to show that H,_, is closed under the join operation of
H,.. Let (Sk)res be an indexed family of subsets of B. Then

ol (V. 50) = 2V S = (e U 51))
= (U 50)) = (U 510) = el U 50) = V 5

by Theorem 2.5.4 (iv’); and then using Lemma 2.3.3 we have

U Sk) = ﬂ (Sk) = ﬂ Ly (Sk) = LW(U Sk)-

ked keJ ked ked
[ |
Thus conjugate pairs of additive closure operators give us a way to
construct complete sublattices of a given closure lattice. We may
also define an order relation on the set of all conjugate pairs of
additive closure operators: for o = (y1,7]) and 3 = (2, 75) we set

o < 316 (VT C A)(YS C B)(3(T) € 7a(T) and 7,(S) € 74(S)).

When a < 3, it can be shown that the lattice H
of H

pnsus 18 a sublattice
and dually that H,,,, is a sublattice of Hyp -

Hala?
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The following additional properties may also be verified:
(1) n(e(u(T))) = (1)) <= T = o(u(n(T))) and
() 22(p(e(9))) = u(S)) == 5 = p(t(2(T)))-

Sr. Arworn in [2] has generalized the theory of conjugate pairs of
additive closure operators to the situation of conjugate pairs of
extensive, additive operators. An alternative proof of Theorem 2.5.7
can be given by showing that 2, is a Galois closed subrelation of
R and then by using of Theorem 2.4.3.

Proposition 2.5.8 Let R C A x B be a relation and let (u) be
the Galois connection induced by R. Let vy := (71, 7v2) be a conjugate
pair of completely additive closure operators defined on A and on
B, repectively. Let R, be the relation defined in Definition 2.5.3 and
assume that (jiy,ty) is the Galois connection induced by R.. Then
R, is a Galois closed subrelation of R.

Proof: By Definition 2.5.3 the relation R, is a subrelation of R.
We apply Proposition 2.4.2 (iii). Let T C A and S C B. Then by
Theorem 2.5.4 (iii) we have

Uy (1)) = (2 (p4(T))) = 15(11(T)).

In a similar way by Theorem 2.5.4 (iii’) and (i) we have

(5 (5)) = p((15(5))) = p7(t5(5))-

This proves that R, is a Galois closed subrelation of R. [
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